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Some Spectral Properties for Fractional Sturm- Liouville Operator

M. Jasim Mohammed* and Mustafa Akram Saeed

ABSTRACT: This paper investigates the spectral properties of eigenvalues and eigenfunctions associated with
the fractional Sturm-Liouville problem of Bessel type. It is demonstrated The eigenvalues is a real number, and
the eigenvalues corresponding to the eigenvalues are orthogonal. In addition, the fractional Bessel operator
are explored.

Key Words: Fractional differential equations,Fractional Operator, Fractional order model,Fractional
calculus.

Contents
1 Introduction 1
2 Preliminaries 2
3 Main Result 3
4 Conclusion 8

1. Introduction

The Sturm-Liouville boundary value formulation involves a linear second-order ordinary differential
equation.

— (") + 9% = owp (1.1)

Where p,9,w : (k,0) — IR is a A real-valued continuous function in the interval (k,0),0 €¢.
function 1 (z) satisfies the boundary conditions: [1]

K, (k) + Kt (k)
o,9(0) + 029’ (0)

0
0 (1.2)

Where k1, k2,01 and oo are real numbers.
System (1.1)-(1.2) is an example of a Sturm-Liouville system with eigenvalues. The values that make
the system non-zero are called eigenvalues. (1.1)-(1.2), and the corresponding solutions are called to be
deleted Eigen functions. Sturm-Liouville issues have a significant impact on multiple scientific disciplines,
including engineering, mathematics, and science. Their spectra’ characteristics include spectra, functions
of spectrum, data about scattering, norms, and other associated quantities.

Theory shows that a second-order differential operator with linear terms is the adjoint operator of
a differential operator with homogeneous terms. The two operators have L2-orthogonal sequences of
eigenfunctions. [2,3,4,5,6,7].

Fractional caucuses are the ” doctrine of the derivative and integral of any arbitrary complex or real
number, which combines the concept of differentiation with that of integration”, [6,7,8,9,10,11,12,13].
Fractional calculus has become more popular recently because of its diverse range of uses in nearly every
field of science. It has been employed successfully in fields like viscoelasticity, electrical engineering,
electrochemistry, biology, biophysics, and control theory. [14,15,16,17,18].
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2. Preliminaries

In this section, we discuss some special functions, including fractional calculus, and the fundamental
properties of the definition of fractional differential/integral operators., [19].

The Linear second-order is given as:

2d d
dﬁ;f +a dw + (@2 =) =0 (2.1)

Is known as Bessel’s equation. Where v is real.

Definition 2.1 [20] The gamma functions are defined as:

[(z) :/0 P e dt
[(z)=[(x+1)/z x>0 (2.2)

Definition 2.2 /22] Let 0 < co < 1. Left and right.

The Riemann-Liouville integral of order "proportional to” is defined as follows:

(I,Sf+%')(m) = ﬁ /:(x — t)(x_lg(t)dt,x > K, (2.3)

(13 g)m w(lo()/:(ta:)“lmt)dt,x >0

Where | Denotes the gamma function.

Definition 2.3 [22] Let o < k < 1. Both the left-hand and right-hand Riemann-Liouville derivatives of
order are given by:

(D .3) (z) = D (1. °F) (), 2 > K (2.4)
(D5_3) (z) = —D (I,F) (x),x > 0

Similar formulas give left-hand and right-hand captured derivatives of order

x: (D +S)( ) = (Il DF) (x), x> k,0<x<1

(DX _3) (x) =D (I.>*DJ) (z), z<o0,0<x< 1 (2.5)

Property

The following properties are possessed by the above operators listed in (2.4)-(2.5)
i)
/ S(x) Dy _&(x)dx

_ / " 6(0)° DI () da — F(a) I8 (x)| (2.6)



SOME SPECTRAL PROPERTIES FOR FRACTIONAL R
i)
/08( )Dy_&(z)° Dy k(x)dx
/ & (x)°Dy  §(2)° Dy k(x)dx

@)1, " ®(2)° DY k(2)|;

iii)

/ "3 (@)D, &) da

= [ e ps_swas + 5o )]

Property 2

Assume that <€ (k,0),8 >x, and § € [k, 0] [20].
Then the relation:-

DE LIS, 3(x) = §(2)
DZ_IZ_F(x) = 3(2)
Dy I §(x) = 105§ (x)
D 1] F(x) = I]""§(x)

cDo< IO<+S( ) g(
‘DE_IX _F(x) =35

g,—70,—

)
)

(2.7)

(2.8)

(2.9)

Hold for any « € [k, o]. The internal operations define in (2.3) satisfy the following semigroup properties:

+ +
Il o=t ol =1t

3. Main Result

To formulate approximate To study the properties of eigenfunctions and eigenvalues in the classical
Sturm-Liouville theory, we use the integration by parts formulas (2.7)-(2.8) based on first-order deriva-

tives. In the extended theory, left and right fractional derivatives exist simultaneously.

Definition 3.1 Let x€ (k,0), the fractional Bessel operator is expressed as follows: fqu]

Dz stz (o) 1)

w

Considering the fractional Resell equation

[y ) st = o
The boundary conditions of the operator are as follows:
di1tp(k) + dial, _p(r)° DY (k) =

d1¥(0) + dag Iy *p(0)° D (o) =
Where d3, + d3y # ¢, d3, + d34 # ¢

The fractional boundary-value problem (3.2)-(3.3) constitutes a fractional SturmLiouville problem for
the Bessel differential operator, generalizing the classical Bessel eigenvalue problem to fractional calculus
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Theorem 3.2 Fractional Bessel operator f(x[B] is self-adjoint on [k, 0]

Proof: Let us consider the following equation:-

</ 5,6 >= /0/ F(z)8(x)dx
x[B] k Jx[B]

- / " 6(2) [D% pla)* D, F(a)o
+ (ate) - S ) g s

2

- / ®(2) D3 P(x)°D3 4§ (w)da
o[ (- s 0

Utilizing equality (2.7) and boundary condition (3.3), we obtain the identity.

< / 5.6 > = / p(x)° D, 6(2)° DX, §(x)da
x[B] K

— g(@) 1L *p(x)° D, F(2)|
o ’U2 _
+ / (q(x) _ 1/4) F()®(x)de

T
/ p(x)cD,§+®(m)CD§+{§(x), dz

— 8(b)1,*p(0)° Dy, 3(0)
+&(k) 1, "p(K)°Dy  § (k)

+ /: (q(x) - ”2_1/4) F(2)® (2)da

2

From the boundary contention (3.3) we get:

d

I, >p(k)° DY §(a) = *dfi;%f)
d

Ly >p(r)° DY (k) = —TZS(H)

We make up the two equations (3.6),(3.7) in equation (3.5), we get

< / 5.6 >= / p(2)° D , 6(2)° DX, §(x)dx
x[B] K

(3.4)

(3.5)
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Similar operations applied to the dual system lead to

<3 / 6 >— / p(2)° DX §(2)° D, & (x)d
x[B] K

+ 5 ()6 (0)
22

+ 5 ()6 (s)
12

o ’U2 _
+/ q(z) — #S(x)@(:c)dm (3.9)

The identities on the right sides of (3.8) and (3.9) require that the left sides also be equal.

< / 5,6 >=< 3,/ 6 >
o[B] o[B]

O
Theorem 3.3 The eigenvalues of the fractional Bessel operators (3.2)-(3.3) are all real numbers.
Proof: From formula (2.7), we can see that the following relationship exists:
/ 3() / ® () ds = / p(a) = / p(2)° D%, F(2)° D, (c)da (3.10)
K x[B] K c
= §(@) L, >p(x) D 8(x)|]
7 v?—1/4
+ [ o) - SR e @)
Let o be the eigenvalue corresponding to the eigenfunction + in (3.2)-(3.3).
(2) + cws(z)(x) =0 (3.11)
x[B]
di(k) + dlgli;“p(li)Dz_i_w(fg) =0
dQﬂ/}(O') + dQQI;,__ocp(O')DE_,'_@[}(O’) =0 (312)
/ Y(x) + dwsb(z) = 0 (3.13)
x[B]
dll’l/_J(I{) -+ dQQI;;O(p(H)D’O;Jr{Z(x) =0 (314)
dootp (o) + dgg[i;“p(a)sz+ )(o) =0
where d3, + d3, # d3; + d35 # 0.
(0~ @i@) = v [ 3 9@ [ o) =o (3.15)
x|[B x|[B

Integration across [k, o] under identity (3.10) yields a right-hand side comprising only boundary terms:
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+ <q(x) — ”2_21/4> z/?(x)] dx (3.16)

)
, (3.14) we get

~

From the boundary conditions (3.12
Ly >p(r)° Dy (k) = — 2 9(x)

d21

1, -%p(0)° Dy 4 1b(0) = ——=4(0) (3.17)
22
1, *p(a)* D35 (a) = — P2ei(a)
I, ~*p(0)" Dy (o) = — F4(0)
We make up the equation 63.17) in equation (3.16) we find
(0-0) [ wnl@)lvt@)Pds = o .15)

a

Theorem 3.4 For the fractional Bessel Sturm-Liouville problem (3.2)-(3.3), eigenfunctions associated
with different eigenvalues exhibit orthogonality with respect to the weight function w(x). On (k,0) : that

/U Woe ()Y, (T)oy (2)dx = 0,01 # 02 (3.19)

Proof: By assumption, we have a Bessel-type fractional-order Sturm-Liouville operator with two distinct
eigenvalues (01, 02) and corresponding eigenfunctions satistying (s, , Vs, ) :

/ - Vo, () + c1wec () e, = 0 (3.20)
d11%o, (k) + dial, _p(K) Dy g, (k) = 0 (3.21)
d21vg, (0) + doa I, ~*p(0) DX by, (0) = 0

/ Voo () + T2t (), = 0 (3.22)
«[B]
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d11V0, (k) + di21rp(K) DY o, (k) = 0 (3.23)

210, (0) + das I, p(0) Dy Yo, () = 0
We multiply (3.20) by the function ,, and (3.22) by %, , respectively, and subtract:

(al—-az>wu<x)wafwgz::¢hjt/}B]wag—-wazjf[B]wal (3.24)

After integration over [, 1][, 1] and application of identity (3.10), the right-hand side simplifies to
boundary contributions at x =ax =aand x=1x=1:

m—m/ﬁum%wmm>

zil”wmcw MmﬁbxxMx—lA0¢@@01;m¢%J@d$

= [ 0@ (D3 0l D s 2)

v?—1/4
2

+ () ) sl d

_ /R ’ Vo, () [DF _p(2) DY o, (2)

+ (q(ﬂv) -

(
=~ ( k) (3.25)
= _7/}02(

(

= g, (K I;;O‘p K) Dy Yo, (k)

)

k)~ *p

o), p
)

From the boundary conditions (3.21), (3.23) we get:

—x o< d
I25p(0) D o, (8) = = 500, ()
12
— XX C o d
137p(0)" D 0, (0) = = ot (0) (3.26)
—x ¢ < d
]ol',* p(’%) Dn,Jr’(/)Uz(K“) = _dllwtn (’%)
12
— X (& xX d
I2%p(0)° DE 0, (0) = — s (0)
22

We make up the equation (3.26) in the equation (3.25) we find:

(01 =03) [ (o), (@) o) = o (327

Because o1 # 09, it is easily seen that

/gwAmwm@m%xxMx:o

The eigenfunction is orthogonal. a
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4. Conclusion

The research presented the fractional Bessel operator with general boundary conditions. Some spectral

properties have been studied which related to eigenvalues and Eigen functions. And also proved that the
fractional Bessel operator is self-adjoint.
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