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Study of nonlinear boundary value hybrid fractional integro-differential equations with
infinite delay
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ABSTRACT: In this study, we establish sufficient conditions for the existence of solutions to a nonlinear
boundary value hybrid fractional integro-differential equation with infinite delay, incorporating the generalized
fractional proportional Caputo derivative of order 1 < 6 < 2. To analyze the existence of solutions for the
given problem, we utilize the theory of infinite delay along with Dhage’s fixed point theorem. Finally, we
present two illustrative examples to emphasize the key findings.
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1. Introduction

Fractional calculus is based on the generalization of classical differentiation and integration to non-
integer orders, a concept that was discovered nearly 300 years ago. In 1695, Leibniz suggested the symbol
for the derivative of order n, f;,f where n is a positive integer. L’Hopital wrote him a letter in which he
asked the following question: ”What if the order n is replaced by %?” On September 30, 1695, Leibniz
replied, ”An apparent paradox from which useful consequences will one day be drawn” [4]. In 1730,
in the paper [9], Euler addressed the issue of fractional differentiation and proposed a definition for
the derivative of order o > 0 of . Then, in 1819, the first definition of fractional differentiation was
presented by Lacroix [15]. Later, Liouville studied fractional calculus in detail in the eight papers he
published between 1832 and 1837. For more historical details, we refer to [10,6].

Fractional differential equations (FDEs) naturally emerge in various scientific disciplines, including
physics, engineering, medicine, electrochemistry, and control theory (see [1,21,18,7,20,22]). Their effec-
tiveness in modeling real-world phenomena has sparked significant interest among researchers, leading
to extensive studies on their quantitative and qualitative properties. Additionally, fractional differential
equations with delay constitute a particularly relevant and intriguing research area. The growing interest
in these equations is reflected in the increasing number of published studies exploring the existence and
uniqueness of their solutions. Recent studies have explored such equations extensively, with contributions
addressing both finite delay [16,2] and infinite delay [17].

Chen and Dong [5] investigated the existence and uniqueness of a specific class of two-term boundary
value problems with infinite delay using standard fixed-point theorems. Additionally, they examined the
stability of solutions for the following given problem by applying the Hyers—Ulam stability theorem:

DY w(t) — x“DY w(t) = K(t,we), teT:=][0,b],
w(t) = 6(t), t € (—o0,0],

(1.1)
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where CDS | and CDg . denote the Caputo fractional derivatives of orders 0 < v < A <1, x is a constant,
F T x X — Ris a given function, © € X, and X is called a phase space.

The authors of [24] investigated the existence of solutions for the following Hadamard-type neutral
fractional integro-differential equation with infinite delay:

{HDf+ [aj(t) -y HIfiEi(t,xt)} =w(t)f (t,xt, flt h(t,s,xs)ds) , t€©:=[1,T], (1.2)
2(t) = C(0), Le (—oo 1],

where T >1,0< 60 <1, \; >0, (i =1,2,...,m) are some real constants, HD?Jr is the Hadamard-type
fractional derivative of order 6, 7T {\l stands the Hadamard fractional integral of order \;, F; : © xG — R,
f:OXGXxR—=>R,and h: 0 x 0 x G xR — R are given functions, where G is an abstract phase space.

Recent advances in hybrid fractional differential equations have further expanded their utility in
modeling non-homogeneous phenomena, such as electromagnetic wave propagation and gravity-driven
flows [17,12,19,23]. These systems unify diverse dynamical behaviors and are increasingly applied in
theoretical and applied contexts.

Motivated by these developments, this paper examines the existence of solutions for a novel class of
nonlinear boundary value hybrid fractional integro-differential systems with infinite delay. We consider
a generalized Caputo proportional fractional derivative of order 1 < 6 < 2 and establishe the existence
result of the following system:

ngf [ A U(s7xs)ds} =H(t,x¢), teA:=]cd],

Ft,z(t)) c
z(t) = A1), t € (—o0,d,
(5) =0 (13)
Fa® ),_, =
) =S ez _
(.F(t,l‘(t)))t:d - Zi:l (6%} Fwiz(vi))’ c<y; < d,

here, ngf represents the generalized Caputo proportional fractional derivative of order 1 < 6 < 2 with
0<vy<1l,g:A—R, HoeCAxXR), and F € C(A x X4,R*), where the phase space X and the
space X4 are formally defined in the section 2. We consider the function z; : (—o0,¢] — R of X such that
z¢(s) =x(t+ ), (s <0) for any u : (—o0,d] — R and any t € A.

The rest of the paper is structured as follows. Section 2 presents fundamental preliminaries and
derives the integral equation corresponding to the nonlinear boundary value hybrid fractional integro-
differential system (1.3). Section 3 establishes the main existence result for the solution of problem (1.3)
using Dhage’s fixed point theorem. In Section 4, we offer two illustrative examples to demonstrate the
core findings of this study, and finally, Section 5 provides a summary of our conclusions.

2. Preliminaries and Problem Formulation

In this section, we provide a concise overview of essential definitions, lemmas, and properties associ-
ated with the generalized Caputo proportional fractional derivative. Additionally, we present the solution
formula for the nonlinear boundary value hybrid fractional integro-differential system (1.3). These fun-
damental concepts and results will be consistently utilized in the subsequent sections of this study.

e Let C(A,R) be the Banach space of all continuous functions with the norm ||z|| = sup,ea. |z(t)].

e In this study, the space (X,] . ||x) is defined as a seminormed linear space consisting of functions
mapping (—oo, ¢] into R and adhering to the axioms introduced by Hale and Kato in [11]:

(i) Let t € [¢,d], C > 0 be a constant, @ : [¢,d] — [0,00) be a continuous function, and A :
[c, 00] = [0,00) be a locally bounded function. If z : (—oo,d] — R and xq € X, we have
1. Tt € :{,
2. ()] < C [l 2 x,

3. [y [|x< @(t) | zo [lx +A(F) sup, {lz(7)[},
T7€[0,t
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where w, A are independent of z(.) and @w* = sup w(t), A* = sup A(¢);
te[c,d) te[c,d]
(ii) x4 is a X-valued continuous function on [, dJ;

(iii) The space X is complete.

e We consider the space X4 = {J: D (—00,d] = R: 2f(—oo,q € Xandz|p g € C(A,R)} with the semi-
norm
|2 lx,=Il Allx + sup [z(t)].
t€le,d]

e Throughout this paper, we consider that g : A — R be a strictly positive, increasing, and differen-
tiable function.

Definition 2.1 [13]/ Let 0 < v < 1, 8 > 0, f € LY(A,R). The left-sided generalized proportional
fractional integral with respect to g of order 6 of the function f is given by

LI f (1) = 791}(9)/ e’ =9 (g () — g(r))* ! f(r)g (r)dr, (21)

where T'(6) = fOJrOO e~ 2%~ 1dx is the Euler gamma function.

Definition 2.2 [13] Let v € [0,1], ¢, p: [0,1] x R — [0,00) be continuous functions such that
lim ((y,t)=0, lm ((y,t)=1, lim p(y,t)=1, lim p(y,t) =0,
~y—0+ y—1- ~y—0+ y—=1-

and
C(y,t) + p(y,t) # 0 for each v € [0,1], and t € R.

Then the proportional derivative of order v with respect to g of the function f is given by

_ f'(t)
v DIf(t) = p(y, 1) f(t) + C(7, 1) POk
In particular, if ((y,t) =~ and p(vy,t) =1 —~, then we have
DA = (1= F0) +9 .

Definition 2.3 [13] Let v € (0,1]. The left-sided generalized Caputo proportional fractional derivative
of order n —1 < 0 < n is defined by

TDUE () = L1109 (D™ £ (1))
1 K =1 g g(s n—6—1 n,g /
— ot | T o) - gl D) ) (),

c

(2.2)

where n = [0] +1, and D™ = ,DIDY ... ,DY.
—_——

n-times

Lemma 2.1 [1/] Lett € A, v € (0,1], (9,0 > 0), and f € L*(A,R). Then, we have

AR F0) = IR IRf0) = IR ().
Lemma 2.2 [1/] Lety € (0,1], n —1 <6 <n, n=1[0] + 1. Then, we have

D’Wf
%9 <DP9f (1)) Z Sy 1) QRO
k=0

where Q7(t,¢) = 6%(g(t)_g(c))(g(t) —g(e)k.



4 Y. EDABAB, S. ZERBIB, A. KAJOUNI, AND K. HILAL

Theorem 2.1 [8] Let B be a closed, convex and bounded subset of a Banach algebra X andlet T : X — X,
and ¥ : B — X be two operators such that

(a) T is Lipschitzian with a Lipschitz constant .
(b) W is completely continuous.

(c) x = YaxVy = x € B, for all y € B. Then the operator Ax = YaxVx has at least a fized point in B,
whenever W < 1, where W = || U(B)]].

We are now ready to introduce the definition of a solution to problem (1.3), which is central to our work.
To do so, we first present the following lemma, which enables us to derive the solution’s definition for
problem (1.3).

Lemma 2.3 Let g : A — R, F € C(A x R,R*), h,p € C([¢,d]), and z € C(A,R) N X4. Then the
following problem

has a solution given by

A(t), te(—oo,c,

]—'(t,:r(t))( / @(s)ds—kcﬁg’c)[—z:ai / o(s)ds
c i=1 ¢

1
7°T(0)

- ; o / "y, r)h(ﬂg'mdr)]

1 ' g /
+ =gy L @t g de), tea,

+ " o(s)ds + ( / "0 (@) (Far

(2.4)

with Q=3 0iQ(v1, ) — Q(d, ) £0.

i=1

Proof: Let z(t) be a solution of the problem (2.3), applying the operator ,YIgjrg(.) on both sides of the
fractional differential Equation (2.3) and using Lemma 2.2. Then for t € A, we have

2 Y avds 4 (e SR a0-96) 4 2 o9 . L (" 00 (b () (Fdr
F(t, z(t) _/C wls)ds + ( ! + oI )) + 7em)/c Qf_1(t,7)h(r)g'(T)dr, (2.5)

where ¢y and ¢y are arbitrary real constants.

Then, putting ¢t = ¢ in (2.5) and using the initial condition (%) = 0, we obtain ¢; = 0, by sub-
’ t=c

stituting ¢ = d into equation (2.5) and utilizing the initial condition (}.(‘:(izt))) .= Dy ai%.
, - 2w (v;
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We reach the following result:

n

S ([ et + 20t + i [ @ temno i) = [ otsias

+2Q{(d.0) + /Q“df )¢ (7)dr,

this implies that

n n v d
Zai%Q’{(m,c) — %Q?(d, c) = —Zai/ w(s)ds +/ o(s)ds

Therefore,

Vi

n -1 n d
= a; Q4 (vi,c) — Q7(d, c) - o (s)ds + (s)ds
v (Z} ! i ) [ 2 / w(s / v

d
v@r1w></ @t i o [ Qv <>’<T>df>].

=1

Direct computation, following the Inserting of ¢; and co into Equation (2.5), yields the solution as
presented in Equation (2.4). O

Using the information from the previous lemma, we can now define the solution to nonlinear boundary
value hybrid fractional integro-differential system (1.3).

Definition 2.4 If x is a solution to the nonlinear boundary value hybrid fractional integro-differential
system (1.3), then x is also a solution of the following equation:

A(t), te(—o0o,d,

F(t,z(t)) (/ o(s,zs)ds + M [— Zai /Ui o(s,xs)ds

) +/Cd (5,005 + s (/ Q (1)g' (7)dr
fzaz | @t ang W)]

! QF«P)/ Qo (TR, xﬁg’@‘”)’ teA,

provided that the integrals above are finite.

3. Existence results

In this section, we explore and analyze the existence of solutions for the given nonlinear boundary
value hybrid fractional integro-differential system (1.3) using Dhage’s fixed point theorem.
Using Lemma 2.3, we transform the problem (2.3) into a fixed point problem by defining an operator
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S: X, — X4 as follows:
)‘(t)v t e (70070}7

f(t,x(t))(/ o(s, xg)d5—|—

lz/ o(s,25)d

+/Cda(5 r)ds + s (/ QI (d, 7Y H(r,2.)g (1)dr
—Zaz / Q4 (vis TYH(r, )] <T>d7)]

We propose that the solution z(.) is a decomposition of two functions y(t) and z(t): (—oo0,d] — R, such
that z(t) = y(t) + Z(t), which involves z; = y; + 2 for all t € A.
The functions y and z are defined as follows:

(3.1)

) A®), te(—oo,c]
() {07 N (3.2
and
)0, te(—o0,c],
)= {z(t), teA (3:3)

where z € C([c,d],R) is given by

2(t) = F(t,y(t) + z(t)) (/ o(s,ys + Zs)ds + M l— Zai /Vi o(s,ys + Zs)ds

d
+/ o(s,ys + Zs)ds + (/ Q7 H(T,yr + 2-)g' (T)dT
N (3.4)
Yo T zf>g’<r>dr)]
9F / Qj_ (1, yr + Z7)g (T)dT).
Then we have z(c) =0, z. =0, and z, = A.
Now we introduce the space X/, = {z € X4 : z. = 0} and define the seminorm || - ||y, on X/, as follows:
d
| 2 [, = sup [2(t)|+ || z¢ [|x,= sup |2()].
teA teA
This shows that || - ”3% defines a norm on X/;, and consequently, (X7, | - ||3%) is a Banach space. We then
define the operator A : X/, — X/, as follows:
t Qg
As(t) = Flay® +20) | [ ot +2)ds + L Zaz | atsne s zas
c
d
+/ o(s, ys+ZS)dS+ (/ Q H(T, yr + Z7)g' (T)dT
N (3.5)

_ZO‘Z/ Qf 1 (vi, TYH(T, yr + Zr)g (r)dr)]

W/ Q-1 (&, TV H(T yr + Zr)g/(T)dT) teA.
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Clearly, we observe that the operator S possesses a fixed point if and only if A has a fixed point.
The following hypotheses are necessary to derive our results:

(Hp) : The functions F : A x X4 — R\ {0}, 0,H : A x X — R are continuous.

(Hy) : There exists a constant ¢ > 0 such that

|F(t,x) — F(t,y)| <slx —y|, forallte A andz,yeR.

(H3) : There exist continuous functions S(t), {(t), k(t) such that
[F(t,p)| < BE), |o(t,2)] <C(@), [HE,2)| <w(t), V(tz,p) € AxXXR,
With 8* = sup B(¢), (¥ =sup((t), and £* = sup (¢).
teA teA teA
e We consider the subset Q. of X/, defined as:
Qe ={z € X;: |l2llx, <},

where

e=p" (g*(ch (g(d)|g| <1+Z|al|>

(9(d) — g())’x*\ | (g9(d) — g(c))’s"
YT (0 + 1) ) e+ 1) ) '

X (C*(dc) +

It is easy to see that €2, is a convex, closed, bounded, and nonempty subset of the Banach space XJ,.
e To apply the Dhage fixed point theorem, we define the operators T : X/, — X/, and ¥ : Q. — X/, by

(Yz2)(t) = F(t,yt) + 2(1)). (3.6)
and

@am=l3@%+ww+Q [jz%/ o(5, s + 2:)ds

R A R T

n . (3.7)
- Z O‘i/ Qf_1(vi, TVH(T, yr + 57)9'(7)617)]
g | G+ 2 i
It is evident that the operator A : X/, — X/, defined by (3.5), can be decomposed as:
Az(t) = Tz(t)Pz(t). (3.8)

Now, we are ready to state the main results of this work, then we have the following existence theorem.

Theorem 3.1 Assume that hypotheses (Hy) — (Hz) hold and

c% <1 (3.9)

Then the given nonlinear boundary value hybrid fractional integro-differential system (1.3) has a solution
on (—o0,d].
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Proof: We shall proceed to establish that operators T and ¥ satisfy the requisite conditions set forth in
Theorem 2.1. Then, the proof is given in the following claims:
Claim 1. The operator Y : X/, — X/, is Lipschitz.

For any z1,x2 € X/, and each ¢t € A, then thanks to hypothesis (Hy), we get

[Yx1(t) — Yao(t)| = [F(t,y(t) + 71(t) — F(t, y(t) + 22(1))]
< glaa (t) — aa(t)]

< sllzr — 2|z,

Then the operator Y is Lipschitzian on X/, with a Lipschitz constant <.

Claim 2. The operator ¥ is completely continuous on (..

(i) ¥ is continuous on €.

Let (zm)men be a sequence of Q. such that z,, — z as m — +o00 in Q..
—1

By using the fact that e 5 91 79) <1 we get

(W2 ) (1) = (V2)(1))]

t
/ (0(8,ys + Zm,) — 0(s,ys + Z5))ds

n Vs d
+C2g(Qm[_;aiL (‘7(5793‘i‘gms)_(7(57ys‘|’Zs))d$_|"/C (G(S,ys+5ms)—U(Says+is))d8

d
+ ,yel-\l(g) (/C Q‘gfl(d, ) (H(T, Yr + Zm, ) — H(T,yr + 57—))9/(7')d7'
B ; o /V Qf 1 (v, ) (H(T,yr + Zm,) = H(7, 9 + zf))g'(r)drﬂ

1 ! ,
+ gy [, @) (e + 5) = Wy, + 20)g/ (7).

t
< / |a(s,ys + Zm,) —o(s,ys + Zs)|ds
C

g(d) - g(c)
Tl

n Vi d

Z|Oéz‘/ |U(S,ys+2ms)70’(8,ys+53)|d5+/ |U(S7y3+2ms)70'(57ys+23)|d5
1 d ) ) o

’ Ww)(/ (9(d) = g(r)" = [H(r,yr + Zm,) = H{r,y; + 2|9/ ()dr

+2 lai /V (9(i) = g()" " [H(r, yr + Zm,) = H(T, 57 + zf)lg’(f)chﬂ

! 79%@0) / (9(8) = ()" T M7,y + Zm.) = H(7yr + 27| ¢/ (7)dr.

Subsequently, employing the continuity of o, H, and the Lebesgue Dominated Convergence Theorem, we
obtain

)
/ lo(s,ys + Zm.) — 0(s,ys + 25)|ds = 0, as m — o0,
c

)
/ (g(vs) — 9(7))9_1‘7{(77 Yr + Zm.) — H(T,yr + ZT)|g’(T)dT —0, as m — oo.

We conclude that

| Uz — Wz ||z, — 0, as m — oo.
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Thus, ¥z, — ¥z in X/}, which proves that ¥ is a continuous operator on ..

(ii) The operator ¥ is uniformly bounded.
Let z € Qc, by hypotheses (Hy) and (Hg), for all t € A, we get

(Wz(t)| =

t g n Vi
/ O'(Says'f'zs)ds"' W[_ZQZ/ O—(s?ys"‘zs)ds
d
—|—/ o(s, yS—i—zs)ds—i— (/ Q H(T,yr + 2;)g (7)dT

—Zaz/ Qf 1 (vi, TYH(T, yr + Z7)g ()dTﬂ

/ Q4 (6. 7Y H(r yr + 2)g/ (r)dr

/|J ,y9+z)|d5+ lzaz/ ays+z |d5

> 1 ¢ -1 = /
+ / |a<s,ys+zs>|ds+m( / (9(d) — g(r))P [H(r,yr + 2]/ (r)dr
+Z|az|/ o) — g() = H(r,yr + 2| (T)d )]

%@ / (9(t) — g MM (7, s + 2| (T)dr

/|< jlas + WD —9(0) [Zaz/ |ds+/|< )lds
+79F(9)</c(() g Ry’ (7 dT+Zloul/ 9(v) = 9(r)"” 1<>|g’<f>dr)]
| (o) — 9wl ()dr

. (9(d) — g(c)) . . (g(d) — g(c))?x*

(9(d) — g(c))?w"
YO +1)

Therefore, we obtain

||\Ilz:||3e'SC*(al—c)—kM 1+i|ai| (g*(d_c)+W>
‘ 2l pot

~T(0 + 1)
d) — g(c))?k*
+ (g(yzr(éq&)) . (3.10)

This shows that ¥ is uniformly bounded on (2..
(iii) () is an equicontinuous set on XJ.

Let z € Q¢, and 1,62 € A, such that e; < g3, then by using the fact that ¢’ @W=9() <1 and our
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hypotheses, we get

[(W2)(e2) = (Pz)(e1)]

/ a(s,ys+23)ds—/ o(s,ys + Zs)ds + Qi(e2,0) — Qfer l Za,/ zor (s,ys + Zs)ds
¢ ¢ Q i=1

d
+/ o (8, ys +Zs)d5+ (/ Q1 (d, T)H(T,yr + Z-)g '(r)dr
- Zaz/ i Qg_l(%ﬁ)%(ﬂ Yr "‘ZT)QI(T)d )

QF / Qg 1 517 (Ta Yr +ZT)QI(T)dT

d) — g(c))?k*
S/ﬂ (o)1 1 1262 >|Q| (HZm)( NCUEYCiy

79%@9) / ((9(22) = 9(r)"™* = (g(e1) = 9(e))"~") [s(7)| g/ (7)dr

T / " (9(e2) — g(r) " ()] o (7)dr

d) — g(c))?xk*
< B (55 ) (cramoy 4 S

*

+ o |0 9(0)° ~ (o) — (@)

+

/ Qe 1 527 (7—7 Yr + 2‘1‘)91(7—)(17—

By using the continuity of the function g, from the above inequality, we get |(¥z)(g2) — (Vz)(e1)| — 0 as
€1 — €2. This shows that the operator ¥(£.) is equicontinuous in X/;.
From ii. and 4ii., we deduce by the Arzela-Ascoli theorem that W(€).) is a relatively compact subset
of X/,. Furthermore, since ¥ : Q. — X/, is a continuous operator, then it follows that ¥ is completely
continuous.
Claim 3.

we verify that condition (c) of Theorem 2.1 is satisfied. Let x € X/, and y € Q. such that z = TaTy.
Then, by hypothesis (H;), we have

lz(t)] = [Ta(t)|| Py (t)|
o (9(d) —g(c)) - * (g(d) — g(c))k*
<pB (C (d—c)+|Q|<l+;ai|> (C (d_0)+’Y0F(9+1))

L (90D — 9(e)’s
~T(6 + 1)
=g,
this implies that [[z[|z, < ¢, and thus z € Q..

On the other hand, for n = || ¥(Q)|| = sup{¥(z), € Q} and by (3.10), we obtain n <
from (3.9), we get

B* , therefore

sn < 1.

This shows that condition (¢) of Theorem 2.1 is satisfied. Thus, for all x € Q. and t € A, all the conditions
of Theorem 2.1 are fulfilled. Consequently, the operator z = Tz ¥z admits at least one solution in X/,. It
follows that the nonlinear boundary value hybrid fractional integro-differential system (1.3) has at least
one solution on (—oo,d]. This completes the proof. O
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4. Applications

In this section, we build two practical exapmles to illustrate the applicability and consistency of our
main results.

For a continuous function B : (—o0,0) — [0, 00) satisfying fi)oo B (s)ds < 0o, consider the space Xy =

{x € C(—00,0] f_ 5) |l ||fs,07 ds < oo} [5,0/= SUPy¢]s,0] \x( )| Let B(s) = e3¢, then
f_ooo e**ds = § < 0o, and supplement this space with the norm || z ||xy= f_ 5) |l  |lfs,07 ds-
The space %Q; satisfied the phase space’s axioms, with @(t) = 3, A(t) =1, C = 3. See [3].

Ezample 1. Let A =[0,1], v = 2,0 = 3, F(t,z(t)) = 2 + t*tan~*(x(t)), o(t,z5) = M, H(t,z,) =

10
t cos
7“;%(“) and g(t) = t2.

We consider the following nonlinear boundary value hybrid fractional integro-differential system:

582 t 52 sin(xs t2 cos(z¢
gD02+ [2+t2 tan— 1 z(t)) f() 10( )d8:| = C(i()( ) , te [07 ]-]7
x(t) = A1), t € (—o0,0],
(#) -0 (4.1)
2+t2 tan— 1 (z(t)) = )

z(t) z(vs)
(2+t2tan*1(:c(t)))t = Zz 1% 3% an—1(2(1))

where v1 = 0.3, v = 0.7, and a; = ag = 0.1.

In the following we aim to establish the validity of the hypotheses (Hy), (H1), (H2), and the condition
(3.9). Obviously, H,o, and F are continuous funtions, then Hy holds.

For all ¢t € [0,1] and z,y € R, we have

[ F(t, ) = Ft,y)| < %[ tan™" (2) — tan™" (y)]
<z -yl
Hence, the hypothesis (Hy) is satisfied with ¢ = 1.

|F(t, )] = 2+ t2 tan~ (2)| < B(t) = 2 + gtz'

| % sin(ay) P
lo(t, )| = 10 <((t) 10

| t? cos(ay) s
[H(t, ze)| = 10 | S K(t) = 10

t2
Therefore, the hypothesis (Hs) holds with 5* = sup (2 + ftQ) =357, and (" =k* =sup— =0.1.
teA 2 teEA 10
Calculations employing the prior parameters revealed that

2
191 > [Q4(1,0)] = > i [Qf(v:,0)] > 1.49 — 0.06 = 1.42 > 1.
i=1

Thus, using the fact that % < 1, we obtain

9(1) — L (o) — 9(0)%&*\ | (g(1) — g(0))%x*
o I IQI (1 +Z|al|> ( A0+ 1) ) e ) ]
< <1+;|Oéi|) (C*+ 79F(9+1)> + NIVCERY

§0.1+1.2<0.1+ 53/2'1 : >+ 53/2'1 -
(377 T(3) (377 -1 (3)

~ 0.296 < 1.

£
SHz =6

B
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Then, the condition (3.9) holds.
We note that all the conditions of Theorem 3 are fulfilled. Therefore, the nonlinear boundary value hybrid

fractional integro-differential system (4.1) possesses at least one solution on (—oo, 1].

Ezample 2. Let A = [1,2], v = &, 0 = 3, F(t,x(t)) = 2+10 2 sin(x(t)), o(t, s) = e * cos(w,), H(t, z¢) =
2 + cos(z¢) and g(t) = t2.
Consider the following nonlinear boundary value hybrid fractional integro-differential system:

4 42
55t

¢ D [W&n(z(ﬂ) f1 Scos(zs)ds| =t +cos(xy), te]l,2],

o) =
(m)tzl =0

(t) — 2 (i)
(2+10:§ sin(:r(t)))t:2 - Zz 1% 3770 gsm(a:(m))

where v1 = 1.3, v, = 1.7, and a3 = ao = 0.05.

In what follows, we seek to demonstrate the validity of hypotheses (Hp), (H1), (H2), as well as the
condition given by (3.9).

It is evident that H, o and F are continuous funtions, which implies that (Hy) is fulfilled.

Moreover, we have

[F(t, @) = F(t,y)| <107%z —y| < |lo —yllx,, VEE[L,2], 2,y €R.

Thus, F satisfies the Lipschitz condition with a constant ¢ = 1072. then, hypothesis (H;) is satisfied.
The next step is to check the validity of hypothesis (Hs),

| F(t,x(t)| = |2+ 10 sin(z(t))| < B(t) = 2.01.

|U(vas)| = |€_s COS(.’L‘S)‘ < C(s) =
[H(t,20)| = [t + cos(zy)| < k(t) = 2 + 1.

Therefore, hypothesis (Hy) holds with 8* = 2.01, ¢* =supe * = e~ ! and x* = sup(t? + 1) = 5.
sEA teA

Based on the previous values, we found that Q7(1.3,1) =~ 0.5127, Q{(1.7,1) ~ 0.839 and QY(2,1) = 0.829.
Substitute these into Q we obtain

19| = ZalQ vi,1) — Q4(2,1)| ~ 0.761.

From the above data, we have

€ _ 9(2) - (9(2) —g(1)?s\ | (9(2) — g(1))"s"
§F S C + —— | <1+Z|OZ1|> ( 0F(9—|—1) )+ ’)/GF(Q—FI) ]
—10-2|,-1 3 « o1 3% X 5 35 X b
gt (O ) )
~0.937 < 1.

Thus, the condition (3.9) is satisfied.
We note that all the conditions of Theorem 3 are fulfilled. Therefore, the nonlinear boundary value hybrid
fractional integro-differential system (4.2) possesses at least one solution on (—oco, 2].
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5. Conclusion

This research investigates the existence of solutions for a class of nonlinear hybrid fractional integro-

differential equations with boundary conditions, governed by the generalized Caputo proportional frac-
tional derivative of order 6 € (1,2). By employing the Dhage fixed point theorem, we derive rigorous
criteria ensuring the existence of solutions under specified hypotheses. To validate the theoretical frame-
work, two illustrative examples are presented, demonstrating the applicability and consistency of the
established results.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

References

. S. Abbas, M. Benchohra, and G. M. N’Guérékata, Topics in fractional differential equations. Springer Science &

Business Media 27 (2012).

S. Abdelkrim, M. Benchohra, J. E. Lazreg, and J. Henderson, On k-Generalized 1-Hilfer Boundary Value Problems
with Retardation and Anticipation. Advances in the Theory of Nonlinear Analysis and its Application. 6 173-190 (2022).

. M. Alghanmi and S. Alqurayqiri, Fxistence results for fractional neutral functional differential equations with infinite

delay and nonlocal boundary conditions. Advances in Continuous and Discrete Models. 2023 (2023).
R. Almeida, D.Tavares, D.F.M.Torres, The Variable-Order Fractional Calculus of Variations. Springer(2018).

C. Chen, Q. Dong, Existence and Hyers—Ulam stability for a multi-term fractional differential equation with infinite
delay. Mathematics. 10.7 (2022) 1013.

S.A. David, J.L. Linares, E.M.D.J.A. Pallone, Fractional order calculus: historical apologia, basic concepts and some
applications, Rev. Bras. Ensino Fis. 33 4302-4302 (2011).

C. Derbazi, H. Hammouche, A. Salim, and M. Benchohra, Measure of noncompactness and fractional hybrid differential
equations with hybrid conditions. Differ. Equ. Appl. 14 145-161 (2022).

B. Dhage, On a fized point theorem in Banach algebras with applications. Applied Mathematics Letters. 18 273-280
(2005).

L. Euler, De progressionibus transcentibus sev quarum termini algebraice dari nequeunt. comment. Acad.Sci.Imperialis
Petropolitanae. 5, (1738) 36-57.

R. Gorenflo, F. Mainardi, Fractional Calculus: Integral and Differential Equations of Fractional Order, Springer
Vienna, 1997.

J. K. Hale, Retarded equations with infinite delays. Functional Differential Equations and Approximation of Fixed
Points: Proceedings, Bonn, July 1978, Berlin, Heidelberg: Springer Berlin Heidelberg, 730 157-193 (2006).

K. Hilal and A. Kajouni, Boundary value problems for hybrid differential equations with fractional order. Advances
in Difference Equations. 2015 1-19 (2015).

F. Jarad, T. Abdeljawad, S. Rashid, and Z. Hammouch, On more general forms of proportional fractional operators.
Open Mathematics. 18 167-176 (2020).

F. Jarad, M. Alqudah, and T. Abdeljawad, More properties of the proportional fractional integrals and derivatives of
a function with respect to another function. Advances in Difference Equations. 2020 1-16 (2020).

K.S. Miller, B.Ross, An Introduction To The Fractional Calculus And Fractional Differential Equations. John Wiley
and Sons.Inc.(1993).

A. Salim, S. Krim, J. E. Lazreg, and M. Benchohra, A Study on Some Conformable Fractional Implicit Hybrid
Differential Equations with Delay. Kragujevac J. Math. 50 439-455 (2026).

K. Salim, et al, On implicit itmpulsive conformable fractional differential equations with infinite delay in b-metric
spaces. Rendiconti del Circolo Matematico di Palermo Series. 2 72.4 (2023) 2579-2592.

V. E. Tarasov, Fractional dynamics: applications of fractional calculus to dynamics of particles, fields and media.
Springer Science & Business Media. (2011).

S. Zerbib, N. Chefnaj, K. Hilal, and A. Kajouni, Study of p-Laplacian hybrid fractional differential equations involving
the generalized Caputo proportional fractional derivative. Computational Methods for Differential Equations, (2024).

ZERBIB, S., HILAL, K., KAJOUNI, A.: GENERALIZED CAPUTO PROPORTIONAL BOUNDARY VALUE
LANGEVIN FRACTIONAL DIFFERENTIAL EQUATIONS VIA KURATOWSKI MEASURE OF NONCOMPACT-
NESS. Kragujev. J. Math. 50(7), 1035-1047 (2026).

S. Zerbib, K. Hilal, A. Kajouni, Nonlocal Caputo generalized proportional fractional integro-differential systems: an
ezistence study. Journal of Mathematical Modeling. 375-391 (2025).

S. Zerbib, K. Hilal, A. Kajouni, On the Langevin fractional boundary value integro-differential equations involving
Y-Caputo derivative with two distinct variable-orders. Comput. Appl. Math. 44(5), 212 (2025).



14 Y. EDABAB, S. ZERBIB, A. KAJOUNI, AND K. HILAL

23. S. Zerbib, K. Hilal, A. Kajouni, Some new existence results on the hybrid fractional differential equation with variable
order derivative, Results Nonlinear Anal. 6 34-48 (2023).

24. K. Zhao, Y. Ma, Study on the existence of solutions for a class of nonlinear neutral Hadamard-type fractional integro-
differential equation with infinite delay. Fractal and Fractional, 5(2), 52 (2021).

Youssef Edabab,

Laboratry of Applied Mathematics and Scientific Computing, Sultan Moulay Slimane University, BP 523, 23000 Beni
Mellal,

Morocco.

E-mail address: youssefedabab25@gmail.com
and

Samira Zerbib,

Laboratry of Applied Mathematics and Scientific Computing, Sultan Moulay Slimane University, BP 523, 23000 Beni
Mellal,

Morocco.

E-mail address: zerbib.sam1230gmail.com
and

Ahmed Kajouni,

Laboratry of Applied Mathematics and Scientific Computing, Sultan Moulay Slimane University, BP 523, 23000 Beni
Mellal,

Morocco.

E-mail address: kajjouni@gmail.com
and

Khalid Hilal,

Laboratry of Applied Mathematics and Scientific Computing, Sultan Moulay Slimane University, BP 523, 23000 Beni
Mellal,

Morocco.

E-mail address: hilalkhalid2005@yahoo.fr



	Introduction
	Preliminaries and Problem Formulation
	Existence results
	Applications
	Conclusion

