Bol. Soc. Paran. Mat. (3s.) v. 2025 (43) : 1-8.
©SPM - E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.77009

Rough ideals in ADL’s

G. Prakasam Babu! | Ch. Santhi Sundar Raj? and K. Ramanuja Rao* 3
ABSTRACT: In this paper, we initiate the study of rough sets within the context of ADL’s. Here, we introduce

the notions of rough ideals and rough prime ideals in an ADL and study the special properties of images and
preimages of such ideals under the homomorphism of ADL’s.
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1. Introduction

The notation of rough sets was first introduced by Pawlak [9] as an extension of general set
theory. Rough set theory is still a new mathematical approach to deal with uncertainity or vagueness
and imprecise data. In this approach, Frege’s idea of vagueness or imprecision is expressed by a boundary
region of a set, and not by a partial membership, like in fuzzy set theory which was proposed by Zadeh[17].
After the notion of rough sets, the algebric approach of these was studied by several authors. Biswas
and Nanda [1] introduced the notions of rough groups and rough subgroups. Kuroki [6] investigated
the rough ideals in semigroups. Morderson [7] applied rough set theory to fuzzy ideal theory in rings.
Davvaz [2,3] introduced the notion of rough subring with respect to an ideal (fuzzy ideal) of a ring.
Degang, Wenxiu, Yeung and Tsang [4] studied rough approximations on a complete distributive lattices.
Kazanci and Davvaz [5] introduced the concepts of rough prime (primary) ideals and rough fuzzy prime
(primary) ideals in commutative rings. Xiao, Zhou [14] have introduced the notion of rough ideals in
lattices. Further, Xiao and Guo [15] investigated rough sets induced by ideals in lattices. Yang, Zhu and
Xin [16] studied rough sets based on fuzzy ideals in distributive lattices.

Swamy and Rao [13] have introduced the concept of an Almost Distributive Lattice ( abbreviated as
ADL) as a common abstraction of most of the existing ring theoretic and lattice theoretic generalization
of Boolean rings and Boolean algebras. An ADL A is an algebra (A, A,V,0) satisfying the following
axioms: for all a,b and c € A,

(1)0OAa=0
2) (avb)Ae=(anc)V (bAc)

)
(2)
3)an(bVe)=(aAb)V(aAc)
(4)
()

<

4) (aVb)Ab=D

5) (aVb) Na=a

(6) aV(aAnb)=a
For example, let R be a commutative regular ring with identity ( that is, R is a commutative ring with
identity in which, for each a € R there exists an uniquc idempotent ag € R such that aR = agR). If we
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define, for any a,b € R,
aNb=agband aVb=a+b+agb

then (R, A,V,0) is an ADL. An ADL satisfies all the axioms of a distributive lattice, except the axioms :

aNb=bAa, aVb=bVaand (aAb)Vec=(aVec)A(bVec).
It is proved that these three conditions are equivalent in any ADL. If any one of these axioms hold, then
the ADL becomes a distributive lattice. A nonempty set I of an ADL (A4, A, V,0) is said to be an ideal if
avbeland aNx €1 for all a,b € I and = € A. The partial order < on an ADL A is defined by a < b
if and only if a A b = a (equivalently, a V b = b). The set of all ideals of an ADL A forms a distributive
lattice under the operation A and V defined by

INJ=InJandIVJ={aVb:acl,be J}
for all ideals I and J of A. Actually, the set of all ideals forms a complete lattice under the set inclusion.

In recent trends, several researchers have done much work on ADL’s, for example, Santhi Sundar

Raj, U.M.Swamy, Natnael, Srikanya, Prakasam Babu and Ramanuja Rao [ 12,10,8,11 ] have introduced
certain fuzzy concepts in ADL’s, like fuzzy ideals and filters, fuzzy prime ideals, fuzzy prime spectrums,
fuzzy initial and final segments. In this paper, we shall introduce the notion of rough sets in ADL,s by
a pair of lower and upper approximations of a subset with respect to a congruence relation. Mainly, we
introduce, the notions of rough ideals and rough prime ideals and investigate certain properties of these.
Through out this paper, A stands for a non-trivial ADL (A, A, V, 0).

2. Rough Subsets in an ADL

Let 6 be a congrurence on A, that is, 8 is an equivalence relation on A such that (a,b) € 6 and
(c,d) € 0 implies
(anc,bAd)€fand (aVe,bVd) el
(equivalently, (a,b) € 6 and ¢ € A implies
(anc,bAd),(cAa,dAb),(aVe,bVe)and (cVa,cVb)€b).
The #-congruence class containing an element = of A denoted by [z],. Therefore,
[z], ={a € A: (a,) € 6}.
Let X be a nonempty subset of A. Then the sets
0_(X) :={zeA: [z], CX}
and
0= (X) ={z €A : [z],N X #£0}
are called the #-lower and #-upper approximations of A.
Let P(A) denote the set of all subsets of A. For any nonempty subset X of A,
6(X) = (0_(X), 6~ (X))
is called a rough set with respect to the congrurence relation § on A or a 6-rough subset of P(A) x P(A)
or simply a rough set of A if _(X) # 0~ (X).
Let us recall (from [9]) some basic properties of approximations in any universe, which will be needed in
the main text of the paper.

Theorem 2.1 Let 8 and ¢ be equuvalence relations on any unuverse U. If X and Y are nonempty subsets
of U, then the following holds:

1) ,
(2) 67 (XUY)=0"(X)Uuo (Y);
(3) _(XUY)=60_(X)N6_(Y);
(4) X CY implies 0_(X) CO_(Y);
(5) X CY implies 0~ (X) C o0~ (Y);
(6) 0_(XUY)D0_(X)ubo_(Y);
(7) 07(XNY)Co (X)no—(Y);
(8) 0 C ¢ implies 0_(X) 2 ¢p_(X);
(9) 0 C ¢ implies 0~ (X) C ¢~ (X);
(10) (606)~(X) C 6-(X) N6~ (X):
(1) (6n6)_(X) 26_(X)Né_(X).
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(12) 6-(0=(X)) = 6-(X)

If we define the join and meet of any two subsets X and Y of an ADL A as follows:
XVvY={zVy:zeX,yeY}
XANY ={zAy:zeX,yeY}.
Then one can easily verified that, [a JoV[b]o C[aVblgand [a g A[b]s C [ aAblg for any congruence

relation # on A and for all a,b € A. A congruence relation # on an ADL A is called join complete if
[aVblg C[alpV][b]e. Similarly, 6 is said to be meet-complete if [a Ablg C[a]gA[b]p for all a,b € A.
If 6 is a congrurence on A and X and Y are non-empty subsets of A, then it can be easily seen that

O~ (X)VvO(Y)CO (XVY)and - (X)A0~(Y)C O (X AY).
The reverse inequalities may not be hold good even in the case of lattices (see example 1 in [14]). However,
we prove the following.

Lemma 2.1 Let 6 be a congruence on A and X and Y be nonempty subsets of A. If 8 join and meet-
complete, then:

1) 0= (X)VO-(Y)=0-(XVY) and 0_(X)VO_(Y
9 0= (X AY) and 0_(X) AO_(Y

~— —

Proof: (1) Let x € 6~ (X VYY), it means that there exists a € X VY such that (a, x) € 6. Suppose
a=pVqgwherepe X geY,thenax € [pVqlgsothat z =eV f wheree € [plg and f €[ q]g. So,
pelelgNXandge [ floNY which implies x € 0~ (X) VI~ (Y). Thus (X VY) C o (X) Vo (Y).
Similarly, 0_(X)Vo_(Y) CH_(X VY)

(2) Its proof is similar to that of (1). O

The composition 8 o ¢ of any two congruences 0, ¢ on A, defined by
fop= {(a,b)c AxA:(a,c)€¢and (c,d) €l forsomece A}.
It can be easily verified that 6 o ¢ is a congruence on A if and only if fo¢p = ¢po6.

Theorem 2.2 Let 0 and ¢ be congruences on A with 8o ¢ = ¢po 0. If X is a nonempty subset of A,
then:
(1)

o~ (609)(X);
(2) 07( 0

(X) Vo~ (X)
X)Nop~ (X
Proof: (1) Let a € 6~ (X)V ¢ (X). Then a = bV ¢ for some b € 6 (X) and ¢ € ¢~ (X). It follows
that there exists € X and y € Y such that (b,z) € 6 and (c,y) € ¢ so that (z Vy,bVy) € 6 and

(bVy,bVe) € ¢ and hence (zVy,bVe) € fop which implies zVy € [bVc]gopNX and hence a € (o)~ (X).
(2) Proof is similar to (1). O

Note that the converse of above do not hold even in the case of general lattices ( see example (1) of

[14])

Theorem 2.3 Let 6 and ¢ be congruences on A with 8o ¢ = ¢po 0. If X is a nonempty subset of A,
then §_ (¢ (X)) = ¢— (07 (X)).

Proof: Let v € 6_(¢_(X)) and x ¢ ¢_(/—(X)).Then (z,y) € ¢ for some y € A and y ¢ 6_(X). It
follows that (y,z) € 6 and z ¢ X. Now (z,2) € 8o ¢ so (x,a) € 6 and (a,z) € ¢ for some a € A. As
a € ¢_(X), we have z € X; which is absurd. So z € ¢_(6_(X)). Therefore, 0_(¢_(X)) C ¢_(0_(X)).
Other inclusion is similar. O

Theorem 2.4 Let 0 and ¢ be congruences on A. If X is a nonempty subset of A, then the following are
equivalent :
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Proof: (1) = (2). Let € 6~ (¢~ (X)). Then there exists y, z € A such that (z,y) € 6 and (y, 2) € ¢ so
(z,2) € pof = fo¢. It follows that (2,a) € ¢ and (a, z) € 0 for some a € A. This shows z € ¢~ (67 (X)).
Therefore 0~ (¢~ (X)) € ¢~ (/7 (X)). Reverse inclusion is similar.

(2) = (1). Let(z,a) € ¢ and (a,y) € 0. Then y € 6~ (¢~ ({z})) = ¢~ (0~ ({«})) which implies
[y]s N6~ ({z}) is nonempty. It follows that, there exists d € A such that (z,d) € 6 and (d,y) € ¢ and
hence (z,y) € ¢ o 0. Therefore § o ¢ C ¢ o 6. Similarly, po 8 C 6o ¢. a

3. Rough Ideals in an ADL

Let 0 be a congruence relation on an ADL A. Then a nonempty subset X of A is called a lower
(upper) rough ideal of A if §_(X) (67(X)) is an ideal of A. X is said to be a rough ideal of A if it is
both upper and lower rough ideal of A.

Lemma 3.1 Let 0 be a congrurence on A and X a nonempty subset of A.

(1) If0_(X) is an ideal of A, then[0]p C X;
(2) If 0~ (X) is an ideal of A, then [0 ]pNX # 0

Proof: (1) and (2) followes by the fact that every ideal of A contains 0 O

Lemma 3.2 Let 6 be a congrurence on A and I be an ideal of A.

(1) If[0]enNI= [0]g, then 6_(I) =0;
(2) If[0]p C I, then 0_(I) =1I.

[\

Proof: (1) Suppose that [z ]¢ C I and y € [0 g, then (x,2Vy) € 0 so that xVy € I and hence y € I.
This shows that [ 0 Jp NI =0 ]p; a contradiction. Thus 6_(I) = 0.

(2) By theorem 2.1(1), 0_(I) C I. Let x € I and y € [ z Jp. Then (z,y) € 0; that is
(xV0,yVy) €6, so that (0,y) € 6 and hence y € I. This shows that I C 6_(I). O

Theorem 3.1 Let 0 be a congrurence on A.

(1) If I is an ideal of A, then I is an upper rough ideal.
(2) If 0 is a join-complete and I is an ideal of A, then I is a lower rough ideal provided 6_(I)
18 nonempty.

Proof: (1) Clearly 0 € 0~ (I). Let a,b€ 0~ (I) then z € [a |p and y € [ b ] for some z,y € I.
NowzVyelandzVy€e [aVb]g. Thisfollows [aVb]gNI # () and hence a Vb € 8~ (I). Also, we
have a Az € I, it follows that [a Ab Jg NI # 0 so that a Az € (). Thus 0~ ([) is an ideal of A.

(2) Let a,b € 0= (I), then aVvb € 0~ (I). Forany z € A, a = aV (a A z) it follows that
[aloV][aAnx]pCI Ifye[anz]s, thenaVy eI and hence y € I. So, [ aAx |g C I and hence
aANz€0_(I).Thus 0_(I) is an ideal of A. O

Theorem 3.2 Let 0 and ¢ be congruences on A. If I is an ideal of A, then
0Nng)~(I)=0=(I)Nn¢~(I).

Proof: Let x € 6~ (I) N ¢~ (I) then there exist a,b € I such that (a,z) € 6 and (b,x) € . Now aVbe I
and (aVb) Az €1. As (zVb) Az = (bVa) Az =z and (aVa) Az =z, we have ((aVb) Az, z) € NP
and hence [ Jog n NI # D andso z € (0N¢)~(I). Thus 0~ (I)Ng~ (1) C (6N $)~(I). Reverse inclusion
holds in theorem 2.1 (10). O

The proof of the following is straight forward, so we omit the details.
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Theorem 3.3 Let 0 be congruence on A. If I and J are ideal of A, then:

(1) o=InJ)y=0-(I)n6(J);
(2) 0 0= (I)NO~(J).

Theorem 3.4 Let 6 be a congruence on A and 0_T(A) denotes the set of all lower rough ideals of A.
Then
) 0_Z(A) is closed under arbitrary intersection;
( 0_Z(A),C ) is a complete lattice in which for any {Xs : o € A} C 6_I(A),
glb {Xo:ae A= ] Xa;
acA

b {Xo o€ Ay= X €0_T(A): U X, C X}.
aeA

Proof: It follows by the facts that 6_({0}) = {0}, 6_(A) = A and every lower rough ideal contains 0.
O

Recall (from [13] ) that an ideal P of an ADL (A4, A, V,0) is called a prime ideal of A
if P# A and for any a,b € A, aAb€ P implies a € P or b € P. Now we shall introduce the notation
of rough prime ideals in ADL’s.

Definition 3.1 Let 0 be a congruence relation on an ADL A. Then a subset X of A is said to be a lower
( upper) ruogh prime ideal of A if 6_(X) (07(X)) is a prime ideal of A.

Proposition 3.1 Let 0 be a meet-complete congruence on A and P be a prime ideal of A
such that 0= (P) # A. Then P is a upper rough prime ideal of A.

Proof: Suppose a ¢ 6~ (P) and b ¢ 0~ (P). Then, it follows, a ¢ P and b ¢ P and hence a Ab ¢ P. If
x€laAblgNP,then x =t Asforsomete€[algand se€|[b]g. Also,t € P or s € P. It follows that
[a]gN P #Dor|[blgN P #0; a contradiction to our supposition. Thus a Ab ¢ 6~ (P). O

Proposition 3.2 Let 6 be a congruence on A and P be a prime ideal of A such that 0_(P) # (). Then
P is a lower rough prime ideal of A .

Proof: Suppose a ¢ 0_(P) and b ¢ 0_(P), it means that [a]p € P and [b]g € P. So there exist € [a g
andy € [b]gsuchthat x ¢ Pandy ¢ P. Now xAy ¢ P and Ay € [aAb]p. This implies aAb & 0_(P).
O

4. Problem of homomorphism

By a homomorphism of an ADL (A, A,V,0) into an ADL (B, A,V,0), we mean a mapping
f+ A — B satisfying: f(aVb) = f(a)V f(b), f(aAb) = f(a) A f(b) and f(0) =0, for all a,b € A. If
f: A — B is a homomorphism of ADL’s, then it can be easily verified that

kerf ={(a,b) e Ax A: f(a) = f(b)}
is a congruence notation on A. Now, the following is a straight forward verification, so we omit the
details.

Theorem 4.1 Let f be a homomorphism of an ADL A onto an ADL B, and let § = kerf and X C A.
Then :

(1) f(0~(X)) = f(X);

(2) If fis one-one, then f(0_(X)) = f(X).

In the following we disscuss certain properties of images and inverse images of lower and upper
approximations of a set under a homomorphism.
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Theorem 4.2 Let f be a homomorphism of an ADL A onto an ADL B. If 04 be a congruence relation
on A and 0p = {(a,b) € B x B: (f~'(a), f71(b)) € 04}. Then for any subset X of B,

is a congruence relation on B

F7H) = fH0p(X):

f’l( (X)) C Oy (f Y(X)); furthermore, if f is one-one, then
(f71X) = fH(0-(X)).

0B
04
3

(1
(2
(
(4

)
)
)
) fa-

Proof: (1) It is clear.
(2) zeb;(f1(X))

(3) xe /™ (0n(X))

On the other hand,
S 6‘,4, (f_l(X))

€ f~1(05-(X)) O

It is easy to prove that, if 4 is both meet and join complete congruence on an ADL A and f is
a homomorphism of A onto an ADL B, then the congruence 6 defined above is both meet and join
complete. Now we have the following.

Theorem 4.3 Let f be a homomophism of an ADL A onto an ADL B. Let 04 be meet and join complete
congruence on A. Then, for any subset X of A, we have the following:

(1) f(04(X)) =05 (f(
(2) f(fa-(X)) C b5
(04— (X)) =05

I

X)
( (X)); further more, if f is one-one, then
- (f(x)).

Proof: (1) Let a € f(6;(X)), then there exist 2 € 6, (X) such that f(z) =a,so [z ]g, N X # 0 and
hence there exists y € [z o, N X, f(y ) f(X) and (f(y), f(z)) € 0p. Hence f(y) € [f(x)}eB N f(X)
which implies a € 05 (f(X)). Thus f(05 (X)) € 05 (f(X)).

On the other hand, let a € 05 (f(X)). Then, there exists 2 € X such that f(z) € [a ]0p.

Let y € A such that f(y) = a. Then (f(z), f(y)) € 0p so that (z,y) € 04. This implies y € 6, (X) and
hence a € f(6,(X)). Thus 05 (f(X)) C f(04(X)).

(2) Proof is similar to (1) and theorem 4.2 (3). O

Theorem 4.4 Let f be a homomorphism of an ADL A onto an ADL B. Let 04 be a congruence on A
and 0p ={(a,b) € Bx B: (f~(a), f~(b)) € 6a}. Then, for any subset X of B,

(X) is an ideal of B if and only if 67 ( ) is an ideal of A;

(1) 0p
05(X) is a prime ideal of B if and only if 0, (f 1(X)) is a prime ideal of A.

(2)
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Proof: (1) z,y € 0 (f'(X)) implies z,y € f~*(65(X)) (by theorem 4.2 (2)) so f(z), f(y) € 05(X).
Since 5 (X) is an ideal of B and f is homomorphism,

we get that 2 Vy and x Aa € f71(05(X)) =0, (f~1(X)) for any a € A. Thus 6 (f~*(X)) is an ideal
of A. Converse also follows theorem 4.2 (2).

(2) anbe O, (f1(X)) impliesa Abe f~1(05(X)) (by theorem 4.2 (2)) and
hence f(a) A f(b) € 05(X). Since 65(X) is a prime ideal of B, f(a) € 05(X) or f(b) € 05(X). It follows
that a € 0 (f~1(X)) or b€ 0, (f1(X)). Thus 6, (f~1(X)) is a prime ideal of A.

Conversely suppose that a A b € 65(X) and f(z) = a, f(y) =b. Then x Ay € f71(05(X)) =
05 (f71(X)). As 6, (f71(X)) is a prime ideal of A, a € O5(X) or b € 65(X). Thus 6;(X) is a prime
ideal of B. O

The above theorem can be extended to the case of lower approximations, provided f is one-one.

5. Conclusion

This paper is intended to develop the theory of rough sets in Almost Distributive Lattices. Here,
we have introduced the notion of rough ideals as a generalized notion of ideals of an ADL. It is known
that, interchanging the operations A and V in a lattice (L, A, \/) yields a lattice again. However, in an
ADL (A, ARV O)7 interchanging the operations A and V does not yield an ADL again; for, the operation
V does not distributive over A from right. In this context, we can define the notion of rough filters and
develop the theory of rough filters in ADL’s separately. In future, we find rough sets induced by both
crisp and fuzzy ideals (filters) of ADL’s.

Conflicts of interest: The authors declare that there are no conflicts of interest regarding the publica-
tion of this paper.
Data availability: No data were used to support this study.
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