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ABSTRACT: The algorithmic solution of problems based on the Klein-Gordon Equation in (3+1) dimensions
has been discussed in this study. Time variable t is discretized by using the central difference formula. Cubic
Spline function involving trigonometric functions is used for all three spacial variables and Suitable parametric
values provide the accuracy of order O (h2 + k2 402+ 12h2+
T2k2 + 7'202) in our proposed scheme. The stability of this scheme is also discussed in this paper and the
truncation error too. This method elucidates numerical problems and compares them to the results obtained
from the literature.
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1. Introduction

Numerous problems in the science research realm are articulated by Partial Differential Equations (PDE).
Nonlinear phenomena are also significant in a variety of scientific disciplines, including engineering, ap-
plied mathematics, and physics. Nonlinear partial differential equations are employed to model numerous
experiments [1]. The literature is replete with discussions of one-, two-, and three-dimensional space-
dimensional models that are founded on PDEs. Klein Gordon Equation is a form of nonlinear PDEs
that is extensively used to represent real-world scenarios like the wave behavior of particles while moving
in plasma physics [2,3]. Abundant literature is available for 1-D and 2-D Linear and nonlinear Klein
Gordon Equation [4,5]. However, fewer discussions are available for the 3-D version [6,8].

Particles such as mesons, which possess no spin, are characterized by the relativistic wave equation
referred to as the three-dimensional Klein-Gordon equation. This equation can be used to study the
propagation of particles in a field or a vacuum and to calculate their energy and momentum [9]. It is an
important tool in particle physics and quantum field theory.

We consider a generalized three-space-dimensional Klein-Gordon equation.
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where the solution domain is defined as

R = {($,y,2) ; (A07BOaCO) < ({E,y,Z) < (ALaBLacL)}

= V2 — F(u), t>0 (1.1)

along with the initial conditions:

u(z,y,2,0) = ¢(z,y,2)
ut(xvyv 270) = ¢($,ya Z)

subject to the boundary conditions:

U(A(),yazat) = hAO(y,Z,t), U(ALay7Zat) = hAL (y,Z,t)
u(z, Bo, 2,t) = hp, (2, 2,t), u(z,Br,2,t) =hp, (x,21) (1.3)
U(%%Covt) = hCO(xﬂy7t)7 u(x7yaclnt) = hCL($7y7t)

where u(x,vy, z,t) is the wave function and c? represents the wave speed. The functions ¢ and 1), which
appear in the initial conditions, are differentiable
Where F' is a nonlinear smooth function on the real numbers with the following properties:

(i) F(0)=0
(i) uF(u) <0
(i) [F'(u)] <9 (1+ |u[P~t), for some ¥ >0 and p > 1.

Hyperbolic PDEs have been widely discussed in the literature and developed numerous numerical
algorithms that provide their solutions [10,11,12,13,14,15,16]. Numerous finite difference techniques for
linear hyperbolic equations have been introduced in [11,12,13,14]. Ragget and Wilson [15] employed
cubic spline and finite difference approximations to tackle these issues. Rashidinia et al. [16] and Ding et
al. [17] derived numerical solutions for the Klein-Gordon equation utilizing a non-polynomial cubic spline
approximation in the spatial domain and a finite difference method in the temporal domain. Zadvan H.
and Rashidinia J. [14] devised two implicit three-time-level approaches for solving two-dimensional wave
equations. Korkmaz et al. [18] also present a collocation method based on Trigonometric Cubic B-spline
to bring the solution of the Klein-Gordon equation. In the literature, models with one, two, and three
spatial dimensions are covered in great detail. Accurate numerical solutions to these issues are essential
for their practical applications, but they present a number of difficulties, especially in three-dimensional
scenarios. Furthermore, it is frequently challenging to discover accurate solutions for nonlinear partial
differential equations (PDEs). Numerical techniques are therefore essential for resolving these kinds
of problems. To guarantee that wave simulations are both accurate and useful, the right numerical
approaches must be used.

Although accurate solutions offer a clear understanding of the physical events connected to the prob-
lem, numerical approaches are still indispensable. Many numerical methods have been established during
the last three decades to solve the Klein-Gordon equation.

This study is arranged in the following manner. Section 2 introduces non-polynomial cubic spline
functions for each space variable. Consistency relations are also provided in this section. The scheme for
the sine Gordon equation given in eq (1) is developed here in Section 3. Sections 4 and 5 present the
truncation error and stability analysis. Some numerical examples are discussed in Section 6. The final
section contains conclusions.

2. Discretization of Variables

The domain set R consists of N subintervals in every spatial direction and J time steps. The spatial
step sizes are defined as:
Ll:}c - LOI k= Lly - LOy le - LOZ

h: = —— =
N+1 ' N+1 ' 77 TN+1
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and 7 is the time step size.
So that we got (N + 1) * (N + 1) * (N + 1) x J meshes over the whole domain and N, J € Z*. Each grid
point is represented as (x, ys, zr,t;)

To=Ao+ph;, =01,...,N+1
yg = By + Bk; 3=0,1,...,N+1 and t; =7J7; 0<3<J
zy=Cy+Yo; T=0,1,....N+1

For space variable:

For each subinterval in the z, y, and z-directions, let sigy(z), s20,v(y), and s3, 5(2) denote the
non-polynomial spline functions and be defined as follows:

s18,7(x) = a1p + bip(x — zp) + c1psin( M (x — zp)) + dip cos(A1 (x — zp)) (2.1)
S20,7(y) = azs + bas(y — ys) + capsin(A2(y — yg)) + dag cos(A2(y — ys)) (2.2)
530.8(2) = asy + bar (2 — zv) + sy sin(Ag(z — 2v)) + dsy cos(A3(z — 27v)) (2.3)

Where a1y, b1y, Cip, dip, a2s, bag, cag, dag, asr, b3y, c3r, dsy are undetermined coefficients, and A1, Ag,
A3 are arbitrary controlling parameters.
Using the following notations:

5180 (2p) =upsy,  Sipr(®e) = Nipsr,
s20.7(Ys) = Up s, 85,1 (Us) = Nags
530.8(27) = Up .7, 83,5(21) = N3 g1

We find the following consistency relations by looking at the first and second derivatives of the cubic
spline functions sigy(z), s207(y), and s3p8(2) at (ze,ys,27,1;):

Up— 187 — 2oy + Upr18r = h (@1 N1g 1871 + 281 N1p sy + a1 Nigi187) (2.4)
Up 17 — 2Uppr + Uppr1,r = k% (@2Nop 517 + 2B2N2p g1 + @aNog g11.7) (2.5)
Uppr—1—2Uppr + Up i1 =0 (3N3ogv—1 + 283N3081 + @3N3g 5 v+1) (2.6)
Where
L s ese(hAy) — 1) L (ks esc(kha) — 1)
Q] = 5195 1 1) — , Qo = —— 2 2) — s
12\ K22
1
a3 = —F5—5 (O’Ag CSC(O’)\g) - 1) ,
02\3
1 1
Bi = 55 (L= hAicot(hA1)), Ba= — (1 —klycot(k)2)),
12\ K2\
1
ﬂg = 519 (1 - 0')\3 COt(O’)\g))
02\3

For the time variable:

To discretize the terms in which time and its derivatives are involved, a finite difference approximation
is used as
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il o 41
Ups1) ~ 2Wps1) T YpsT) N

T2

o(7?) (2.7)

J _
el 51y =

3. Spline Numerical Method

This section introduces an approximation approach for equation (1) that can be discretized at the
grid point (z,, yg, 2,t;) as

Uitl{ppr) = c? (”munm) + tyyl( ) + “Zzunﬁx)) - F (“fmw)) (3.1)

Take
. . ,
Uawl(5r) = N5y + O

uyy|zp,g7r) = NngJ;,T) + O(k2) (3.2)

j 2
Uazlp.81) = Nisppr) +0(07)

By using equations (2.7) and (3.2), and ignoring truncation errors, equation (3.1) may be expressed
as
(43-1) (3+1)

U — 2l +u ) ) ) )
(9,8,7) (9,8, 1) (p,8T) _ 2
T2 o (N(jlp,ﬁﬂf) + N(JQKHﬁ,T) + N(J3p,B,T)) —F (uzK)’B’T)) (3.3)

or equivalently,

(-1 J (+1)
. ) ) U —2u +u 1 )
_ _(p,8,7) (p,8,7) (9,8,7)
N sy T Nisgsr) T Nigpn.1) = 22 tal () (3.4)

Equation (3.4) describes the consistency relation for a grid point (x,, ys, 2v,t;). The complete domain
in each direction may be represented as follows:

Jj—1 J Jj+1
) ) ) u — 2w +u 1 .
j j j _ Upiigy o+1,8,7 187 | 1 j
Ngrisr + Nogrigr + Nagripr = 272 + CQF Uot1 8T (3.5)
Jj—1 J J+1
) ) ) u — 2u +u 1 .
J J J _ _@B£1,Y ©,B8+1,T p,B+1, YT | L J
Niggr1r T Noggrir + Naggirr = 2.2 + CQF Uy, g1, (3.6)

j—1 J J+1
Uy gre1 — 2o gyi1 T Upgvan
02T2

, . , 1 .
Mogrer T Noggrer + Niggran + 672F (ué,ﬁ,rﬂ) (3.7)

Nine equations are derived at each grid point within the entire domain from the consistency relations
(2.4) and (3.5). In the same way, at each grid point, an additional set of nine equations is generated by
relations (2.5) and (3.6). A third set of nine equations is derived from relations (2.6) and (3.7).

The following condensed equation is obtained by multiplying these equations by the appropriate
coefficients and combining them:
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1 j+1 j+1 j+1 j+1 1
P, gy tP2U, g gy TP, g g ry1 TP3U, gy TP5UL gy T P3UL_ gy

41 1 1 1 1 i1
TP, gy y—1 T P2UG gy TP g v TPAU g 1y T PeUG gy T PAUG g vy
j+1 j+1 j+1 j+1 j+1 j+1
T PrU gyt T PsU gy T PTUG g vy T Pat gy T PeUg gy T PAtG gy T
j+1 j+1 j+1 j+1 Jj+1 Jj+1
Pl g1 v TP2UG g1y T PG g v T PSUp gy T PsU 1y T P3G g v
j+1 j+1 Jj+1
T P1UG g1 v—1 T P2U iy g1 T P11 g1 Y41
R ol ol el B R
=P, 15 1y-1 " P2U, 18 1y —P1U, 18 1 v41 T P3U, 13y 1 T P5U, 18y T P3UL 187141
j-1 j-1 J-1 j-1 j-1 j-1
DU, g gr1y—1 T P2U, 1 gr1y T P1UL 181 r1 T PAUGg 1y 1 T PeUG g 1y T PAUL R 1 vy
O T e LY Sl L s Oy
Pru, gy 1 —P8UL gy — PTUL gy 1 T Pal gy 1 T PeUp g1y T PAUG g1 vl
N A N N N R R T . |
P, 8 1r—1 —P2UG 8 1 TP 18 1 v T P3UG gy 1 T P5UL 13y T P3UL L1811
Jj—1 j—1 j—1
DU g1 y—1 T P2Up 181y T P1U L1 811,74
J J J J J
+ P16t gy T P18UG Ly gy T P13UL_ g gy T P1alp gy T P14 g v
J J J J J J
+P15UG gy 1 T PI5UG gy 1 T P10y g1y T P01 g 1y T P10, 1511y TPI0Y, 18 17
J J J J
tP12U, gy vy TP12UG gy TP12UG g gy T P12UG gy
J J J J
T PoUG 1 81,741 TP i1 g1, v—1 T POUG 1 8—1,v4+1 T POUpi1 8-1,7—1
J J J J
T Pou_ 1 g1 vy TPOUG 1511 v—1 TP 15 1,v+1 T PO 181,71

J J J J
TP, gy TP gy TP g gy TP gy
2 J
+7 (plel,Bl,Tl +p1F —1,8-1,7+1 +p1F —1,841,7—1 +p1F 1,841,741
+p1 FY o+1,8-1,T—1 —|—p1F o+1,8—1,T+1 +p1F o+1,84+1,T—1 —|—p1F o+1,84+1,T+1
+p2F 18— 1T+p2F 1ﬁ+1T+p2F+1f5 1T+p2F+IB+1T
"’p?»F —18,T— 1+p3F 1f5’r+1+p3F+1ﬁT 1+p3F+1f3T+1
+p4F B—1,7— 1+p4F B 1T+1+p4F BH1,T— 1+p4F BA1,T+1
+p5F sy T 05 +1ﬁT+p6F B 1T+p6F BHL,T

+p7F BY— 1+p7F B’I‘+1+p8F )
(3.8)

Where

P1 = 1203, P2 = 20100203, p3 = 2a103 2, ps = 2c003 51,
s = 4o 8233, pe = 43183, pr = 4a3f1 B2, ps = 853132/33.
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2.2 2.2 2.2

C"T (102 C"T (13 C"T (3
P9 =—"3 2 + % + 2010003,
222100 22T B3 22T B3
Plo=——"j 2 B +4dajazfs,
2223 22T Ba 26272330
Pi=—"03 o2 % +4arasfe,
2627'2042013 2627'204251 2627'20[351
P12 =——5 = 2 T deash,
4627'2041ﬁ2 402T2041ﬂ3 4027'26253
Pi3=——"73 - 2 A + 81 B33,
4627’204261 4627'2042ﬂ3 462T2ﬂ153
Pu=-—— 5~y t—y T 8ai2 013,
402’7'2043ﬁ1 4027'2(1362 4627'25162
P15 =3 - % E— + 8az 4132,
8c27? 8c272 8272
P16 = — 25152 - 25153 - 25253 + 161 823s.
o k h

The implicit three-time-level method is represented by the scheme (3.8). An explicit scheme of order
O(73) is implemented to calculate the solution u(z,y, z,t) at the initial time level, t = 7. The third-order
approximation of u(z,y, z,t) at t = 7 is calculated using the standard Taylor series expansion as follows:

2 3
0 T 0 T 0
Upa,r = Upny 7 el oy welopy g7 wlp g + O (3.9)
Since I.C.’s (1.2) and (3.4), we get

0 0

ul, g v = 0p.8,7, U, gy = Vo7 (3.10)
0 0 0 0

Utt|p,fs,r =c (um|p,f3,r + “yy|p,ﬁ,r + uZZ‘p,B,T) - F(“z,fs,r) (3.11)

(3.12)

0 0 0 0 ; 0
uttl g = € (Utm‘p,ﬁx + Uyl gy + ut22|p,ﬁ,'r) = F'(uggr) - Yl

Using (3.10)-(3.12) in (3.9), we obtain the approximate solution u(z,y, z,t) at t = 7 as follows:

2 0 0 0
U;,B,T =¢p8r + Thopr + o7 [02 (¢m|p,f3,r + Gyylo sy + ¢zz|p,3,r> - F(“g,fs,r)]
3 0 0 0 j 0
+ 57 [ (Vaslimr + loe + Veslone) = F/(udgie) - ¥l s (3.13)

The scheme given in equation (3.8) can be expressed in matrix form to get the answer at each time
level:

AUUTY = —AUU—Y 4 BUY — P2AF(UY), j=1,2,...,J (3.14)

Where U is the solution vector and A and B are blocked tridiagonal matrices of order N3. A is a
block tridiagonal matrix of order N in the form tri[W;, Wa, W;], where each of the block tridiagonal
matrices Wi and W is of rank N and has the form:

Wi = tri[&l,EQ,é‘ﬂ, Wy = tri[€3,€4,53]
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with

€1 = tri[p1, p2,p1), €2 = tri[ps,ps,p3], €3 = tri[ps,ps, pal, €1 = tripr, ps, pr]

Similarly, matrix B is a nested block tridiagonal matrix of order N3, with each diagonal block being
a block tridiagonal matrix of order N2, structured as:

tri[tri[pi2, P14, p12), tri[pis, P16, P15], tri[pi2, pra, P12l]

and off-diagonal blocks of order N? are:

triftri[pg, P10, Pol, tri[pi1, P13, P11], tri[pg, P10, Po)]

4. Truncation error

From equation (3.4), we have

sin (“fo,fs,r) = Unt éJ,B,T - (Um@,ﬁ,r + “yy@,ﬁ,r + U’ZZ|;,13,T) (4.1)

‘We have

J _ J 2 J J J
F (uga-i-p,ﬁ-&-n,T-i-v) - u“|so+p,f5+v7,T+'y ¢ (u“|p+p7ﬁ+n,T+w + uyy|p+p,ﬁ+n,‘r+w + u22|p+p,ﬁ+n,T+’y>
(4.2)

where p, 7,7 = 0,£1. By replacing these values in equation (3.8) and utilizing the Taylor series to
expand both sides in terms of uZa s> We can get the truncation error in the following manner
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A o2
Tg,,ﬁx = {4@272(_1 + 201 + 261) (g + B2)(as + 53)@

82
+4c (1 + B1) (=1 + 202 + 262) (a3 + 63)87y2

82
+ 40272(01 + B1) (2 + B2)(—1 + 203 + 253)@

9% 02
022 0y?
9% 9?2
822 022

+2¢27% (Ko (=1 +261) + a1 (2(h* + k) + h? (=14 265))) (as + B3)

+ 26272 (s + o) (023 (—1 +2B1) + oy (2(R* + 0%)as + h* (=1 + 23)))
4

+ éthQTQ(—l + 1201 (az + B2)(as + ﬁg)%

4

+ %ch:QTQ(—l + 12a9) (a1 + B1)(as + ,6’3)(%4
4

+ 3020272(—1 + 12a3) (a1 + B1) (a2 + 62)%

4

+ 274(041 + B1) (a2 + B2)(as + B3) 0

3 ott
L oo o 2 2 2 2 ot o
+ GO (has + aa (K7 + 6k%)az + h*(—1 4 28)) (0 + Ba) g 5

ot 92

1
+ 51T 02 + o) (—0an + aa (2(0F + 60%)as + BA(~14283))) 55 o

1 82 84
+ 5T (aa(=h? + 2607 + k*)az) + K as(=1+251)) (a3 + Bs) 50 o
Lo oo 2 2., 2 2 0 o
+ 66 o°T (al(—h +2(6h° + 0%)asz) + o as(—1+ 251)) (a2 + 52)@@
1 9% ot
+ §h27'4041(0¢2 + B2) (s + 53)@@
Loy oo 2 2, 2 2 0% o
+ 50’ (o1 + B1) (e2(—k* 4+ 2(6k* + 0%)ag) + o as(—1 + 262)) 92 A
1 9% ot
+ §k27'4042(6¥1 + B1)(as + 53)@@
1 9% o4
+ 50274043(041 + B1) (a2 + ﬁz)@@
1 9
+ %czh‘lrz(—l + 30a1) (a2 + B2)(asz + 53)@
1 9
+ %c2k472(—1 + 30as) (a1 + B1)(as + ’83)87316

1 &
+ 602047'2043 (261 (az + B2) + a1 (a2 + 202)) 756
9% 02
9 Oy?

1 4433 9
+ 180° h*o“m%(—1 4 3001 )as(az +ﬁ2)8x6 9.2

i(:2164027'2(—1 + 30a2)as(ay + 8 )876872 + u
180 2)43\% V9y6 922 0.8,

1

0 ARk (=1 + 300y ) as(as + B3)

+

+



ALGORITHMIC SOLUTION FOR (3+1) DIMENSIONAL KLEIN-GORDON EQUATION... 9

On selecting appropriate values of parameters aq, as, as, 81, f2 and 83, methods from various classes
can be accessed. If we choose

1 1 1
a1+,6’1:§7 az+52:§7 as+53=§- (4.4)

(i) We obtain the schemes of order
O(h* + K + 0® + 7°h* + 7°k* + 7°07).

Specifically, if we choose

(ii) A scheme of order
O(h* + k* + o* + 72h% + 72k% 4 120?)

is obtained by choosing
1

5
m=m=a3=15 Pi=Fh=Ff=.
(iii) A scheme of order
O(h® + kO + o + 72h* + 7°k* + 7%0°)
is obtained by choosing

1 7
o =ap = a3 =g, 512’82:53:175'

(iv) A scheme is convergent of order
O(h® + k% + 0® + 7212 + 72k* + 7%0?%)

on choosing

1 27
ap=az =03 = ¢, 512322532%7

and so on.

5. Stability Analysis

Here we address the stability analysis of the system designed in (3.8). When we take into account the
homogeneous portion of the scheme (3.8), we can have

(j+1) (j+1) (j+1) (j+1) (j+1) (J+1)
Clij—l,B—l,’I‘—l + C4Yp,JB—1,T—1 + ClYpi1,ﬁ—1,T—1 + ClYp]—I,B—l,T+1 + C4Yp,JB—1,T+1 + ClYpi—l,B—l,T-&-l

(J+1) (J+1) (j+1) (+1) (j+1) (j+1)

+ Clij—l,ﬁ—Q—l,T—l + C4Yp,JB+1,'I‘—1 + Clypi—l,ﬁ—o—l,’r—l + ClYpJ—I,B—Q—l,T-&-l + C4Yp,]ﬁ+1,r+1 + ClY@i1,fs+1,T+1
(U+1) (J+1) (3+1) (J+1) (U+1) (4+1)

+ C2ij—1,f5—1,r + CﬁY@,]fS—l,*r + C2Ypi—1,f5—1,r + C2Y@]—1,13+1,T + CGY@,JB-Q-LT + C2Ypi—1,f5+1,T

# ¥R+ OV, + OV 4 OV + OV + GV

©,8,T+1 o+1,8,T+1
G+1) (G+1) (+1)
FOY gy T 0¥y +OY 0 5

= DlYg—l,B—l,T—l + D4Yg,ﬁ—1x—1 + D1Y£+1,B_1,T_1 + DlYg—l,B—l,T+1 + D4Yg,ﬁ—1,r+1 + D1Y£+1,ﬁ_1,r+1
+ D1Y£71,f3+1,rf1 + D4Yg,fs+1,rf1 + D1Y5+1,B+1,T71 + D1Y571,8+1,‘r+1 + D4ij,f3+1,T+1 + D1Y5+1,3+1,T+1
+ DQYgJ;—l,B—l,T + DGij,B—LT + D2Y£+1,B—1,T + D2Y@j_1,ﬁ+1,r + DSY;,B-&-LT + D2Y5+1,B+1,T
+ D3Y3§71,B,T71 + D7Y;,B,Tfl + D3Ygz+1,B,T71 + D3Ygz71,f5,T+1 + D7Ygz,B,T+1 + D3Ygf+1,fs,r+1

+ D5Y£71,B,T + DBij,B,T + D5Ygg+17f3’r- (51)
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J
where Yp,ﬁ,T =

_ (D9
Dl_(1

1, J— — )
v and u, g =V gy

©.8,1

_(p1 O
—\o 1)
_(ps O

0o 1)’

—Db1
O )
—Ds
O )

_(p2 O (D3

G = (0 1) ’ Cs = (0
_(ps O _ (p7

06 - (O 1> bl 07 - (O
Dy — (pio —gg) . D= <p11
Dg = <pi4 _(1;76> 7 Dy = <Pi5
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_ (D4
e (4
_ (D8
o (1
_ (P12
D (1
_ ([ DP1e
b= (%

Let ij,ﬁ,“f be the numerical value of YKZ,B,% then the error vector at the j-th time level is

J _ v RV
€osr = Yonr ~ Yoy

Thus, from equation (5.1), we can write:

Let the solution of (5.2) at the grid point (z,ys, 2v,t;) be of the form

Jj+1
Cl%-1,ﬁ-1,¥-1

Jj+1 Jj+1 Jj+1
+Cae, s 11 T CE g 11 TO1E g1 v

Jj+1 Jj+1 Jj+1 Jj+1
+Cae s 11 T O g1 v YO8 grir—1 +Cag, 1 v

Jj+1 Jj+1 Jj+1 J+1
+Cie g1 T O g v T O g v+ Creh g1 v

Jj+1 Jj+1 Jj+1 Jj+1
+Coey g1 r T 061 x 0281 r +C280 1 g1
j+1 j+1 j+1 j+1

+ Csegprir T C2 g1y 03601 gy_1 T Creg g r1

Jj+1 Jj+1 Jj+1 Jj+1
+Cseg gy 038, g vy +Creg g v T Cse0 0 g v

Jj+1 Jj+1 Jj+1
T Cseg 1py +COre sy T e 15y

_ J J J J
=Die, 151yt D g 1y 1 TDig g1 v T D1E, 15 1141

J J J J
+Dacy g 1 v T D1E g1 T D1E 151 r—1 T P g v

J J J J
+ D1€p+l,f5+1,'r—1 + Dl%—1,ﬁ+1,r+1 + D4€p,ﬁ+l,T+1 + D1€p+l,ﬁ+l,T+1

J J J J
+Doey, q g1+ Doy g 1x T D2 iip1r T D2g 141y
J J J J
+ Deey, g1 r T D2gipiir T Dse15yr—1 +Dreg gy

J J J J
+Dseg 1 gv-1 T D3, _15vi1 T D€, sre1 + Dsegirgrin

j j j
+Dse, 1+ Dsegpy + Dsepiipy

€ - — gjei(91g3+9213+93“r)
£,

LONE

(30)

where i = \/—1, 01,04, 05 are real phase angles, and ¢ is in general complex. Substituting (5.1) into (4.4)
and using Euler’s identity e’ = cos @ + isin 6, after simplification, we get

5(@1 0) _ <Q3 —Q1
0 Q2 Q2 O

)

(5.3)
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where

Q1 = 8(avy cos By + B1)(ca cos Oz + B2) (s cos b3 + B3)
Q2= (142cosb)(1+ 2cosb3)(1+ 2cosbs3)
Qs = rrss
— 02k20272a3ﬁ2 cos 03 + cgk202720z3ﬁ2 cos #1 cos 3 — c2h2k272ﬁ162 + thQkQTQﬁlﬁg cos 03
+ 2h2k% 02 ag 51 B cos b3 + o2 (62k27252(—1 + cosby) + hQBl(czTQ(—l + cosfsy) + 2/{252)) B3
+ k*a cos 0 (0% cos O3a3(c*73(—1 + cos 1) + 2h°B1) + 2072 (=1 + cos 01) B3
+h2By (2T%(—1 + cos 03) + 202ﬁ3))
+ h? cos O1ay (k7% (=1 + cos 03) B2 + 0% az cos O5(c* 7% (—1 + cos ba) + 2k%Bs)

+0(*T*(—1 + cos 0) + 2k 32) B3 + k> cos 02 (> 72 (—1 + cos 03) + 20> (cos Oza3 + B3))) )

( — 2h20?7%a381 cos Bs + Ah2o? % a3 81 cos O, cos O3

The amplification matrix for the technique proposed in (3.8) may now be found as follows.

(5 &) (& )

2_2 sin? (01 /2) sin?(62/2) sin?(03/2)
_ (2 — 2T <h2(a1 cos 01+31) + k2(az cos 02+32) + o?(as cosdngrﬂg)) _1> (54)
0

B 1

The following expression holds for the eigenvalues of the matrix G:

AN —20A+1=0 (5.5)
Here,
b1 22 sin?(0y/2) sin?(6/2) sin?(03/2)
h2(aycosfy + 1)  k%(ascosy + fB2)  o2(azcosfs + B3)

Using the transformation A = %J_ri , equation (5.5) takes the form:

(24+0)22+(2-2b)=0 (5.6)

When |b] < 1, the stability criterion |A| < 1 will be satisfied, since the unit circle may be transformed
to the left half of the complex plane using the transformation mentioned above.

6. Numerical Testing

This section contains error tables and graphs of numerical solutions for some Klein-Gordon Problems.
Our proposed method is used to compute numerical values and tabulate Ly ,and Lo, errors. Additionally,
the graphics display the surface plot of the numerical solution.

Problem 1: Consider a three-dimensional linear Klein-Gordon equation

1
Ugy = g(umm+uyy+u2z) —2(e" =€), l<uz,y,2<3, t>0 (6.1)
Along with the initial conditions:
w(@,y,%,0) = o, 5, 2) = In (coth? (K (z + y + 2))

ui(,y,2,0) = P(z,y, 2) = 2pK (coth (K (z +y + 2)) — tanh (K(z +y + 2)))
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In order to determine the boundary conditions, the exact solution is provided as:

u(z,y,2,t) =1n (coth2 (K(z+y+2z—put))

The numerical solution to this problem is cracked by our proposed method. Table 1 represents the error
estimation for different time levels with several time and space steps. It is observed that our proposed
method provides healthier results with considerable accuracy. This provides the platform to discuss the
Klein-Gordon equation in the three-dimensional space domain.

. T —
° Time
=< 0.01 0.005 0.001
<] (o)

7 Lo Lo RMS Lo Loo RMS Lo Loo RMS
. 1 8.535(-6) 8.2475(-7) 8.2400(-7) | 7.876(-5)  8.443(-6)  8.2400(-7) | 7.845(-5)  8.369(-6)  8.2357(-7)
é 2 3.2368(-5) 4.0412(-6) 5.5715(-7) | 3.2368(-5) 4.0418(-6) 5.5737(-7) | 3.2391(-5) 4.0422(-6) 5.5756(-7)
g 4 5.8010(-5) 5.9633(-6) 9.9870(-7) | 5.7999(-5) 5.9632(-6) 9.9836(-7) | 5.7984(-5) 5.9632(-6) 9.9809(-7)
.i" 6 8.6559(-5) 8.9716(-6) 1.4900(-6) | 8.6564(-5) 8.9716(-6) 1.4901(-6) | 8.6570(-5) 8.9722(-6) 1.4901(-6)
E 8 1.2297(-4)  1.3269(-5) 2.1166(-6) | 1.2296(-4) 1.3271(-5) 2.1165(-6)

10 1.8363(-4) 2.0114(-5) 3.1608(-6) | 1.8361(-4) 2.0115(-5) 3.1605(-6)

1 2.444(-5) 3.0743(-6) 5.1249(-7) | 2.411(-5) 3.0704(-6) 5.1209(-7) | 2.384(-5) 3.0674(-6) 5.1177(-7)
- 2 2.8489(-5) 2.4306(-6) 3.4400(-7) | 2.8500(-5) 2.4313(-6) 3.4413(-7) | 2.8510(-5) 2.4320(-6) 3.4425(-7)
f 4 5.1245(-5) 3.6072(-6) 6.1876(-7) | 5.1227(-5) 3.6071(-6) 6.1855(-7) | 1.4372(-4) 7.8234(-6) 1.2223(-6)
j, 6 7.6347(-5) 5.4008(-6) 9.2186(-7) | 7.6351(-5) 5.4003(-6) 9.2190(-7) | 7.6354(-5) 5.3098(-6) 9.2194(-7)
< 8 1.0889(-4) 8.0459(-6) 1.3148(-6) | 1.0889(-4) 8.0465(-6) 1.3148(-6)

10 1.6211(-4) 1.2116(-5) 1.9573(-6)
2 1 3.7723(-5)  2.0132(-6) 3.2084(-7) | 2.1(-3)  2.3277(-4) 1.7677(-5) | 2.1(-3)  2.3273(-4) 1.7673(-5)
;" 2 3.8143(-5) 2.0980(-6) 3.4651(-7) | 2.3(-3)  1.0355(-4) 1.9469(-5) | 2.3(-3)  1.0351(-4) 1.9465(-5)
; 4 3.9449(-5) 2.3312(-6) 3.8655(-7)
S 10 1.4372(-4)  7.8234(-6) 1.2223(-6)

Table 1: Lo, Lo, and RMS — errors in the numerical solution of problem 1 with ¢ = 0.1 and over the

domain 1 < z,y,z < 3.

Problem 2: Consider another three-dimensional linear Klein-Gordon equation as

Along with the initial conditions:

where

Utt = —

a2

3

u(z,y,2,0) = p(z,y,2) = Btanh (K(z +y + 2)),

Ugpg + Uyy + Uz —au+bu3,

0<x,y,2<1,

B\/E, K:‘/ﬁ.

Boundary conditions are established based on the subsequent exact solution for the addressed problem.

u(z,y, 2z,t) = Btanh (K(x +y + 2 — put)) .

t>0

(6.2)
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The above-developed method is used to compute the approximate numeric values for the problem. If
parameters are chosen as p = 0.3,a = 0.1,b = 1, Tables 2 represent the error estimation for different
times with several time and space steps. The error table shows considerable accuracy and our proposed
method provides healthier results. This provides the platform to discuss the Klein-Gordon equation in
three space-dimensional domains.

D Time -
E o 0.01 0.05 0.005

j L» Lo RMS Ly Lo RMS L» Lo RMS
3 1 1.652(-1)  2.9(-3)  1.4(-3) | 1.585(-1)  2.8(-3)  1.3(-3) | 1.99(-1)  1.55(-3)  1.5(-3)
;F 2 5.456(-1)  9.8(-3) 6(-3) 3.909(-1)  9.7(-3) 5(-3) | 6.037(-1) 1.16(-3)  5(-3)
j 3 9.753(-1)  1.79(-2)  8.3(-3) | 9.628(-1)  1.785(-2)  8.2(-3) | 8.351(-1) 1.74(-3)  9.1(-3)
S 4 1.312(-1)  2.64(-2)  1.12(-2) | 1.2998(-1)  2.62(-2)  1.11(-2) | 9.944(-1) 2.99(-3)  1.24(-3)
B 1 119(-1)  27(-3)  1.5(-3) | 1.142(-1)  2.6(-3)  14(-3) | 1572(-1)  27(-3)  1.5(-3)
;" 2 3.921(-1)  9.4(-3) 7(-3) 3.843(-1)  1.2(-3) 6(-3) 5.33(-1)  1.2(-3) 8(-3)
.i" 3 70(-1)  1.81(-2)  8.2(-3) | 6.911(-1)  1.785(-2)  8.3(-3) | 6.92(-1)  1.81(-3)  8.9(-3)
S 4 9.406(-1)  2.64(-2)  1.14(-2) | 9.323(-1)  2.62(-2)  1.13(-2) | 9.38(-1)  2.87(-3)  1.2(-3)
g 1 9.39(-2)  3.2(-3)  15(-3) | 9.44(-2) 3.2(-3)  15(-3) | 9.32(-2)  3.2(-3)  1.5(-3)
;“ 2 3.099(-1)  1.03(-2)  6(-3) 3.106(-1)  1.03(-2) 6(-3) 31(-1)  1.03(-2)  9(-3)
z 3 554(-1)  1.9(-2)  8.7(-3) | 5.469(-1)  1.88(-3)  85(-3) | 5549(-1) 1.91(-2)  8.7(-3)
S 4 7.465(-1)  2.73(-2)  1.17(-2) | 7.399(-1)  2.7(-2)  1.16(-2) | 7.474(-1) 2.73(-2)  1.17(-2)

Table 2: Ly, Lo, and RMS — errors in the numerical solution of problem 2 with p =10.3, a =0.1, b =1
and over the domain 0 < x,y,z < 1.

= Numerical Solution at t=4 10?0 Numerical Solution at t=10

Numerical Solution at =1

Figure 1: Surface plots of the numerical solution at three different time levels for h = k = o = 0.08 and
7 =0.01.

7. Figures and Their Significance

The numerical solutions for the Klein-Gordon Equation in (3+1) dimensions are illustrated in nu-
merous figures in this paper using the Non-Polynomial Cubic Spline Technique. Combined, these figures
illustrate the solution’s behavior under a variety of parameter configurations, time steps, and discretiza-
tion options, underscoring the precision, dependability, and resilience of the proposed approach. To create
a baseline for comprehending the development of the solution over time, Figure 1 presents a surface plot
of the numerical solution with parameters h = k = ¢ = 0.08 and a time step 7 = 0.01 at different dates.
The surface plot at 7 = 1 is shown in Figure 2, which illustrates how different space step sizes affect
solution accuracy, which is essential for accurate simulations. Figure 3 presents surface plots at t=6 for
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Figure 2: The surface plots for the numerical solution at ¢ = 1 with time step 7 = 0.01 at different space

step sizes.
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Figure 3: The surface plots for the numerical solution with h = k = o = 0.125 at t = 6 with time step

7 =0.01,0.005, 0.001.

Numerical Solution at t=6

° i
10 10 L
15 o s
b v

ufxyz)

Numerical Solution with h=k=g=0.08

Numerical Solution at t=8

Figure 4: The surface plot for the numerical solution with h = k = ¢ = 0.04 and time steps

time ¢t =1, 2.

Figure 5: The surface plot for the numerical solution with h = k = ¢ = 0.05 and time steps 7 = 0.05 at

time t = 1,2

AHMED, A. AKGUL AND S. Y. LONE

7 =20.01 at
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Figure 6: The surface plot for the numerical solution with A = k = ¢ = 0.06 and time steps 7 = 0.05 at
time ¢t =1, 2.

various time steps 7 = 0.01,0.005,0.001 with parameters h = k = 0 = 0.125 to investigate time sensitiv-
ity. This provides information on the stability and convergence of the numerical technique. Surface plots
with increasingly smaller parameters h = k = o = 0.04,0.05, 0.06, and varying time are shown in Figures
4, 5, and 6 to provide a comparative picture of how parameter changes affect the solution. When taken
as a whole, these figures show how the approach works in a variety of situations, how sensitive it is to
discretization and time step selections, and how well it models the Klien-Gordon Equation’s dynamics.

8. Conclusion

In this research paper, the proposed new scheme provides numerical solutions to the Klein-Gordon
Equations. This method employs a non-polynomial cubic spline function to approximate terms using
space variables. The term involving the second-order time derivative is estimated using the central
difference method. Efficient numerical results are obtained by opting for appropriate parametric values
with the order of convergence O (h2 +E2+ 02+ 2R+ 2k 4+ 7'202). Numerical problems are resolved,
and the results are compared with the corresponding precise solutions. The error analysis demonstrates
that our suggested method yields harmonious outcomes and validates the correctness of our approach,
which is both efficient and time-saving in implementation.
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