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Stabile and Critical Pitchfork Domination in Graphs

Mohammed A. Abdlhusein and Manal N. Al-Harere

abstract: Let G be a finite, simple, undirected graph and without isolated vertices. A subset D of V is
a pitchfork dominating set if j ≤ |N(v) ∩ (V − D)| ≤ k for every v ∈ D and any j and k integers. In this
paper, The effects of adding or removing an edge and removing vertex from the graph are studied on the
pitchfork domination number γpf (G) for j = 1 and k = 2. Some graphs didn’t effects on this changing, while
γpf (G) of other graphs were increasing or decreasing. The study of these effects has an important advantages
to learn the ways of treatments to any added or damaged of any nods (vertices) or links (edges) of the system
or networks to avoid losing some properties of the system and to give the best services with minimum costs.
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1. Introduction

Let G = (V,E) be a graph without isolated vertices has a vertex set V of order n and an edge set
E of size m. For any vertex v ∈ V , the degree of v is defined as the number of edges incident on v and
denoted by deg(v). The subgraph of G induced by the vertices in A is denoted by G[A]. The complement
G of a simple graph G with vertex set V (G) is the graph in which two vertices are adjacent if and only if
they are not adjacent in G. If e ∈ E, then G−e means the graph obtained from G after removing e. Also,
if v ∈ V , then G− v means the graph obtained from G after removing v and all the edges incident on it.
If e /∈ E is an edge of G , then G + e means the graph getting from G after adding e. For D ⊆ V and
u ∈ D , the private neighbour set of u with respect to D is defined as pn[u,D] = {v|N [v]∩D = {u}}. For
graph theoretic terminology we refer to [27]. The study of domination and related subset problems is one
of the fastest growing areas in graph theory. For a detailed survey of domination one can see [19]. There
are very more sorts of domination such as [1,2,3,8,9,10,11,13,14,15,16,17,18,20,21,22,23,24,25,26,28,29,30].
A new model of domination in graphs called the pitchfork domination is introduced by Al-Harere and
Abdlhusein [4,5,6,7,12]. A subset D of V is a pitchfork dominating set if every vertex v ∈ D dominates at
least j and at most k vertices of V −D, for any j and k integers. The domination number of G, denoted
by γpf (G) is a minimum cardinality over all pitchfork dominating sets in G. The study of the effects of
removing or adding an edge or removing a vertex from the graph has large advantages applications in
any system or network. Such as how to deal with any damaged device (vertex), or any cutting in link
(edge) of network. Also, for adding other link (edge) to the network to avoid lose some properties of the
system and to give the best services with minimum costs.
In this paper, the effects of adding or remove an edge and remove vertex from the graph are studied
on γpf (G). Some graphs don’t effects on this changing, while γpf (G) of other graphs will increase or
decrease.

2. Changing and Un-Changing γpf (G)

In this section we discuss the effects on γpf (G) when G is modified by deleting a vertex or deleting or
adding an edge. If G − v has a pitchfork dominating set, then we partition the vertices of G into three
sets:
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V 0 = {v ∈ V : γpf (G− v) = γpf (G)}.
V + = {v ∈ V : γpf (G− v) > γpf (G)}.
V − = {v ∈ V : γpf (G− v) < γpf (G)}.
Similarly, edges set can be partitioned into:
E0

∗ = {e ∈ E : γpf (G ∗ e) = γpf (G)}.
E+

∗ = {e ∈ E : γpf (G ∗ e) > γpf (G)}.

E−
∗ = {e ∈ E : γpf (G ∗ e) < γpf (G)} , where ∗ =

{
− , if e ∈ G

+ , if e ∈ G

Remark 2.1 For any graph G having a pitchfork domination, we have:
1. If γpf (G) = 1. For any v ∈ V , e ∈ E and é /∈ E, if G − v, G − e, or G + é has a pitchfork
dominating set, then v ∈ V 0, e ∈ E0

− and é ∈ E0
+.

2. If G has a support vertex u, then G− u has no pitchfork domination.
3. If G has an end vertex v, then G− e has no pitchfork domination where e lies on v.

Theorem 2.1 Let G be a graph having pitchfork domination, then v ∈ V 0 if and only if one of the
following statements hold:
1. If v ∈ V −D and for each vertex in D that dominates v, dominates other vertex.
2. If v ∈ D and it dominates only one vertex say w ∈ V − D or two vertices w, u ∈ V − D such that
w ∈ pn[v,D] and 1 ≤ |N(w) ∩ (V −D)| ≤ 2.
3. If v ∈ D and it dominates one or two non-adjacent vertices say w1 and w2 such that w1, w2 ∈ pn[v,D]
and they are adjacent to another vertex in V −D, say w3 such that N(w3) ∩ V −D = {w1, w2} and all
vertices dominate w3 in D dominates another vertices in V −D.

Proof: Assume that D is a γpf -set in G.
1. It is obvious.
2. Since the vertex w is dominated by only v. So, in D − {v}, the set D − {v} does not dominate the
vertex w. Thus, vertex w must be insert to set D− {v}. It is clear that set D− {v} ∪ {w} is a pitchfork
dominating set since 1 ≤ |w ∩ (V −D)| ≤ 2 and it is a minimum. See Fig. 1 and Fig. 2.
3. As the same manner in case 2, the two vertices w1 and w2 are not dominated by set D − {v}. Also,
each vertex in D that dominates w3, dominates another vertex in V −D. Thus, vertex w3 dominates w1

and w2 in a set D − {v} ∪ {w3} which is a minimum pitchfork dominating set. See Fig. 3 and Fig. 4.

Figure 1: G

Figure 2: G− v
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Figure 3: G

Figure 4: G− v

Theorem 2.2 Let G be a graph having pitchfork domination, then v ∈ V + if v ∈ D and w1, w2 ∈ pn[v,D]
such that w1 and w2 are non-adjacent, where 1 ≤ |N(wi)∩(V −D)| ≤ 2; i = 1, 2 and |N(w1)∩(V −D)| ̸=
|N(w2) ∩ (V −D)|.

Proof: Assume that D is a γpf -set in G and v ∈ D. Since w1, w2 ∈ pn[v,D], then w1 and w2 are not
dominated by D − v. So we add w1 and w2 to the set D − v since every one of them dominate one or
two different vertices of V − D. Therefore, (D − v) ∪ {w1, w2} is a minimum pitchfork dominating set
and γpf (G− v) > γpf (G). See Fig. 5 and Fig. 6 2

Figure 5: G

Figure 6: G− v

Theorem 2.3 Let G be a graph having pitchfork domination, then v ∈ V − if one of the following
statements hold:
1. If v ∈ D and every vertex in V −D that is dominated by v is also dominated by other vertex in D.
2. If there is a component of cycle Cn such that n ≡ 1 (mod 3 ).
3. If there is a component of path of order n such that n ≡ 1 (mod 3 ), then γpf (G − v) < γpf (G) if
G− v ∼= Pn−1 or G− v ∼= Pw ∪ Pz such that w = z ≡ 0 (mod 3 ).
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4. If there exist v ∈ V − D such that each vertex in D that dominates v dominates another vertex in
V −D and one of these vertices (say w) is adjacent to one of them and pn[w, V −D] = ϕ.

Proof: Assume that D is a γpf−set in G.
1. Let v dominates two vertices in V −D say w1, w2 where every one of them has other neighbour in D.
Then, D − v is a γpf−set of G− v and γpf (G− v) < γpf (G). For example see K5.
2. Let v be any vertex in Cn, since γpf (Cn) = ⌈n

3 ⌉ by Observation 1.7 in [12], then γpf (Cn−1) = ⌈n
3 ⌉−1.

Thus, γpf (G− v) < γpf (G).
3. In G− v, two cases are obtained as follows:
Case 1: If v is a pendent vertex, then Pn convert to Pn−1 and its clear that n − 1 ≡ 0 (mod 3 ), then
n−1
3 = t < ⌈n

3 ⌉. Thus, γpf (G− v) < γpf (G) and v ∈ V −.
Case 2: If Pn convert to two paths Pn−1 such that Pn − v ∼= Pw ∪ Pz and w = z ≡ 0 (mod 3 ), then
w
3 + z

3 < w+z+1
3 . Thus, γpf (G− v) < γpf (G) and v ∈ V −.

4. The vertex vt can be putted instead of v in (V −D)− v. Therefore, γpf (G− v) < γpf (G). See Fig. 7
and Fig. 8.

Figure 7: G

Figure 8: G− v

2

Notice that, when we add an edge e ∈ G to a graph G, then D may be effected until if e incident on
two vertices both of them belong to D or to V −D as the following two results.

Proposition 2.1 Let G be a graph having pitchfork domination and e ∈ G such that G+e has a pitchfork
domination. If e = u v such that u, v ∈ V −D, then E−

+ ̸= ϕ.

Proof: Let G be a graph has a support vertex v ∈ D adjacent with two leaves and with a vertex t ∈ D
where every vertex in D that adjacent with t except v dominates only one vertex. If t dominates an
isolated vertex in V −D say w that is dominated by other vertex in D which has a property (every vertex
that is dominated by it has another neighbours in D). Now, let e = z u, then D = {z, w} is a minimum
pitchfork dominating set of T + e. Therefore, e ∈ E−

+ and E−
+ ̸= ϕ. See Fig. 9 and Fig. 10.

Figure 9: G
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Figure 10: G+ e

Theorem 2.4 Let G be a graph having pitchfork domination with a support vertex adjacent with n end
vertices for n ≥ 3 and e ∈ G such that G+ e has a pitchfork domination. If e = u v and u, v ∈ D, then
e ∈ E−

+ .

Proof: Since the minimum pitchfork dominating set D of G contains all these n end vertices. Let e
incident on any two end vertices of D, then we get a cycle C3 which is dominated by only one vertex.
Thus, the order of D in G+ e is less by one than it in G. Therefore, e ∈ E−

+ . See Fig. 11 and Fig. 12. 2

Figure 11: G

Figure 12: G+ e

Proposition 2.2 For any graph G having pitchfork domination and e ∈ G such that e = v w where
v ∈ D and w ∈ V −D, then v dominates only one vertex if and only if e ∈ E0

+.

Proof: Since every vertex in D can be dominates at most two vertices, and v dominates only one vertex
in G. Then, in G+ e the vertex v dominates exactly two vertices. Therefore, D is a minimum pitchfork
dominating set in G+ e. Thus, γpf (G+ e) = γpf (G) and e ∈ E0

+.
To prove the converse, suppose that v dominates two vertices in G, then it will dominate three vertices
in G+ e, which is contradict pitchfork domination definition. 2

Theorem 2.5 For any graph G having pitchfork domination and e ∈ G such that e = v w where v ∈ D
and w ∈ V −D. Let v dominates two vertices u, z. If G + e has pitchfork domination, then e ∈ E0

+ if
one of the following conditions hold:
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1. If w is adjacent to vertex y in D such that all vertices which are dominated by y are dominated by
D − {y} ∪ {w}.
2. If t = u, z or w where t has degree at most one in V −D and t /∈ pn[r,D] for any r ∈ D. Also, v is
an isolated vertex in D or is adjacent to a vertex that dominates only one vertex.

Proof: 1. By replacing w instead of its dominating vertex in D. For example see Fig. 13 and Fig. 14.
2. Without loss of the generality, all vertices of the graph are dominated by D − {v} ∪ {t} which is a
γpf−set of G+ e. For example see Fig. 15 and Fig. 16. 2

Figure 13: G

Figure 14: G+e

Figure 15: G

Figure 16: G+e
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Theorem 2.6 For any graph G having pitchfork domination and e ∈ G such that e = v w where w ∈
V − D and v ∈ D that dominates two non-adjacent vertices u, z in V − D. If G + e has pitchfork
domination, then e ∈ E+

+ , if u, z ∈ pn[v,D].

Proof: Suppose that v is an isolated vertex in G[D] or adjacent with a vertex in D that dominates
only one vertex. If deg(u) ≤ 1 and deg(z) ≤ 1 in G[V − D], then v must be get out from D. Thus,
D = D − {v} ∪ {u, z} is the minimum pitchfork dominating set in G + e. For example see Fig. 17 and
Fig. 18. But, if deg(u) = 2 in V −D, then D = D ∪ {u} where v stay in D to avoid u dominates three
vertices. For example see Fig. 19 and Fig. 20. Hence, γpf (G+ e) > γpf (G). 2

Figure 17: G

Figure 18: G+ e

Figure 19: G

Figure 20: G+ e

Theorem 2.7 For any graph G having pitchfork domination and e ∈ G such that e = v w where w ∈
V −D and v ∈ D. If G+ e has pitchfork domination, then e ∈ E−

+ , if v dominates two vertices u, z such
that u, z /∈ pn[v,D]. And w is a pendent vertex dominated by a support vertex t ∈ D. Where deg(t) ≤ 1
and deg(v) = 0 in G[D].

Proof: Since every vertex in V − D that is dominated by v is dominated by other vertex in D, then
we can delete v from D to be dominated by w which is putting in D instead of its dominating vertex t.
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Then, D − {v, t} ∪ {w} is a minimum pitchfork dominating set of G + e. For example see Fig. 21 and
Fig. 22. 2

Figure 21: G

Figure 22: G+ e

Theorem 2.8 For any graph G having pitchfork domination and e ∈ G such that e = v w where w ∈
V − D and v ∈ D. If G − e has pitchfork domination, then e ∈ E0

− if w /∈ pn[v,D] and deg(v) = 2 in
G[D].

Proof: Since w is dominated by v and another vertex in D and since v dominates two vertices in
V − D. Then, deleting e = v w has no changing on the minimum pitchfork dominating set D, so
γpf (G− e) = γpf (G). For example see Fig. 23 and Fig. 24. 2

Figure 23: G

Figure 24: G-e
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Theorem 2.9 For any graph G having pitchfork domination and e ∈ G such that e = v u where u ∈ V −D
and v ∈ D. If G− e has pitchfork domination, then e ∈ E+

− , if v dominates two non-adjacent vertices u
and w, where u, w ∈ pn[v,D] such that 1 ≤ |N(u) ∩ (V −D)| ≤ 2.

Proof: Since u is not dominated by any vertex in G−e and it has one or two neighbors in V −D. Then,
D = D∪{u} is the minimum pitchfork dominating set in G− e. Thus, γpf (G− e) > γpf (G) and e ∈ E+

− .
See for example the path Pn for n ≡ 0 (mod 3); n ̸= 3 where v = v2, w = v1, u = v3 and e = v2 v3. 2

Note 1 For any graph G having pitchfork domination and e ∈ G such that e = v u where u ∈ V − D
and v ∈ D. Then, γpf (G− e) < γpf (G) if D− {w} is a minimum pitchfork dominating set where w is a
vertex in D adjacent with v. For example see Fig. 25 and Fig. 26.

Figure 25: G

Figure 26: G− e

3. Conclusion

This study discussed the stability of the pitchfork domination number in three cases, when remove
vertex, remove edge and add edge. Some cases increase the domination number while other cases increase
it. The study of these effects has an important advantages to learn the ways of treatments to any added or
damaged of any nods (vertices) or links (edges) of the system or networks to avoid losing some properties
of the system and to give the best services with minimum costs.

References

1. M. A. Abdlhusein, Applying the (1,2)-pitchfork domination and its inverse on some special graphs, Bol. Soc. Paran.
Mat., 41, (2023).

2. M. A. Abdlhusein, Doubly connected bi-domination in graphs, Discr. Math. Algorithm. Appl., 13(2), 2150009, (2021).

3. M. A. Abdlhusein, Stability of inverse pitchfork domination, Int. J. Nonlinear Anal. Appl., 12, 1009-1016, (2021).

4. M. A. Abdlhusein and M. N. Al-Harere, Some modified types of pitchfork domination and its inverse, Bol. Soc. Paran.
Mat., 40, 1-9, (2022).

5. M. A. Abdlhusein and M. N. Al-Harere,Total pitchfork domination and its inverse in graphs, Discr. Math. Algorithm.
Appl., 13(4), 2150038, (2021).

6. M. A. Abdlhusein and M. N. Al-Harere,Doubly connected pitchfork domination and it’s inverse in graphs, TWMS J.
App. Eng. Math., 12(1), 82-91, (2022).

7. M. A. Abdlhusein and M. N. Al-Harere, New parameter of inverse domination in graphs, Indian Journal of Pure and
Applied Mathematics, 52 (1), 281-288, (2021).

8. Z. H. Abdulhasan and M. A. Abdlhusein, Triple effect domination in graphs, AIP Conf. Proc., 2386, 060013, (2022).



10 Mohammed A. Abdlhusein and Manal N. Al-Harere

9. Z. H. Abdulhasan and M. A. Abdlhusein, An inverse triple effect domination in graphs, Int. J. Nonlinear Anal. Appl.,
12(2), 913-919, (2021).

10. K. S. Al’Dzhabri Enumeration of connected components of acyclic digraphs, J. Discrete Math. Sci. Cryptogr., 24 (7),
2047-2058, (2021).

11. K. S. Al’Dzhabri and M. F. Almurshidy, On certain types of topological spaces associated with digraphs. J. of Physics:
Conference Series IOP Publishing, 1591 (1), 012055, (2020).

12. M. N. Al-Harere and M. A. Abdlhusein, Pitchfork domination in graphs, Discr. Math. Algorithm. Appl., 12(2), 2050025,
(2020).

13. A. H. Alwan, g-Small intersection graph of a module, Baghdad Sci. J., 21, 2671-2680, (2024).

14. A. A. Alwan and A. A. Najim, The mole plough domination in graphs, Journal of Education for Pure Science, 14(1),
97-106, (2024).

15. L. K. Alzaki, M. A. Abdlhusein and A. K. Yousif , Stability of (1,2)-total pitchfork domination, Int. J. Nonlinear Anal.
Appl., 12(2), 265-274, (2021).

16. Z. A. Hassan and M. A. Abdlhusein, Disconnected multi-effect domination for several graphs constructed by some
operations , AIP Conf. Proc., 3282(1), 040024, (2025).

17. Z. A. Hassan and M. A. Abdlhusein, Disconnected multi-effect domination in graphs, Asia Pac. J. Math., 11 (76),
(2024).

18. Z. A. Hassan, M. A. Abdlhusein, M. Farahani, M. Alaeiyan and M. Cancan, Disconnected multi-effect domination for
several graphs constructed by corona operation, Journal of Education for Pure Science, 15(1), 27-32, (2025).

19. T. W. Haynes, S. T. Hedetniemi and P.J. Slater, Fundamentals of domination in graphs, Marcel Dekker Inc., New
York, (1998).

20. M. A. Henning and M. Krzywkowski, Total domination stability in graphs, Discr. Appl. Math., 236, 246-255, (2018).

21. Z. N. Jwair and M. A. Abdlhusein, Constructing new topological graph with several properties, Iraqi J. Sci., 64, 2991-
2999, (2023).

22. Z. M. Khalil and M. A. Abdlhusein, New form of discrete topological graphs, AIP Conf. Proc., 3282(1), 040026, (2025).

23. Z. M. Kalil, M. A. Abdlhusein and M. R. Farahani,Some dominating applications on discrete topological graphs, Journal
of Education for Pure Science, 15(1), 40-46, (2025).

24. K. A. Mhawis and A. B. Attar, A new kind of discrete topological graphs with some properties, Journal of Education
for Pure Science, 14(2), 132-137, (2024).

25. C. Y. Ponnappan, P. Surulinathan and S.B. Ahamed, The perfect disconnected domination number in fuzzy graphs,
Int. J. IT,Eng. Appl. Sci. Res., 7 , 11-14, (2018).

26. S. J. Radhi, M. A. Abdlhusein and A. E. Hashoosh, The arrow domination in graphs, Int. J. Nonlinear Anal. Appl.,
12(1), 473-480, (2021).

27. M. S. Rahman, Basic graph theory, Springer, (2017).

28. W. A. Rheem and M. A. Abdlhusein, Pitchfork edge domination for complement graphs, AIP Conf. Proc., 3282(1),
020021, (2025)

29. W. A. Rheem and M. A. Abdlhusein, Pitchfork edge domination in graphs, Asia Pac. J. Math., 11(66), (2024).

30. N. K. Tuama and A. A. Alwan, Non-comaximal graphs of commutative semirings, Journal of Education for Pure
Science, 15(1), 132-137, (2025).

Mohammed A. Abdlhusein,

Department of Mathematics, College of Education for Women,

Shatrah University, Thi-Qar, 64001, Iraq.

E-mail address: mmhd@shu.edu.iq

and

Manal N. Al-Harere,

Department of Applied Sciences, University of Technology, Baghdad, Iraq.

E-mail address: 100035@uotechnology.edu.iq


	Introduction
	Changing and Un-Changing pf(G)
	Conclusion

