Bol. Soc. Paran. Mat. (3s.) v. 2025 (43) : 1-7.
©SPM — E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm do0i:10.5269/bspm.77132

Minimum Dominating Reduced Second Zagreb Energy of Graph

H. Anitha, K. N Prakasha, M. K. Natesha and B. Shanmukha

ABSTRACT: The energy of graph which is rooted in spectral graph theory, continues to play a pivotal role in
structural graph analysis. Motivated by the concept of energy and it’s applications, in this paper we discuss
minimum dominating reduced second Zagreb energy. Here we present the most essential upper and lower
bounds for RMP E(G).
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1. Introduction

This paper deals with the graphs which are simple, sign-mark free and self loop free. To indicate
the adjacency of two vertices v; and v; of G, we use v; ~ v;. In 1978, Ivan Gutman introduced the
concept of energy of graph. It is a well-known graph invariant which is defined as the sum of the absolute
values of the eigenvalues of the adjacency matrix. The adjacency matrix is a (0, 1)—square matrix whose
(i,j)—entry is 1 and 0 for adjacency and other cases respectively. Topological indices are popular for
their numerous applications. There are several topological indices exist. For more details refer [3] [4] [13]
[14]. The first and second Zagreb indices are the well known molecular descriptors in the literature of
toplogocal indices. Taking into the account of first and second Zagreb indices and their differences, B.

Furtula et al. [2] proposed a new degree based topological index, reduced second Zagreb index which is
defined as

RM,(G) = ) (du —1)(dy, — 1)

wveE

where d,, and d,, represents the degree of the respective vertices v and v.

In 20th and 21st century, many matrices were studied by the researchers such as Randi¢ matrix
(basically derived from Randié¢ index), sum conncetivity matrix [10], atom bond connectivity matrix [9],
harmonic matrix etc., In this paper we consider domination parameters along with reduced second Zagreb
(RM5) matrix. We consider both minimum dominating and equitable dominating sets for our further
results.

Definition 1.1 /8] For a graph G, with vertex set V.= {v1,v2,v3,..., 05}, a subset D of V is called a
dominating set of G if every vertex of V. — D is adjacent to some vertex in D. Any dominating set with
minimum cardinality is called a minimum dominating set.

Definition 1.2 [11] A subset U of V(G) is an equitable dominating set if for every v € V(G)—U, there
exists a verter w € U such that uv € E(G) and |deg(u) — deg(v)| < 1 where deg(x) denotes the degree of
vertex x in V(G). Any equitable dominating set with minimum cardinality is called a minimum equitable
dominating set.
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Motivated by the reduced second Zagreb index and domination concept, we introduce minimum dom-
inating reduced second Zagreb matrix RMP (G) as

(dy —1)(dy —1) uveD
RMP(G)={ 1 if i =7 and v; € D,

0 otherwise

Where D is a minimum dominating set. Ivan Gutman introduced the concept of energy of graph. For
more details on energy refer [5] [6]. Let ; be the eigenvalues of minimum dominating reduced second
Zagreb marices, then the minimum dominating reduced second Zagreb energy is given by

RMPE(G) = |l
i=1

2. Some basic properties of the dominating reduced second Zagreb energy of a graph

In the current section, we give the results with respect to any dominating set. We use the notation
B which may be any dominating set (viz. minimum dominating, equitable dominating sets etc.,) Here

®(G, ~) represents the dominating reduced second Zagreb characteristic polynomial of RMQB (@).

Proposition 2.1 The first three coefficients of ®%(G,~) are given as follows:

(1) ap =1,
(ii) a1 = —|B| ,
(idi) an = ('§) =" [(di — 1)(d; — 1))

i<j
Proof: (i) From the definition of characteristic polynomial ®°(G,~) = det[yI — RMJ (G)], we get ag = 1.

(i7) Consider the sum of determinants of all 1 x 1 principal submatrices of RMS (G) which is equal
to the trace of RMJ (Q).
= a; = (—1)! trace of [RMS(@)] = —|8|.

(iid)

(e = Y | 0
Aji  Ajj
1<i<j<n
= E : AiiQjj — Ajilij
1<i<j<n

At i = j, the entry of the matrix will take the values 0 or 1 depends on the vertex belongs to dominating
set or not.

= (1) - St -0 -

1<j

Proposition 2.2 If v1,72,...,7n are the dominating second Zagreb eigenvalues of RMQﬁ(G), then

S = 18]+ 2 3 [(di - 1)(d; — 1))
i=1

1<J
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Proof:

n n n
2 _
Vi = Qijag;
i=1 i=1 j=1

n

= 2) (ay)* + Y (aw)’

1<J

=1
= 22(%;‘)2+\5|

1<J

= 18 +2) [(di — 1)(d; — 1)

i<j

Lemma 2.1 [7] Cauchy - Schwartz inequality is

(50) < (&) (5)

Theorem 2.1 Let G be a graph with n vertices, then

RMEP(G) < |n [ [B]+2) ] [(di —1)(d; — 1))

1<j

Proof: Let 71,72, ...,7n be the eigenvalues of Py (G). By substituting a; = 1 and b; =| 7; | in Cauchy -
Schwartz inequality[Lemma 2.1], we get,

(&) = () (&)

[RMzE®12 < | 1] +2 ) [(di — 1)(d; — 1))

i<j

[RME®) < | [ (81 +2 [(di — 1)(d; — 1))

i<j

This is an upper bound for RM,E?(G). O

Theorem 2.2 Let G be a graph with n vertices. If det(RMg(G)) represents determinant of the matriz
RMY(G), then

RMzEP(G) = | | [B1+2) [(di = 1)(d; = 1)J* | +n(n — 1)(det(RM (G))) .

1<j
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Proof: Using the definition of energy of graph,

(RMEP(G))* = >l |>

n n

EADBR?

i=1 =1
= <Z|’Y¢ >+Z|7¢|’YJ
i#j

Employing arithmetic mean and geometric mean inequality, we get

2
n

RMxE(G) > || 18l+2) [(d;i — 1)(d; — 1)]* | +n(n — 1)(det(RM}(G)))

1<j

3. Dominating reduced second Zagreb energy of some standard graphs

Theorem 3.1 The minimum dominating and minimum equitable dominating reduced second Zagreb en-
ergy of a complete graph K, is

RMyEP (K,) = (n—2)% + \/n — 8n5 4 24n* — 34n3 + 28n2 — 24n + 17.

Proof: Let K, be the complete graph with vertex set V' = {v1, va, ..., v,} and minimum dominating
and minimum equitable dominating set is {v;}. Then, the minimum dominating reduced second Zagreb
matrix (which is similar to minimum equitable dominating reduced second Zagreb matrix) is

1 (n—2)2 (n-2)?2 . (n—2)2 (n—2)?]
(n—g)z O2 , (n—02)2 (n—g)z (n—g)j
RMQD(Kn): (n—' ) (”—: ) . (”—: ) (n—: )
=22 m-22 ... (=22 0 (n—2)7
[(n—2)* (n—2)? (n—2)2 (n—2)2 0 |

Hence the characteristic equation will be
(v+ (n— 2)2)n_2 (v = (n=1)(n* =5n+T7)y — (n—2)*(n® = 5n* + Tn — 2)) =0

and therefore the spectrum becomes

2

(n— 2)2 (n®—6n’4+12n—7)+A  (n®*—6n’+12n—7)—A
2
n—2 1 1

Specgyp (Kn) = ( N

Here A = v/n® — 8n5 + 24n% — 34n3 + 28n2 — 24n + 17.
Therefore,

RMP(K,) = (n—2)% + v/nb — 8n5 + 24n* — 34n3 + 28n2 — 24n + 17.

Theorem 3.2 The minimum dominating reduced second Zagreb energy of the star graph Ky ,_1 is

RMyEP (K1) = 1.
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Proof: Let K; ,_1 be the star graph with vertex set V = {vg,v;...0n_1}. The minimum dominating
reduced second Zagreb matrix is

100 0 0
000 00
000 00
RMy (K1 1) = :
000 00
0 0 0 0 0]

Therefore,
O

Theorem 3.3 The minimum dominating and minimum equitable dominating reduced second Zagreb en-
ergy of the crown graph SO is

RM,EP (S%) = \/n — 8n5 4 24n* — 30n3 + 4n2 + 24n — 15 +
V/nS — 8n5 + 24nt — 34n3 + 28n2 — 24n + 17 + 2(n — 2)°

Proof: Let SO be the crown graph of order 2n with vertex set {uy, ug, -+, u,, v1, va, -+, v,}. The
minimum dominating and minimum equitable dominating reduced second Zagreb matrix is

1 0 0 0 0 (n—2)2 ... n—2)% (n—2)?]
0 0 0 0 (n —2)? 0 (n—2)% (n—2)32
0 0 0 0 (n—2)2 (n—-2)% ... 0 (n —2)?
0 0 0 .0 -2 m-27 ... m-22 0
0 (n—2)%2 (n—2)% ... (n—2)? 1 0 0 0
(n—2)2 0 (n—2)2 (n —2)? 0 0 0 0
(n—2)% (n-2)? 0 oo (n—2)? 0 0 0 0
[(n—2)2 (n—2)2 (n—2)?2 ... 0 0 0 0 0 |

In that case the characteristic equation is
(V+((n=2°-1)y—(n—2)3n*=3n+3)) (v* = (n—2°+1)y— (n—2)*(n* = 3n+1))
Implying that the spectrum is

(A1£0) _9 2 _ _9 2 (A1+D)
seemup( = (7 07 0N ).

A =(n—2)3+1,C = +v/nb —8nd + 24nt — 30n3 + 4n2 + 24n — 15
and D = v/n® — 8n® + 24n% — 34n3 + 28n2 — 24n + 17
Therefore,

RMEP(5%) = /nb — 8n® + 24n* — 30n3 + 4n2 + 24n — 15 +
V/n6 — 8n5 + 24nt — 34n3 + 28n2 — 24n 4 17 + 2(n — 2)°
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Definition 3.1 [12] The friendship graph, denoted by FY, is the graph obtained by taking n copies of
the cycle graph Cs with a verter in common.

Theorem 3.4 The minimum dominating second Zagreb energy of the friendship graph F3' is

-1 —
RMEP(FY) =" 4 T

+2\/n3—5n2—|—8n—4.

Proof: Here n represents total number of vertices. The minimum dominating second Zagreb matrix is

1 n—2 n—2 n—2 n—2 ... n—2 n—2]
n—2 0 1 0 0 0 0
n—2 1 0 0 0 0 0
n—2 0 0 0 1 0 0
n—2 0 0 1 0 0 0
n—2 0 0 0 0 0 1
_an 0 0 0 0 1 0 ]

Hence, the spectrum is

. 1 1 14+v/n3—5n2+8n—4 5—v/n3—5n24+8n—4
Specpup (F3 ) = < nel  n=3 i i )
Therefore,
-1 -3
RMQED(F??):n2 +”2 +2v/n3 — 5n2 + 8n — 4.
O
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