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Solvability of a Class of Tripled System of Nonlinear Integral Equations in P -Hahn
Sequence Space
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abstract: We introduce the Hausdorff measure of noncompactness in p-Hahn sequence space and we
obtain an extension of Darboś fixed point theorem. Applying extended of Darboś theorem, we investigate the
existence of solution of a class of tripled system of nonlinear integral equations in the p-Hahn sequence space.
Finally, we present one example to verify the usefulness of main results.
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1. Introduction and preliminaries

Measure of noncompactness (MNC) the function α was first defined by Kuratowski [20] for purely
topological considerations. Darbo [11] in 1955 used this measure to generalize Banach’s contraction
mapping principle for so-called condensing operators.

In 1957 the Hausdorff MNC χ was introduced by Goldenstein et al. [12] and it was further studied
by Markus and Goldenstein [13]. Recently, the notion of MNC has been applied in sequence spaces for
deferent classes of differential equations ( [6,7,15,21,23,24,25,28,29,30,31,32]) and ( [9,10,26,27]).

In recent years, many authors introduced a tripled system and a tripled fixed point [8,16,17,18]. In
[18], the researchers for investigate the existence of solution of functional tripled system via fractional
operators used tripled fixed points and the MNC.

In [4] Kayvanloo et al. introduced an extension of Darbo’s fixed point theorem associated with MNC
and study the existence of solutions of system of nonlinear integral-differential equations in Sobolev space.

Motivated by the above papers, we define the Hausdorff MNC in p-Hahn sequence space. Then, we
introduce an extension of Darbo’s fixed point theorem associated with MNC and we study the existence
of solutions of following tripled system of nonlinear integral-differential equations in p-Hahn sequence
space. 

υ(℘) = A1(℘) + h1(℘, υ(ζ1(℘)), ν(ζ1(℘)), ω(ζ1(℘)))

+f1
(
℘, υ(ζ1(℘)), ν(ζ1(℘)), ω(ζ1(℘)), ϕ

( ∫ β1(℘)
0 g1(℘, ς, υ(ℓ1(ς)), ν(ℓ1(ς)), ω(ℓ1(ς))

)
dς
)

ν(t) = A2(℘) + h2(℘, ν(ζ2(℘)), ω(ζ2(℘)), υ(ζ2(℘)))

+f2
(
℘, ν(ζ2(℘)), ω(ζ2(℘)), υ(ζ2(℘)), ϕ

( ∫ β2(℘)
0 g2(℘, ς, ν(ℓ2(ς)), ω(ℓ2(ς)), υ(ℓ2(ς))

)
dς
)

ω(℘) = A3(℘) + h3(℘, ω(ζ3(℘)), υ(ζ3(℘)), ν(ζ3(℘)))

+f3
(
℘, ω(ζ3(℘)), υ(ζ3(℘)), ν(ζ3(℘)), ϕ

( ∫ β3(℘)
0 g3(℘, ς, ω(ℓ3(ς)), υ(ℓ3(ς)), ν(ℓ3(ς))

)
dς
)
.

(1.1)

Also, one example is presented to show the usefulness of main results.
In this part, a few auxiliary facts are represented, that we can use in our paper. Let Γ be a Banach

space with the zero element θ, in addition, the elements υ and r respectively are indicated in the center
and radius of the closed ball B(υ, r) in Γ. Let ∅ ̸= MΓ ⊆ Γ the family of all bounded and ∅ ̸= NΓ ⊆ Γ
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subfamily of all relatively compact sets. The symbols Conv(A) and Ā for the non-empty subsets convex
and closure A in Γ respectively.

Definition 1.1 [1] The mapping µ̃ : MΓ → [0,+∞) is measure of noncompactness (MNC) in Γ if ∀
R,Y1,Y2 ∈ MΓ having:

(i) ∅ ̸= ker µ̃ = {R ∈ MΓ : µ̃(R) = 0} ⊆ NΓ.

(ii) If Y1 ⊂ Y2, ⇒ µ̃(Y1) ≤ µ̃(Y2).

(iii) µ̃(R) = µ̃(R) = µ̃(ConvR).

(iv) ∀ 0 ≤ ȷ ≤ 1, µ̃(ȷY1 + (1− ȷ)Y2) ≤ ȷµ̃(Y1) + (1− ȷ)µ̃(Y2).

(v) If ∀n ∈ N, Rn = Rn in MΓ, Rn+1 ⊂ Rn and lim
n→∞

µ̃(Rn) = 0, then ∅ ̸= R∞ =

∞⋂
n=1

Rn.

Definition 1.2 [5] Let (Y, d) is metric space. And, let P ∈ MY . The Kuratowski MNC ω(P), is defined
by

ω(P) = inf
{
0 < ε : P ⊂

m⋃
κ=1

Kκ,Kκ ⊂ Y, diam(Kκ) < ε (κ = 1, . . . ,m); m ∈ N
}
,

where diam(Kκ) = sup{d(o, ℘) : o, ℘ ∈ Kκ}.

The Hausdorff MNC, β(P) is

β(P) = inf
{
0 < ε : P ⊂

m⋃
κ=1

B(zκ, rκ), zκ ∈ Y, rκ < ε (κ = 1, . . . ,m); m ∈ N
}
.

Let K = [0, s] and Γ is a Banach space. Then C(K,Γ) is Banach space with norm

∥x∥C(K,Γ) := sup{∥x(ρ)∥ : ρ ∈ K}, x ∈ C(K,Γ).

Proposition 1.1 [5] Let Υ ⊆ C(K,Γ) is equicontinuous and bounded. Then ω̃(Υ(.)) is continuous on
K and

ω̃(Υ) = sup
ζ∈K

ω̃(Υ(ζ)), ω̃
( ∫ ζ

0

Υ(ℓ)dℓ
)
≤

∫ ζ

0

ω̃(Υ(ℓ))dℓ.

Definition 1.3 [5] The element (υ, ν, ω) ∈ L× L× L is tripled fixed point of mapping G : L× L× L → L

if G(υ, ν, ω) = υ, G(ν, ω, υ) = ν, G(ω, ν, υ) = ω.

Theorem 1.1 [3] Let µ̃1, µ̃2, . . . , µ̃m are MNC in Banach spaces Υ1,Υ2, . . . ,Υm, respectively. Moreover,
Let the function H : R+

m → R+ is convex and H(υ1, υ2, . . . , υm) = 0 iff υι = 0 for ι = 1, 2, . . . ,m. Then

˜̃µ(L) = H(µ̃1(L1), µ̃2(L2), . . . , µ̃n(Ln)),

defines a MNC in Υ1 × Υ2×, . . . × Υm, where Lι denotes the natural projection of L into Υι, for ι =
1, 2, . . . ,m.

Example 1.1 [2] Suppose that µ̃ be a MNC on a Banach space Υ. Take H(υ, ν, ω) = υ + ν + ω for

any (υ, ν, ω) ∈ R3
+. Then by Theorem 1.1, ˜̃µ(L) = µ̃(L1) + µ̃(L2) + µ̃(L3) defines a MNC on the space

Υ×Υ×Υ where Lι, ι = 1, 2, 3 are natural projections of L.

Denote by Ψ the family of increasing functions ψ : [0,∞) → [0,∞) continuous in ℘ = 0 so that
ψ(℘) = 0 iff ℘ = 0,
ψ(℘+ ς) ≤ ψ(℘) + ψ(ς) for all ℘, ς ∈ R+.

Definition 1.4 The function θ : [0,∞) → [0,∞) is strictly L-function if 0 = θ(0), 0 < θ(ς) for 0 < ς <
∞, and ∀ ς > 0, ∃ δ > 0 so that θ(℘) < ς, ∀ ℘ ∈ [ς, ς + δ].
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Theorem 1.2 [4] Let Υ is Banach space and ∅ ̸= A = A ⊆ Υ be convex, closed and G : A → A be a
continuous operator so that

α(µ̃(G(L)))ψ(µ̃(G(L))) ≤ θ
(
β(µ̃(L))ψ(µ̃(L))

)
,

for any L ⊆ A, where θ is a strictly L−function and µ̃ is an arbitrary MNC on Υ. where α : [0,+∞) →
[1,+∞) and β : [0,+∞) → (0, 1] are mappings and ψ : [0,∞) → [0,∞) is an increasing mapping so that
0 = ψ(℘) iff 0 = ℘. Then, G has at least one fixed point.

By using strictly L−functions we give a tripled fixed point theorem.

Theorem 1.3 Suppose that Υ, A, θ, β and µ̃ be as Theorem 1.2 and suppose that α : [0,∞) → [1,∞)
be an increasing map, ψ ∈ Ψ and T : A× A× A → A, is a continuous function fulfils

α
(
µ̃(T (L1 × L2 × L3)) + µ̃(T (L2 × L3 × L1)) + µ̃(T (L3 × L1 × L2))

)
ψ(µ̃(T (L1 × L2 × L3))) (1.2)

≤
1

3
θ
(
β(
µ̃(L1) + µ̃(L2) + µ̃(L3)

3
)ψ(

µ̃(L1) + µ̃(L2) + µ̃(L3)

3
)
)
,

∀, L1,L2,L3 ⊆ A. Then T has at least a tripled fixed point.

Proof: Example 1.1 grantees that ˜̃µ(L) = µ̃(L1) + µ̃(L2) + µ̃(L3) is a MNC in Υ × Υ × Υ, where

Lι, ι = 1, 2, 3 are natural projections of L. Define the function T̃ : A × A × A → A × A × A by

T̃ (υ, ν, ω) = (T (υ, ν, ω), T (ν, ω, υ), T (ω, υ, ν)) for every (υ, ν, ω) ∈ A×A×A. Obviously T̃ is continuous.

We show that T̃ satisfies the hypothesis of Theorem 1.2. Let ∅ ̸= L ⊆ A× A× A. By attributes of α, ψ
and (1.2) we get

α
(˜̃µ(T̃ (L1 × L2 × L3))

)
ψ(˜̃µ(T̃ (L1 × L2 × L3)))

≤ α
(˜̃µ(T (L1 × L2 × L3), T (L2 × L3 × L1), T (L3 × L1 × L2))

)
ψ(˜̃µ(T (L1 × L2 × L3), T (L2 × L3 × L1), T (L3 × L1 × L2))

≤ α
(
µ̃(T (L1 × L2 × L3)) + µ̃(T (L2 × L3 × L1)) + µ̃(T (L3 × L1 × L2))

)
ψ(µ̃(T (L1 × L2 × L3)))

+α
(
µ̃(T (L1 × L2 × L3)) + µ̃(T (L2 × L3 × L1)) + µ̃(T (L3 × L1 × L2))

)
ψ(µ̃(T (L2 × L3 × L1)))

+α
(
µ̃(T (L1 × L2 × L3)) + µ̃(T (L2 × L3 × L1)) + µ̃(T (L3 × L1 × L2))

)
ψ(µ̃(T (L3 × L1 × L2)))

≤ θ
(
β(
µ̃(L1) + µ̃(L2) + µ̃(L3)

3
)ψ(

µ̃(L1) + µ̃(L2) + µ̃(L3)

3
)
)

= θ
(
β(
˜̃µ(L1 × L2 × L3)

3
)ψ(

˜̃µ(L1 × L2 × L3)

3
)
)
.

Therefore,

α
(1
3
˜̃µ(T̃ (L1 × L2 × L3))

)
ψ(

1

3
˜̃µ(T̃ (L1 × L2 × L3))) ≤ θ

(
β(

1

3
˜̃µ(L1 × L2 × L3))ψ(

1

3
˜̃µ(L1 × L2 × L3))

)
and taking ̂̃µ = 1

3
˜̃µ, we obtain

α
(̂̃µ(T̃ (L1 × L2 × L3))

)
ψ(̂̃µ(T̃ (L1 × L2 × L3))) ≤ θ

(
β(̂̃µ(L1 × L2 × L3))ψ(̂̃µ(L1 × L2 × L3))

)
.

Since ̂̃µ, is MNC, so by Theorem 1.2, T̃ has a fixed point, or T has a tripled fixed point. 2

Corollary 1.1 Let Υ is Banach space, ∅ ̸= A = A ⊆ Υ be bounded, convex and T : A×A×A → A be a
continuous function satisfying

ψ(µ̃(G(L1 × L2 × L3))) ≤
1

3
θ
(
ψ(
µ̃(L1) + µ̃(L2) + µ̃(L3)

3
)
)
, (1.3)

∀, L1,L2, L3 ⊆ A, where µ̃ is an arbitrary MNC in the space Υ, ψ ∈ Ψ and θ is a strictly L-function.
Then T has at least a tripled fixed point.



4 H. Amiri Kayvanloo, R. Allahyari, H. Mehravaran, A. Allahyari, M. Mursaleen

2. Hausdorff MNC in p-Hahn Sequence space

Let ω = CN , be the space of all complex-valued or real sequences, where C is the complex field and
N = {0, 1, 2, . . .}. For υ = (υk) ∈ ω, we shall employ the sequence spaces c0 (null), c (convergent) and l∞
(bounded) sequences z = (zo) with complex terms, by norm

∥z∥∞ = sup
o∈N

|zo|.

Also lp =
{
υ = (υk) ∈ ω :

∞∑
k=0

|υk|p <∞
}

(1 ≤ p <∞). by norm

lp =
( ∞∑
k=0

|υk|p
) 1

p .

The Hahn sequence space was introduced by H. Hahn [14]. Recently, Malkowsky et al [22] characterized
the compact operators on the Hahn space. The p-Hahn sequence space hp was defined as follows (see
[19])

hp =
{
υ :

∞∑
k=1

(k|∆υk|)p <∞ and lim
k→∞

υk = 0
}
, 1 < p <∞

where ∆υk = υk − υk+1, (k ∈ N).

Theorem 2.1 [19] hp = lp
⋂
bvp = lp

⋂
bvp0 .

From now on, we assume that 1 ≤ p < ∞. Now, we determine the Hausdorff MNC χ in the p−Hahn
sequence space.

Lemma 2.1 [29] Suppose that U is normed space and Q ⊆ U be a bounded, where U is c0 or lp (p ∈
[1,∞)). If Pm : L → L is operator Rm(υ) = (υ0, υ1, . . . , υm, 0, 0, . . .), so

χ(Q) = lim
m→∞

{
sup
υ∈Q

∥(I −Rm)υ∥
}
.

Theorem 2.2 Suppose that U ⊆ hp be bounded, then the Huasdorff MNC χ in the Banach space hp is:

χ(U) := lim
n→∞

{
sup
υ∈U

{∑
k≥n

(k|∆υk|)p
}}

. (2.1)

Proof: Define the operator Rn : hp → hp by Rn(υ) = (υ1, υ2, . . . , υn, 0, 0, . . .)

for υ = (υ1, υ2, . . .) ∈ hp. Clearly
U ⊂ RnU + (I −Rn)U. (2.2)

By (2.2) and the attributes of χ, we get

χ(U) ≤ χ(RnU) + χ((I −Rn)U) = χ((I −Rn)U)

≤ diam((I −Rn)U) = sup
υ∈U

∥(I −Rn)υ∥,

where

∥(I −Rn)υ∥ =
∞∑

k=1

(k|∆υk|)p,

when n is large enough. So
χ(U) ≤ lim

n→∞
sup
υ∈U

∥(I −Rn)υ∥. (2.3)

Conversely, suppose that 0 < ε and let {z1, z2, . . . , zj} be a [χ(U) + ε]-net of U. So

U ⊂ {z1, z2, . . . , zj}+ [χ(U) + ε]B(hp),

where B(hp) is the unit ball of hp. Hence

sup
x∈U

∥(I −Rn)υ∥ ≤ sup
1≤i≤j

∥(I −Rn)zi∥+ [χ(U) + ε],

which implies that
lim

n→∞
sup
υ∈U

∥(I −Rn)υ∥ ≤ χ(U) + ε. (2.4)

Since ε was arbitrary, by (2.3) and (2.4), we conclude that (2.1) holds. 2
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3. Application

Now, we study the existence of solutions of E.q (1.1) in p-Hahn sequence space by using the Hausdorff
MNC.

Take the following conditions into consideration:
(i) The mappings Ai(℘) : [0, L] → R (i = 1, 2, 3) are bounded, continuous and

Mi = sup{
∞∑

k=1

|k∆Ai(℘)|p, ℘ ∈ [0, L]} <∞.

(ii) The functions ζi, βi, ℓi : [0, L] → [0,∞) (i = 1, 2, 3) are continuous and lim
℘→∞

ζi(℘) = ∞.

(iii) The mapping ϕ : [0, L] → R is continuous and ∃ constant δ > 0 so that

|ϕ(℘1)− ϕ(℘2)|p ≤ δ|℘1 − ℘2|p,

for any ℘1, ℘2 ∈ [0, L] and ϕ(0) = 0.
(iv) The mappings fi : [0, L] × R × R × R × R → R (i = 1, 2, 3) and hi : [0, L] × R × R × R → R
(i = 1, 2, 3) are continuous and there are three increasing continuous functions φi : R+ → R (i = 1, 2, 3)
with φi(0) = 0 so that

|fi(℘, x, y, z, l)− fi(℘, u, v, w, q)|p ≤
1

3(42p)

(
θ(

1

6
(|x− u|p + |y − v|p + |z − w|p)) + φi(|l − q|p)

)
,

and
|hi(t, x, y, z)− fi(t, u, v, w)|p ≤

1

3(42p)
θ(

1

6
(|x− u|p + |y − v|p + |z − w|p)),

for any ℘ ∈ [0, L], and ∀, u, v, w, x, y, z, l, q ∈ R, where θ is a continuous strictly L−function so that
θ(c+ b) ≥ θ(c) + θ(b) (c, b ∈ R) and θoψ = ψoθ where ψ ∈ Ψ.
(v) The mappings defined by ℘ → |fi(℘, 0, 0, 0, 0)| (i = 1, 2, 3) and ℘ → |hi(℘, 0, 0, 0)| (i = 1, 2, 3) are
bounded on [0,∞), i.e.

M
′
i = sup{

∞∑
k=1

|k∆fi(℘, 0, 0, 0, 0)|p, ℘ ∈ [0, L]} <∞,

M
′′
i = sup{

∞∑
k=1

|k∆hi(℘, 0, 0, 0)|p, ℘ ∈ [0, L]} <∞.

(vi) The functions gi : [0, L]× [0, L]× R× R× R → R (i = 1, 2, 3) are continuous function so that

lim
k→∞

∞∑
k=1

|k∆(

∫ βi(℘)

0
(gi(℘, ς, x(ℓ(ς)), y(ℓ(ς)), z(ℓ(ς)))− gi(℘, ς, u(ℓ(ς)), v(ℓ(ς)), w(ℓ(ς)))))|pdς = 0,

uniformly w.r.s.t u, v, w, x, y, z ∈ R, and

M
′′′
i = sup{

∞∑
k=1

|k∆(ϕ(

∫ βi(℘)

0
|gi(℘, ς, x(ℓ(ς)), y(ℓ(ς)), z(ℓ(ς)))dς|p), ℘, ς ∈ [0, L], x, y, z ∈ R},

lim
k→∞

∞∑
k=1

|k∆fi(℘, 0, 0, 0, 0)|p = 0, lim
k→∞

∞∑
k=1

|k∆hi(℘, 0, 0, 0)|p = 0, lim
k→∞

∞∑
k=1

|k∆Ai(℘)|p = 0,

and

lim
k→∞

∞∑
k=1

|k∆(ϕ(

∫ βi(℘)

0
|gi(℘, ς, x(ℓ(ς)), y(ℓ(ς)), z(ℓ(ς)))dς|p)) = 0.

Theorem 3.1 Let the hypothesists (i) − (vi) holds. Then E.q.(1.1) has at least one solution in
C([0, L], hp)× C([0, L], hp)× C([0, L], hp).

Proof: We consider T : C([0, L], hp)× C([0, L], hp)× C([0, L], hp) → C([0, L], hp) by

T (υ, ν, ω)(℘) = A1(℘) + h1(℘, υ(ζ1(℘)), ν(ζ1(℘)), ω(ζ1(℘)))

+f1
(
℘, υ(ζ1(℘)), ν(ζ1(℘)), ω(ζ1(℘)), ϕ

( ∫ β1(℘)

0
g1(℘, ς, υ(ℓ1(ς)), ν(ℓ1(ς)), ω(ℓ1(ς))

)
dς
)
.

Notice that, the space C([0, L], hp)× C([0, L], hp)× C([0, L], hp) is equipped by norm

∥(υ, ν, ω)∥C([0,L],hp) = ∥υ∥C([0,L],hp) + ∥ν∥C([0,L],hp) + ∥ω∥C([0,L],hp),
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for each (υ, ν, ω) ∈ hp × hp × hp. First, since A1, f1, and h1 are continuous. Then the operator T is
continuous. Also, for υ, ν, ω ∈ hp we have

∥T (υ, ν, ω)(℘)∥hp

=

∞∑
k=1

(
k|∆

(
A1(℘) + h1(℘, υ(ζ1(℘)), ν(ζ1(℘)), ω(ζ1(℘)))

+f1
(
℘, υ(ζ1(℘)), ν(ζ1(℘)), ω(ζ1(℘)),

ϕ
( ∫ β1(℘)

0
g1(℘, ς, υ(ℓ1(ς)), ν(ℓ1(ς)), ω(ℓ1(ς)))

)))
dς|
)p

≤ 4p
( ∞∑

k=1

|k∆
(
A1(℘)

)
|p +

∞∑
k=1

|k∆(h1(℘, υ(ζ1(℘)), ν(ζ1(℘)), ω(ζ1(℘))))|p

+

∞∑
k=1

|k∆(f1
(
℘, υ(ζ1(℘)), ν(ζ1(℘)), ω(ζ1(℘)),

ϕ
( ∫ β1(℘)

0
g1(℘, ς, υ(ℓ1(ς)), ν(ℓ1(ς)), ω(ℓ1(ς)))

))
)dς|p

)
≤ 42p

( ∞∑
k=1

|k∆
(
A1(℘)

)
|p +

∞∑
k=1

|k∆(h1(℘, υ(ζ1(℘)), ν(ζ1(℘)), ω(ζ1(℘))))− h1(℘, 0, 0, 0)|p

+

∞∑
k=1

|k∆(h1(℘, 0, 0, 0))|p +

∞∑
k=1

|k∆(f1(℘, 0, 0, 0, 0))|p

+

∞∑
k=1

|k∆(f1
(
℘, υ(ζ1(℘)), ν(ζ1(℘)), ω(ζ1(℘)), ϕ

( ∫ β1(℘)

0
g1(℘, ς, υ(ℓ1(ς)), ν(ℓ1(ς)), ω(ℓ1(ς)))

))
)dς

−f1(℘, 0, 0, 0, 0)|p
)

≤ 42p

( ∞∑
k=1

|k∆
(
A1(℘)

)
|p +

1

3(42p)
θ
(1
6

( ∞∑
k=1

|k∆
(
υ(ζ1(℘))

)
|p +

∞∑
k=1

|k∆
(
ν(ζ1(℘))

)
|p

+

∞∑
k=1

|k∆
(
ω(ζ1(℘))

)
|p
))

+M ′
1 +M ′′

1

+
1

3(42p)

(
θ
(1
6

( ∞∑
k=1

|k∆
(
υ(ζ1(℘))

)
|p +

∞∑
k=1

|k∆
(
ν(ζ1(℘))

)
|p +

∞∑
k=1

|k∆
(
ω(ζ1(℘))

)
|p
))

+φ1

( ∞∑
k=1

|k∆
(
ϕ(

∫ β1(℘)

0
g1(℘, ς, υ(ℓ1(ς)), ν(ℓ1(ς)), ω(ℓ1(ς)))dς|p)

))))

≤ 42p
((
M1 +M ′

1 +M ′′
1

)
+

2

3
θ(

1

6
(∥υ∥C([0,L],hp) + ∥ν∥C([0,L],hp) + ∥ω∥C([0,L],hp))) +

1

3
φ1(M

′′′
1 )
)

≤ 42p
((
M1 +M ′

1 +M ′′
1 ) + φ1(M

′′′
1 ) + θ(

1

6
r)
)
< ρ.

So T (Dρ × Dρ × Dρ) ⊆ Dρ and T is well defined. Now we show that T is continuous on Dρ × Dρ × Dρ.
Let (x, y, z) ∈ Dρ ×Dρ ×Dρ, ε > 0 and (u, v, w) ∈ Dρ ×Dρ ×Dρ by ∥(x, y, z)− (u, v, w)∥C([0,L],hp) <

ε
2 .

Now, we get

∥T (x, y, z)− T (u, v, w)(℘)∥hp

≤ 2p

( ∞∑
k=1

|k∆(h1(℘, x(ζ1(℘)), y(ζ1(℘)), z(ζ1(℘)))− h1(℘, u(ζ1(℘)), v(ζ1(℘)), w(ζ1(℘))))|p

+
∞∑

k=1

|k∆
(
f1
(
℘, x(ζ1(℘)), y(ζ1(℘)), z(ζ1(℘)), ϕ

( ∫ β1(℘)

0
g1(℘, ς, x(ℓ1(ς)), y(ℓ1(ς)), z(ℓ1(ς)))

))
dς

−f1
(
℘, u(ζ1(℘)), v(ζ1(℘)), w(ζ1(℘)), ϕ

( ∫ β1(℘)

0
g1(℘, ς, u(ℓ1(ς)), v(ℓ1(ς)), w(ℓ1(ς)))

)))
dς|p

)

≤ 2p

(
1

3(42p)
θ

(
1

6

( ∞∑
k=1

|k∆
(
x(ζ1(℘))− u(ζ1(℘))

)
|p +

∞∑
k=1

|k∆
(
y(ζ1(℘))− v(ζ1(℘))

)
|p

+

∞∑
k=1

|k∆
(
z(ζ1(℘))− w(ζ1(℘))

)
|p
))

+
1

3(42p)

(
θ
(1
6

( ∞∑
k=1

|k∆
(
x(ζ1(℘))− u(ζ1(℘))

)
|p
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+
∞∑

k=1

|k∆
(
y(ζ1(℘))− v(ζ1(℘))

)
|p +

∞∑
k=1

|k∆
(
z(ζ1(℘))− w(ζ1(℘))

)
|p
))

+φ1

( ∞∑
k=1

|k∆
(
ϕ(

∫ β1(℘)

0
g1(℘, ς, x(ℓ1(ς)), y(ℓ1(ς)), z(ℓ1(ς)))dς)

−ϕ(
∫ β1(℘)

0
g1(℘, ς, u(ℓ1(ς)), v(ℓ1(ς)), w(ℓ1(ς)))dς)

)
|p
)))

≤ 2p

(
2

3(42p)
θ
(1
6

(
∥x− u∥C([0,L],hp) + ∥y − v∥C([0,L],hp) + ∥z − w∥C([0,L],hp)

))
+φ1

( ∞∑
k=1

|k∆(δ

∫ β1(℘)

0
g1(℘, ς, x(ℓ1(ς)), y(ℓ1(ς)), z(ℓ1(ς)))

−g1(℘, ς, u(ℓ1(ς)), v(ℓ1(ς)), w(ℓ1(ς)))|pdς|)
))

.

From (vi), for any x, y, z ∈ hp we derive that

∥T (x, y, z)− T (u, v, w)∥C([0,L],hp)

≤ 2p
( 2

3(42p)
θ(

1

6

( ε
2
)
)
+ φ1

( ∞∑
k=1

|k∆(δ

∫ β1(℘)

0
g1(℘, ς, x(ℓ1(ς)), y(ℓ1(ς)), z(ℓ1(ς)))

−g1(℘, ς, u(ℓ1(ς)), v(ℓ1(ς)), w(ℓ1(ς)))|pdς)
)

≤ 2p
( 1

42p
(θ(

ε

12
) + φ1(δ(β

L
1 ω(ε))

)
,

where

ω(ε) = sup
{ ∞∑
k=1

|k∆(g1(℘, ς, x, y, z)− g1(℘, ς, u, v, w))|p, ℘ ∈ [0, L], ς ∈ [0, βL],

u, v, w, x, y, z ∈ [−ρ, ρ], ∥(x, y, z)− (u, v, w)∥C([0,L],hp) <
ε
2

}
, and βL

1 = sup{β1(℘), ℘ ∈ [0, L]}.
By using the continuity of g1 on [0, L] × [0, βL

1 ] × [−ρ, ρ] × [−ρ, ρ] × [−ρ, ρ] we have ω(ε) → 0 as ε → 0 and by
continuity of φ1 we get φ1(δ1(βL

1 ω(ε)) → 0 as ε→ 0. So T is continuous on C([0, L], hp)×C([0, L], hp)×C([0, L], hp).
Finally, we show that condition 1.3 is satisfied. Let ε > 0 be arbitrary constants and let ∅ ̸= X,Y, Z ⊆
Dρ ×Dρ ×Dρ be bounded. Choose (υ, ν, ω) ∈ X × Y × Z then we get

ψ(χ(T (υ, ν, ω)(℘)))

= ψ

(
lim

n→∞
sup

υ,ν,ω∈Dρ

(∑
k≥n

(
|k∆

(
A1(℘) + h1(℘, υ(ζ1(℘)), ν(ζ1(℘)), ω(ζ1(℘)))

+f1
(
℘, υ(ζ1(℘)), ν(ζ1(℘)), ω(ζ1(℘)), ϕ

( ∫ β1(℘)

0
g1(℘, ς, υ(ℓ1(ς)), ν(ℓ1(ς)), ω(ℓ1(ς)))dς

))
|
)p))

≤ ψ

(
4p
(

lim
n→∞

sup
υ,ν,ω∈Dρ

(∑
k≥n

(
|k∆

(
A1(℘))|p

))
+ lim

n→∞
sup

υ,ν,ω∈Dρ

(∑
k≥n

|k∆(h1(℘, υ(ζ1(℘)), ν(ζ1(℘)), ω(ζ1(℘))))|p
)

+ lim
n→∞

sup
υ,ν,ω∈Dρ

( ∑
k≥n

|k∆
(
f1
(
℘, υ(ζ1(℘)), ν(ζ1(℘)), ω(ζ1(℘)),

ϕ
( ∫ β1(℘)

0
g1(℘, ς, υ(ℓ1(ς)), ν(ℓ1(ς)), ω(ℓ1(ς)))

)))
dς|p

)))

≤ ψ

(
42p
(

lim
n→∞

sup
υ,ν,ω∈Dρ

(∑
k≥n

|k∆(h1(℘, υ(ζ1(℘)), ν(ζ1(℘)), ω(ζ1(℘)))− h1(℘, 0, 0, 0))|p
)

+ lim
n→∞

sup
υ,ν,ω∈Dρ

(∑
k≥n

|k∆(h1(℘, 0, 0, 0))|p
)

+ lim
n→∞

sup
υ,ν,ω∈Dρ

(∑
k≥n

|k∆
(
f1
(
℘, υ(ζ1(℘)), ν(ζ1(℘)), ω(ζ1(℘)),

ϕ
( ∫ β1(℘)

0
g1(℘, ς, υ(ℓ1(ς)), ν(ℓ1(ς)), ω(ℓ1(ς)))

)
− f1(℘, 0, 0, 0, 0)

))
dς|p

)
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+ lim
n→∞

sup
υ,ν,ω∈Dρ

(∑
k≥n

|k∆
(
f1(℘, 0, 0, 0, 0)

)
dς|p

)))

≤ ψ

(
42p

(
1

3(42p)
θ

(
1

6

(
lim

n→∞
sup

υ,ν,ω∈Bρ

( ∑
k≥n

|k∆
(
υ(ζ1(℘))

)
|p
)
+
( ∞∑
k=1

|k∆
(
ν(ζ1(℘))

)
|p
)

+
( ∞∑
k=1

|k∆
(
ω(ζ1(℘))

)
|p
)
+ lim

n→∞
sup

υ,ν,ω∈Dρ

( ∞∑
k=1

|k∆
(
υ(ζ1(℘))

)
|p

+
( ∞∑
k=1

|k∆
(
ν(ζ1(℘))

)
|p
)
+
( ∞∑
k=1

|k∆
(
ω(ζ1(℘))

)
|p
))))

+φ
(

lim
n→∞

sup
υ,ν,ω∈Dρ

( ∞∑
k=1

|k∆
( ∫ β1(℘)

0
g1(℘, ς, υ(ℓ1(ς)), ν(ℓ1(ς)), ω(ℓ1(ς)))

)
dς|p

)))

≤ ψ

(
1

3

(
θ

(
1

3
lim

n→∞
sup

υ,ν,ω∈Dρ

(( ∞∑
k=1

|k∆
(
υ(ζ1(℘))

)
|p

+

∞∑
k=1

|k∆
(
ν(ζ1(℘))

)
|p +

∞∑
k=1

|k∆
(
ω(ζ1(℘))

)
|p
)))))

≤
1

3
θ

(
ψ

(
χ(X) + χ(Y ) + χ(Z)

3

))
.

Now, Corollary 1.1 guarantees that T has a tripled fixed point in Dρ ×Dρ ×Dρ. So, tripled system (1.1)
have at least one solution in C([0, L], hp)× C([0, L], hp)× C([0, L], hp). 2

Example 3.1 Consider the equation

υ(℘) = 1
(k(k+1))

e−(℘+1)2 + 1
5k2(k+1)

e−(℘)3 + 1
44(℘2+4)

arctan(υ(℘)) + 1
44(t2+8)

ln(1 + ν(℘))

+ 1
44(℘2+3)

sin(ω(℘)) + 1
7k2(k+1)

e−℘2
+ 1

44(℘2+3)
sin(υ(℘)) + 1

44(℘+6)
sin(ν(℘)) + 1

44(℘4+9)
arctan(ω(℘))

+ 1
44(℘3+5)

∫ ℘2

0
sin(υ(℘)) cos(ν(℘)) arctan(ω(℘))

k2e℘(1+υ(ς))(1+ν(ς))(1+ω(ς))
dς

ν(℘) = 2
(k(k+1))

e−(℘+2)2 + 2
7k2(k+1)

e−(℘)3 + 2
44(℘3+6)

sin(ν(℘)) + 1
44(℘3+9)

arctan(ω(℘))

+ 1
44(℘3+8)

ln(1 + υ(℘)) + 2
15k2(k+1)

e−℘3
+ 2

44(℘3+5)
sin(ν(℘)) + 2

44(℘+8)
arctan(ω(℘)) + 2

44(℘4+7)
sin(υ(℘))

+ 1
44(℘3+6)

∫ ℘3

0
arctan(ν(℘))+sin(ω(℘)) cos(υ(℘))

k2e2℘(2+ν(ς))(2+ω(ς))(2+υ(ς))
dς

ω(℘) = 3
(k(k+1))

e−(℘+3)2 + 3
10k2(k+1)

e−(℘)3 + 3
44(℘4+9)

ln(1 + ω(℘)) + 3
44(℘3+12)

arctan(υ(℘))

+ 3
44(℘3+5)

sin(ν(℘)) + 3
16k2(k+1)

e−℘4
+ 3

44(℘4+4)
sin(ω(℘)) + 3

44(℘+3)
sin(υ(℘)) + 3

44(℘+11)
arctan(ν(℘))

+ 3
44(℘3+3)

∫ ℘4

0
sin(ω(℘)) cos(υ(℘))+arctan(ν(℘))

k2e3℘(3+ω(ς))(3+υ(ς))(3+ν(ς))
dς,

(3.1)

where
ζ1(℘) = ℓ1(℘) = φ1(℘) = ℘, β1(℘) = ℘2, θ(℘) = 6℘, A1(℘) =

1
(k(k+1))

e−(℘+1)2 , M ′
1 = 1

7
, M ′′

1 = 1
5
,

h1(℘, υ(ζ1(℘)), ν(ζ1(℘)), ω(ζ1(℘))) =
1

5k2(k + 1)
e−(℘)3 +

1

44(℘2 + 4)
arctan(υ(℘))

+
1

44(℘2 + 8)
ln(1 + ν(℘)) +

1

44(℘2 + 3)
sin(ω(℘)),

f1(℘, υ(ζ1(℘)), ν(ζ1(℘)), ω(ζ1(℘)), l1(ℓ1(ς))) =
1

7k2(k + 1)
e−℘2

+
1

44(℘2 + 3)
sin(υ(℘))

+
1

44(℘+ 6)
sin(ν(℘)) +

1

44(℘4 + 9)
arctan(ω(℘)) +

1

44(℘3 + 5)
(l1(℘)),

g1(℘, ς, υ(ℓ1(ς)), ν(ℓ1(ς)), ω(ℓ1(ς))) =
sin(υ(℘)) cos(ν(℘)) + arctan(ω(℘))

e℘(1 + υ(ς))(1 + ν(ς))(1 + ω(ς))
.

Also
A2(℘) =

2
(k(k+1))

e−(℘+1)2 , ζ2(℘) = ℓ2(℘) = φ2(℘) = ℘, β2(℘) = ℘3, M ′
2 = 2

15
, M ′′

2 = 2
7
,

h2(℘, ν(ζ2(℘)), ω(ζ1(℘)), υ(ζ1(℘))) =
2

7k2(k + 1)
e−(℘)3 +

2

44(℘3 + 6)
sin(ν(℘))

+
1

44(℘3 + 9)
arctan(ω(℘)) +

1

44(℘3 + 8)
ln(1 + υ(℘)),
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f2(℘, ν(ζ2(℘)), ω(ζ2(℘)), υ(ζ2(℘)), l2(ℓ2(ς))) =
2

15k2(k + 1)
e−℘3

+
2

44(℘3 + 5)
sin(ν(℘))

+
2

44(℘+ 8)
arctan(ω(℘)) +

2

44(℘4 + 7)
sin(υ(℘)) +

1

44(℘3 + 6)
(l2(℘)),

g2(℘, ς, ν(ℓ2(ς)), ω(ℓ2(ς)), υ(ℓ2(ς))) =
arctan(ν(℘)) + sin(ω(℘)) cos(υ(℘))

e2℘(2 + ν(ς))(2 + ω(ς))(2 + υ(ς))
,

and
A3(℘) =

3
(k(k+1))

e−(℘+1)2 , ζ3(℘) = ℓ3(℘) = φ3(℘) = ℘, β3(℘) = ℘4, M ′
3 = 3

16
, M ′′

3 = 3
10

,

h3(℘, ω(ζ3(℘)), υ(ζ3(℘)), ν(ζ3(℘))) =
3

10k2(k + 1)
e−(℘)3 +

3

44(℘4 + 9)
ln(1 + ω(℘))

+
3

44(℘3 + 12)
arctan(υ(℘)) +

3

44(℘3 + 5)
sin(ν(℘)),

f3(℘, ω(ζ3(℘)), υ(ζ3(℘)), ν(ζ3(℘)), l3(ℓ3(ς))) =
3

16k2(k + 1)
e−℘4

+
3

44(℘4 + 4)
sin(ω(℘))

+
3

44(℘+ 3)
sin(υ(℘)) +

3

44(℘+ 11)
arctan(ν(℘)) +

3

44(℘3 + 3)
(l3(℘)),

g3(℘, ς, ω(ℓ3(ς)), υ(ℓ3(ς)), ν(ℓ3(ς))) =
sin(ω(℘)) cos(υ(℘)) + arctan(ν(℘))

e3℘(3 + ω(ς))(3 + υ(ς))(3 + ν(ς))
.

Now, we consider the conditions of Theorem (3.1)
(i) The function A1(℘) =

1

(k(k+1))
1
p

e−(℘+1)2 , is bounded and continuous and M1 = sup{A1(℘) : ℘ ∈ [0, L]} = 1.

(ii) The mappings ζ1(℘) = ℓ1(℘) = φ1(℘) = ℘, β1(℘) = ℘2 : [0, L] → [0,∞) are continuous and lim
℘→∞

ζ1(℘) =

lim
℘→∞

℘ = 0.

(iii) The mapping ϕ(℘) = ℘ is continuous and ∃ constant 1 so that

|ϕ(℘1)− ϕ(℘2)|p = |℘1 − ℘2|p ≤ |℘1 − ℘2|p.

(iv) The mapping f1, h1 and φ1(℘) = ℘ are continuous and φ1(0) = 0 θ = 6℘ is L−function and
ψ(℘) = ℘, θoψ = ψoθ.

Now, let ℘ ∈ [0,∞) and x, y, z, l, u, v, w, q ∈ R with |u| < |x|, |v| < |y| and |w| < |z|. Then by using
the function θ(℘) = 6℘ and φ1(℘) = ℘ we can get following results

|f1(℘, x, y, z, l)− f1(℘, u, v, w, q)|p

= |
1

44(℘3 + 3)
(sin(x(℘))− sin(u(℘)) +

1

44(℘+ 6)
(sin(y(℘))− sin(v(℘))

+
1

44(℘4 + 9)
(arctan(z(℘))− arctan(w(℘)) + +

1

44(℘3 + 5)
(l(℘)− q(℘))|p

≤
1

3
42p(

1

44p
(| sin(x(℘))− sin(u(℘))|p + | sin(y(℘))− sin(v(℘))|p

+| arctan(z(℘))− arctan(w(℘))|p + |l(℘)− q(℘)|p)

≤
1

3(42p)
(|x− u|p + |y − v|p + |z − w|p + |l − q|p)

=
1

3(42p)
(θ(

1

6
(|x− u|p + |y − v|p + |z − w|p)) + φ1(|l − q|p)),

and

|h1(℘, x, y, z)− h1(℘, u, v, w)|p

= |
1

44(℘4 + 4)
(arctan(x(℘))− arctan(u(℘)) +

1

44(℘2 + 8)
(ln(1 + |y(℘)|)− ln(1 + |v(℘)|)

+
1

44(℘2 + 3)
(sin(z(℘))− sin(w(℘))|p

≤
1

3
42p(

1

44p
(|x− u|p + |y − v|p + |z − w|p)

=
1

3
(

1

42p
(θ(

1

6
(|x− u|p + |y − v|p + |z − w|p).

(v) The mappings ℘→ |hi(℘, 0, 0, 0)| and ℘→ |fi(℘, 0, 0, 0, 0)| are bounded on [0, L]; i.e.

M
′
1 = sup{

∞∑
k=1

|k∆fi(℘, 0, 0, 0, 0)|p, ℘ ∈ [0,∞)} = sup{
∞∑

k=1

|k∆
1

7k2(k + 1)
e−℘2

|p, ℘ ∈ [0, L]} =
1

7
<∞,
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M
′′
1 = sup{

∞∑
k=1

|k∆hi(℘, 0, 0, 0)|p, ℘ ∈ [0,∞)} = sup{
∞∑

k=1

|k∆(
1

5k2(k + 1)e−℘3 )|
p, ℘ ∈ [0, L]} =

1

5
<∞,

(vi) Obviously, g1 is continuous and for each ℘, ς ∈ [0, L] and u, v, w, x, y, z ∈ R we get

|g1(℘, ς, x, y, z)− g1(℘, ς, u, v, w)|p

= |
1

k2
(
sin(x(℘)) cos(y(℘)) + arctan(z(℘))

e℘(1 + x(ς))(1 + y(ς))(1 + z(ς))
−

sin(u(℘)) cos(v(℘)) + arctan(w(℘))

et(1 + u(ς))(1 + v(ς))(1 + w(ς))
)|p

≤
2p

k2p
(|
sin(x(℘)) cos(y(℘)) + arctan(z(℘))

e℘(1 + x(ς))(1 + y(ς))(1 + z(ς))
|p + |

sin(u(℘)) cos(v(℘)) + arctan(w(℘))

e℘(1 + u(ς))(1 + v(ς))(1 + w(ς))
|p

≤
2p

k2p
(2p(|

sin(x(℘)) cos(y(℘))

e℘(1 + x(ς))(1 + y(ς))(1 + z(ς))
|p + |

arctan(z(℘))

e℘(1 + x(ς))(1 + y(ς))(1 + z(ς))
|p

+|
sin(u(℘)) cos(v(℘))

e℘(1 + u(ς))(1 + v(ς))(1 + w(ς))
|p + |

arctan(w(℘))

e℘(1 + u(ς))(1 + v(ς))(1 + w(ς))
|p))

≤
22p+2

k2p
|
1

e℘
|p.

Therefore

lim
k→∞

∞∑
k=1

|k∆(

∫ βi(℘)

0
gi(℘, ς, x(ℓ(ς)), y(ℓ(ς)), z(ℓ(ς)))− gi(℘, ς, u(ℓ(ς)), v(ℓ(ς)), w(ℓ(ς))))|pdς

= lim
k→∞

∞∑
k=1

kp∆

∫ ℘2

0

22p+2

k2p
1

ep℘
dς = lim

k→∞

22p+2

kp
ς

ep℘

∣∣∣∣℘2

0

= 0,

uniformly to u, v, w, x, y, z,∈ R.
Furthermore, we get

|
∫ ℘2

0 g1(℘, ς, υ, ν, ω)|p

= |
∫ ℘2

0

sin(υ(℘)) cos(ν(℘)) + arctan(ω(℘))

e℘(1 + υ(ς))(1 + ν(ς))(1 + ω(ς))
|p

≤
∫ ℘2

0
|

sin(υ(℘)) cos(ν(℘))

e℘(1 + υ(ς))(1 + ν(ς))(1 + ω(ς))
|p +

∫ ℘2

0
|

arctan(ω(℘))

e℘(1 + υ(ς))(1 + ν(ς))(1 + ω(ς))
|p

≤
∫ ℘2

0

2

ep℘
dς =

2℘2

ep℘
,

for any ℘, ς ∈ [0, L] and υ, ν, ω ∈ R.
So

M
′′′
1 = sup{

∞∑
k=1

|k∆(ϕ(

∫ β1(℘)

0
|gi(℘, ς, υ(ℓ(ς)), ν(ℓ(ς)), ω(ℓ(ς)))))|p, ℘, ς ∈ [0, L], υ, ν, ω ∈ R}

≤ sup{
∞∑

k=1

kp∆
2℘2

k2pep℘
: ℘ ∈ [0, L]} = r0 <∞.

Also

lim
k→∞

∞∑
k=1

|k∆fi(℘, 0, 0, 0, 0)|p = lim
k→∞

∞∑
k=1

|k∆(
1

7k2(k + 1)
e−℘2

|p = 0,

lim
k→∞

∞∑
k=1

|k∆hi(℘, 0, 0, 0)|p = lim
k→∞

∞∑
k=1

|k∆(
1

5k2(k + 1)
e−℘3

|p = 0,

and

lim
k→∞

∞∑
k=1

|k∆A1(℘)|p = lim
k→∞

∞∑
k=1

|k∆(
1

(k(k + 1))
e−(℘+1)2 |p = 0.

Thus, all hypothesis of Th 3.1 are fulfils. So, the E.q (3.1) has at least one solution in C(I, hp)×C(I, hp)×
C(I, hp).

4. Conclusion

In this paper, we introduce the Hausdorff measure of noncompactness in p-Hahn sequence space
and we obtain an extension of Darboś fixed point theorem. By applying the technique of measure of
noncompactness and extended of Darboś theorem, we investigate the existence of solution of a class of
tripled system of nonlinear integral equations in the p-Hahn sequence space. Finally, we present one
example to verify the usefulness of main results.
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1. A. Aghajani, J. Banaś. and Y., Jalilian, Existence of solution for a class of nonlinear Volterra singular integral equation.
Comput. Math. Appl., 62 (2011) 1215–1227.

2. A. Aghajani. and N. Sabzali, Existence of coupled fixed points via measure of noncompactness and applications. J.
Nonlinear Convex Anal. 15(5) (2014) 941–952.

3. R. R. Akhmerov, M.I. Kamenski, A.S. Potapov, A. E. Rodkina. and B. N. Sadovskii, Measures Of Noncompactness
And Condensing Operators. Birkhauser Verlag. Basel 1992.

4. H. Amiri Kayvanloo, M. Khanehgir. and R. Allahyari, A generalization of Darbo’s theorem with application to the
solvability of systems of integral diffrential equations in Sobolev spaces. Int. J. Non. Anal. Appl, (2021) 12 (1), 287-300.
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