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On Congruences of Sixth Order Mock Theta Function

Yudhisthira Jamudulia and Gouri Shankar Guru*

ABSTRACT: In a recent work, Kaur and Rana [17] obtained several Ramanujan-like congruences and estab-
lished infinite families of congruences modulo 12 for the coefficients of sixth order mock theta functions A(q)
and p(q). Inspired by their approach, in this paper, we develop more generalized results. We extend and
enrich their findings by deriving additional infinite families of congruences, including new congruences modulo
3, 6 and 9 for the functions A(q) and p(gq)-

Key Words: Mock theta functions, partitions, congruences.

Contents
1 Introduction 1
2 Preliminary 2
3 Main Results 4

1. Introduction

In his well-known final letter to Hardy [6], Ramanujan presented 17 mock theta functions but did
not provide a clear definition for them. Additionally, Ramanujan introduced the mock theta functions
of order six, which are documented in his Lost Notebook. Since then, mock theta functions have been
extensively studied. The six primary sixth order mock theta functions, as defined in[2], are:
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where the g-Pochhammer symbol is represented by:
(a;¢)n = (1 = a)(1 —ag)(1 — ag®)(1 — ag®)..(1 — ag" ")

for a positive integer n, and it’s infinite product form is :
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Throughout this paper, we use
k. k
By = (¢":4") oo,
where k is any positive integer.
In recent years, partitions related to these functions have attracted significant interest in the litera-

ture. Andrews et al.[3] presented partition functions associated with the Ramanujan—Watson mock theta
functions w(q) and v(q), defined as :
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The sixth order mock theta functions A(g) and p(q), as introduced by Ramanujan, are defined as follows:

Ma) = (_12” qn pr : (1.8)
n=0 4

n(n+1)

Z‘“ ““’ pr : (1.9)

n=0 74 n=0
The linear relations between the sixth order mock theta functions provided by Ramanujan is given as:
27 P6(q*) + A(—q) = (4 ¢*)5 f(a:0°), (1.10)
0 6(a®) + p(a) = (4 ¢*)5 f(a:4°), (1.11)
where 1g(q) is defined as:

i ng % (g;62)

2n+1

In [4], Andrews et al. proved several infinite families of congruences for p,,(n) and p,(n) modulo 2.
In work of Fatima and Pore[10], it is shown that a number of infinite families of congruences for p,,(n)
and p,(n) modulo 20. In 2019, Barhua and Begum [5] derived several congruence relations for the same
partition functions modulo powers of 5. Recently, Kaur and Rana[17] obtained many infnite family of
congruences modulo numbers of the form 2%3° for py(n) and pp(n). Inspired by their work, we have also
discovered new infinite families of congruences for these functions, further enriching the understanding
of their arithmetic properties. Our results extend the framework established by Kaur and Rana and
highlight deeper modular behaviors in the sixth order mock theta functions.

In this study, we derive many infinite families of congruences modulo 2, 3, 4, 6 and 9 for A(g). In
second section, we present some preliminary results and lemma to prove main results. In the final section,
we establish the proofs of our main results.

2. Preliminary

In order to prove the main theorems, the following lemmas are required.
Ramanujan’s general theta function is given as:

f(a,b) Z oy 1), where |ab| < 1. (2.1)
Also, Jacobi’s triple product identity is given as:

f(a,b) = (—a; ab) oo (—b; ab) oo (ab; ab) . (2.2)
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Lemma 2.1 The following 3-dissection holds:

E3  EgE} E
Ey E3Fg Ey "’

The identity (2.3) can be obtained from [16, p.132].

Lemma 2.2 The following 3-dissection holds:

E3 E E¢ES E3EZE? E2E}
%:76_’_3(] g 9 +6q2 6 97 18 +12q3 66 18
E}  Es ESEqg ES ESEy
The identity (2.2) was proved by Toh [20].
Lemma 2.3 The following 3-dissection holds:
B _ B, B,
Es  Eis E,E%°
The equation (2.5) is same as (22.1.13) from [16, p.186].
Lemma 2.4 The following p-dissection holds from [8, Theorem 2.2]:
For any prime p > 5,
p-1
tp—1 p2—1 2 PNELEETD) 3p2+(6k+1)p 3p2—(6k+1)p
Ey=(-1)"% ¢ Bt Y (D r S F ieg =),
k=—B-1
k2Tl
Furthermore, for —(p—1)/2<k<(p—1)/2 and k # (+p —1)/6,
32 +k ,p?—1
d p).
5 F oy (modp)
Lemma 2.5 From [1, Lemma 2.3] for any prime p > 3, we have
3 p=1l pPo1 o3 = kPR o prt2ktl
Bl =p(-1)7 ¢ 5 EL+ > (=DFq 2 > (=1)"(2pn+ 2k +1).¢" "2
ki:071 n=0
kit ==

Furthermore, for 0 <k <(p—1) and k # (p —1)/2,

K+k | p>—1
2 # 8

(mod p).
From the binomial theorem and for any positive integers k, m, § and prime p, we have
B B—1
Ep™=E) ™ (mod 7).
Lemma 2.6 The following 3-dissection holds:

_ EGE§
- E3E}

B3 EYg
B§ES

E} — 3¢E3 4 4¢°

The equation (2.9) is the same as (14.8.5) in [16, p.137].

Lemma 2.7 The following 3-dissection holds:

B _B_ 55
e W B Yo -
E, Eig E¢Eqg

(2.6)

(2.7)

(2.10)
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The equation (2.10) is from [12].

Lemma 2.8 The following 2-dissection holds:

5 B BB,
— = 2 . 2.11
B2~ EiEE,  UEIE (2.11)
Lemma 2.8 was obtained by Hirschhorn and Sellers [14, p.2].

3. Main Results

Theorem 3.1 For any prime p > 3,4 € {1,2...p — 1} and non-negative integers « and n, we have

e p2a -1
> (2 pPon+ ) ¢"=E} (mod 2), (3.1)
n=0
- 20+1 P2a+2 —1 3
ZpA (2.p atly 4 4> ¢"=E, (mod 2), (3.2)
p2a+2 _ 1
N (2 2T (pn 4+ 0) + 4) = (mod 2). (3.3)

Proof: Substituting ¢ by —¢ in (1.10), we have
2(—a)""6(¢?) + Ma) = (@ ¢*)5 f(—a: —0°). (3.4)
Employing Jacobi’s triple product identity into (3.4), we get

E3E2
Mq) = =16
(q) E3E,

+ 24" 6 (q?). (3.5)

Now, using Lemma 2.3 in (3.5) and isolating the terms that involve ¢>", we obtain

s . E3F?
> pa(2n)gt = EZE% (3.6)

Now applying (2.8) for 5 =1 and p = 2 in (3.6), we have
(oo}
Zpk(Qn)q" =FE} (mod 2). (3.7)

The congruence (3.7) is the case for o = 0 of (3.1). Consider that (3.1) is true for @ > 0. Now utilizing

2
Lemma 2.5 in (3.1) and collecting the terms that involve ¢P*+*% | we have

2a+1 p2a+2 -1 n _— 3
ZpA 2-p 1 ¢"=E, (mod2). (3.8)

Again colleting the terms that involve ¢P™, we obtain

2042 P -1\
ZpA 2-p n+-———+- 1 ¢" = E} (mod 2). (3.9)

n=0

The congruence (3.9) shows that (3.1) is true for aw + 1. This shows that (3.1) is true for all o > 0.

2
Employing Lemma 2.5 in (3.1) and isolating the terms that involve """, we obtain (3.2). Col-

lecting the terms that involve ¢P"* for i € {1,2....p — 1} from (3.2), we get equation (3.3).
O
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Theorem 3.2 For any prime p > 5,4 € {1,2...p — 1} and non-negative integers a and n, we have

> 200 1
Zp; (6 - pPon + d 1 ) q¢" = F; (mod 3), (3.10)
p2oz+2 —1
ZpA <6 Pt n + i > ¢"=E, (mod3), (3.11)
2004+2

N (6 p? T (pn i) + pl) =0 (mod 3). (3.12)

4

Proof: Employing (2.8) for =1 and p = 3 in (3.6), we have

ip,\@n)q" =F} (mod 3). (3.13)
Again isolating the terms that involve ¢3", we have

ipA(Gn)q" =FE; (mod 3). (3.14)

The congruence (3.14) is the case for @« = 0 of (3.10). Counsider that (3.10) is true for & > 0. Now

2_
utilizing Lemma 2.4 in (3.10) and collecting the terms that involve g, we have

2a+1 Pt -1y
ZpA 6-p n+4+——— 1 ¢"=E, (mod3). (3.15)

Again colleting the terms that involve ¢P", we obtain

e p2a+2 -1
ZpA (6 p?etin 4 4> ¢" = FE; (mod 3). (3.16)
n=0

The congruence (3.16) shows that (3.10) is true for o+ 1. This shows that (3.10) is true for all o > 0.

2
Employing Lemma 2.4 in (3.10) and isolating the terms that involve ¢P"t"zi , we obtain (3.11).
Collecting the terms that involve ¢P"*¢ for i € {1,2....p — 1} from (3.11), we get equation (3.12).

O
Theorem 3.3 For any prime p > 5, i € {1,2...p — 1} and non-negative integers o and n, we have
& p2a -1
Zp,\ <6 - p?n + 1 ) q" =E; (mod 4), (3.17)
p2a+2 1
ZpA (6 p?tn 4 1 ) ¢"=E, (mod4), (3.18)
p20¢+2 _ 1
A (6 2T (pn +0) + 4) =0 (mod 4). (3.19)

Proof: Employing Lemma 2.2 in (3.6), we have

6 g S 2 g 3 128 3 g ?8 g
E 2n)q" = ——|—3 + 6" ———— + 12¢° ——— | —. 3.20
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Isolating the terms that involve ¢, ¢>**! and ¢*"*2 from (3.20), we get

= EyE?
" =F 412 21
2 m(on)" =Ey+ 12055 (3:21)
E3E3
ZpA (6n 4 2)g 3E6E6 , (3.22)
n=0 1
E3E2F?
ZpA (6n +4)q" = 6225, (3.23)
El
respectively.
From (3.21), we have
> pa(bn)g" = By (mod 4). (3.24)

The congruence (3.24) is the case for @« = 0 of (3.17). The proof of identities (3.17)-(3.19) follows a
similar approach to those of identities (3.10)-(3.12) of Theorem 3.2. O

Theorem 3.4 For any prime p > 3, i € {1,2...p — 1} and non-negative integers o and n, we have

0 p204 -1
ZpA (2 - p*n > ¢"=E? (mod 6), (3.25)
5 1 p2a+2 1 3
Zp,\ (2 p**tin + 1 ) ¢"=E, (mod6), (3.26)
p2a+2 -1
A (2 p?  (pn + ) + 4) =0 (mod 6). (3.27)

Proof: Combining equations (3.7) and (3.13), we obtain
ZpA (2n)¢" = E?  (mod 6). (3.28)

The congruence (3.28) is the case for @« = 0 of (3.25). The proof of identities (3.25)-(3.27) follows a
similar approach to those of identities (3.1)-(3.3) of Theorem 3.1. O

Theorem 3.5 For any prime p > 5, i € {1,2...p — 1} and non-negative integers o and n, we have

- 2a 9p2a -1 n
> pa(54-p*n+ —— ) ¢"=3E (mod9), (3.29)
n=0
s ) L 9p2a+2 -1
Zm <54 -p*tin 4+ 4) ¢" =3E, (mod?9), (3.30)
n=0
9p2a+2 -1
Da <54 P (pn + i) + 4) =0 (mod9). (3.31)
Proof: Utilizing (2.8) for § =1 and p = 3 in (3.22), we obtain
oo
> pa(6n+2)g" = 3E; (mod 9), (3.32)

n=0
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Extracting terms involving ¢°", we have

> pa(5dn+2)¢" =3E;  (mod 9), (3.33)
n=0
The equation (3.32) shows that (3.29) holds for a; = 0. Consider that (3.29) is true for all a3 > 0. Now

p2_
employing Lemma 2.4 in (3.29) and isolating the terms involving @™t | we have

o) st 9p2a+2 -1 0
> pa (54 i+ —— ) 4" =3E, (mod). (3.34)

n=0

2 _
Again extracting coefficients of ¢+ from (3.34), we have

200+2

— 9 1
>_p (54 pPetin 4

1 ) q¢" =3F; (mod9). (3.35)

n=0
The equation (3.35) shows that (3.29) is true for «+1. This shows that (3.29) holds for all integer c; > 0.

2_4
Employing Lemma 2.4 in (3.29) and extracting terms involving ¢?"**37 | we obtain (3.30). Extract-
ing the terms that involve ¢?"*% for i € {1,2....p — 1} from (3.30), we get equation (3.31).

|
Theorem 3.6 For any prime p > 3, i € {1,2...p — 1} and non-negative integers o and n, we have
- 9pe — 1
3 (18 p¥n 4+ 2’4) ¢" = 3E3 (mod 6), (3.36)
n=0
o 9p2o¢+2 -1
> pa (18 cpRetlp 4 4) ¢" =3E3 (mod 6), (3.37)
n=0
9p2()¢+2 -1
' (18 o (pn i) + 4) =0 (mod 6). (3.38)
Proof: Employing (2.8) for § =1 and p = 2 in (3.22), we obtain
o0
> “pa(6n+2)g" = 3E; (mod 6), (3.39)
n=0
Extracting terms involving ¢3", we have
> pa(18n+2)¢" =3E}  (mod 6), (3.40)
n=0
The equation (3.40) shows that (3.36) holds for a; = 0. Consider that (3.36) is true for all a3 > 0. Now
>
employing Lemma 2.5 in (3.36) and isolating the terms involving "5, we have
0 9p2a+2 -1
> pa (18 p?tlp 4 ) ¢" =3E% (mod 6). (3.41)
4 P
n=0
2
Again extracting coefficients of gP"+*5— from (3.41), we have
0 9p2a+2 -1
> pa (18 petln 4 4) ¢" =3E} (mod 6). (3.42)

n=0
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The equation (3.42) shows that (3.36) is true for a+1. This shows that (3.36) holds for all integer a; > 0.

2
Employing Lemma 2.5 in (3.36) and extracting terms involving ¢?"*+ "= : , we obtain (3.37). Extracting

the terms that involve ¢?"* for i € {1,2....p — 1} from (3.37), we get equation (3.38).
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