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Minimum Dominating Reduced Second Zagreb Energy of Graph

H. Anitha, K. N Prakasha, M. K. Natesha and B. Shanmukha

abstract: The energy of graph which is rooted in spectral graph theory, continues to play a pivotal role in
structural graph analysis. Motivated by the concept of energy and it’s applications, in this paper we discuss
minimum dominating reduced second Zagreb energy. Here we present the most essential upper and lower
bounds for RMD

2 E(G).
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1. Introduction

This paper deals with the graphs which are simple, sign-mark free and self loop free. To indicate
the adjacency of two vertices vi and vj of G, we use vi ∼ vj . In 1978, Ivan Gutman introduced the
concept of energy of graph. It is a well-known graph invariant which is defined as the sum of the absolute
values of the eigenvalues of the adjacency matrix. The adjacency matrix is a (0, 1)−square matrix whose
(i, j)−entry is 1 and 0 for adjacency and other cases respectively. Topological indices are popular for
their numerous applications. There are several topological indices exist. For more details refer [3] [4] [13]
[14]. The first and second Zagreb indices are the well known molecular descriptors in the literature of
toplogocal indices. Taking into the account of first and second Zagreb indices and their differences, B.
Furtula et al. [2] proposed a new degree based topological index, reduced second Zagreb index which is
defined as

RM2(G) =
∑
uv∈E

(du − 1)(dv − 1)

where du and dv represents the degree of the respective vertices u and v.

In 20th and 21st century, many matrices were studied by the researchers such as Randić matrix
(basically derived from Randić index), sum conncetivity matrix [10], atom bond connectivity matrix [9],
harmonic matrix etc., In this paper we consider domination parameters along with reduced second Zagreb
(RM2) matrix. We consider both minimum dominating and equitable dominating sets for our further
results.

Definition 1.1 [8] For a graph G, with vertex set V = {v1, v2, v3, ..., vn}, a subset D of V is called a
dominating set of G if every vertex of V −D is adjacent to some vertex in D. Any dominating set with
minimum cardinality is called a minimum dominating set.

Definition 1.2 [11] A subset U of V (G) is an equitable dominating set if for every v ∈ V (G)−U , there
exists a vertex u ∈ U such that uv ∈ E(G) and |deg(u)− deg(v)| ≤ 1 where deg(x) denotes the degree of
vertex x in V (G). Any equitable dominating set with minimum cardinality is called a minimum equitable
dominating set.
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Motivated by the reduced second Zagreb index and domination concept, we introduce minimum dom-
inating reduced second Zagreb matrix RMD

2 (G) as

RMD
2 (G) =

 (du − 1)(dv − 1) uv ∈ D
1 if i = j and vi ∈ D,
0 otherwise

Where D is a minimum dominating set. Ivan Gutman introduced the concept of energy of graph. For
more details on energy refer [5] [6]. Let γi be the eigenvalues of minimum dominating reduced second
Zagreb marices, then the minimum dominating reduced second Zagreb energy is given by

RMD
2 E(G) =

n∑
i=1

|γi|

2. Some basic properties of the dominating reduced second Zagreb energy of a graph

In the current section, we give the results with respect to any dominating set. We use the notation
β which may be any dominating set (viz. minimum dominating, equitable dominating sets etc.,) Here

Φβ(G, γ) represents the dominating reduced second Zagreb characteristic polynomial of RMβ
2 (G).

Proposition 2.1 The first three coefficients of Φβ(G, γ) are given as follows:
(i) a0 = 1,
(ii) a1 = −|β| ,
(iii) a2 =

(|β|
2

)
−
∑
i<j

[(di − 1)(dj − 1)]
2
.

Proof: (i) From the definition of characteristic polynomial Φβ(G, γ) = det[γI−RMβ
2 (G)], we get a0 = 1.

(ii) Consider the sum of determinants of all 1 × 1 principal submatrices of RMβ
2 (G) which is equal

to the trace of RMβ
2 (G).

⇒ a1 = (−1)1 trace of [RMβ
2 (G)] = −|β|.

(iii)

(−1)2a2 =
∑

1≤i<j≤n

∣∣∣∣aii aij
aji ajj

∣∣∣∣
=

∑
1≤i<j≤n

aiiajj − ajiaij

At i = j, the entry of the matrix will take the values 0 or 1 depends on the vertex belongs to dominating
set or not.

=

(
|β|
2

)
−
∑
i<j

[(di − 1)(dj − 1)]
2

2

Proposition 2.2 If γ1, γ2, . . . , γn are the dominating second Zagreb eigenvalues of RMβ
2 (G), then

n∑
i=1

γi
2 = |β|+ 2

∑
i<j

[(di − 1)(dj − 1)]
2
.
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Proof:

n∑
i=1

γ2
i =

n∑
i=1

n∑
j=1

aijaji

= 2
∑
i<j

(aij)
2 +

n∑
i=1

(aii)
2

= 2
∑
i<j

(aij)
2 + |β|

= |β|+ 2
∑
i<j

[(di − 1)(dj − 1)]
2
.

2

Lemma 2.1 [7] Cauchy - Schwartz inequality is(
n∑

i=1

aibi

)2

≤

(
n∑

i=1

ai
2

)(
n∑

i=1

bi
2

)
.

Theorem 2.1 Let G be a graph with n vertices, then

RM2E
β(G) ≤

√√√√√n

|β|+ 2
∑
i<j

[(di − 1)(dj − 1)]
2

.

Proof: Let γ1, γ2, . . . , γn be the eigenvalues of Pk(G). By substituting ai = 1 and bi =| γi | in Cauchy -
Schwartz inequality[Lemma 2.1], we get,(

n∑
i=1

|γi|

)2

≤

(
n∑

i=1

1

)(
n∑

i=1

|γi|2
)

[RM2E
β ]2 ≤ n

|β|+ 2
∑
i<j

[(di − 1)(dj − 1)]
2



[RM2E
β ] ≤

√√√√√n

|β|+ 2
∑
i<j

[(di − 1)(dj − 1)]
2

.

This is an upper bound for RM2E
β(G). 2

Theorem 2.2 Let G be a graph with n vertices. If det(RMβ
2 (G)) represents determinant of the matrix

RMβ
2 (G), then

RM2E
β(G) ≥

√√√√√
|β|+ 2

∑
i<j

[(di − 1)(dj − 1)]
2

+ n(n− 1)(det(RMβ
2 (G)))

2
n .
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Proof: Using the definition of energy of graph,

(
RM2E

β(G)
)2

=

(
n∑

i=1

| γi |

)2

=

n∑
i=1

| γi |
n∑

j=1

| γj |

=

(
n∑

i=1

| γi |2
)

+
∑
i̸=j

| γi || γj | .

Employing arithmetic mean and geometric mean inequality, we get

RM2E
β(G) ≥

√√√√√
|β|+ 2

∑
i<j

[(di − 1)(dj − 1)]
2

+ n(n− 1)(det(RMβ
2 (G)))

2
n .

2

3. Dominating reduced second Zagreb energy of some standard graphs

Theorem 3.1 The minimum dominating and minimum equitable dominating reduced second Zagreb en-
ergy of a complete graph Kn is

RM2E
D(Kn) = (n− 2)3 +

√
n6 − 8n5 + 24n4 − 34n3 + 28n2 − 24n+ 17.

Proof: Let Kn be the complete graph with vertex set V = {v1, v2, ..., vn} and minimum dominating
and minimum equitable dominating set is {v1}. Then, the minimum dominating reduced second Zagreb
matrix (which is similar to minimum equitable dominating reduced second Zagreb matrix) is

RMD
2 (Kn) =



1 (n− 2)2 (n− 2)2 . . . (n− 2)2 (n− 2)2

(n− 2)2 0 (n− 2)2 . . . (n− 2)2 (n− 2)2

(n− 2)2 (n− 2)2 0 . . . (n− 2)2 (n− 2)2

...
...

...
. . .

...
...

(n− 2)2 (n− 2)2 . . . (n− 2)2 0 (n− 2)2

(n− 2)2 (n− 2)2 . . . (n− 2)2 (n− 2)2 0


.

Hence the characteristic equation will be(
γ + (n− 2)2

)n−2 (
γ2 − (n− 1)(n2 − 5n+ 7)γ − (n− 2)2(n3 − 5n2 + 7n− 2)

)
= 0

and therefore the spectrum becomes

SpecRMD
2
(Kn) =

(
−(n− 2)2 (n3−6n2+12n−7)+A

2
(n3−6n2+12n−7)−A

2
n− 2 1 1

)
.

Here A =
√
n6 − 8n5 + 24n4 − 34n3 + 28n2 − 24n+ 17.

Therefore,

RMD
2 (Kn) = (n− 2)3 +

√
n6 − 8n5 + 24n4 − 34n3 + 28n2 − 24n+ 17.

2

Theorem 3.2 The minimum dominating reduced second Zagreb energy of the star graph K1,n−1 is

RM2E
D(K1,n−1) = 1.
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Proof: Let K1,n−1 be the star graph with vertex set V = {v0, v1...vn−1}. The minimum dominating
reduced second Zagreb matrix is

RMD
2 (K1,n−1) =



1 0 0 . . . 0 0
0 0 0 . . . 0 0
0 0 0 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 0 0
0 0 0 . . . 0 0


.

Therefore,
RM2E

D(K1,n−1) = 1.

2

Theorem 3.3 The minimum dominating and minimum equitable dominating reduced second Zagreb en-
ergy of the crown graph S0

n is

RM2E
D(S0

n) =
√

n6 − 8n5 + 24n4 − 30n3 + 4n2 + 24n− 15 +√
n6 − 8n5 + 24n4 − 34n3 + 28n2 − 24n+ 17 + 2(n− 2)3

Proof: Let S0
n be the crown graph of order 2n with vertex set {u1, u2, · · · , un, v1, v2, · · · , vn}. The

minimum dominating and minimum equitable dominating reduced second Zagreb matrix is

1 0 0 . . . 0 0 (n− 2)2 . . . (n− 2)2 (n− 2)2

0 0 0 . . . 0 (n− 2)2 0 . . . (n− 2)2 (n− 2)2

0 0 0 . . . 0 (n− 2)2 (n− 2)2 . . . 0 (n− 2)2

...
...

...
. . .

...
...

...
. . .

...
...

0 0 0 . . . 0 (n− 2)2 (n− 2)2 . . . (n− 2)2 0
0 (n− 2)2 (n− 2)2 . . . (n− 2)2 1 0 . . . 0 0

(n− 2)2 0 (n− 2)2 . . . (n− 2)2 0 0 . . . 0 0
...

...
...

. . .
...

...
...

. . .
...

...
(n− 2)2 (n− 2)2 0 . . . (n− 2)2 0 0 . . . 0 0
(n− 2)2 (n− 2)2 (n− 2)2 . . . 0 0 0 . . . 0 0


.

In that case the characteristic equation is(
γ2 + ((n− 2)3 − 1)γ − (n− 2)3(n2 − 3n+ 3)

) (
γ2 − ((n− 2)3 + 1)γ − (n− 2)3(n2 − 3n+ 1)

)
Implying that the spectrum is

SpecRMD
2
(S0

n) =

(
(A1±C)

2 (n− 2)2 −(n− 2)2 (A1±D)
2

1 n− 2 n− 2 1

)
.

A1 = (n− 2)3 + 1, C =
√
n6 − 8n5 + 24n4 − 30n3 + 4n2 + 24n− 15

and D =
√
n6 − 8n5 + 24n4 − 34n3 + 28n2 − 24n+ 17

Therefore,

RM2E
D(S0

n) =
√
n6 − 8n5 + 24n4 − 30n3 + 4n2 + 24n− 15 +√

n6 − 8n5 + 24n4 − 34n3 + 28n2 − 24n+ 17 + 2(n− 2)3

2
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Definition 3.1 [12] The friendship graph, denoted by Fn
3 , is the graph obtained by taking n copies of

the cycle graph C3 with a vertex in common.

Theorem 3.4 The minimum dominating second Zagreb energy of the friendship graph Fn
3 is

RM2E
D(Fn

3 ) =
n− 1

2
+

n− 3

2
+ 2
√

n3 − 5n2 + 8n− 4.

Proof: Here n represents total number of vertices. The minimum dominating second Zagreb matrix is

1 n− 2 n− 2 n− 2 n− 2 . . . n− 2 n− 2
n− 2 0 1 0 0 . . . 0 0
n− 2 1 0 0 0 . . . 0 0
n− 2 0 0 0 1 . . . 0 0
n− 2 0 0 1 0 . . . 0 0

...
...

...
...

...
. . .

...
...

n− 2 0 0 0 0 . . . 0 1
n− 2 0 0 0 0 . . . 1 0


.

Hence, the spectrum is

SpecRMD
2
(Fn

3 ) =

(
−1 1 1+

√
n3−5n2+8n−4

2
5−

√
n3−5n2+8n−4

2
n−1
2

n−3
2 1 1

)
.

Therefore,

RM2E
D(Fn

3 ) =
n− 1

2
+

n− 3

2
+ 2
√

n3 − 5n2 + 8n− 4.

2

Acknowledgments

The authors express their gratitude to the anonymous reviewers who carefully studied our work
andprovided numerous informative remarks and suggestions

References

1. Adiga, C, Bayad, A, Gutman, I, and Srinivas, S. A, (2012) The minimum covering energy of graph, Kragujevac Journal
of Science, 34, 39–56.

2. Furtula B., Gutman, I. Ediz, S., On difference of Zagreb indices, Discrete Appl. Math. 178 (2014), 83–88

3. Estrada, E., Torres, L., Rodriguez, L., Gutman, I.,(1998), An atom-bond connectivity index: Modelling the enthalpy of
formation of alkanes, Indian J. Chem, 37A, 849-855.

4. Gutman, I.,(2021), Geometric approach to degree-based topological indices: Sombor indices, MATCH Commun. Math.
Comput. Chem, 86, 11–16.

5. Gutman, I.,(1978), The energy of a graph, Ber. Math. Stat. Sekt. Forschungsz. Graz, 103, 1-22.

6. Gutman, I.,(2021), The energy of a graph: old and new results, Combinatorics and applications, A. Betten, A. Khoner,
R.Laue and A. Wassermann, eds., Springer, Berlin, pp. 196-211.

7. Meyer C. D, Matrix Analysis and Applied Linear Algebra, SIAM, Philadelphia, 2000.

8. R. Pradeep Kumar, D. Soner Nandappa, and M. R. Rajesh Kanna, Minimum Dominating Partition Energy of a Graph,
International Journal of Mathematics And its Applications, 5(7) (2017), 857–865.

9. Prakasha, K.N., Reddy, P.S.K., Cangul, I.N., Purushotham, S, (2024), Atom bond-connectivity energy of a graph,
TWMS J. App. and Eng. Math. V.14, N.4, pp. 1689-1704

10. Prakasha, K.N., Reddy, P.S.K., Cangul, I.N.,(2019), Sum-connectivity energy of graphs, Adv. Math. Sci. Appl, 28(1),
85-98

11. Prakasha, K.N., Mahalank, P., Cangul, I.N. Minimum Equitable Dominating Harary Energy of a Graph, Proceedings
of the Jangjeon Mathematical Society, 2024, 27(1), pp. 65–72



Minimum Dominating Reduced Second Zagreb Energy of Graph 7

12. Siva Kota Reddy P., Prakasha K. N., Siddalingaswamy V. M. Minimum Dominating Randic Energy of a
Graph,Vladikavkaz Mathematical Journal 2017. Vol. 19. Issue 2. 28-35.
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