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Hermite-Hadamard Type Inequalities for Multiplicatively m-Convex Functions

Ashok Kumar Sahoo, Bibhakar Kodamasingh and Binod Chandra Tripathy

ABSTRACT: Convex functions play an important role in finding the inequalities, those help in finding the
solutions of different types of equations and equations involving functions. In this article we have considered
investigated on the m -convex functions in a normed linear space. We have established some results of Hermite-
Hadamard like inequality. The results established will be useful for investigation in different branches of science
and engineering for solving different problems.
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1. Introduction

The idea of convexity is thought to be improved upon by the Hermite-Hadamard inequality. This
idea has been thoroughly studied by many researchers since it was separately discovered by in 1883
and Hadamard in 1896. Specifically, much work has been done over the last 20 years to establish new
boundaries for the Hermite-Hadamard inequality’s left and right sides. Numerous research works have
suggested innovative methods to strengthen, expand, and enhance this disparity.

Convex functions can be used to derive some inequalities, according to numerous researcher. Among
the most well-known inequalities relating to a convex function’s integral mean HermiteHadamard inequal-
ity is what it is. The following is the statement of this double inequality (see [[1]-[3]]).

The following is the definition of classical convexity:
The function g : [¢,d] C R — R is considered convex in the standard way if

g(wi + (1 —w)g) < wg(#) + (1 —w)g(9)

For all &, € [¢,d] and w € [0,1]. If -g is convex, then the function g is said to be concave.
Theorem 1.1. Assume g: I = [¢,d] E R — R be a convex function that is integrable. Then

é4d 1ot g(@) +g(d)
< — <L 72 T 7
9\ 7d76‘/A 9(2)dz < =

If g is concave, then both inequalities hold in the opposite direction.
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2. Definitions and Preliminaries

Here are some fundamental concepts and findings in the case of intervals I and J.
It can established harmonically convexity and demonstrated the Hermite-Hadamard. There is an in-
equality for functions which are harmonically convex:

Definition 2.1. Let an interval be I C R — {0}. A g : I — R function is defined as Harmonically
Convex function if

zy . .
g <wi+(1—w);&> < (1 —w)g(Z) +wg(y)

For all ,¢ € [¢,d] and w € [0, 1].
Theorem 2.1 Let ¢,d € I with ¢ < d and let g: I T R — {0} — R be a harmonically convex function.

Inequalities hold if g is in [¢,d].

g<%&><A&([%@Mj<M@+M@ 1)

é+d) —d-elo @ 2
A few new findings about Hermite-Hadamard inequality for convex functions of harmonic type as
observed in [ [5]-[8]].
Definition 2.2 ([9]) Let m € R — {0} and that I C (0,00) is a real interval. Given a function
g : I — R, if a function is m-convex, then

g ([wi™ + (1 = w)g™] /™) < wg(@) + (1 = w)g(9)

For each &,y € I and w € [0, 1].
It is clear from Definition (2.2) that for m = 1 and m = —1, it becomes clear that m convexity can be
reduced to harmonic and classical convexity of functions defined on, respectively.

If we assume I C (0,00),m € R—{0}, and h(w) = w in Theorem 5 of [10], then the following Theorem
holds.

Theorem 2.2 Let g : I C (0,00) — R be a m - convex function, m € R — {0} and & d € I
With é < d.If g € L[é, d],then

A C O

dm_ém

&m o gm
2

Definition 2.3 ([3]) If g: J — (0,00) is a logarithmic or multiplicatively convex function, then

g(wi + (1 —w)g) < [9(2)]“[g(9)]
For all 2,9 € J and w € [0, 1].
2.1 Multiplicative Calculus

Consider that the integral of multiplicative involves the product of terms raised to particular powers.
a type of integral, is represented by féd (g(2))®, whereas the sum of terms is involved in the conventional

integral, a form of integral, is usually indicated by ff(g(i))di.
It is easier to distinguish between these two kinds of integrals when different symbols are used.
The multiplicative integral and the Riemann integral have the following relationship [11].

Proposition 2.1 In this situation, g is multiplicatively integrable on [¢, d], and ¢ is Riemann integrable on

2, d).

d .
/ (9(2))% = ol In(g(@))da



HERMITE-HADAMARD TYPE INEQUALITIES FOR MULTIPLICATIVELY m-CONVEX FUNCTIONS 3
Bashirov et al. demonstrate the following findings and notations for the multiplicative integral in

[11]:
Proposition 2.2 On [¢",d], g is multiplicatively integrable if it is positive and Riemann integrable.

L2 (a@)m™™ = 12 ((g(2)) =)™

4 [ = [C(g()% - [Hg@)® e <o <d

5. [ (9(2)% = 1and [{(g(2)% = (f5(9(2)*)

In the context of multiplicative calculus. In [12], Ali et al. established the following Hermite-
Hadamard inequality for multiplicatively convex functions:

Theorem 2.3 Let g be a positive function that is multiplicatively convex on [¢, d]. Then

é 5 d R le A
g( ;d> < ( / <g<5c>>‘“> < Glg(@),9(d),

where G(.,.)isthegeometricmean.
In the 1970s, [13] conducted one of the earliest investigations on multiplicative calculus. Since then, a
variety of intriguing outcomes have been attained as a result of its extensive use in numerous disciplines.
For instance, complex multiplicative calculus was introduced by Baiskov and Riza in [14].Certain charac-
teristics of stochastic multiplicative calculus have been examined in [15] and [16].Regarding certain uses
and other facets of this field, please refer to [[17]-[22]] and the associated references.

3. Main Results

This section provides a new definition for the term ”multicatively m-convex function” as well as
various Hermite-Hadamard type integral inequalities for multiplicative m-convex and convex functions in
the context of multiplicative calculus.

Definition 3.1 A function that is not negative If g : I — R is multiplicatively m-convex, then

g (wi + (1= w)g™] /™) < [g@)]" I,

is valid for all Z,9y € I,w € [0,1] and m € R — {0}.
Theorem 3.1 Let g be a multiplicatively m - convex function on [¢, d].Then
A 1 d di\ T
&y dm ™ g(@) \ ¥\ T o
R E ( INE=) ) < G(9(e), o(d)

Proof: Note that
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1 1
dm m m dm 1— m Jm m
Ing + g | |2 A —w)d"+ (1 -w)e™ +w
2 2
R " 1
— Ing wé’"+(;—w>d’"+ (1—w>é;"+wdmr'

ng (we + (1 - w)d" )Sn)%(g((lw)éerwdAm)%)é]

:;hlg((wém_ir( )dm>$L>+;lng(((1— w)m +wdm>’h>

When we integrate the aforementioned inequality with regard to w on [0, 1], we obtain

% 1 1 R # 1 1
< f/ lng<( 7”—i—(l—w)dm) )dw—l—/ Ing (((1 —w)é™+
2 Jo 2 Jo

ém_i_dm
2

a1
wcfm)m) dw
d .
_ L/ 1n<?1($) )d:@.
dm — om & xri—m

Which implies,

Ing

Thus, we have

1
cm am ™ m & g(& S
. ([C;a} ) e 2 (4% s

([ (=))

It results in the initial inequality. Let us now examine the second inequality.

(/(Z ( g(jj) )dﬁf) Jm—_zm
s pl-m
<fdln( Q(T) )dz)ﬁ

eﬁ IS In(%)’ﬁ7

fol Ing ((wé""—&-(l—w)cfm)%)dw
< efo ln[g(c w ( )1 w]dw
— €f0 [wlng(é)+(1—w) lng(ri)]dw

— (In(g(&)g(d))Jd wav

= (9(8), 9(d))
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Thus, the proof is completed.
Remark 3.1 In Theorem 3.1, on taking m = 1, we get Theorem 5 of Ali et al. [11].

Corollary 3.1 Assume g & h be m-convex functions that multiply on [¢,d]. Then

.

ém 4 dm |
2

: (/d(i@;)di [ﬁ (hl(xr)n)djm

< G(9(2), 9(d)) - G(h(&), h(d)).

Proof: Multiactivity m-convex functions g and h imply that gh is also a multiplicatively mconvex
function. Thus, we get the intended outcome if we apply Theorem 3.1 to the function gh.
Remark 3.2 In Corollary 3.1, if we select m = 1, we obtain Theorem 7 in [12].

Corollary 3.2 Assume g & h be functions that multiply m-convex on [¢, d].Then

g<[émfm}m>< ff(%)ﬁ m G(9(0),9(d)
(=) )] s

Proof: Given that g and h are m -convex functions that multiply, then { is a multiplicatively m
convex

Thus, we obtain the intended result if we apply Theorem 3.1 to the function {.
Remark 3.3 Using corollary 3.2’s choice of m = 1, we obtain Theorem 9 in [12].
Theorem 3.2 Assume that h is a multiplicatively m-convex function and g is a convex function. Then

1
T o T g(@9@ ) 9(D-9(®
fé (jl—m)di' < 9(e)9(®)

IJ( h(®) T G(h@),h(d)) e

z’c\l—m)d'i‘/

h

Proof: Note that
~ N dz ,,jmTam . _m
d o N\ T
S () (4 Yaz |

efj In( 4% Ydz

T

e(fgln(%)diffgln(%)di> g

_ e(fol lng((wémjt(lfw)tim)%)dwffol lnh((wém+(17w)dm)%)dw>
oS (g (d)+w(a(2) —g(d))dw— [ In((h()* (h(d)~ )duw)

- _ 1 _ ) '
1n<<g(d)g(d) ) g(d)—g(e) > 717]n(h(é)h(d))jﬂl wdw
=e€

IN

9()9(8)

g(j)g(d) Q(J)iy(é)
 G(h(e), h(d)) - e

The proof has been completed.
Remark 3.4 Applying m = 1 in Theorem 3.2 allows us to get Theorem 11 in [12].
Theorem 3.3 Assume that h is a convex function and ¢ is a multiplicatively m-convex function. Then
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Proof: Note that

T dz im _am m

d £ d N i & -~ dm —gm
IHESY () 7

f Tzl—-m

() di— [2 In( A8 )dz) 7T e

Il
]
—
A

6(] In (wc (1- w)dm)7">dw N lnh((wém+(17w)¢im)#)dw>

< (3 m((9(&) " (9(d) * =) dw [ In(h(d)-+rw(h(2)~h(d)))dw)

. 1
s L v 19D\ 3D =908
ln(g(c)g(d))fo wdw_ln((-‘;((fé;Té)) g(d)—g( )>+1

G(Q(é),g(d)> -e

1
h({ay h((d)—h((e)
h({c)h((e)

The proof has been completed.
Remark 3.5 Applying m = 1 in Theorem 3.3 allows us to reach Theorem 12 in [12].
Theorem 3.4 Assume that h is a multiplicatively m-convex function and g is a convex function. Then

=€

7 i &\ T 99D g(d) =g (@ &) hid
<fd (M)dw . f ( (@) )d“J) e (g(a)gw)) G(h(&),h(d))
¢ \zt-m ¢ \gl-m > P

Proof: Note that

</ci < (@) )(m./(i ( h(#) )th)d”n

(f 1n (490 ) dit f 1n (A2 )dm)dmifcm

e(f In ( we™+(1— w)dm)"’)derfO 1n<(w”m+(1 w)dm)%>dw>
(o n(g(d)+w(g(&)~g(d)))dw+ f5 In((h(&)* (a(d) ) dw)

. 1
In ( <7g(?>9(7) ) 9()=a(2) ) —1+1In(h(&)h(d))Td wdw

g(8)9(&)

=€

IA

=€

1
a(d) \ 9(d)—g(&) R “
<i,((?g(é> ) - G(h(¢), h(d))

(&

The proof has been completed.
Remark 3.6 Applying m = 1 in Theorem 3.4 allows us to arrive at Theorem 13 in [12].
Theorem 3.5 Let g : I — R be multiplicatively m - convex function, where ¢,d € I and ¢ < d.Then

([ (2)) <ot

Proof: Note that



HERMITE-HADAMARD TYPE INEQUALITIES FOR MULTIPLICATIVELY m-CONVEX FUNCTIONS

()
e \&t—m
_ e(feé 1n( Igl(f,)n )da:) Pl

_ oo [ (40 )di

efol 1n<((wé’”+(1—w)dm)%>dw

3k
~—
o,
e

1 o (1 o)™
</ elng<(wc +(1—w)d )
0

__9(&)—g(d)
log g(¢) — log g(d)
9(&) + g(d)

= 2

The proof has been completed. . .
Theorem 3.6 Let g, h : I — R be multiplicatively m - convex functions, where ¢,d € I,¢ < d. Then

[ (tini)” T i
& gl=m 4t

Where 11(¢,d) = (9(¢))% + (g(d))? + (h(¢))? + (h(d))?.
Proof: We note that

([

3 i @)h (@ A
— ejnz’jﬁm féd ln(g:(?l)_r(n))d$

I (e O (e e O L

. [ b et
0

gl—-m

(g( )h )) ) _ (1m0 gg) a2
1—

dw
1

= [ [o (oo 0=y Y (w0 wyin) ) aw

1
< [ @ )0 ey nd)*] v
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1
41og g(é) —logg(d) = 4logh(¢) — log h(d)

O —gld) _  1hO+Md) _ he)—hd)

¢) —logg(d) 2 2 log h(¢) — log h(d)
)

The proof has been completed. R X
Theorem 3.7 Let g, h : I — R be multiplicatively m - convex functions, where ¢,d € I,¢ < d. Then

Where u(é,d) = (9(2))? + (9(d))* + (h(&))? + (h(d))?

And  9(¢,d) = g(&)h(&) + g(d)h(d)
Proof: Let g and h be multiplicatively m - convex functions. Using the inequality

éd< —(é+d)? forallé,de R

B~ =

We have,
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( /J (g@l)fzf))df) e
_ A

L@ - @) | 1 (@P -~ ()P 1 g@h() - g(d)h(d)
Slogg(@) — logg(d)  Slogh(e) —logh(d) ~ 2log(g(Oh(e)) — log(g(d)h(d))
i - h(d)

_1g(@+g(d)  9(&) —g(d) . 1h(é)+h(d)  h(@E) —hd n
4 2 log g(¢) —logg(d) 4 2 log h(&) — log h(d)
< 1[0 + () + (4@ + (B@DY] + 2a@h(@) + a( (@)

The proof has been completed. . X
Theorem 3.8 Let g, h : I — R be multiplicatively m - convex functions, where ¢,d € I,¢ < d. Then

Proof: Let g and h be multicatively m - convex functions. Then using the inequality

~ a1 Al
ed <yie +y2dz, 1,72 > 0,71+ =1

‘We have
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Aa (W>dw>m

6 6

o[ (9@ S 41C
— ) gt | M) -+ ()? (@) [ (W)> a8
2 WOV ()T o (@) — ()

log g(¢) — log g(d) log h(¢) — log h(d)
o GO @) e (@) ()
() D= S Ll @), (@) + () T L), ()

o [La 4(0(@). ()] Llg@). g(d)]+
o [Ls 2 (@), ()] Lib(@), h(d)]

i h(&) + h(d)

< ZOID T gteatdn] ™ 4o CARTCR)

2

The proof has been completed. . .
Theorem 3.9 Let g,h : I — R be increasing multiplicatively m— convex functions, where ¢,d € I, ¢ < d.
Then

m-In ?(h(é),h(zi)) m-In Q(g(é)‘g(zi))

(/d(f”)> (/d@(ﬂ)) T <2l ) otd), @)

Proof: Assume that g and h are m-convex functions that increase multiplicatively. Then

g ((w@’” +(1-w)d") ) < (9(6)" (g(d) )

p((wer + 0 pd) ™) < e ()0
Using (01 — 02,93 — 04) > 0,01,92,93,04 € Rand 0, <0, < 03 < 94, we have

m

g ((wém + (1= w)d™) ) (h(&)" (h(d) =) + R ((we™ + (1—
wd) ") (o) (o(d)
<y <(wém +(1- w)cim)#b) h ((wém +(1- w)&m)%)

+(9(2) " (g(d) ) (h(2))" (h(d) )
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Using the logarithm, integrate the aforementioned inequalities on [0,1] with respect to w , we have

/01 In {g ((wcm +(1— )dm> 1) (h(@))wm(g))(l—w)] dw
+/011n {h ((wcm +(1—w) Am)%
< /Olln {g ((wcm (1 w) m>1> "

Since g and h are increasing function, we have

/01 In [g ((wc + (1 - )] dw /01 I é))w(h(ci))(l—w)} dw
o mle ((w" sa-wd?) )] aw [ i) (@) ] o
</011“ {*"((“’émﬂl‘wﬁf’")i)h(( +(1 w)dm)*)+

(96" (9(d)) ") (h(&))* (h(d) "] duv

Which means,
In G(h(e), h(d)) /O " {g <<wcm 01— wydm)” ﬂ dw

—|—lnG(g(é),g(cZ))/Olln {h((wc +(1—w)d™ )*)]dw
g/olln[g<(wc . )dm)%)h((wc . )dm)*)+

(9(&)" (g(d)) =) (h(e))™ (h(tz))(lfw)} dw

Taking the exponential on both sides, we get the result as follows.
mein G(h(),h(4) meIn G(g(8),9(4)

() 7T (FER)T) T <2l st e

4. Conclusion

In this study, we introduced the class of multiplicatively m-convex functions. We developed a novel
variant of the Hermite-Hadamard type inequality using multiplicative calculus for convex functions and
multiplicatively m-convex functions. Furthermore, we discovered several Hermite-Hadamard-type inte-
gral inequalities for the product and quotient of multiplicatively m-convex and convex functions. In
recent years, Hadamard-Hermite inequality played a significant part in probability theory, optimization,
mathematical analysis, and other mathematical fields. We assume that much of the study in this area of
inequality and analysis will Centre on our recently established class of functions.
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