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Solvability of a Class of Tripled System of Nonlinear Integral Equations in P-Hahn
Sequence Space

Hojjatollah Amiri Kayvanloo, Reza Allahyari, Hamid Mehravaran, Asghar Allahyari, Mohammad Mursaleen*

ABSTRACT: We introduce the Hausdorff measure of noncompactness in p-Hahn sequence space and we
obtain an extension of Darbos fixed point theorem. Applying extended of Darbos theorem, we investigate the
existence of solution of a class of tripled system of nonlinear integral equations in the p-Hahn sequence space.
Finally, we present one example to verify the usefulness of main results.
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1. Introduction and preliminaries

Measure of noncompactness (MNC) the function o was first defined by Kuratowski [20] for purely
topological considerations. Darbo [11] in 1955 used this measure to generalize Banach’s contraction
mapping principle for so-called condensing operators.

In 1957 the Hausdorff MNC x was introduced by Goldenstein et al. [12] and it was further studied
by Markus and Goldenstein [13]. Recently, the notion of MNC has been applied in sequence spaces for
deferent classes of differential equations ( [6,7,15,21,23,24,25,28,29,30,31,32]) and ([9,10,26,27]).

In recent years, many authors introduced a tripled system and a tripled fixed point [8,16,17,18]. In
[18], the researchers for investigate the existence of solution of functional tripled system via fractional
operators used tripled fixed points and the MNC.

In [4] Kayvanloo et al. introduced an extension of Darbo’s fixed point theorem associated with MNC

and study the existence of solutions of system of nonlinear integral-differential equations in Sobolev space.

Motivated by the above papers, we define the Hausdorff MNC in p-Hahn sequence space. Then, we
introduce an extension of Darbo’s fixed point theorem associated with MNC and we study the existence
of solutions of following tripled system of nonlinear integral-differential equations in p-Hahn sequence
space.

v(p) = A1(p) + hi(p, v(C1(p)), v(C1(p)), w(C1(p)))
+h (p,v(ﬁ(@)),V(C1(@))7w(C1(so)) (S5 g1(p, 5,01 (), v(ta (<)), w(ta (s ))dc)
v(t) = Az(p) + ha(p, v(C2(p)), w(Ca(p)), v(¢2(p))) 11
2 (0,162 (0), (). v (0, 62 92(.5.1(E2(5)), 0(£2(6)), v(£2(5))) s -
w(p) = Az(p) + ha(p,w(C3(p)), v(¢s(p)), v(¢3()))
13 (9,0(Ca(9)), 0(Ca (9)), V(G ())s (S5 g3, <, (L3 (<)), v(3(6)), (s (<)) ds ).
Also, one example is presented to show the usefulness of main results.

In this part, a few auxiliary facts are represented, that we can use in our paper. Let I" be a Banach
space with the zero element €, in addition, the elements v and r respectively are indicated in the center
and radius of the closed ball B(v,r) in T'. Let ) # 9Mr C T the family of all bounded and @ # Np C T
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subfamily of all relatively compact sets. The symbols Conv(A) and A for the non-empty subsets convex
and closure A in I' respectively.

Definition 1.1 [I] The mapping i : Mp — [0, +00) is measure of noncompactness (MNC) in T if V
R, V1,Vo € Mrp ham'ng:

(i) D #£kerpp={R € Mr: a(R) =0} C Nr.

)
(19) If Y1 C Vo, = a(h) < i(do).
(#11) (R) = (R) = fi( ConvR).
(iv) Y0 <7<1, g+ (1 —9)V2) < ga(dh) + (1 = 9)jia(dz).

(v) If¥n €N, Ry =Ry in M, Rus1 C Ry and lim if(Ry) =0, then § # Roo = (Rn
n=1

Definition 1.2 [5] Let (Y,d) is metric space. And, let P € My . The Kuratowski MNC w(P), is defined
by
w(P) :inf{O<£:7’C U Ky, K CY,diam(Ky) <e (k=1,...,m); mEN},

k=1

where diam(K,) = sup{d(o,p) : 0, p € K. }.
The Hausdorff MNC, (P) is

,B(P):inf{0<a:'PC U B(zk,7x), 2 €Y1 <e (k=1,...,m); mEN}.

k=1

Let K = [0, s] and T is a Banach space. Then C(K,T) is Banach space with norm
[zllcx,ry = sup{llz(p)]| : p € K}, z € C(K,T).

Proposition 1.1 [5] Let T C C(K,T') is equicontinuous and bounded. Then (Y (.)) is continuous on
K and

¢ ¢
a(1) = swpa(T(Q). @ [ Twa) < [aca

(eK

Definition 1.3 [5] The element (v,v,w) € £ x £ x £ is tripled fixed point of mapping & : £x £x £ — £
if 8(v,r,w) =v, B(r,w,v) =v, &w,r,v) =w.

Theorem 1.1 [3] Let fiy, fia, . . ., fim are MNC'in Banach spaces Y1, Yo, ..., Ty, respectively. Moreover,
Let the function H : Ry™ — Ry is convex and H(v1,ve,...,vp) =0 iff v, =0 fort=1,2,...,m. Then
() = H(fi1 (1), iz (L2), -, fin(€n)),

defines a MNC in Y1 X Tox,... X T, where £, denotes the natural projection of £ into Y,, for v+ =
1,2,....m

Example 1.1 /2] Suppose that fi be a MNC on a Banach space Y. Take H(v,v,w) = v+ v+ w for
any (v,v,w) € R3. Then by Theorem 1.1, i(L) = a(£1) + i(L2) + A(Ls) defines a MNC' on the space
T xYT x Y where £,, 0 =1,2,3 are natural projections of £.

Denote by ¥ the family of increasing functions 1) : [0,00) — [0, 00) continuous in p = 0 so that
d(p) = 0iff p =0,
P(p +) < P(p) +(s) for all p,¢ € Ry

Definition 1.4 The function 0 : [0,00) — [0,00) is strictly L-function if 0 = 0(0), 0 < 0(s) for 0 < ¢ <
00, and ¥V ¢ > 0,35 >0 so that 0(p) <<,V p € [¢,¢ + J].
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Theorem 1.2 [}/ Let Y is Banach space and ) # A = A C T be convex, closed and & : A — A be a
continuous operator so that

a((®(2))((®(2)) < (8L H(EE)) ),

for any £ C A, where 0 is a strictly L—function and [ is an arbitrary MNC on Y. where a: [0, +00) —
[1,400) and B : [0,400) — (0, 1] are mappings and 1 : [0,00) — [0,00) is an increasing mapping so that
0=1v(p) iff 0 =p. Then, & has at least one fixed point.

By using strictly L—functions we give a tripled fixed point theorem.

Theorem 1.3 Suppose that T, 2, 0, 8 and i be as Theorem 1.2 and suppose that a : [0,00) — [1,00)
be an increasing map, Y € ¥ and T : A X A X A = A, is a continuous function fulfils

CM([L(T(21 X Lo X £3)) + a(T(L2 X £3 X £1)) + a(T(L3 x £1 X 22)))1/)(;1(T(21 x L9 X £3))) (1.2)
1 (1) + A(S2) + (Ss) | (L) + () + A(Ls)
< 0(pEme e Ty (e TR TR,

V, £1,£9,83 CRA. Then T has at least a tripled fized point.

Proof: Example 1.1 grantees that a(£) = a(£1) + A(L2) + fi(€3) is a MNC in T x T x T, where
£,, v = 1,2,3 are natural projections of £. Define the function T:AxAxA - A x A x 2A by
T(v,v,w) = (T(v,v,w), T(v,w,v), T(w,v,v)) for every (v,v,w) € A x A x A. Obviously T is continuous.
We show that T satisfies the hypothesis of Theorem 1.2. Let () # £ C 2A x 2 x 2. By attributes of «, v
and (1.2) we get

a(R(T(21 x £2 x £3)))w(A(T(£1 x L2 x £)))

IN

a(ﬁ(T(Ql X £ x £3), T(L2 x €3 x £1), T(L3 X £1 X 32)))
Y(E(T(L1 X £2 % £3), T(€2 x L3 X £1),T(L3 X £1 % £2))
a<p(T(21 X L9 % £3)) + A(T(L2 x L3 x £1)) + A(T(L3 x £1 x 22)))¢(,1(T(£1 x L5 % £3)))

IN

+a(ﬁ(T(£1 X £2 x £3)) + (T (L2 x £3 x £1)) + A(T(L£3 x £1 X 22)))¢(Q(T(22 x L3 x £1)))

+

a(~(T(21 X Lo X 23)) + [L(T(SQ X L3 X £1)) + /Z(T(ﬂg X £1 X ,22)))1[1(}](T(£3 X £1 X ,22)))

( A(L1) + £2 +u(23))w(ﬂ(21)+ﬂ(§2)+ﬂ(23))>

5(21 X 22 X 23)
3 )>'

IN
5

<,3 H(Sl XQQ ><23)

Il
£

%(

Therefore,
lf;; ~ 1':: =~ 1’:: 1’:.'
a<§,u,(T(£1 X £ X 33)))¢(§H(T(21 X L2 % £3))) < H(B(g,u(!ll X £ x L)l (L1 X 8 33)))
and taking ﬁ = %ﬂ we obtain

a(R(T(21 x £2 x £3)))w(A(T(21 x L2 x £))) < 0(BG(L1 x L2 x £))$(A(L1 x L2 x £3))).

Since ﬁ, is MNC, so by Theorem 1.2, T has a fixed point, or T has a tripled fixed point. O

Corollary 1.1 Let Y is Banach space, ) # A=A C Y be bounded, convex and T : A x A x A — A be a
continuous function satisfying

f(L1) 4 fi(L2) + fi(£L3) ))7 (1.3)

3
V, £1,82, £3 C A, where i is an arbitrary MNC in the space Y, ¢ € W and 0 is a strictly L-function.
Then T has at least a tripled fized point.

DO % 2 x £))) < 20 (u(
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2. Hausdorff MNC in p-Hahn Sequence space

Let w = C¥, be the space of all complex-valued or real sequences, where C is the complex field and
N ={0,1,2,...}. For v = (v) € w, we shall employ the sequence spaces cq (null), ¢ (convergent) and I,
(bounded) sequences z = (z,) with complex terms, by norm

lzllcc = sup]zo|.
oeN

Also I, = {v=(vg) Ew: Z [ug|? < 00} (1< p< oo). by norm
k=0

The Hahn sequence space was introduced by H. Hahn [14]. Recently, Malkowsky et al [22] characterized
the compact operators on the Hahn space. The p-Hahn sequence space h, was defined as follows (see

[19])

oo
hy ={v: kzl(k\Akap < oo and klgléovk =0}, 1<p<oo

where Avg = v, — Vg4, (k € N).

Theorem 2.1 [19] by =1, Nbv? = 1, N bh.

From now on, we assume that 1 < p < co. Now, we determine the Hausdorff MNC x in the p—Hahn
sequence space.

Lemma 2.1 [29] Suppose that U is normed space and Q C U be a bounded, where U is cy orl, (p €
[1,00)). If Py, : £ = £ is operator Ry (v) = (vo,v1,-..,0m,0,0,...), S0

x(Q) = lim {sup (I = Rm)vl|}.
m—o0 " ,eQ

Theorem 2.2 Suppose that U C h;, be bounded, then the Huasdorff MNC x in the Banach space h,, is:

x(U) = Jim { sup { g(kmvk\)z’}}. (2.1)

Proof: Define the operator R, : hy — hy by Rn(v) = (v1,v2,...,vn,0,0,...)
for v = (v1,v2,...) € hy. Clearly

U C RyU + (I — Ry)U. (2.2)
By (2.2) and the attributes of x, we get

x(U) < x(BaU)+x((I = Ra)U) = x((I = Ra)U)
< diam((I — Ra)U) = sup (1 = Rn)el]

where -
(1 = Ru)vll = D (k| Ak )P,
k=1
when n is large enough. So
x(U) < nleOO Slelg I(I — Rp)v|. (2.3)

Conversely, suppose that 0 < ¢ and let {21, 22,...,2;} be a [x(U) + ¢]-net of U. So
U cC{z1,22,- -, 2} + X(U) + €]l B(hy),
where B(h,) is the unit ball of h,. Hence
sup |( = Rn)vl| < sup [|(Z = Rn)2ill + [x(U) + €],
zeU 1<i<y
which implies that
lim sup ||(I — Rp)v|| < x(U) +&. (2.4)

Since € was arbitrary, by (2.3) and (2.4), we conclude that (2.1) holds. O
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3. Application

Now, we study the existence of solutions of E.q (1.1) in p-Hahn sequence space by using the Hausdorff

MNC.
Take the following conditions into consideration:
(7) The mappings A;(p) : [0, L] — R (i = 1,2, 3) are bounded, continuous and

M; = sup{ > [kAA ()P, € [0, L]} < o.
k=1

(#4) The functions ¢;, 8;,¢; : [0, L] — [0,00) (¢ = 1,2,3) are continuous and lim ¢;(p) = oo.

P—00

(#i7) The mapping ¢ : [0, L] — R is continuous and 3 constant 6 > 0 so that

[p(p1) — d(2) | < dlp1 — p2/”,
for any @1, g2 € [0, L] and ¢(0) = 0.
(iv) The mappings f; : [0, L] x RXRXRXxR = R (i = 1,2,3) and h; : [0, L] x RxRXxR = R
(i = 1,2,3) are continuous and there are three increasing continuous functions ¢; : Ry — R (i = 1,2,3)
with ¢;(0) = 0 so that

1
|fi(p,:(:,y,z,l) - fz(py u, v, w, q)‘p S (e(g(lx - u‘p + ‘y - vlp + |Z — w|p)) + Soz(u - q‘p))7

3(4%p)
and

lhi(t, ®,y, 2) — fi(t, u,v,w)|P < 3(ar)
for any p € [0,L], and V, u,v,w,z,y,2,l,q € R, where € is a continuous strictly L—function so that
O(c+b) > 0(c) +0(b) (¢,b € R) and Ooyp = 1ol where ¢ € U.
(v) The mappings defined by o — |fi(p,0,0,0,0)] (i = 1,2,3) and p — |hi(p,0,0,0)| (: = 1,2,3) are
bounded on [0, o), i.e.

1
0(5 (e —ul” + ]y —vl” + [z —wl?)),

oo
M; = sup{>_ [kAfi(p,0,0,0,0)[, o € [0, L]} < oo,
k=1

o0
M; = sup{>_ [kAh(9,0,0,0)7, o € [0, L]} < co.
k=1

(vi) The functions g; : [0,L] x [0,L] x Rx R xR — R (¢ = 1,2, 3) are continuous function so that
> Bi(p)
. > VCA(/O (gi(p, 5, 2(£()), y(£(<)), 2(£(<))) — gi(gos 5, ul£(s)), v(£(s)), w(£(s)))))[Pds = 0,
k=1

uniformly w.r.s.t u,v,w,z,y,z € R, and

1"

0 Bi(w)
M, =sup{)_ \kA(¢(/O l9: (g, 5, 2(£(<)), y(€(s)), 2(€(<)))ds|?), p,< € [0, L], x,y, 2 € R},
k=1

oo oo oo
1 . P — H . P — H . -
kl;rgo2|kAfl(p,0,0,0,0)\ =0, klgg@Z\kAhl(p,o,o,ON =0, klggoz\kml(pn =0,
k=1 k=1 k=1
and

e Bi(p)
tim S A 165,26, 606, (6061 dsI) = 0.
—ool— 0

Theorem 3.1 Let the hypothesists (i) — (vi) holds. Then FE.q.(1.1) has at least one solution in
C([07 L]v h;D) X C([(), LL hp) X C([Oa L]7 hP)
Proof: We consider T : C([0, L], hy) x C([0, L], hy) x C([0, L], hy) — C([0, L], hy) by
T'(v,v,w)(p) = A1(p) + h1(p, v(C1(p)), ¥(C1(p)), w(C1(g)))
B1(p)
+h (@7U(Cl(@))vV(CI(P))’W(Cl(KJ))vd)(/O gl(p,c,v(fl(c)),l/(fl(<))7w(€1(<)))d<)‘
Notice that, the space C([0, L], h,) x C([0, L], hy) x C([0, L], hy) is equipped by norm

l(v, v, W)lle(o,21,mp) = IVlle(0,21,mp) + I¥llc(0,27,0p) + lwlle(0,2],hp)
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for each (v,v,w) € hy x hyp x hy. First, since Ay, f1, and h; are continuous. Then the operator T is
continuous. Also, for v,v,w € h, we have

HT(U7 va)(@)llhp

D (KA (A1) + hip, v(Ci(9)), v(C1()), w(Ci(9))
k=1

+11 (9 0(Ga(9)), V(G )), w(Ca (9)),
B1(p)
o[ aros @@ b @) wta(@))))as)”

IN

4"( D RA(ALE)IP + D [RA R (0, v(Ci(9), v(Ci(9), w(Ci ()P
k=1

k=1

A (9, 0G0, (1 (9), w(C1 (),

+2
/ 1,5 061 (), (1 (), (@ () ) )

( KA (AL P+ 3 A (ha (0 0(C1 (9)), 11 (9)),0(C (1)) — ha (0,0, 0)[P

<
k=1 k=1
+ 3 [EA(h1(9,0,0,0) [P + > [EA(f1(g,0,0,0,0))[?
k=1 k=1
B1(p)
+Z\kA f1(@, (C1(p)), v(Ci(p ))7w(<1(p)),¢>(/0 91(@7<,v(fl(c))»V(fl(c)),w(fl(C))))))dc

~1(9,0,0,0,0)1")
42p<z [kA(A1(p)) P + 3(42p 9( Z [EA (v(¢1 ()P + Z kA (v(C1(p))IP

k=1

IN

+ 30 kAW (9)) ) + M{ + M’
k=1

o (0 chA |P+Zwmu<<1 |P+Z\m(wcl MIP)

+3(42P
1(p)
o (3 A (6 /D e c,v(a(c)),uwl(c)),w(&(c)))dc#’)))))
k=1

2 1 1
22 (M4 M{ - M7) + 20 (loo,c1.m,) + W0, i) + 1@lconn,) + 5o (M)

IN

1
427 (M1 + M{ + M) + o1 (Mf") +6(57)) < p.

So T(D, x D, x D,) € D, and T is well defined. Now we show that T is continuous on D, x D, x D,,.
Let (2,y,2) € D, x D, x Dy, € > 0 and (u,v,w) € D, x D, x D, by ||(x,y,2) — (v, v,w)l|lcqo,z),n,) < 5-
Now, we get

HT(Iv Y, Z) - T(“’ v, w)(p)”hp

< 2P<Z kA (1 (p, 2(C1(0)): y(C1(9)), 2(C1(0))) — P p, u(Ci(p)), v(C1 (), w(Ci ()P
k=1

IN

o B1(p)
32 A (A (0.2 (0w 0D 2.2 [ a1(rs.2(0a() 00 (6)),2(61(9)) s

k=1

B1(p)
ffl(so,u(Cl(@)),v((l(@)),w(ﬁ(@)),¢(/O 91(@79U(ZI(C))’U(Q(?)%w(51(<))))))d<|p>

2,,(

+Z|m (€1(p) — w(Ci go))w)) 42p)( éZ\m (G(p)) — u(Ci(p)) P

IN

(5 (Zm (o) — u(CEN) P + 3 AW ) - oG )P

k=1
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+Z kA (y(¢1 () — v(Ci(p)) P + Z [kA(2(¢1(p) — w(Ci(p)IP))
+e1 Z (L2AN ¢(/ 1(p; 6, 2(11(<)), y(41(s)), 2(€1(s)))ds)

31(@)
f¢>(/0 a1(p, <,u(&(c)),v(fl(d),w(41(<)))d<))|"))>

IN

2p< ) ( (Ilz = ulleqo,L1.np) + 1y = vllcqo,1.hp) + 12 = wlle(o,L1,m,)))
()
o (S kAG /0 01(, 5,261 (), 561 6)), 2(61.(6)))
k=1

—91(p, s, u(t1(<)), v(£1(<)), w(fl(C)))l”dC))) :

From (vi), for any x,y, 2z € h, we derive that
HT((E, Y, Z) - T(u’ v, w)”C([O,L],hP)
2 1 > B1(p)
< P (gm0 ter (kA / (5, 2(61.(6)), 91 (5)), 2(1(6)))

k=1

g1, 5 u(E1()), 0(01 (), w(ta () ')
2 (3 (0(5) + e1L(6(8Fw(e)),

42p

IN

where

w(e) =sup { > _|kA(g1(p,s, 7y, 2) — g1(p,5,u,v,w))|P, g €[0,L], s €[0,5"],

k=1
u,v,w,2,y, 2 € [=p, 0], [I(2,y,2) — (w,0,w)llcqo,00,n,) < 5}, and B = sup{B1(p), o € [0, L]}.
By using the continuity of g1 on [0, L] x [0, 8] x [=p, p] X [=p,p] X [=p,p] We have w(e) — 0 as ¢ — 0 and by
continuity of ¢ we get ¢1(61(Bfw(e)) = 0ase — 0. So T is continuous on C([0, L], ky) x C([0, L], hp) x C([0, L], hyp).
Finally, we show that condition 1.3 is satisfied. Let £ > 0 be arbitrary constants and let ¢ # X,v,Z C
D, x D, x D, be bounded. Choose (v,v,w) € X x Y x Z then we get

Y(X(T (v, v,w)(p)))

- w<nm sup (37 (1A (A1(9) + b (9, v(G1(9)), (G (9)), (G (9)))

"*)OO’U,U,&UEDP an
B1( P
+11 (9, 0(CL()), 1 (9)), (G (9)), 6 / ” 61005 vl (DB () wlEa()es) ) ) ))
< oo, o, <,§ (raaxtenP)
+nllmmvy53£Dp(§‘kA (h1(9, 0(C1(9)), ¥(Ca(0)), (G2 ()P
+ i sup ;M 1 (0G0 (G 0D, w (G (0)),
B1(p)
o /0 919, ,0(01()), v(E1 (), w(la (s )))))dcl”))>
< w<42,,( Jim sup (37 AR (g, v( (), (G (9)), @ (9)) — ha(p,0,0,0)]7)

v,v,wED, k>n

+ lim sup (Z |[kA(h1(p,0,0, 0))|p>

n—=00 4, WweD), k>n

+ timsup (D7 kA (F1 (0,01 (9)) v (0D (G2 (9)),

n0 v v,weD, kon

B1(p)
o[ 9105006001 (6) w1 (6)) = 1(0.0.0.0,0)) )P
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+ lim sup ( Z |kA(f1(g,0,0,0, 0))d§|p))>

N0 y,v,weD, Pl

2 1 l im su v e} ,
- ¢<4 p<3<42P>9<6(n%oov,y,w‘ésp(;“fﬂ( (ﬁ(m))|f’)+(§l|m( (G ())P)
O RA@ENI) + li, sup (D RAG (D)
k=1 U,V,w PR —
+( D kA (G (0)) ZlkA w(Ci(p |p))))
k=1 =1
I KA 1(p) . . , o
+“”(nbmwv,u?B£Dp g\ ( /O 91655, D01 (), (1 (), (61 ()))) de] )))
= v (3("(@&%535 (<Z|kA(v<<1<p>>>|p

+Z|m (C1(p)) \P+Z|m (C1(p)) I”))))>

< 19<¢(X(X) +x(Y) +x<Z>)>_

3 3

Now, Corollary 1.1 guarantees that T" has a tripled fixed point in D, x D, x D,. So, tripled system (1.1)

have at least one solution in C([0, L], hyp) x C([0, L], hyp) x C([0, L], hyp).

Example 3.1 Consider the equation

2 3
v(p) = me_(p-H) + me_(m + m arctan(u(p)) + m In(1 + v(p))

. 2 i
+m Sln(w( )+ 7kzé+1) + 44(p12+3) sin(v(p)) + 717 sin(v(p)) + B(T,lzzfg) arctan(w(p))

+ p sin(v(p)) cos(v(p)) arctan(w(p)) de
44(503+5) kzep(1+U(<))(1+V(€))(1+W(<))

v(p) = (k(k+1)) —(p+2)" 4 7k2(k+1) e~ (97 4 m sin(v(gp)) + m arctan(w(p))
+ ln(l + v(p) 7+ m sin(v(p)) + m arctan(w(p)) + 440@274_”) sin(v(p))

2
)+ T5E2 (k1) €
f@ arctan(v(p))+sin(w(p)) cos(u(p)) 4
44(m3+6) kZe 2“(2+V(<))(2+W(<))(2+v(<)2
w(p) = me —(p+3)% 1 m —(») + W In(1 +w( )) + m arctan(v(p))

1 .
+W 51n(u(p)) 16k2(k+1) e+ eres 4+4> sin(w(gp)) + m sin(v(p)) + m arctan(v(p))

n ot sine (o)) cos(u(p)) +arctan(i(o) 4
pei e k239 (3+w (<)) (3+v(e) (B+1(s) ©°

1
44(m3+8)

where
2
Glp) = t(p) = p1(p) = p, Bi(p) = ©°, 0(p) = 6p, A1(p) = grmyye TV M =7, M =3,

(o0 ) G ). G 0) = 55+
1
IRRCED)

1 061 () MG () (G (D)1 O = e + g )

. 1 1
+m sin(v(p)) + m arctan(w(p)) + m(h(p))7

1 (05,20 (O). (A1 (6))o(ba(6)) = AP S malele)

In(1+v(p)) + ——5——si

Also
As(p) = Gadmyye Y7, Glp) = ta(p) = 2(p) = 9, Balp) = 9°, My =2, MY =2,

(.0, (G (), VG0 = e e+ G (o)

1
+m arctan(w(p)) + 44(T+8) In(1 4+ v(p)),

d

(3.1)
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2l (G2 (G20, v(@ ) (2D = e ™+ i g )
2 2 . 1
+m arctan(w(p)) + it sin(v(p)) + m(b(@)),

arctan(v(p)) + sin(w(p)) cos(v(p))
€202+ v(6))(2 + w(9)) (2 + v(s))

)

92(p; s, v(£2(s)), w(la(s)), v(L2(s))) =

and
2
A3(0) = garmye T Glp) = (o) = ws(p) = 0, B3(p) = p*, Mj = 5, Mg = 5,

i (9, (3 (), 0(Cs(9)), #(C3(9)) = ——o—— e ()° 4

3
T 10k2(k+ 1) Ti(gi 7o) R Hw)

arctan(v(p)) + sin(v(gp)),

3
TH(s 1 12) (3 +5)
4

Pl (G(0), oG (6) MG D () = iy ™+ gt g ()

arctan(v(p)) + m(l?y(p))’

sin(w(p)) cos(v(p)) + arctan(v(p))
03+ w(©) B+ 0(€)( + (<))

, 3
o1 3) sin(v(p)) + (o +11)

93(p, s, w(l3(s)), v(€3(s)), v(€3(s))) =

Now, we consider the conditions of Theorem (5.1)

(i) The function A;(p) = L e=(0+1? s bounded and continuous and My = sup{A;(p): @ € [0,L]} = 1.
(k(k+1))P

(i1) The mappings ¢i(p) = () = ei(p) = p,B1(p) = ©* : [0,L] — [0,00) are continuous and pleOOQ(Q) =

li_>m o =0.

fo—r 00

(#it) The mapping ¢(p) = p is continuous and 3 constant 1 so that

|p(p1) — d(p2)[” = |p1 — p2|” < |p1 — pa2f”.

(iv) The mapping f1, h1 and ¢1(p) = p are continuous and ¢1(0) = 0 6 = 6p is L—function and
Y(p) = p, Oop = Pob.

Now, let p € [0,00) and x,y, 2,1, u,v,w,q € R with |u| < |z|, |v| < |y| and |w| < |z|. Then by using
the function 0(p) = 6p and v1(p) = @ we can get following results

|f1(pvxvyvzrl) - fl(pvuvvvqu)lp
(sin(y(p)) — sin(v(g))

1 . ) 1
m(sm(m(p)) — sin(u(p)) + pETp

»+6)
1 1
+m(amtan(z(@)) — arctan(w(gp)) + +M(l(p) —a(p)l?
< 4 (g (sin(a(9) — sin(u()? + |sin(y(9)) — sin(u(e) "
+| arctan(z(p)) — arctan(w())[” + [l(p) — a(p)[")
< o (m—ul? 4y — ol + e = wl? + 1= gl?)

3(42p)
1

= gy OGP +ly = o 1z = wl) + o1 (1= ),

and
|h1(§% z,Y, Z) - hl(pz u,v, w)‘p

= | (arctan(z(p)) — arctan(u(p)) + 7 (In(1 + Jy(p)]) — In(1 + [v(p)])

1
44(p* + 4) (p%+8)

L . :
+ i g ) —sin(w(E)”

1 1
< 542”(@(@*““’+|y*v|p+|Z*w|p)
1, 1 1
= 3l O
(v) The mappings o — |hi(p,0,0,0)| and p — |fi(p,0,0,0,0)| are bounded on [0, L]; i.e.

|z —ul’ + [y — v’ + |z — wl?).

’ > > 1 2 1
M, = kAfi(9,0,0,0,0)[P, o € [0,00)} =s A———— 9P, o e[0,L]} = = < oo,
1 sup{kX::ll filp )P, o € [0,00)} bup{kZ::ll ey’ heelb) =g <o



10 H. AMIRI KAYVANLOO, R. ALLAHYARI, H. MEHRAVARAN, A. ALLAHYARI, M. MURSALEEN

1
M, = kAh;(p,0,0,0)?, o€ [0 = EA(————
: Sup{kzl' (6:0,0,0)7, 9 € [0,00)} = sup{zlw Ty

(vi) Obuiously, g1 is continuous and for each p,< € [0, L] and u,v,w,z,y,z € R we get

1
)|p7 (S [OvL]} = g < o0,

l91 (0,5, 9, 2) — g1(ps S5 uy v, w)[P

|i(sin(x(@)) cos(y(p)) +arctan(z(p))  sin(u(p)) cos(v(gp)) + arctan(w(p)) P
e® (L4 2(s)) (L + y()) (1 + 2(s)) et (1 +u(s)) (1 +v(s)) (1 +w(s))

ﬁqsin(z(@))COS(y(@)) + arctan(z(p)) v ‘sin(U(@))COS(v(p)) + arctan(w(p))

P
= e?(1+z(c))(1 +y()) (1 + (<)) e?(1+u(6))(1 4+ v(c))(1 + w(s)) |
< ﬁ(zp(‘ sin(z(g)) cos(y()) Pt arctan(z(p)) v
B e?(1+a()) (1 + (<)) (1 + 2()) e (1+ () (1 4+ y())(1 + 2(<))
s cosie) arctan(w(p)) ”)
e?(1+ u(9))(1 4+ v(¢))(1 + w(s)) e?(1+u(9))(1 +v(s))(1 + w(s))
22p+2|i|p
k2p lep !
Therefore
> i(9)
kli_?;o;\kﬁ(/o gi(p, 5, m(£(<)), y(£(<)), 2(£(s))) — g (0, 5, u(£(<)), v(£(c)), w(£(s)))) [P ds
=1
0% 92p+2 92p+2 o2
- klggo kpA/ k2D emo o kli{go kp e%ﬁ o =0,

uniformly to u,v,w,z,y, z, € R.
Furthermore, we get

2
IS g1(p,,v,v,w)[P

| /W sin(v(gp)) cos(v(p)) + arctan(w(p)) ?
e® (1 + v(s)(1 +v(9)(1 +w(s))

/ | sin(v(gp)) cos(v(p)) |p+/‘ arctan(w(p)) v
o e+ () + v +w(s P14 v()) (1 +v(c))(1 +w(s))

/p 2 20
= de =
0 ePg ebP®

for any p,s € [0,L] and v,v,w € R.
So

1" s ﬁl())
My = sup{ Y RAG( [ lau(o 5 v ) lHDIP: 0.5 € [0.L] v €Y
k=1
2

< sup{kzlkp k2p oo PE [0, L]} =70 < oo.
Also
> > 1 2
li kAf; P — kA (—— -7 |P —
kggokz_jl\ fi(,0,0,0,0)] kglgol;\ Gegsne " =0
oo o0 1 3
li kAh; P =1l kA(————e ¥ |P =
kggo;\ i(£€,0,0,0)| kggokzl\ Gegrne " 1=0
and
li AAL (PP = li Al (® —o.
Jim D KA = lim ) IkA(Gamye T =0

Thus, all hypothesis of Th 3.1 are fulfils. So, the E.q (3.1) has at least one solution in C'(I, h,)xC(I, h,) X
C(I,hyp).

4. Conclusion

In this paper, we introduce the Hausdorff measure of noncompactness in p-Hahn sequence space
and we obtain an extension of Darbo$ fixed point theorem. By applying the technique of measure of
noncompactness and extended of Darbos theorem, we investigate the existence of solution of a class of
tripled system of nonlinear integral equations in the p-Hahn sequence space. Finally, we present one
example to verify the usefulness of main results.
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