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Crank Nicolson Approximation to Space-Time Fractional Stochastic Traveling Wave
Equation with Additive White Noise

Priti Mojad*, Babasaheb Gavhane, Shrikisan Gaikwad and Kalyanrao Takale

ABSTRACT: This article describes a Crank-Nicolson finite difference approach for numerically predicting the
solutions of space- time fractional stochastic traveling wave equation (STFSTWE) with additive white noise.
The model employs a right-shifted Grunwald fractional derivative in the spatial dimension and a Caputo-type
fractional derivative in the time dimension for discretization. The fractional orders for space and time ranges
from 1 < @ <2 and 1 < 8 < 2 respectively. The proposed numerical technique discretizes the governing equa-
tions into a nonlinear algebraic system at each time level with the coefficient matrix generated systematically
using an automated procedure. Python gives graphical representations of the answers in numerous situations,
establishing the method’s efficiency. Furthermore, two numerical experiments are included to validate the
numerical approach. Stability and convergence are also investigated using the mean square method.

Key Words: Additive noise, Crank Nicolson approximation, fractional derivatives, mean square
method.
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1. Introduction

In recent years, fractional differential equations have gained much attention because of their capacity
to reproduce the memory and hereditary features observed in various natural and manufactured systems.
Traditional integer-order models frequently fall short of representing such complicated dynamics, par-
ticularly in domains such as viscoelasticity, control theory, fluid dynamics, and biology [1]. Fractional
calculus, which extends the concept of integer-order derivatives to non-integer orders, has provided a
powerful foundation for more specifically clarifying these occurrences. This model’s applicability is fur-
ther improved by adding stochasticity, particularly when working with systems that experience random
fluctuations. Modern stochastic modeling is based on stochastic processes. A more accurate depiction
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of physical systems where noise and memory effects coexist is made possible by fractional stochastic
differential equations (FSDEs), which combine fractional derivatives with stochastic processes. In one
popular form, additive white noise is used to simulate random external influences that are not depen-
dent on the system’s state. Because of this, FSDEs are especially well-suited for simulating phenomena
like financial markets [7], biological processes [2,11] and climate fluctuation [12] where randomness is a
natural component of the environment.

Applications for FSDEs are many and span several fields. With lengthy memory and leaps, they
are employed in finance to simulate asset prices and volatility, providing enhancements over traditional
Black-Scholes models [13]. FSDEs aid in the simulation of systems with hereditary damping, anomalous
transport, and viscoelastic materials in physics and engineering [1]. Moreover, FSDEs are used to describe
porous media with random heterogeneities and irregular groundwater flows in hydrology [14]. Thus, these
equations offer a strong foundation for modeling intricate systems in which memory and randomness are
unavoidable. Since analytical solutions to FSDEs are sometimes unattainable, numerical approaches are
essential. To account for both the fractional and stochastic component techniques including spectral
approaches, Monte Carlo simulations, finite difference schemes, etc. have been modified.

The finite difference method (FDM) is notable among them due to its ease of use and efficiency. The
Crank-Nicolson method included in the finite difference technique is especially well-suited for solving
diffusion-type, hyperbolic and parabolic equations [6]. In this work, we use a Crank-Nicolson finite dif-
ference technique to investigate the numerical solution of STFSTWE driven by additive white noise.

The Space-Time Fractional Stochastic Traveling Wave Equation is given by ,

Ie% B .
% = KQ% oW (t); (mt)e [0,L] x[0,T],1<a<2,1<B<2 (1.1)

Subject to the initial Conditions :

0(z,0) =hi(z), 0<ax< L (1.2)
0¢(x,0) = hao(z),0 <z < L (1.3)
Boundary Conditions :
0(0,)=0,0<t< T (1.4)
0(L,t)=0, 0<t< T (1.5)

where, hq(z), hao(z) are known functions, K, o , L , T are given constants & we want to approximate

unknown function 6(z, t). Moreover, W (t) is the time white noise, where W(t) is one dimensional standard

@ B
wiener process. %(f’t), 9 gﬁ’t) be the fractional derivatives of order 1 < o < 2 & 1 < 3 < 2 respectively.

This paper is arranged as Section (1) comes from the introduction. Section (2) contains key definitions
and some lemma of fractional stochastic calculus. Section (3) covers the main technique. Section (4)
discussed the stability. Section (5) shows convergence of the proposed method. Section (6) provides a
particular numerical example in that we use Python to graphically depict findings to show the behavior
of the solution, emphasizing how the dynamics of the system are affected by both fractional orders and
random perturbations. Results and discussion covers in the section (7). The conclusion appears in section

®) .

2. Preliminaries

This section discuss several essential concepts and lemmas used in further study in fractional stochastic
calculus.

Definition 2.1 [j] Let « > 0 and k = [a] € N. The Caputo fractional derivative of order a of a
sufficiently smooth function f(x) is defined as

N N A Y10 ik
D° f(a) = F(k—a)A(x t) fH@)dt, fk—-1<a<k, x>0,

F® (), ifa=keN,



CRANK NICOLSON APPROXIMATION TO STFSTWE wiTH ADDITIVE WHITE NOISE 3

where ) (t) denotes the k-th order classical derivative of f, and the Gamma function T'(-) is given by
o0
[(z):= / t*~te~tdt, z>0.
0

Definition 2.2 [9] The right-shifted Grinwald-Letnikov approximation for the space-fractional derivative
of order B € (1,2] is given by:

581 ;| it )
W(%‘,tn) X5 ZleiilJrl + O(h),
=0

where h s the spatial step size, and w; are the normalized Grinwald weights, defined explicitly by:

) _
R (Y 1=0,1,2,...

Alternatively, the weights can be defined recursively by:

1
wo =1, wl:w11<l—ﬁ—l~_), [ >1.

Definition 2.3 [15] A stochastic difference scheme is said to be stable with respect to the mean square
norm if there exist positive constants € and &, and non-negative constants \ and v such that the following
inequality holds:

Bl < 2B 4]
for all t = (n + 1)At, where the time step At and spatial step Ax satisfy the conditions:

0<Az<e 0<At<G.

Definition 2.4 [15] A difference scheme is called unconditionally stable if no restrictions on the rela-
tionship between Ax and At are needed unless it is called conditionally stable.

Definition 2.5 [5] A stochastic difference scheme LTS = G, which approzimates a stochastic differ-

ential equation (SDE) Lv = G at time t = (m + 1)At is said to be convergent in the mean square sense
if
Elu* —ul®> =0 as (ih,mAt) = (x,t), h—0, At—0.

Lemma 2.1 [10] Let bj = (j +1)27% — j27% for j = 1,2,... and a > 0. Then:
1. bj > 0 (positivity)
2. b; > bjy1 (monotonically decreasing)
3. bjp1 —bj <bj —bj_1 (convex sequence)

Lemma 2.2 [10] Let w; denote the Grinwald-Letnikov weights for a fractional derivative of order § > 0.
Then the coefficients w; satisfy:

1. Initial values: wg =1, wy =-0, wy= @

2. Monotonic non-increasing and non-negative tail: 1 > wo > wg > -+ >0

3. Bounded cumulative sum: Z?:o w; <n, forn=0,1,2...
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3. Numerical Scheme

The technique for solving STFSTWE through Crank Nicolson approximation is detailed here. In
order to develop the numerical technique for the proposed model (1.1) - (1.5), we utilized the notations
below.

Let us define A = {t, = nAt|At = %,n =0,1,2,...., M} be a set of uniformly distributed points on
interval [0,T]. likewise, consider B = {x; = ih|h = %,i =0,1,2,...,N} be a uniformly distributed points
on interval [0,L] and 6 = 6(x;,t,) represent the numerical approximation at the mesh point (x;,t,) to
the exact solution 0(x,t).

3.1. Approximation in time

According to definition (2.1), % can be written as,
oo L0es) gy 1<a<2,2>0
0@t _ F(2 @) fo '
o 2%0
a(t?t% a=2

At mesh points (z;,t,41) ,1=0,1,...N ,n = 0,1,....M-1 time fractional derivative % for

1 < a < 2 approximated as follows :

aag(xi,t’ﬂ+1) _ 1 tnta -« 829($i,8)
ote T T(2 704)/0 (bns1 =) 0s? ds
(G+1)At j=n (DAL
Tiy,ln+1 -«
_az/—][z/n ]
=0 At 3=0" At

AT RO T 207 D [Sm L py2ea 2ea
‘@—awm—aﬂ AP oA 3G+ 1 = 6P

j=0 Jj=0

:F(A%[i (677 07— 207 (G + 177 - ()77

B ast) [;O(j 1= ()]

3

:ﬁggﬁﬁﬂﬁ“ﬁ+W*ﬁ7%T0W+U%“7m%ﬂ]
[(At)(n + 1)]*~*o(At?)
+ ri3—a)

Obviously, if (n + 1)(At) < oo then with [(At)(”;r(lglz_ao(m2) ~ o(At?) we have

)

0%0(@i, tnin) _ A" ntl—j | gn—1—j _ oan—jy((. 2-a _ (\2-a 2
g T(B-a) ;}[(91. +0; 20;7)(G+1) () )] +o(At?)

Therefore, Caputo type fractional derivative of fractional order 1 < o < 2 approximated as,

00(xi trt) A TR
. :F(g_a)ij(ai“ TortT 207 (3.1)
j=0

where, b; = (j + 1)2-> — (§)2~«



CRANK NICOLSON APPROXIMATION TO STFSTWE wiTH ADDITIVE WHITE NOISE 5

3.2. Approximation in space
According to definition (2.2) , At mesh points (z;, tp4+1) ,
i=0,1,.,N,n=0,1,.,M-1 space fractional derivative of order 1 < # < 2 is given by ,

980(zi,t,, 1 &4
% =33 > wib(@i,tnyr) + O(h) (3.2)
1=0
3.3. Approximation of noise term

[6,11] A stochastic process {W(t) : ¢ > 0} is called a Wiener process (or standard Brownian motion)
if it satisfies the following properties:

1. Initial Condition: W(0) =

2. Gaussian Increments: For all 0 < s < ¢, the increment W (¢) — W(s) is normally distributed with
mean zero and variance ¢t — s, that is, W(t) - W(s)~ vt — s - N (0, 1),

3. Independent Increments: For all 0 < s < ¢t < u, the increments W (t) — W (s) and W (u) — W (t) are
independent.

The white noise process W(t) is formally defined as the generalized derivative of a standard Brownian

motion W (t), i.e., W(t) = dvgt(t) with zero mean and unit variance.

W((n+1)At) W(nAt) _

n

At

Finite difference approximation gives, W(t) =
where,

X, =W((n+1At) — W(nAt)) =~ VAIN(0,1); n=0,1,... M — 1 (3.3)
N(0,1) represents a normal distribution with a mean of 0 and a variance of 1.

3.4. Scheme formulation for the given model

Now, grouping Equations (3.1), (3.2) and (3.3), the numerical approximation of space-time fractional
stochastic traveling wave equation as follows :

1+1 1+1

Z 9n+1 i o~ 1-j _ 29?*1) L [Z w19 l+1 + Zwlgl l+1] +ol'(3 — a)(A)*™ "X,
7=0 =0
Jj=n ) ) +1 1+1
bo (07 F1 4077 —207) + > b (07T 07T — 207 7) [Z wf L+ Zwlegm} +eX,
j=1 =0
i+l i+1 j=n ) ) .
ortt — a[z wl ) woy z+1} =200 — 07 =) (07T 00T —2007) +eX, (34)
1=0 j=1
Where,
K2I(3—a) (A
a= 20
c=ol(3—a)(At)*!
bj=0G+1)* = ()*%i=0,1,..,n
X =Whp1 — W, = VAIN(0,1)
bp=1
The initial conditions (1.2) & (1.3) approximated as,
00 = hy(x;); i=1,2,..,N—1 (3.5)

0,1 = 0! —2At (ha(2:)); i=1,2,..,N -1 (3.6)
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The boundary conditions (1.4) & (1.5) approximated as,
o =0, n=1,2,..,M—1 (3.7)
0y =0n=12....M-1 (3.8)
Using approximated initial conditions (3.5) & (3.6) , for n=0 equation (3.4) becomes ,
i+1 i+1

a
0 = 5 [ wibl i + D wib? s | = 07 + (A1) (ha(a))
=0 =0

Similarly , Using initial conditions (3.5) & (3.6) , for n=1,2,...,M-1 equation (3.4) becomes ,

i+1 i+1 j=n—1
ot — a[Z wf L+ Zwﬂ?_m] =207 — o7t — > b0t o 200
1=0 1=0 j=1

— 20, (6] — (A (ha(x)) — 07) + X,y

Therefore, the complete Crank-Nicolson discretization of space-time fractional stochastic traveling wave
equation is given by,

For n=0 ,
o it it+1
0F = 5 [ wibl i + D wibl s = 07 + (A1) (ha(a)) (3.9)
=0 =0
Forn>1,
it+1 i+1 j=n—1
n n n n n— n+1—j n—1—j n—j
oyt — a[z wlaijzh + ZleFHJ =207 — 677" - Z b (07 T+ 07 —267) (3.10)
1=0 1=0 j=1 :
—2b, (0} — (At)(ho(x)) — 69) + X,
Initial conditions :
00 = hy(x;);i=1,2,..,N—1 (3.11)
Boundary conditions:
0y =0n=12,...M—1 (3.12)
n=0n=1,2,..,M-1 (3.13)

Where,

= KLE )BT ¢ = 5T(3 — ) (AL, by = (+ 1)~ — (/)> 1§ = 0,1,...,n and

X = Wy — Wi = VAEN(0, 1) .

3.5. Matrix representation of the derived scheme

o7 (At)(h2(z1))
03 (At)(ha(z2))
Let, 6, = : , G= :
) P (A1) (ha(en 1) (1

and I is the identity matrix of order (N-1) x (N-1).
Therefore, Matrix form of complete Crank-Nicolson discretized space-time fractional stochastic trav-
eling wave equation as given below,
For n=0 ,
Vol =21 -V)° + G (3.14)
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For n > 1,
n—1 .
2V = D™ = [(4 = b)) = 2V]0" + > (2b; —bj1 — b;11)0" 7 — b6 + (2b, — by—1)6° (3.15)
j=1 :
+ an(At)(hg(l‘l))I +cX,
Initial conditions :
09 = hy(z;);i=1,2,...,N -1 (3.16)
Boundary conditions :
0 =0,n=12,...M—1 (3.17)
N=0n=12..M-1 (3.18)

Where, V is a matrix of order (N-1) x (N-1) given by ,

1—%'101 7Z:j

R Y
_ _ ) —swijp1 ,y<i—1
V= (vij)(N—1)x(N-1) = _gw; ! =it
0 it

4. Stability

In this section, we prove stability of proposed numerical technique.

Theorem 4.1 For discretized equations (3.9) - (3.13) of STFSTWE (1.1) - (1.5) there exist non-negative
constant X\ independent of h such that it satisfies the condition E|0"|?> < AE|0°|?, n eN under Crank-
Nicolson finite difference scheme, then the proposed scheme is said to be unconditionally stable in mean

square sense with respect to the | . |0 = ¥/ sup;| . |* norm.

Proof: Define,

E|0"*= sup FE|0")?

1<i<N—1
where, 0 = (07,02, ....0%_ )T n=0,1,2,..., M.
From equation (3.9) we get,
i+1 i+1
E\Gzl ? = E|9? + (At)(ha(zi)) [Zwloz I+1 +Zw191 l+1]
91 a +1 +1
0 ,
= BI6? + (A)(Z 55— 5[210191 - +Zwleb s
i+1
g[1+ (1-1) w} sup  E|6°]
Z : 1<i§]1\)7—1 1971

1+1

[1 + aZwl] E|6°)?

1=0
i+1

By using lemma (2.2) , a > w; <0
=0

EI0'P <AEI0°P 5 A=1
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So the result is true for n=1,
Suppose the result is true for n < k

E|0*|> < AE|6°?

From equation (3.10) we get,

k—1 it+1 it+1
B0 = E20F — 07 =) b, (afﬂ—] 4 or1 29?—:)4-(1 [Zwlez’im + Zwlef_*lil]
=1 1=0 1=0
0; —0;*
(o 0 )
b (0; — (At) SAL 0; )+ cXn|
k—1 _
= E‘(Q — bl)ef + (—1 — b + 2()1)9571 — Z(bj+1 + bj71 — 2bj)9§7] — bkﬁll — bk9;1
j=2
i+l i+l
+ 20167 +a [Z Wil 41 + Z wﬁff;ﬁrl} + cXnl?
1=0 1=0

k—1
SN2 =b1)+ (=1 —ba+2b1) = > (bj1 +bj—1 — 2b;) — by — by + 2bx
j=2

i+1
+ 2a2w1|2 sup E|0FP+ & sup  E|6F)?
P 1<i<N-1 1<i<N-1
k—1 i+1
< {|(2 — bl) + (—1 — by + 2()1) — Z(bj+1 =+ bjfl — ij) — by, — b + 2br + 2a2w1|2 + 02}E|9k|2
j=2 =0

i+1
< {|1 +be— b1+ 20> wif + c2}E\9°\2

=0

i+l
By using lemma (2.2) , 2a > w; < 0
=0

E|9k+1‘2 < )\E|90|2 : A= (1+bk _bk—1)2 + 02
So the result is true for n= k+1,

By mathematical induction, E|6"|? < AE|0°|? , where )\ is a non-negative constant independent of h,
According to definitions (2.3) and (2.4) , The proposed Crank-Nicolson finite difference scheme is uncon-
ditionally stable. O

5. Convergence

In this section, the convergence of discretized form (3.9) - (3.13) of STFSTWE (1.1) - (1.5) under
crank-nicolson finite difference scheme is discussed.
Let é;" and 67 are exact and approximate solutions of the STFSTWE (1.1)- (1.5) at the mesh point
(24, ty,) respectively.
Let T7* represent the local truncation error at time level n , for 1 < ¢ < NN, then based on equations
(3.9) - (3.13) we have,
for n=0,
g
TH =67 =5 > wbi iy — 0 — (At)(ha(a) = o(h + (A1) (5.1)
1=0
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for n > 1,
it1 oo & S i o
T = g+t - aszel I+1 azwﬁ?—Hﬁ Z O 6T 28 (5.2)
1=0 7=l '

— 207 4 07 4 26, (B — (At) (ha(z;)) — ) — X, = o(h + (A?))

Theorem 5.1 Crank-Nicolson finite difference scheme designed to solve STFSTWE (1.1) - (1.5) is un-
conditionally convergent .

Proof: Let,
Ele"? = max Ele?|?

1<i<N-1
where, e" = (e, €8, ...,e% ;)T be the error vector for 1 < n < M and |e}'| = |0 — 67| be the error at
each mesh point (x;,t,).
Moreover, let

T" = max [T
1<i<N-1

We have to prove that, Ele™|? < (E|e’|%. From equations (3.9) & (5.1) we get,

i+1

a
Elel|? = B|eY + (At)(ha(z;)) + §Z@Uze%4+1|2 L
1=0
1+1 z+1
_E‘e +(At)( 2At Zwle'L l+1+ ZU/[@Z l+1| +T1
1+1
< [1 +aZwl] max. E|e >4+ max |T}|
1<i< 1<i<N—-1
1+1 2
<[1+ad w] BlOP + 1
1=0
i+1
By using lemma (2.2) , a > w; <0
1=0

Ble']? < CEJe’)* + o(h + (At)*); ¢ =1
So the result is true for n=1. Suppose, the result is true for n < k
Ele*[? < CEe’)”

From equation (3.10) & (5.2) we get,

k—1 it+1 i+1
Ele k+1\2 E\Qe — ek T_ b; <ef+lﬂ + efflﬂ — 2e§ﬂ>+a2wle§jﬁ+1 +aZwlef_l+l
=1 1=0 1=0
e.l 76,71
— 2ty (e} - (At)( T ) = e?)+ eXpf? 4 T

k—1
= B|(2 = b1)ef + (=1 —ba +2b1)el ™" — > (bjq +bj—1 — 2b;)el T — bye}
Jj=2
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i+1 i+1
—bre; 4+ 20ke) +a Y wief L +ad wel 4 eXp P+ T
=0 =0
k—1
< |(2 — bl) + (—1 — b + 2b1) — Z(bj+1 + bj_1 — ij) — by, — b, + 2bg
=2
41
+2aZwl\2 max Elef2+¢2 max Elef?+  max |Tik+1\
e 1<i<N-1 1<i<N-1 1<i<N-1
k-1 i1
< {|(2 —b1)+ (=1 — b2+ 2b1) — Z(bj+1 +bj_1 —2b;) — by, — by, + 2by, + 2(1211)1‘2 + C2}E‘ek|2 + T+t
j=2 1=0

141
< {|1 + by — br—1 +2a2wl|2 + 02}E|60|2 + Tkt
=0
it1
By using lemma (2.2) , a > w; <0
i=0

E|eFH12 < CEIO? + o(h + (AB?);¢ = (1+ by — by_1)? + 2

So the result is true for n= k+1,

By mathematical induction, Ele"|? < (E|e’|? + o(h + (At)?) , where ¢ is a non-negative constant
independent of h,

According to definition (2.5) , E|@" — 672 — 0 as (ih,nAt) — (x,t),h — 0,At — 0. Therefore,
the discretized form (3.9) - (3.13) under the Crank-Nicolson finite difference scheme is unconditionally
convergent. d

6. Numerical Experiment

In this section, the numerical results of the proposed method to solve equations of STFSTWE are
presented. All computations are done using Python programming language.

Example 6.1 The space-time fractional stochastic traveling wave equation with particular initial and
boundary conditions.

o & .
0 gii’t) :Kz(9 g;?t) +oW(t); (z,t) € [0,1]x[0,1], I<a<2, 1<p3<2

Subject to,
Initial Conditions :

0(z,0)=0, 0<z< 1

0:(x,0) = 2rKsin(2rz), 0 <2 < 1

Boundary Conditions :

When we take « = 2, = 2 and K=1 , then exact solution to this problem is given by,
O(z,t) = sin(2mz).sin(2Kt).
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Figure 2: The approximate 2D mean solutions of STFSTWE with o = 1.2 and = 2.

B(x, t) = sin(2mx)sin(2mt)

10

(a) Exact solution (b) Numerical solution

Figure 3: Comparison of numerical solution with exact solution of STFSTWE havinga =2, 8=2,0=0

(a) co=0 (b)yo=1
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Figure 4: The approximate 3D mean solutions of STFSTWE with a = 1.2 and g =2

7. Results and Discussion

The strength of stochastic fluctuations has a significant impact on the behavior of the approximate
solution to the Example 6.1 . These fluctuations are influenced by the system-specific parameter ¢ ,
which is dependent on model coefficients like o and At, in addition to the noise intensity parameter o.
The resultant value co controls the fluctuation amplitude and behaves as an effective noise intensity.
The effective noise is too weak when o < 1, causing negligible fluctuations and an inability to properly
capture the stochastic behavior. On the other hand, the system shows appropriate stochastic dynamics
with noticeable variations when o > 1.

The approximate 2D mean solution to the STFSTWE with fixed parameters a=1.2, =2 at t = 1
under various noise intensities o = 0, 1, 2, 3 are illustrated in Figure 1. The 2D approximate mean
solutions for parameters o = 1.2, =2 at time steps t = 0.6, 0.7, 0.8, 0.9, 1 for values of the noise
strength parameter o = 0, 1,2,3 are displayed in Figure 2. As time increases, noise influence becomes
more noticeable, increasing the mean solution’s fluctuation levels. Figure 3 compares the exact and
numerical solution of STFSTWE derived by the proposed method when a=2 , § = 2 and ¢ = 0. Figure 4
present the 3D approximate mean solutions to the STFSTWE for ae =1.2, =2, t=1. We restrict the limit
of the z-axis, which results in a better visualizing impact of noise intensity ¢ = 0,1,2,3. As o increases,
the solutions show growing instability and higher amplitude fluctuations, reflecting the enhanced impact
of stochasticity on system behavior.

8. Conclusion

In this paper, we created and executed a Crank-Nicolson finite difference method for solving the
space-time fractional stochastic traveling wave equation (STFSTWE). A detailed theoretical study was
carried out to ensure the proposed method’s stability and consistency in the mean square sense. The
results demonstrate that the scheme is unconditionally stable and convergent, making it suitable for
a wide range of fractional stochastic circumstances. Furthermore, the research indicates an important
dependency of the solution behavior on the fractional order parameters o and S . In deterministic and
stochastic circumstances, as the time fractional derivative order « increases, the amplitude of the solution
decreases, particularly for fixed values of the space fractional derivative 8 .This pattern illustrates the
crucial role of the fractional order in directing the system’s dynamics. The stochastic term o generates
visible disturbances on the surface of the mean solution. This underlines the role of stochasticity in
affecting the system’s behavior and variability. The graphical findings provide additional assurance of
these effects on both deterministic and random factors. In conclusion, the proposed Crank-Nicolson finite
difference approach is a reliable, precise and efficient numerical tool for solving STFSTWE.
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