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Bifurcation Structures and Persistence Conditions in a Nonlinear Predator-Prey Model

with Allee and Switching Effects

Atheer Jawad Kadhim, Nadia M. G. Al-Saidi* and Rafida M. Elobaid

ABSTRACT: This paper studies the dynamics of a nonlinear ecological model with one predator and two prey
species governed by several biologically relevant factors such as prey-switching, refuges, and Allee effects. The
first prey species receives a regular refuge, while the second prey species is affected by a strong Allee effect on
its population growth at low density. Furthermore, the predator has switching dynamics of prey availability,
which improves the survival strategy as well. The equilibrium points of the model are investigated to study the
existence and biological relevance of these points. The local dynamics of the interior and boundary equilibria
are examined through a combination of analytical methods and bifurcation theory. Using Sotomayor’s theorem,
we give necessary and sufficient conditions for transcritical and Hopf bifurcations. The analysis is based on
the Dulac—Bendixson criterion and Lyapunov functions to ensure that all species have uniform persistence.
Finally, persistence is discussed as a global property of the switching functional response to a single predator’s
consumption of two prey. This has happened with the presence of the refuge effect on the first prey and the
Allee effect on the second prey only, regardless of mortality and saturation rates concerning the predator.
Assumed beneficial virtual dealing with parameters for the study of the numerical results emphasizes the right
of the analysis of the analytical results. Visualizing the two main phenomena, the first is local bifurcation,
and the second is the firmness of all the creatures that exist in this model. The results show that the system’s
stability is affected by the prey switching and refuge provision, depending on the strength of the Allee effect
and harvesting pressure.
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The interactions between species in ecological systems are a long-standing mathematical biology prob-
lem that is considered challenging. The population dynamics and species coexistence are investigated
through the predator—prey models, which are the fundamental basis for such purpose. These interactions
are classically handled using the Lotka-Volterra system, which captures basic predator-prey interaction.
In reality, interactions through the predator and the selection of one of the two prey are more complex
and require supplementary mechanisms, like prey switching, refuge strategy, and the Allee effect, which
have a deep impact on the system’s conduct. Prey switching is a combined stabilizing factor in multi-prey
systems. It is the dynamic adjustment of a predator’s feeding preference in response to the relative abun-
dance of its prey. It may be authorized to preclude overprofiteering of prey, which leads to a higher bio
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veriety [1]. Numerous authors, for suggestion, [2,3,4,5,6], have studied the phenomenon of a switching
influence on the dynamics of predator-prey systems, comprehensive biostability, and oscillations.

The benefits of using refuge strategy in ecological systems are that it enables some members in the prey
population to stay away from predators via hiding in locations beyond reach or by adopting a safeguarding
attitude against predation. The biological models, including a factor of refuge in the prey populations,
play a crucial role in leading to increased prey endurance and conceivable stabilization of predator—prey
dynamics [7,8]. The dynamics of constant or density-dependent refuges have been investigated in a
few other studies; for example, in [9], Ruan and Wei have proved the existence of refuge effects that
cause alternative stable states and can change the stability criteria. The Allee effect adds an additional
layer of complexity, a phenomenon where population growth is suppressed or becomes negative at low
densities. It adds threshold dynamics to population models, which can cause species extinction even
in the presence of favorable conditions. Recently, by including the Allee effect in prey and/or predator
populations, many studies [10,11,12] have determined the threshold parameter values that distinguish
persistence from extinction. While discussion of the climate change in [13,14]. Furthermore studies focus
on the diseases spread as [15,16,17].

Bifurcation theory scientifically explains the changes that occur over time and how the structure of a
moving system transforms. The study of changes includes: quality, vector fields, and solutions to differ-
ential equations for hypothetical systems, which simulate the competition and interaction of organisms
in nature. Bifurcation can generally be attributed to a smooth change in the values of the parameters
of the model under study (bifurcation coefficients), leading to a sudden, differential transformation in its
”topological” behavior. It is worth noting that this term is widely used when many researchers study var-
ious systems that change over time [18,19,20]. Bifurcations are classified into two major categories: local
bifurcations occur as the specific parameter crosses the critical threshold when varying values. For exam-
ple, the saddle-node, transcritical, pitchfork, period-doubling flip, Hopf [21,22], and Neimark secondary
Hopf bifurcations are analyzed and studied to determine how their local stability properties change. The
second category is global bifurcation, which occurs when bigger invariant sets and stability, like periodic
orbits, collide. Conducting bifurcation analysis for dynamic models is important because it allows one to
clearly see what the stability limits of the parameters of the proposed nonlinear system will lead to.

In dynamical systems, ordinary differential equations have often been used in many systems, whether
linear or nonlinear, independent or dependent. Many researchers have studied bifurcation in [23] for
fractional-order predator-prey systems. Omne more type is a predator-prey model in the occupancy of
a stage-structured model with overload hunting and poisoning, which is studied. Kadhim and Majeed
have added a study of [24] they aim to study concepts, the bifurcation as well as the persistence of
the proposed biological model. Al-Jubouri and Naji [25] further studied predator—prey with delay plus
additional behaviour responses (i.e., fear plus cooperative hunting) and the Allee effect, revealing essential
insights on the bifurcation structure and long-term behaviour.

Some recent studies have used generalized predators to develop the classical model, considering more
realistic biological factors such as the fear effect, toxicity, optimal harvesting, and chaos control [24,25,26].
A globally stable and persistent food web model is studied to provide general conditions under which the
coexistence of species is assured. Those studies of multiple biological and behavioral factors in ecological
models are approaches that we also follow. One of the clear signs in the scientific applications is the
topic of persistence in dynamic systems, which plays a prominent and critical role in enabling biologists
to reach throughout the length of comprehension of the assertiveness of all these creatures in various
ecosystems. It has scientific implications to understand the long-term survival of all competing organisms
within the proposed model that mimics what exists in nature. From a mathematical perspective, it
accurately predicts and diagnoses that positive [26,27,28,29,30,31,32,33] These studies aim to attitude
the border of the positive cone. Studies on this theme have a specific, diverse brew of systems. Despite
the well-researched literature on switching, refuge, and Allee effect dynamics, models combining all three
mechanisms together are still relatively sparse. So far, none exist in a two-prey one-predator scenario.
Furthermore, studying the bifurcation structure in these models is crucial for analyzing and predicting
transitions between ecological states, but it is seldom tackled properly with methods such as Sotomayor’s
theorem.

In this work, we fill this gap by considering a new three-species model for which one prey gains from a
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constant refuge, the second prey undergoes An intensive Allee effect, along with the predator, manifests
a prey-change type attitude. We express the model as a set of nonlinear differential equations, and
numerically study its time evolution. The primary contributions of our work are:

e Discussing the occurrence of local bifurcation in the mathematical model. It means carrying out
transcritical and Hopf bifurcation through Sotomayor’s theorem,

e Verification of uniform persistence of systems using Lyapunov functions and Dulac-Bendixson cri-
terion.

e Using numerical simulations and sensitivity analysis to show the ecological effects of changing the
Allee threshold, switching rate, and refuge size.

The rest of this paper can be outlined as follows: Section 2 presents the biological model with the
parameter description. Section 3 discusses the biological model’s local bifurcation analysis with the
occurrence of the Hopf bifurcation. The persistence as a global analysis is discussed in Section 4. Finally,
Section 5 draws the conclusions of this paper.

2. Brief Biological Model with Comprehensive and Useful Information

Below is a description of the proposed biological model under study for bifurcation, shown in the
following equations:

dxy 1 ai (1 —m)x3y
— =I1T 1—— | -
dt 1+ (1—m)xy+xzo+s

dxo 2 ag$%y
— 1-— 2= —_n) — 2.1
a2 < kz) (w2 =m) 1+ (1—m)xy +x2+s 21)
dy  erai(l— m)ax3y eaa T3y

Eil—l—(l—m)ml—i—xg—l-er1—|—(1—m)m1+x2+57wy

The meaning of each parameter of that model is illustrated in Table 1, and as follows:

Table 1: Full biological description of the parameters in system (1)
Parameters Description
ry and o | The essential evolution average of both types of prey species, respectively
k1 and ks | The carrying ability of both kinds of prey, respectively
a7 and as | The average exhaustion of both types of prey by the predator, respectively
e1 and ez | The conveyance average of food from the prey to the predators, respectively

m Number of first-type prey that practice burrowing to protect themselves from predation
w Normal dying of the predator

n Allee sill of the second prey

S The average of fullness, throughout a predator that used to eat the prey

Worth noting, system (1) has three active equilibrium points that play a vital role Ps (kq,k2,0),
P5 (Z1,0,7), and Pg(Z1,d2,7). All of these points possess both local and global stability properties.
Table 2 presents the hypothetical data used to numerically simulate the above model, which verifies the
effectiveness of the three active points.

Table 2: Virtually accepted biological values of the parameters in system (2.1)
ri | o | k1 | ke | a1 | oo | € es m w s n
251530 |50 |04|02)|01]|0.06]|04]|051]03]10




4 A.J. KapHiM, N. M. G. AL-SAIp1I , R. M. ELOBAID

3. Detection of the Local bifurcation of the proposed biological system

In system (2.1), the discussion of exhibition for the bifurcation needs to guarantee only satisfying
the necessary condition without satisfying the sufficient condition for Sotomayor’s theorem [31]. Here,
already, for the local bifurcation, the nonhyperbolic property of the equilibrium point is used. Confirm
for each non-zero vector

Verify that for any non-zero vector W = (wy, wa, ’U}3)T we have:
The Jacobian matrix is :

J = [bijlsxs (3.1)

Where:

o (1_%1) _{a1<1—m>x1y[2<1+<1—m>x1+x2+s>_<1_m>x11}’

1+ (1—m)zy +x2+ 8]

a (1 —m)ziy

b12 - )
1+ (1 —m)z +z2+ 8]
—ai(1—m)z?
b1z = )
14 (1—m)zs + 22+ 9]
as(1 —m)zdy
bo1 =

[1—}—(1—m)alcl—|—x2—|—s]27

b22 =179 2‘%2 —-—n — % + 2’n,£E2 _ Q2T2yY [2 (]' + (1 — m)xl + T2 —’_]5) B :EQ]7

ko ko l+(1—-—m)z;+xz2+s

—Oég.ﬁ%
1+ (1 —m)zy +x2+ 5]

ba3 =

et (I —m)ziy2(1+ (1 —m)xy + 22+ 5) — (1 —m)x1] — eaaa(1 — m)x%y
(14 (1 —m)zy + 29 + s]° ’

b31 =

—e1aq (1 —m)ady + eacnwoy [2 (14 (1 — m)z1 + 22 + 8) — 22]
14+ (1—m)x +x2+s]2 ’

b3o =

erar (1 —m)x? + esanal
1+(1—m)xy +x2+s

b3z =

D2f,(Z, p)(W,W) = [¢i;]5,.,, Where p represent a parameter,

D=1+1-m)z1 +x2+s (3.2)
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- [—27‘1 N 200 (1 —m)y(1 + 1 + 5)2] w? [2041(1 - m)x%y] w2

ky D3 ! D3 2
9 _
I { (I —m)zyy(l 42 + S)] S
D3
+2{a1(1 —m)zy [2(1 —|—ac2 +s5)+(1 —m)xl]}wlwg
(1—
+2 {al ] WaWs3,
—2az(1 —m) ym%
c21 = DE
3xa 1 200y(1 + (1 —m)ay +8)2 ) 5
o (1222 L )
—I—{ 7“2< oo +k2> D3 Wy
49 { 202(1 — m)zay(l 4+ (1 — m)xy + 5) } Wi,
D3
as (1 —m)z?
+2{2( D3 ) 2}’[1)1’(1}3
49 { —asxo [2(1+ (1 —m)zy + 5) + 2] } waws,
D3
2e1a1 (1 — m)y[l + x1 + s]2 9
C31 — D3 wl
{2y [eron (1 —m)z? + exas(1+ (1 — m)zy + 5)?] } 9
+ - w3
D3
49 { 2(1 —m)y lerarxi (1 + o + SD)]3+ erarxa[l + (1 —m)zy + s } w10
{ (1 —m) [erar [221(1 + 22 + 5) + (1 — m)z}] — ezaza3) }
—+ 2 D2 wi1ws

waws,

B {61a1(1 —m)z? + 620423:52[2[(1 —m)zy + 5| + x2] }

Now, it is appropriate to discuss the theories that achieve the types of bifurcation under the proposed

biological model (1) as follows:

w(1+(1—m)k1+k2+s)—ega2k§
e1(1—m)k?

transcritical bifurcation occurs near the equilibrium point P3 However, there is no appearance of the two

kinds of bifurcations, a saddle bifurcation and a pitchfork bifurcation, at Ps.

) l(1 —m) [er [(2k1 (1 + ko +8)) + (1 -

Theorem 3.1 According to condition (3.3) at the parameter (o] = a3 = ) a

- [1 n (1 - m)kl e 5]3 m)lﬁﬂl |: [1 + ( )kl + ko + S] — 62a2k2] 7&

(3.3)
e1(1 —m)k?
1 ( k3 . (azki) )
rg(kg—n)[1+(1—m)k1+k2+s]
Proof:
By substituting Py = (ky, k2, 0) with of = oy = 2H0= 7:1)?11+22):;] e202kf ) equation (3.1), we obtain

the following eigenvalues (Ao, = 0).
Corresponding to eigenvalue Aoy, = 0, the eigenvector of Jj is

—~ T
Wl — (@3], @3]’ 1v:[g])
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The eigenvector of Jj related to the eigenvalue Ao, = 0 satisfies:
(J5 = Aoy N WEl =0,  where JS = J (Ps,a})
with components:

B = wll + (1 —m)ki + ko + 5] — e2a0ki 3

1 61T1[1+<1—m)l{31+l{?2+5] s
- k2 ~
wgi] _ Q2R3 3]

= w
TQ(]CQ — TL)[]. + (1 — m)k1 + kQ + S] 3
and {17:[33] being any non-zero real number.
Corresponding to eigenvalue Ao, = 0, the eigenvector of JS7T s

=~ ~3] 713 7\ L
e — (9,9 0)
This satisfies: _
(J57 — NoyI) WE = 0,
73]

which gives us il = (0,0,9%5)T where 1;:[%3] is any non-zero real number.
Since

ﬁ:f (Z,a1) = Ofr Of2 Ofs) _ —(1—m)aty 0 e1(1—m)zdy r
day 1T 90 0on” O I+(1—m)z+aat+s 1+(1—mar+taats)

we have:

For (P3,07) = (0,0,0)7.

Therefore, W3 £, (Ps, o) = 0.
At P3, via applying Sotomayor’s theorem, we assert that no occurrences of the saddle-node bifurcation
take place.

Moreover, since

0 *(1*7")9”?
1+(1—m)z1+za+ts

-Dfal (Zv 0[1) = 0 0 ;

0 e1(1—m)x?

1+(1—m)x1+z2+s

o O O

where Z = (z1,22,y)T and Df,, (Z,a1) represents the derivative of f.,(Z,a1), we have:

r —(1—m)kf w[1+(17m)k1+k2+5]762a2k§ W[3]
~13] 0 0 1+(1—m)k1+ka+s 617"1[1+(1—722k1+k2+3] N[:;]
Dfa,(P3,ap)W =10 0 . (l—Om)ktz rg(kz—n)[1+(21:2vm)k1+k2+s]W3
00 1+(11—m)k1+li2+s Wég]
—(1—m)k}  77[3]
T+(1—m)k1+kats '3
= 0 ,
(1-m)k} 73713
Resseroenoerilll
so we obtain that:
~ T e (1 — m)k‘2 =131 >3
\11[3]) [D - (Ps, o [31} - 1 i WBLIB 2o
( Jou (Ps, p)w 1+ (1 —mks +ks+s 3 V5 7

By using wl®! in equation (3.2), we get:

N g11
D2fa1(P37aT) (W[3]7W[3]) = 1921,
931
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where

R R
(1- m)kQ 2\ ( r~[3]72
+ {[1 T —m)ks 1 ks +1s]3r2(k2 — n)} (azkz)}[ws 1%
921 =0,
_ (1—m)[er[(2k1 (1 + ko + 5)) + (1 — m)k{]]
ga1 = {2|: elr1[1+(1—m)k1+k2+s]3

}[w[l—i—(l —m)ky + ko + ]

er(1— m)k? }(az@}[wéﬁﬁ%

ro(ka —n)[1+ (1 — m)ky + ko + s]3

— epaoka] — [
By condition (3.3), we get
(@) D2 o, (Pro}) (W9, W9 = g3l 20
At P; with (o} = ay), after applying the steps of Sotomayor’s theorem, we conclude that only

transcritical bifurcation occurs, without a pitchfork bifurcation.
O

Transcritical Bifurcation at alpha 1
350

first prey x1
— second prey x2

300| _ | e
predator y

250 |-

200 -~

150 |-

populations

100 -

50

50t 5 % § 5 g i = . o
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
alpha 1

Figure 1: Beginning at (200, 120, 90) with virtual values of table 2, a transcritical bifurcation at (o =
0.07). The solution transforms from Pj3 to the point Pg.

When the parameter (ap) crosses a threshold, a transcritical bifurcation near Ps In the two-prey-
predator model, it refers to a shift in species existence. It leads to a stable exchange between an equi-
librium with the absence of the predator and one where it exists. This considers how prey-switching can
allow predator incursion and exist; otherwise, as a result of a limited number of prey or poor switching
action, the consumption of prey may lead to predator extinction.

Theorem 3.2 According to conditions (3.4-3.5) at the parameter

o e = w14+ (1 —m)ky +ko+8) — eaan k3
L ar(1— m) k3
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a transcritical bifurcation occurs near the equilibrium point P in the System (2.1). However, there is no
appearance of the two kinds of bifurcations, a saddle bifurcation and a pitchfork bifurcation, at Ps.

(1 + ( )kl + ko + S) > ea0i9 k2 (34)

9 (1 - m) [061 [(2]€1 (1 + k2 + 5)) + (1 - m)k%]] |:’w []. + (1 — m)k1 + kz + S] — eQOCQk%
T4+ 1= m)ki+ ka+ s onry [1+ (1 —m)ky + k2 + 5]

ar (1 —m)x? k3

{[1+(1 —m)k; +k2+s]2] [rg(kQ —n)[1+ (1 —m)k; +k2+s]}

Proof:
By substituting P3 = (kq, k2,0) with
. w[l+ (1 —m)ky + ko + 5] — eacok3
el = 61 = 3
a1 (1 —m)ki

in the Jacobian matrix given in equation (3.1), we obtain the following eigenvalues for Js, which has a
zero eigenvalue (Mg, = 0).
Where
. W[+ (1—m)ky + kg + 8] — eacok3
ap (1 —m)k?

>0,

according to condition (3.4).
Let Wl = (@ggl,ﬁg)’], @gg])T be the eigenvector of J5 related to the eigenvalue Ao, = 0.
Thus: (J§ — Ao, [)WEBl =0, where J§ = J(P3,e}), with components:

~[3] _ [1 + (1 — )kl + ko + S] - 620&2k2 ~[3]

wy = @,
arri[1+ (1 —m)ky + kg + 5]

ol k3 g

2 T (ks — )L+ (1 —m)kr + ks + 8] 3

and @5 bein - I numb
3 g any non-zero real number.
Corresponding to eigenvalue Ao, = 0, the eigenvector of J§T

B = (G 58 G

This satisfies:
(5T = 2o, )T = 0,

which gives us ¥l = (0,0, z/;z[f])T where z/;z[f’] is any non-zero real number.

Since
o _ _ (90 05 0S5 _ o(l—mpaty \"
der fer(Zse1) = <861’ Oe;’ 861) B <0’O’ 1+ (1 —m)zy+as+s) '

hence f, (Ps,e) = (0,0,0)T. Therefore UBf, (P35, et) = 0.
At Pj, via applying Sotomayor’s theorem, we assert that no occurrences of the saddle-node bifurcation
take place.
Moreover, since
0 0
Dfe, (Z’ 61) = 0 o (19m)x2

o O O
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where Z = (z1,22,y)" and Df.,(Z,e1) represents the derivative of f.,(Z,e;), we have:

_() 0 0 U)[1+(1—m)k1+k2+5]_62a2k§W[B]
Df (P e*)W[S] —_10 0 0 a1r1[1+(1;27;€1§k1+k2+s] W[?;)]
e1\13,€1 0 0 ai(1-m)k? T2(k2—n)[1+(1;m)kl+k2+s] 3
L T+(I—m)ki +kats W?Eg]
[ 0
= 0

ay (1—m)k? 11713
_1+(1—m)k:1+léz+sW3

so we obtain that:

a(1—m)k}
1+ (1 —m)ks +ka+s

(@3})T (D, (Py.eiul] = BB 2 0.

By using wl®! in equation (3.2), we get:

. h11
D2f., (Py, ) (WEL,WE) = |hay |
ha1

where

hyy = 2{ {Cm(l —m)k1[2(1 + ko +5) + (1 — m)k‘ﬂ} {w[l +(1—m)ky + ko + ] — egagkg}
[T+ (1 —m)ky + ko + 3 arri[l 4+ (1 —m)ky + ko + 5]
ai(1—m)k3? k3 —31\ 2
+ {[1 + (1 —m)ky + ka + 5]3} |:7'2(k2 —n)[14+ (1 —m)ky + ka2 + 5]} } (I/V?E ]) ’
hay =0,
S {2{(1 —m)[oq[2k1 (1 +ky +5) + (1 — m)ka]} [wu + (1 —m)ky + ko + 5] — eQO@kg]
ot [1+ (1 —m)ky + ko + 52 o[+ (1 —m)ky + k + 5]

(1—m)k? ook} ~[3\?
-~ 1 2 (wl ) ’
14 (1 —=m)ky + ka+ 82| [ ra(ke —n)[1+ (1 —m)ky + ko + §]
According to condition (3.5), we get

(@[3]>TD2JC€1 (Ps, ¢ (f/f/[s], W[Bl) — gl £ 0.

At P; with (ej = e1), after applying Sotomayor’s theorem, we conclude that only transcritical bifur-
cation occurs, without a pitchfork bifurcation. O
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transcritical bifurcation at e1
600

first prey x1
second prey x2
predator y

500

400 |-

300 |-

populations

200 -

100 |~

-100 & v : 5 ! 3 . . < =
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
el

Figure 2: Beginning at (200, 120, 90) with virtual values of table 2, a transcritical bifurcation at (e; =
0.01) the solution transforms from P3 to the point Ps.

A critical parameter ( e; predation rate) crosses a specific threshold, where stability turns into two
cases: the first has a specific type (predator) absent, and the second, where it continues. In this model,
a transcritical bifurcation represents the transition where the predator’s population can be less than the
threshold of the parameter, resulting in the extinction of the predator due to the efficiency of switching
to weak prey. Therefore, this bifurcation plays a crucial role in determining the conditions the predator
requires to survive and coexist with the prey.

Theorem 3.3 According to condition (3.6) at the parameter

. wll+ (1 —m)ky + kg + 8] — ey (1 — m)k?
Gz = 2= 62]6%

a transcritical bifurcation occurs near the equilibrium point Ps in the System (2.1). However, , there are
no appearance of the two kinds of bifurcations, a saddle bifurcation and a pitchfork bifurcation, at Ps.

w(l+ (1 —m)ky + kg + 5] > erar (1 — m)ki (3.6)

Proof:

w[l + (1 —m)ky + k2 + 8] — era1 (1 — m)k? S

0
62]{7% ’

ay =

according to condition (3.6).
By substituting P35 = (k1, k2, 0) with

w[l + (1 —m)ky + kg + 5] — ey (1 — m)k?
egk}%

Qy = Qg =

in equation (3.1), we obtain the following eigenvalue (Ag, = 0).
Corresponding to eigenvalue Ao, = 0, the eigenvector of J3 is

Wi = @, &l @i

This satisfies: .
(JS = Moy DWB =0,  where J§ = J(P3,a3),
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with components:

3] _ —a1 (1 —m)k} 3]
L T L (L —m)ky + kot 8] 3
¥ — —eak3 ~[3]

ro(ky —n)[1+ (1 —m)ky + ko + 8]2w3

~[3 .
and w:[)) ) being any non-zero real number.

Corresponding to eigenvalue Ao, = 0, the eigenvector of JgT

B = (GG G

This satisfies:
(J5T = Ao, 1)UP = 0,

which gives us ol = (0,0, 1/1[3]) where 1;:[%3] is any non-zero real number.

Since
O gy = (O 0 OB _ () eanly '
Oan o2 Oy’ Oy’ Oy 14+ —-m)ry a2 +5s)
hence
T
egkgy
(o7 P ) .
f2(3a2) <00 +(1—m)k‘1+k‘2+s>

Therefore WBl £, (Ps,a3) # 0.

11

Then by Sotomayor’s theorem, the occurrence of the saddle-node bifurcation cannot occur at Pj.

Moreover, since

0 0 0
0 0 0
Dfa2 (Z, Oéz) = | —e2(1-m)zly  eszoy(2D—zx2) 5
D? 2 0
O egxg
D

where Z = (21, 22,y)T and Df,,(Z, az) represents the derivative of f.,(Z, as), we have:

[ 2

0 0 0 . —a1(; m)k3 . ~[3]
Df (P3 a*)wm] — (0 0 0 1[1+(1762)1521+k2+ T "

e s (b 0 0 eak?2 T2 (k2 —n) [+ (L—m)k1 T ka2 5]° ws
L T+ —m)ki+kz+s W?Eg,]
0
eqk? =53]
| TRk s V3

so we obtain that:

€9 k%

(3,713]
1—|—(1—m)k1+k2+5 31)1)3 #0

(\Tf[s])T [chm (p37a;)w[3]} _

By using wl® in equation (3.2), we get:

. Ui
D2fa2(P3aa;) (W[3]7W[3]) - U21 )
U31



12 A.J. Kapuim, N. M. G. AL-Samn1 , R. M. ELOBAID

where

Ui =0,
Uz =0,

R e e e | e e
|:€2k'2 [2[(1 = m)ky + s] + ko]

—eok3 2Y a2
14+ (1—m)ky + ka2 + s]? } |:7'2(k2—n)[l+(1—f’rl)k1+k2+s]2:| }(Ws[g]) )

~ AT o
Also (w) D2fo (Py,a3) (W[31, W[3]> = Uy #0.
At P; with (a5 = ag), after applying the steps of Sotomayor’s theorem, we conclude that only

transcritical bifurcation occurs, without a pitchfork bifurcation.
O

Bifurcation: P3 , P6 , P5 with Varying alpha2
350 ¢ T T T T T T

Prey 1 (x1)
— Prey 2 (x2) |.
Predator (y)

300 -

250 -

200 |-

150 -

Population

100~

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Consumpition rate (alpha2)

Figure 3: Beginning at (200, 120, 90) with virtual values of Table (2), a transcritical bifurcation at
(a2 = 0.08), the solution transforms from P3 to the point Ps then at (ex = 0.4), the solution transforms
from Py to the point Ps.

In the sight of Biological Interpretation of the Transcritical Bifurcation, where the predator transforms
from extinction to existence as the parameter passes a threshold («s). This considers the point at which
amended prey-switching or resource availability strongly affects predator invasion and live together with
the two prey species.

Theorem 3.4 According to condition (3.7) at the parameter

. wll+ (1 —m)ky + ko + 8] — erar (1 —m)k?
@2 Te= agk%

a transcritical bifurcation occurs near the equilibrium point Ps in the System (2.1). However, there is no
appearance of the two kinds of bifurcations, a saddle bifurcation and a pitchfork bifurcation, at Ps.

w(l+ (1 —m)ky + kg + 5] > erar (1 — m)k} (3.7

Proof:
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1 m)ky + k — 1 —m)k?
e = w[l+(1 - )1+a22k+$] eron ( )1>0’
2

according to condition (8).
By substituting P = (k1, k2,0) with

w[l + (1 —m)ky + k2 + 8] — exa1 (1 — m)k?
Oégk%

e; = 62 =

in equation (3.1), we obtain the following eigenvalue (Ag, = 0).
Corresponding to eigenvalue Aoy, = 0, the eigenvector of J3 is
W[S] — ({E?] ,&75’] {D?])T.

This satisfies: .
(JS = Moy DWEl =0,  where J5 = J(Ps,€}),

with components:

gl moa(l=mkf
Vool I —mki ko +s] 2
s —azk3 e

= w
Tg(kg — n)[l + (]. — m)kl + k2 + 8]2 3
and {DE’] being any non-zero real number.
Corresponding to eigenvalue Ao, = 0, the eigenvector of J3 oT

Wl = (@, o5, BT

This satisfies: B
(J3T = Aoy UE =0

which gives us il = (0,0, 1/1[3]) where {/;? is any non-zero real number.

Since .
of 0f1 0f2 9fs a3y
- € Z7 - b b = 9 ? b
Oes Jea(Zse2) (862 Oey’ Oes 0.0 1+(1—=m)zy +22+s

hence

T
ask3y )

€ P7 5 = 0707
f&( 362) ( 1+(1—m)k‘1+k2+8

Therefore, Bl f, (P, e3) # 0.
Then, via Sotomayor’s theorem, the occurrence of the saddle-node bifurcation cannot take place at
P3. Moreover, since

0 0 0

0 0 0
Dfez(ZaEQ): —aa(l-m)zly  aszay(2D—x2) ol

D2 D?

0 Sk

where Z = (z1,22,y)" and Df.,(Z,e3) represents the derivative of f.,(Z,es), we have:

0 0 0 T —(6{1(1 )]"Zb)k; ] "'[3]
+ m)ki+ka+s
. e \Bl = [0 0 0 —oank? (3]
Df.,(Ps,e5)W o Tz(kz_n)[1+(12m)k1+k2+812w3
0 0 Fa—mmtmats @y
[ 0
— 0
azkd ~(3]

| 1+(1—m)k1+k2+s Ws
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so we obtain that:

Oégk‘%

T -
pl3] Pa el = ~[3] 7131 )
( ) |:Df€2( 3,62)111 } 1+(17m)k'1+k'2+5w3 ’(/}3 7é0
By using wl®! in equation (3.2), we get:
N S11
D2f62(P3ae;) (W[B]aw[3]> = 521 )
S31
where
S11 =0,
521 = 07
S {2[ (1 — m)[ook?] H a1 (1 —m)k? r
s [+ (1 —m)ky + ko + 82| [ r[1+ (1 — m)ky + kg + 5]

n [a2k2[2[(1 —m)k; + S} + k/’z]:| |: —Ozzk‘% :|2} (@[3])2
[1—|—(1—m)k1+k2—|—$]2 TQ(ICQ—n)[1+(1—m)k1—|—k2—|—8}2 3 ’
Also (@31)T D2f,.(Ps, e3) (W[Sl, WW) = Sa1 #0.

At P3 with (el = eq), after applying the steps of Sotomayor’s theorem, we conclude that only trans-
critical bifurcation occurs, without a pitchfork bifurcation. O

Bifurcation: P3, P6 , P5 with Varying e2

350 ¢

Prey 1 (x1)
- Prey 2 (x2) |.
Predator (y)

300 -

250 -

200 |-

Population

150 -~

0.2 0.3 0.4 0.5 06 0.7 0.8 0.9 1
Conversion Efficiency (e2)

Figure 4: Beginning at (200, 120, 90 ) with virtual values of Table 2 a transcritical bifurcation at
(e2 = 0.03), the solution transforms from Ps to the point Ps then at (e2 = 0.098), the solution transforms
from Py to the point Ps.

This benefit is that a soft ecological change (e.g., in es ) can lead to the appearance or disappearance
of coexistence in the ecosystem. It reflects the weakness of biodiversity under parameter change, focusing
attention on how ecological management (such as refuge or prey protection) can influence the balance
toward extinction or away from it.

3.1. The Hopf-bifurcation in the biological system

The occurrence of Hopf bifurcation near the equilibrium points will be investigated using the Haque
and Venturino methods [32] in the proposed system (2.1), as below.
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Theorem 3.5 Suppose that the local conditions (3.8-3.19) of the point Ps and the following conditions
hold:

- (1 3 25:1) - ar(1—m)g2(1+ 1 —m)Z1 + 22 + Sg +(1 - m)i:l]7 (3.8)
kq 1+ (1 —m)zy + 22 + 3
oy 3732
2 —= .
Zo + ks n " (3.9)
TR, Jes oo
1+(1—=m)Z + T2+ s
baobss — basbsa — bisbs1 > biabar, (3.11)
b > by, (3.12)
bi1bao < bi2bat (3.13)
b11(baz + b3z — baz(bi2bs1 — b11b31)) > bis bao (1722531) + b33 (511522 - 512521) (3.14)
bisbs1 + bosbza > b1y + 5%2, (3.15)
1 (/- . . S . - . . - -
- {(bu + b22) [b12b21 + bigbs1 + b23b32} } + b31 (b12 - bll) > b1y + bi3 (bzz - 631) , (3.16)
bi1 < 2b11bag + bizbsy + bagbss + b3, (3.17)

Then for the parameter (w* ), system (2.1) has a Hopf-bifurcation at Pg.

Proof: The characteristic equation of system (2.1) at Ps is given by:
A*+ NiA? + Nod + N3 = 0,
where the coefficients are:
Ny = —(b11 + by + bss) > 0,
Ny = basbss — bisbar — bisbsy — basbsa,
N3 = by1(boa + bss) — bos(brabs1 — bi1bs1)
— biabaabsy — b (bribaz — braban).

To verify the necessary and sufficient conditions for Hopf bifurcation, we need to find the critical
parameter value w* that satisfies:

1. Nij(w*) >0 fori=1,2
2. A(w*) = N1N2 - N3 = 0

Under conditions (3.8-3.14), the first condition N;(w*) > 0 for ¢ = 1,2 is satisfied. The second
condition A = 0 yields:

w

. erai(l— m)it + esols I Bi+/B7 + 482
Tl (L-m)E f izt s 2 ’

where

1 . - . - ~
fr=— [b13531 + basbze — b11 — b§2} ;
bao

B2 = I;; {(511 + 622) {512521 + bisbs1 + 623632}}

— 511 - 513(522 — 531) + 531(512 - 511)7
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and w* > 0 under conditions (3.8-3.14) and (3.15-3.16).
At w = w*, the characteristic equation can be factored as:

Ps(A) = (A + N1)(\? + Np) =0,
which has roots:
A =—N; <0,
A2,3 = xiy/Na.

Thus, at w = w*, the system has three eigenvalues: one negative real eigenvalue (A1) and a pair of
purely imaginary eigenvalues (A2 3).
For values of w near w*, the complex eigenvalues can be expressed as:

2.3 = d1(w) £ id2(w).
To verify the transversality condition for Hopf bifurcation, we need to confirm:
U(w*)O(w*) 4+ T'(w*)P(w*) # 0.
At w = w*, we have §; = 0 and J, = /N3, which gives:

U(w*) = —2N3,

D(w*) = 2N1y/No,

O(w*) = w* [511 — b11boa + baobss — bisbs — Z723532} )
L(w*) = w*\/Nabss.

Substituting these values, we obtain:
U(w*)O(w*) + T'(w*)®(w*) = —2Now* [511 — 2by1b9o
— bisbs1 — bosbsy — 532].
Under conditions (3.8-3.14) and condition (3.17), this expression is non-zero:
U(w*)O(w*) + I'(w*)®(w*) # 0.

Therefore, all conditions for Hopf bifurcation are satisfied at P with parameter value w* in system
(2.1). O

W= DL30)

ok
il

S S
P

Figure 5: Beginning at (200, 120, 90) with virtual values from Table 2, a trajectory approaches equilibrium
at (w = 0.315 < w* = 0.350), as shown on the right side of the figure. In contrast, at (w = 0.385 > w* =
0.350), a limit cycle arises, illustrated on the left side of the figure.
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This bifurcation explains how slight changes in the rate of death of predators can have a significant
impact on ecosystem stability, focusing attention on the delicate balance between predation influence and
the continuation of life for all species.

3.2. Structured Sensitivity Analysis

Studying numerically, after gaining a set of analytical results from the previous sections, and restric-
tions of virtual parameter variations, a sensitivity analysis was support to discuss how active ecological
parameters of the proposed system influence the global dynamics of the system. The concentration
occurred on three biologically significant parameters:

1. Determines the minimum population density demand for prey permanence according to how the
Allee threshold impacts of the second prey (y).

2. Refuge size effect on the first prey = — indicates the rate of individuals that salvation of predation .

3. Predator natural mortality rate d — dominance of the predator persistence, and the start of oscilla-
tory dynamics.

Diversifying values of each parameter on one side, while on the other side, still fixed the rest in
(Table 2), bifurcation diagrams were structured to illustrate transitions among the ecological states. A
higher Allee threshold tends to a transcritical bifurcation, such that the second prey population (y) is
extinct. Similarly, refuge rate transmits the stability of equilibria: in the case of a small refuge tends the
prey population is driven to overexploitation; conversely, an extravagant refuge tends to lower predator
persistence. Now, Predator natural mortality exposes near critical values Hopf bifurcations: replacing
stable coexistence by limit cycles, reference predator—prey oscillations.

4. Detection of the Persistence of the Proposed Biological Model

From a biological point of view, the system persists in that at all future times, the whole population
will survive. Generally, persistence is considered a global property when studying the behavior of a
dynamical system, and studying conditions of persistence via the method of average Lyapunov function
[30]depends on solution behavior near extinction boundaries (boundary planes), which is independent of
the interior solution space structure. Mathematically, it means that strictly positive solutions do not have
an omega limit set on the boundary of the non-negative cone [30] It is based on a solution manner near
annihilation boundaries (border planes), away from the inner solution space construction. Mathematical
consideration that on the border of the non-negative cone, the precisely positive solutions do not contain
an omega limit set [31]. Although the dynamical system exhibits extinction, in contrast, whenever the
dynamical system of the proposed model does not persist, the solution contains an omega limit set on
the border of the nonnegative cone. Firstly, it is beneficial to study the global dynamics of the boundary
boundary x1y—plane, which is illustrated analytically by the Theorem 3.6.

Theorem 4.1 In the Int R% assume that Ps = (%1,0,7) is locally asymptotically stable, then in the Int
Rf_ of x1y-plane it is globally asymptotically stable.

Proof:
When the second prey is absent, system (2.1) reduces to the following subsystem:

dxy 1 ai(1—m)xly
—=nr(l--—] - ;
dt 1+ (1—m)x1 +s
dy erar (1 —m)ady

dat 1—|—(1—m)x1+s—wy'

(4.1)

Int R? (the 21y-plane), subsystem (3.18) has a unique interior equilibrium point P5 = (Z1, ).

Consider R(z1,y) = ?ly Note that R(z1,y) is positive for all (z1,y) € Int(R?) and is a C! function.
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Since,

(1—=m)2z? + aq[1 + (1 — m)ay + s]{(1 —m) + 221}
z1[1+ (1 —m)z; + 52 ’

A(w1,y) = 5 (R + %(Rm _

In Ri, A(xy,y) is neither identically zero nor does it change sign. Therefore, depending on the
Bendixson-Dulac criterion [31], the generating subsystem (3.18) from system (2.1) in the inner part of
the positive quadrant of zly— plane, the biological proposed model (2.1) has no periodic dynamics.
Where Ps is the only positive equilibrium point of the subsystem (3.18). Via the above Theorem asserts
that Ps is globally asymptotically stable inside the positive quadrant. O

Now, the next analysis illustrates the concept of persistence in Theorem 4.2:

Theorem 4.2 Assume that there are no periodic dynamics of system (2.1) in the boundary xiy—plane
At the point Ps = (Z1,0,y) with the following conditions of locally,

2z ar(1—m)Z1721+ (1 —m)T1 + s) — (1 —m)Z4]
ﬁ(l k1)< T4 ()5, + o (4.2)
eroan(1—m)T cw (4.3)

1+(1—m)T1 +s
Then system (2.1) is uniformly persistent.

Proof:
Give thought to the average Lyapunov functions illustrated below:

Vi, Vo, V-
T(xlax27y) :$11$22y 3a

Such that Vi, Vs, V3 are positive constants. obviously, 7 (z1, z2,y) is a nonnegative C'* defined in Ri.

Acquiring the outcome: Q (x1,z2,y) = %,

_ 2 x4 ai1(1— m) z1 y[2(14+(1— m) z1+ 2+ s)—(1— m) z4]
Q(ml,xg,y) =W |:’I“1 (1 — Txl) — { 1 J[1+(1— o x1+1x2+23]2 L }:| +

_ 3 a?g 2 nxs | a2 T2 y[2(14+(1— m) z1+ 2+ s)— w2]
‘/2 T2 2 T2 n ko + ko [1+(1— m) z14+ z2+ 5]2 +

erar(1— m) #2+ esan x2
V3 |: 1H—l(l— m) x11+ xzz-&-zs 2= w}’
Right now,

e Substituted P35 = (k1, k2,0), we get:

Violate the condition ejai(1— m) k? + ez k3 < w (1 + (1 —m)ky + ka+ s) therefore:

1— k2 k2
Q(Ps) = —rVi +nraVa + Vs [ eren ( m) ki + eaca k3 _ w}

1+(1—m)ki+ ka+ s
By increasing V, and V3 to a sufficiently large value, implies that € (Ps) > 0.

e Substituted Ps = (Z1,0,y), we Violate conditions of local stability (4.2-4.3) mentioned in theorem
(4.2). Therefore,

_ C2E [l mFTRO A T ) (- m)]
QPs)=V1 | (1 ky ) { 1+ (1— m)z + 5]2 }1
era1(l — m)T;
”W%+%1;u—ma+s ]
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Sufficiently increasing V; besides V3 large enough value, tend to € (Ps) > 0 Therefore, system (2.1) is
uniformly persistent.

d

Now, Table 3 summarizes all the necessary results :

Table 3: The analysis results

Parameters varied in system (2.1) | Numerical behavior of system (2.1) | Persistence of system (2.1) | Bifurcation point
0.00001 < oy <0.07,0.07 <y <1 Approach to Ps, Approach to P Not Persists, Persists a; =0.07

0.00001 < ap < 0.08, 0.08 < s < 04,04 <ay<1 Approach to Ps, Ps, Ps Not Persists, Persists, Not Persists as = 0.08, az = 0.4
0.00001 < 3 < 0.01, 0.01 < ey < 1 Approach to Py, P Not Persists, Persists e = 0.01

0.0001 < e; < 0.03 Approach to Ps Not Persists

0.03 < ey < 0.098 Approach to Ps Persists ez = 0.03, ez = 0.098
0.098 < e < 1 Approach to P; Not Persists

0.00001 <m <1 Approach to Py Persists

0.00001 < w < 0.35 Approach to Ps Not Persists

0.35 <w < 0.75 Approach to Py Persists w = 0.35, w = 0.75
0.7 <w<1 Approach to Py Not Persists

10 < n < 30 Approach to Py Persists

5. Comparison with Related Models

Even though the model that contains predator—prey dynamics escorted by switching, refuge, and
Allee effects has each been extensively studied, there is a restricted straight rapprochement between
models that combine these mechanisms at the same time. Early interest studies on prey-switching
dynamics model (e.g. [3] Krivan, 2003; [4] Abrams and Matsuda, 2004) emphasize its part in stabilizing
population oscillations without considering the extra nonlinearities present by refuges or Allee thresholds.
Similarly, the effect of prey refuge has been investigated in both constant and density-dependent proposed
systems (e.g., [8] Mukherjee, 2016; [9] Wayesa et al., 2025), with results highlighting increased prey
existence and the possibility of another stable state. So far, these models largely concentrate on single-prey
systems. Neoteric predator—prey models combined the Allee effect (e.g., [11] Teixeira and Hilker, 2017;
[10] Singh et al., 2025; [22] Al-Jubouri and Naji, 2024), manifestation threshold-dependent persistence
and extinction results. However, these studies systematically analyze Allee effects in separation or merge
with only one other ecological mechanism, to some extent than in a more complex multi-prey setting.In
sight of the bifurcation view, some studies (e.g., [20] Din, 2019; [18] Arancibia-Ibarra et al., 2021) have
tested Hopf or other local bifurcations in predator—prey systems. Sotomayor’s theorem applies strict
approaches in a few studies, such as to explain necessary and sufficient conditions for both kinds of
local bifurcation (transcritical and Hopf bifurcations) .The proposed model (a two-prey, one-predator
framework) amalgamates all three ecological mechanisms in the same model: prey switching, refuge,
and a strong Allee which allows us to expose plentiful bifurcation structures and persistence conditions
compared with those proposed in models dealing with these effective mechanisms separately. Therefore,
the proposed model modified recent studies by explaining how the merge action of switching attitude,
refuge size, and Allee thresholds dominates ecological stability and long-term coexistence.

6. Conclusions

The proposed system presents an inclusive analysis of one predator with two selected prey in an
ecological model, including three real biological mechanisms: prey switching consumption, refuge, and a
strong Allee effect concerning the first and second prey, respectively. With these effective parameters, the
classical model extends to more complex impact species extinction and persistence. Sotomayor’s theorem
is useful for studying the core of the analysis of the local bifurcation. At several equilibrium points, we
discuss the phenomenon of transcritical bifurcations. These bifurcations rely on thresholds where system
stability varies between two different ecological states, incomplete and complete species coexistence.
Significantly, whenever saddle-node or pitchfork bifurcations occur, which refer to a biological explanation
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of saddle-node bifurcation, no unexpected population extinction or explosion occurs when the parameter
changes; instead, the population extent changes slowly and continuously . Furthermore, Hopf bifurcation
reveals specific parameter conditions, marking the beginning of the population oscillations, which could
lead to complex dynamical behavior such as cycles or instability. Via both of the Lyapunov functions
and the Dulac-Bendixson criterion, confirm uniform persistence that the population’s extinction cannot
exist under particular conditions. Numerical simulations corroborate the analytical results, illustrating
how changes in some particular ecological parameters—refuge of the first prey, switching rate, and Allee
threshold of the second prey dominate population dynamics . Commonly, the study of the proposed
model focuses on interactions between various ecological mechanisms that contribute to the structure,
stability, and flexibility of predator—prey populations. These yield valuable insight into how focusing
on ecological involvement can raise long-term coexistence, prevent species extinction, and encourage
ecosystem balance.
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