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Novel analytical approaches for generalized Burgers-KdV equation: A Comparative study

Nadia Batool®, Ayyaz Ali, Shakila Zubair

ABSTRACT: This study analytically investigates the generalized Burgers-KdV (GBKdV) equation to un-
derstand nonlinear wave behavior in media exhibiting both dispersion and dissipation. Using the (G’/G)-
expansion method within fractional calculus, exact traveling wave solutions are obtained. The GBKdV equa-
tion, which merges features of the Burgers and KdV models, effectively models complex nonlinear dynamics
such as diffusion, dispersion, and higher-order interactions. The derived solutions include a variety of wave-
forms bright and dark solitons, kink waves, bell-shaped curves, multi-peak patterns, and singularities. These
solutions are studied under different fractional orders and parameter settings to assess their physical sig-
nificance. Graphical simulations highlight the dynamic behaviors, and comparisons with established results
confirm the validity and novelty of several outcomes. This work enhances the understanding of wave propa-
gation in systems like plasmas, shallow water flows, and elastic tubes, offering a solid foundation for future
research in nonlinear wave theory.

Key Words: Generalized Burgers- KAV equation, exact solutions, (G’/G)-expansion technique, Ca-
puto’s derivative.
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1. Introduction

Many phenomena have been described by linear equations. Exact wave solutions are gaining atten-
tion in nonlinear research every day. Researchers can develop and carry out studies to determine these
characteristics or functions by setting appropriate parameters and providing reliable responses. Different
mathematicians and physicists have successfully developed many contemporary techniques like the bilin-
ear transformation method developed by Hirota [1,2], exp-expansion method [3,4], Enhanced (G'/G)-
expansion method [5,6,7], the improved F-expansion method [8,9], Kudryashov approach [10], Exp-
function method [11,12], simple equation method [13,14], modified simple equation method [15,16,17],
etc. Waves are often defined as the sequence of motion through materials. Waves with small amplitudes
are almost linear and large amplitude waves might not be linear. Solving the mathematical equations
for a soliton wave more than a century ago discovered that the precise balance between the effects of
diffusion and nonlinearity allows for the state of a soliton wave. It is due to nonlinearity causing the
hill tends to be steep, but dispersion flattens the hill. Although soliton waves can be evaluated using
a variety of different nonlinear equations, including the Boussinesq equations, these three equations are
especially important for physics applications. They exhibit the most famous solitons and KdV (pulse)
solitons, sine-Gordon (topological) solitons and nonlinear Schrédinger equation [18,19].
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Wide range of physical conditions the appearance of the Burgers—Korteweg de Vries (Burgers—KdV)
equations has attracted a lot of interest during the past three decades. For example, the propagation
of undulating bores in shallow water [20], the flow of liquid with bubbles, the propagation of waves in
elastic tubes filled with viscous liquid [21,22], and weak nonlinear plasma waves [23,24,25].

The typical version of the Burgers-KdV equation is,

Uy + puuy + qQUgy + TUgpr = 0, (1.1)

where p, ¢ and r are constants with n > 1. These equations provide the generalized sequence versions of
Burgers equation:
Ut + PUg + qUgz =0 (12)

The equation (1) is regarded as combination of the Burgers equation [26,27] with the KdV equation.

In plasma physics, the Burgers—KdV equation serves as a powerful tool for modeling various nonlinear
phenomena, including ion-acoustic waves, dust-ion shock structures, and complex plasma interactions [28,
29,30,31,32]. In the context of fluid dynamics, this equation is often applied to describe undular bores in
shallow water and the evolution of solitary waves in elastic tubes [33]. It also finds relevance in nonlinear
acoustics, where it helps explain the formation of shock waves and the steepening of sound waves in
thermos viscous media.The exact solutions derived from this equation offer meaningful insights into the
nature of nonlinear wave propagation across different physical settings. Notably, soliton and periodic wave
solutions reveal stable, localized structures that preserve their form during movement and interaction.
These types of waves are commonly observed in real-world situations, such as shallow water waves, ion-
acoustic waves in plasma, and even in the transmission of signals through nonlinear optical fibers.By
deriving and analyzing these solutions analytically, our study enhances the theoretical understanding of
how nonlinear effects appear and evolve in practical scenarios. This contributes to a deeper grasp of
the physical dynamics within diverse systems, bridging mathematical theory with observable behavior in
complex media.

2. Description of the (G'/G)-Expansion Method
Consider a fractional nonlinear partial differential equation (NLPDE) given by
o) (u,Df‘u,uy,um,D?au,Dfuy, .. ) =0, t>0,zeR, 0<a<], (2.1)

where ¢ is a polynomial in u = u(z,t), the unknown function.
Step 1. Apply the wave transformation

(&

u(z,y) =u(m), n=z+V (2.2)

71Q+o¢j

After applying the transformation, Eq. (2.1) reduces to an ordinary differential equation (ODE) of the
form

P (Y, kY wY, Y kwY',...) =0, (2.3)

where the prime denotes derivative with respect to 7.
We assume a solution of the form

m I\ ©
Y(§) = ;a (g) +ao, am #0, (2.4)
where «g and «; are constants, and G(§) satisfies the second-order linear ODE
d’G(E) | |\ dG(&)
= 2.
e A T pG(§) =0, (2.5)

with A and p being arbitrary constants.
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From Egs. (2.4) and (2.5), we obtain

vegm((§) 0 () 6]
Y = im i+ 1) (‘;‘)m +(2i+ 1A (Z)M
+ (N2 + 2p) (j) + (20— 1) (Z)M (2.7)

i (2) ],

The method proceeds with the following three steps:

and so on.

Step 2. Determine the integer m. Substituting Egs. (2.4) and (2.5) into Eq. (2.3) and balancing the
highest-order derivative term with the nonlinear terms yields an algebraic equation for m.

Step 3. Solve the resulting system. Using symbolic computation software such as MAPLE, the explicit
values of ag, a; (1 =1,2,...,m) and the wave variable £ are determined.

Step 4. Construct the exact solutions. Substituting the obtained coefficients into Eq. (2.4) provides a
class of exact traveling wave solutions of Eq. (2.1), depending on the solution G(§) of Eq. (2.5).
3. Solution Method

Solution process
The Generalized Burger-KdV equation is given by

D+ vty + Ugg + Uggr = 0 (3.1)
Using the wave transformation
ta
=krtw—r
S Y P

Equation (3.1) reduces to an ODE by using the above transformation:
Y'(€w+Y (Y (Ok+ Y€ +Y" (O =0 (3.2)

Integrating the above equation, we obtain:

1 d?
wY () + 5kY?(g) + kY (&) + K (dey(go =0 (3.3)
Suppose the solution of Eq. (3.1) is of the form
G'"\"
u(§) = anm <G> e (3.4)
where
G"+ MG +uG =0 (3.5)

Using Egs. (3.4) and (3.5), we get:

7\ 2m
u? = a?, (2) +- (3.6)
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7\ m+1
u' = —ma,, (CC;,') + - (3.7)
7\ m+2
u’ =m(m+1)ay, (G) + (3.8)

We obtain M = 2 using the homogeneous balancing principle. So we can write Eq. (3.4) as

el el 2
u(€) =ao+ a1 (G) + a9 <G> , ag # 0 (3.9)
and therefore

a\* a\? '\’
U2<§) = ag (G) =+ 20,20,1 (G) + (a% + 2@2@0) <G>

/
+ 2a1ag (g) +a? (3.10)

By using Egs. (3.5) and (3.9), it is derived that
/

4 N
v’ (&) = 6az <Cé> + (2a1 + 10az ) (f})

'\’
+ (8a2u+3a1)\+4a2)\2) <G>

!

G
+ (6a2u + 2a1 40+ al)\2) <G> + 2a002 4 a1 (3.11)

. . . . . . lel
By substituting Egs. (15) to (17) into Eq. (12) and collecting all terms with the same powers of (E)

together, we get, and equating each coefficient of the polynomial to zero yields a set of algebraic equations
as follows:

E3X\%a; + 6/4;3/\,ua2 + 2k3ua1 + kaga; + way =0,
1

wag + kagay + 5/{@% + 4k3X%a9 + 3k3Naq + 8k3pas = 0,
10k3Nag + 2k3ay + kajay = 0,

1
ikag + 6k% =0,

1

wag + ika(z) + B uda; + 2k3pag = 0.

On solving the above algebraic equations using MAPLE, we obtain the solution sets. By choosing a
solution, we have:
On solving Eq. (3.5) we deduce after some reduction that

G 2 — 4p) Aj sinh (%Trans ( (A2 — 4/1))) + Aj cosh (%Trans ( (22— 4u))) A
G 2 Aj cosh (%Trans ( (A2 — 4u))) + Agsinh (%Trans ( (A2 — 4u))) 2

where A; and As are arbitrary constants.
Using Egs. (3.5), (3.9), (3.10), (3.11), and (3.12), we have three types of travelling wave solutions of
Eq. (3.1) as follows:
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Case 1: When A2 — 4 > 0, we obtain the solution

5 (\/m (A1 sinh (%Trans ( (A2 — 4;4))) + Aj cosh (%Trans ( (A2 — 4u)>>
L=
)

2 A; cosh (%Trans ( (A2 — 4u))> + Ay sinh (%Trans ( (A2 — 4u))

Case 2: When A% — 41 < 0, we have

o ( (X2 1 4p) (Al sin (%Trans( (—\2 +4u))> + A, cos (%Trans( (=22 +4,u)))) B A)

2 Aj cos (%Trans ( (=A2+ 4#))) + Ag sin (%Trans ( (=22 + 4u)))

Case 3: When A2 — 4 = 0, we get

(VT4 A, A
SS - < 2 A1 + AQTI‘&HS 5 (315)

We choose some cases as follows.
Solution 1:

2w

{k:l@w:w, aoz—k,alzo,agzo] (25)

Using Egs. (3.9), (3.12), and (25), we obtained

uy (€) :% {m'sinh (; (kx+ F“’ta) m) A,

(a+1)

1 wt®
2 _ 4. - 2 _
A2 — 4y - cosh (2 (kx+F(a—|—l)> VA 4u) Ay

1 wt®
g - et 2 _ .
sinh <2 <kx+ Mot 1)) VA 4u> AAg
— cosh ( kx + > VA2 — 4u) . )\Al]

( a+1
/ <A1 - cosh (; (/m+ - 1)) \/m> + A, -sinh (; (kx—i— F(Zil)) N2 —4u>>

Solution 2:

DN | =

2
{k—k,w—w, aoz—w, ay =0, ag—O] (26)

Using Egs. (3.9), (3.12), and (26), we get

us(€) 1= % (sin <% <kx + %) Naye +4u> V=N ¥ ApA, —|—sm< (k:c + #) \/m) As

a+1 (a+1)

— cos (; (k:HF(;iD) \/—)\2+4u) Ag—cos(; (kx—l—r(:il)) X2+ 4 )A1>/
(Au:os( (kx+r(wt> \/W)+Agbln< (kx+rwt> X214 ))

a+1) (a+1)
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Solution 3:

1 1 1
{k = —6\/ —3az, w= E\/ —3az(\? — 4p)as, ag = 6()\2 +2u)ag, a1 =2\, as = ag} (27)

us(§) = —3 l (144‘[ vV~ (azfi-‘r)\l Iél(lij-f) - 12$) VA2 + 4#) V=X Ap Ay

- cos(ﬁﬁ\/fag (13521’\12) % - 123:) V2 4 4u) VA2 4 4 Ay

+sin (g VB vaz (52 — Mg - 120) VN + ) A4y

T'(a+1) F(a+1)

T'(a+1)

+cos(144\[\/7(“2t”2 %—1290)%))\141

T'(a+1)

/(A1 cos(ﬁ\/gx/—iag<M ﬁ‘(l;’;l) 12x) V=2 +4u>

+A, sm(144\[\/7ag ( agt® A\ datty 123:) V=A% + 4,u>)

T(a+1) F(a+1)

Solution 4:

1 1 1
[k‘ = —6\/—3@, w= = —3ay ()\2 — 4u) as, ag= 6 ()\2 + 2u) az, aip=asN, as= ag} (28)

— a2
1[ . [ V3v—az [ ast®A dast” /i) . 12:17) \/A2+4H> N2 dp Ay

wu(@ = =58 S \Tat D) T tl
~ cos (ﬁﬂ (F“QMQ - 4(6;2:}{) - 12x> V= + 4u> /A2 dp - A
+sin (‘/314:” (F“Ztcri 4(‘31’“1‘) - 12:c> m) Ay
+ cos (\/3142612 (Fczzt(i:\j) - F‘l(ff/f) - 12x> \/m> -)\A1]

Tlat+1) T(a+1)

NN ( agt®\? 4azfo‘”) — 12x> \/WD

F(o+1) T(a+1

ya )2 4 o
/(Al cos<\/g a2 ( aztA _ dattp —1290) \/—/\2+4M>

Solution 5:
1 2
(N> —4p)az, ag=asp, a1 =az\, az=a (29)

1
{k‘zG\/—Bag, wz—ﬁ —3as
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us(€) = — = | sin (ﬁl\fh (F“i?i 4(;2:? ) Vasy +4u> N A A
_cos<‘/§1\i;72 (F“ifcri 46;2t:1 122 ) X214 >.¢m.A2
+ sin <\/§1\i4_72 (Fazti/\i 46;2:01 ) -A2+4 > “AAy
+ cos (ﬁg <Fa2:(j:\i 422f1 ) -2 +4 ) -/\A1}
(e (5 (2 - ) 5)
+A4; sin (ﬁ;ij (F‘gafj) - F4a2t £ 129;) VA2t ))
Solution 6:

1
V—3az, w= 5V —3az (\* —4p) as, ap=asp, a1 =a\, as= az] (30)

| =

{k_

1y \/gx/ —ao ast®\2 daqt™p 5 5
us(§) == 3 {Sm ( 144 (F(a 0 Tlasy A e N

V3yv/—as ast®\2 dast*p
i - 122 ) VAT A | /N2 A A
e ( 144 (F(a +1) T(a+1) x) VR ) V0 g Ay

_ a2 «a
+ cos <\/§v a2 ( atTA" _ dat “) —12x> \/—A2+4u> A,

MNa+1) TD(a+1

MNa+1) TD(a+1

/_— )2 a
+ cos <\/§ a2 < at?A” _ Adagt M) - 12x> V —)\2+4M> -)\A1}

144 Na+1) TD(a+1

ya )2 a
+ A1 cos <\/§ a2 < aztA _ dast M) — 12x) v/ —/\2+4M>>

144 MNa+1) TI(a+1

/ <A2 sin (ﬁ*/jm ( 0" 4“2ta“) - 12x> \/m>

Solution 7:

1 1
[k‘ = —6\/—3@, w = — —3a9 ()\2 — 4u) as, Qg =asj, a1 =as), ag= ag} (31)

1 310 (_a)3/24 “(_a)3/2A
—5 (PG - B Cal T 15y /Bhay/=as Az — T2AAL + T2/N — Ay )

u7(£) = B @ o
Aa/Bpeal P M P 112453y =age — 724,
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solution 8:

1 1
[k = —6\/—3@, w = ﬁ\/ —3as (>\2 + 4,u) as, ag = asji, a1 = asA, dag= az] (32)

1 310 (_0)3/24 “(_a)3/2A
—3 (m el A B ea) A 19 Baay/map Ay — T2AA + T2/N — 4;LA2)

An/Bl LR MR P 11945V =aaw — T24,

4. Graphical Representation

Figure 1:
Dark-bright soliton solution of u;
a=07,A=4pu=1w=2 k=04, A; = 0.4, and As = 0.23.

ufv)

Figure 2:
Multi-peak soliton solution of wuq
a=03, A =1, 4=2,k=0.8 w=06, 43 = 0.5, and As = 0.30.
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Figure 3:
Kink-type soliton solution of u3
a=06, =1, u=3, ay = -3, A; =040, and Ay = 0.60.

u(x,t)

Figure 4:
Bell-type soliton solution of wuy
a=03, =3, 4=8,ay=-2, 4, =0.2, and 45 = 0.3.
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Figure 5:
Multi-peak wave solution of us
a=07,A=2 u=4,a, = -6, A; =0.50, and A5 = 0.30.

-0.587886199200498
-0.587886199200497
-0.5878861992004
u(x,t) —0.58788619920049
-0.587886199200494
-0.58788619920049

Figure 6:
Chaotic wave solution of ug
a=04,2x=3, u=1,a0=-9, A1 =0.9, and 45 = 0.4.
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u(x, t)

Figure 7:
Bell-shaped solitary wave solution of ur
a=03,A=8 u=02,ay=-7, A; =0.80, and A, = 0.70.

.3

I

L

Lh
T ST

-3

2 &

Figure 8:
Singular soliton solution of ug
a = 047 A= 4, Hn = 01, as = —3, Al = 02, and A2 =0.3.

11
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5. Physical interpretation

The solutions obtained in this study offer valuable insights into how waves behave in nonlinear envi-
ronments such as fluids, plasmas, and elastic materials. By using the fractional form of the generalized
Burgers—-KdV equation, we capture physical behaviors more effectively especially those involving mem-
ory and hereditary effects, which are common in materials like viscoelastic media and in plasma physics.
The use of Caputo fractional derivatives enhances the model’s ability to reflect real-world phenomena
more accurately than traditional integer-order models. Each type of solution presented corresponds to
a distinct physical behavior. For example, Solutions 1 and 2 describe stable, solitary waves that keep
their shape as they travel, showing a balance between nonlinearity and dispersion. Solutions 3 and 6, on
the other hand, show periodic or oscillatory patterns, modeled using trigonometric functions similar to
wave behaviors seen in elastic tubes filled with fluid or in weakly nonlinear plasma waves [34,35,36,37].
Solutions 7 and 8 capture more extreme wave behaviors, where the waveforms become highly localized
or even singular, meaning the amplitude spikes sharply in a small region. These cases are especially
important for understanding critical or intense phenomena in nonlinear systems. To achieve these diverse
waveforms, we carefully selected key parameters ag, a1 and as, the wave number k£ and the fractional
order « € (0,1]. The fractional order « plays a crucial role by introducing memory effects: smaller values
of « lead to faster amplitude decay, which indicates stronger energy loss over time. The constants ag, a1
and ao were fine-tuned to produce realistic waveforms, including both bright and dark solitons, as seen
in Figures 1 and 2. These solitons form when there is a precise balance between dispersive spreading and
nonlinear steepening. The wave number k affects how sharp and fast the waves are, increasing results
in narrower waves that move more quickly. We also observed that more complex wave patterns, such as
multi-peaked or chaotic structures (see Figures 5 and 6), arise under specific parameter combinations.
These patterns reflect the kind of complexity found in real-world nonlinear systems, especially in plasma
physics and acoustics.

6. Results and Discussions

The chosen values are representative of common conditions found in real-world physical systems, such
as those in fluid dynamics and plasma physics. These selections help ensure that the resulting solutions
display important behaviors, including soliton formation, periodic patterns, and wave breaking. Fur-
thermore, we’ve included a short discussion on how changes in key parameters (like A, u, &k, and w)
affect the wave’s amplitude, width and stability. This analysis highlights the physical significance of
the mathematical solutions and underscores their practical importance.The (G’/G)-expansion method
provides some new exact solutions that are not found in other literature. By comparing our results, we
discovered that some of them are similar to the current literature, while others solutions ug, u7 and ug are
newly discovered and have not been explored elsewhere. As a result, we have taken specific values of the
physical parameters, and some of our obtained solutions, w1, us, us, us and us coincide with some of the
particular solutions obtained by other methods mentioned in the tables and the references [38,39,40,41].
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Table 1: Comparison of our results with A. Borhanifar and R. Abazari [38].

Our Results

Borhanifar and Abazari[38]

OIUXN=0, /A2 —dp=1, (kz+wt) =VA, || ) fn=1,A=0, axvVA=1,k=0,p=0,
Ay = A, &E=1,Cy = 0Cq,
then the solution wu; is then the solution wu; is

1 1
U1:§ U1:§
() HEAN=0,/ 2 —dp=1, (kz+wt)=VA, | (i) Ifn=1,i=1,A=0 a;vVA=1, k=0,
A1:A2:1, p:O,£:1,01202:1,

then the solution usy is

then the solution usy is

144

. 1 1 . 1 1
[ s (Qﬂ) (2\@) [sin (2@) ~ cos (ﬂ&)
T 1 1 2T 1 1
sin <2\/K> + cos (2\/K> sin (2\/Z> + cos (2\/K>
(i) If A L | Gi)En=1i=1,A=0a =1,k =0,
1 ¢2n?
(\/3\/—042()\275&2 — dptag — 1233)) = p= 1,

1
557 A2 - Oa

then the solution wus is

_ L (1
U9 = 2311

0, ————— =
q2n2 + (TL +4)2
then the solution us is

1 1
Uz =—3 tan (2§>

(iv) If A
144

1

2 A =

2§7 1 07

then the solution us is

1
Us = —3 coth

<1\/§\/a2(2/\2ta2 — duton — 12x)>

(iv) fn=1,A=0,a1 =-1,k=0,p =0,
¢*n?

P

then the solution us is

1 1
us = —5 coth (25)

L,
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Table 2: Comparison of Attained Outcomes with Z.H. Kheiri, M.R. Moghaddam, and V. Vafaeiayed et
al [39].
Attained Outcomes Z.H. Kheiri, M.R. Moghaddam and V.

Vafaeiayed et al. Results

1
() I X = 0, VN2—4pAd;, = A, | )IfE=1,/AN2—4u+2D /D2 —4p= o
VAZ —4pAy = Ay, Ay = Ay =1, (kx4 wt) = || C1 = Cy =1, then the solution uy is

1

1, then the solution wu is up = 5
1
uy = 5

i) If X = 0, V/A2—4puAd; = A, || () IFE =1, /N2 —4u+2D — /N2 —dy =
1
VA2 —4ply = Ay, Ay = Ay = 1, (kx + —3 —(C1 = Cy = Cy = 1, then the solution

wt) = 1, then the solution us is ug 18
1

1
UQ:_§ UQ:—i

Table 3: Comparison of our outcomes with the results of A.-M. Wazwaz et al[40]

Attained Outcomes A.-M. Wazwaz et al. Results
D IfA=—-1,/N2 —du=1,N —4pA; = || ) Ifn=2,a=1,b= -1, a’b = w, then the
Ay, Ao =0, k=1, then the solution u; is: solution wu; is:
1 1
u =g [1 + tanh(z + wt)] u =g [1 4+ tanh(z + wt)]
(i) If N = -1, X —4py = 1, () Ifn=2a=1bb= -1, a’b = w, then

VA2 —4pAy = Ay, Ay = 0, k = 1, then the || the solution us is:
solution wus is:

1 [1 + coth(z + wt)]

UQ:§

1
uz = 5 [1 4 coth(z + wt)]

If we set b= —f, ¢ =~ and n = £, then the obtained solutions v, and v4 in the referenced article are
equivalent to us and ug for k > 0, 8 > 0, and v; and v3 are equivalent to uy and uy for £ <0, 5 <0

respectively, as found using the tanh method (see Table 4).
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Table 4: Comparison of our results with the results of Sierra et al.[41]

Attained Outcomes Sierra et al. Results

Ifo=—-p,c=~, p=k, and n =&, then the || (i) The solution usy is given by:

solution us becomes: 3
uy = £/~ tan(Vk €)
Y

o
Uz—\/;t (VE¢)

(i) Ifb=—B, c=7, p =k, and n = &, then || (ii) The solution usy is given by:

the solution 4,4 becomes: 3
ug = \/> tan(Vk €)
Y

Uy = —\/Etan(\/gﬁ)

(iii)) f b = =B, ¢ =, u = —k, and n = &, || (iii) The solution uy is given by:

then the solution u; becomes: 3
Uy = i[tallh(\/ —k&)
Y
up = —\/gtanh(\/ —k¢&)

(iv) Ifb=8,c=", u=—k, and n =&, then || (iv) The solution wuy is given by:

the solution u, becomes: 3
Uy = \/>tanh(\/ —k&)
Y
Uy = \/gtanh(\/ —k&)

7. Conclusion

In this article, we have effectively utilized the suggested method to obtain the generalized solitary
solutions of the generalized Burger’s-KdV equation. Periodical, trigonometric, hyperbolic, and rational
functions are the only solutions. Various new wave features may be expressed by the obtained data. After
comparing our solutions, we came to the conclusion that while some of them are well-established and
haven’t been studied before while the others are new. Initiating fresh outcomes is a dependable strategy,
and we have chosen a new class of exact solutions. The major modification of the wave dynamics by the
physical factors is examined. The solutions developed in this work may prove useful for wave breaking
research. In plasma physics and atmospheric gravity waves, wave breaking is employed. Additionally,
it is used in the analysis to analyze global existence in non-peaked solutions as well as local well-poses.
The recommended process completely validated our computational work’s reliability and may be used to
investigate further physical issues.
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