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Generalization of Common Fixed Points Theorems for C-T-Contraction Mappings with
Application to Partial Differential Equations and Modified Meir-Keeler’s Theorems

M. Iadh Ayari* and M. Boussoffra

ABSTRACT: In this paper, we prove two common fixed point theorems for pairs of self-mappings satisfying
L-weak commuting condition. Then we prove some fixed point theorems for more general self-mappings which
do not depend on L-weakly commuting condition called T-contractions, which include a class that satisfies a
generalized Meir-Keeler type contractive condition using C-Functions. We also present examples that support
and strengthen our results. Finally, we consider an application in partial differential equations, ensuring the
existence of a common fixed point that provides an exact solution of a nonlinear equation.
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1. Introduction

Common fixed points of self-mappings satisfying certain contractive types of conditions have been the
focus of many researchers. Some of these works dealt with commuting or L-weak commuting mappings,
which were first introduced by Sessa [1]. In 1986, Jungck [2] proposed the definition of compatible
mappings. Also in the same year, Tivari and Singh [3] introduced asymptotic commutativity.

In the present paper, using C-functions introduced by Ansari [4], we suggest the notion of C-T-
contraction mappings. We prove theorems of existence and uniqueness of common fixed points under the
assumption of C-T-contraction and L-weak commuting mappings. Additionally, we establish common
fixed point theorems for L-weak commuting pairs satisfying a modification of Meir and Keeler’s condition
using C-functions.

We then suggest some common fixed point theorems for self-mappings called T-contractions satisfying
a modified Meir-Keeler type contraction. Several examples are proposed to strengthen our theorems.
Finally, we consider an application in partial differential equations, ensuring the existence of a common
fixed point that provides an exact solution of a nonlinear equation.

2. Backgrounds and Notations

Definition 2.1 Let (X, d) be a metric space and let S and T be two self-mappings of X. The mappings
S and T are called L-weakly commuting if there exists a positive number L such that

d(ST(x), TS(x)) < Ld(S(z),T(z)), forall ze X.

Ansari introduced the following definition:
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Definition 2.2 [4] A continuous function J : [0,00)° — R is considered a C-class function if it

satisfies:
1. J(a,b) < a;
2. J(a,b) = a implies that either a = 0 or b =0, for all a,b € [0, c0).
C-class functions are denoted by C.
Example 2.1 [/] The following functions J : [0,00)> — R belong to C for all a,b € [0,00):
1. J(a,b) =a—1b;
2. J(a,b) =ma with0 <m < 1;

3. J(a,b) = oy with 7 € (0,00);

4. J(a,b) = B with s > 1;

5. J(a,b) = m(l;SG) with s > e;
6. J(a,b) = (a+ 1)) _t witht > 1 and s € (0,00);

7. J(a,b) = alogy, . with r > 1;

8. J(a,b) = a— (51*5) (1%)

9. J(a,b) = aB(a) where B :[0,00) — [0,1) is continuous;
10. J(a,b) = s — kLer,
11. J(a,b) = a — A(b) where A : Rt — R is continuous and A(b) =0 & b= 0;
12. J(a,b) = al(a,b) where ¢ : R* x RT — R is continuous and ((b,a) < 1 for all a,b > 0;

13. J(a,b) = a — (2—“’) b

14. J(a,b) = ¥/In(1 + a™);
15. J(a,b) = ¢(a) where ¢ : RT — RT is upper semi-continuous, ¢(0) =0, and ¢(b) < b for all b > 0;

16. J(a,b) with r € (0, 00).

_ a
= (4o

3. Main Results
We begin by introducing the following concept:

Definition 3.1 Let T and S be two self-mappings on a metric space (X,d). S is said to be a C-T-
contraction if there exists J € C such that

d(Sz,Sy) < J(d(Tz,Ty),d(Tz,Ty)) forall z,yeX.

Theorem 3.1 Let (X,d) be a complete metric space and let S and T be L-weakly commuting self-
mappings of X satisfying:

(i) There exists J € C such that S is a C-T-contraction;
(i) S(X) C T(X);
(iii) Either S or T is continuous.

Then S and T have a unique common fixed point.
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Proof: Let & be an arbitrary point in X. Since S(X) C T(X), there exists £&; € X such that S§, = T¢;.
Inductively, we construct a sequence {&,} in X such that S¢, = T¢,41 for n > 0. Then

d(S&n, S&nv1) < J(A(Tn, Tén+1), A(TEn, Tént1))
= J(d(sgnfh Sén)u d(SSnflv Sgn))
S d(Sgnfla‘an)

Thus, {d(S¢,, S¢n+1)}52, is a decreasing sequence of positive real numbers and converges to a limit
I > 0. Suppose [ > 0. Then,

d(anv an+1) < J(d(anflv Sgn)v d(Sgnfla an)) S d(anflv Sgn)
Taking n — oo and using the continuity of J, we obtain I < J(I,1) <, a contradiction. Hence, I = 0.
Now, we show that {S¢,} is a Cauchy sequence. Suppose not. Then there exists 8 > 0 and subse-

quences {5, } and {S&, } such that for all p € N with m, > n, > p, we have d(S§,,,,5,,) > B and
d(S&m,, S&n,—1) < B. By the triangle inequality,

B < d(5&m,: S&n,) < d(S&m, > S&m,—1) + d(S&m,—1,56n,) < B+ d(S&m,, SEm,—1)-
As p — 00, d(S&m,, SE,,) — B. Also,

d<S£mP7 an,) < J<d(S€mpfla anpfl)a d(sfmpfh Sgnpfl)) < d(ngpfla Sgnpfl)'

Letting p — oo, we get § < J(5,8) < B, implying 8 = 0, a contradiction. Thus, {S¢,} is Cauchy and
converges to some £ € X. Similarly, {T¢,} converges to &.
Assume S is continuous. Then S(S¢,) — S¢ and S(T€,) — SE¢. Since S and T are L-weakly

commuting,

d(S(T€n), T(56n)) < Ld(S&n, TEn)-
Thus, T(S&,) — SE. Now, suppose £ # SE. Then
d(5&n, S(S&n)) < J(d(T&, T(Sn)), d(T6n, T(56n))) < d(T6n, T(5&n)).-

Letting n — oo, we get d(&, S¢) < J(d(&, S¢€),d(&, S€)) < d(€,S€), a contradiction. Hence, £ = SE.
Since S(X) C T(X), there exists ) € X such that £ = S¢ = T¢. Now,

d(S(S&n), Sv) < J(A(T(S&), Tn), d(T (&), T)) < d(T(S&n), T).
Letting n — oo, we get S& =T, so £ =S¢ =T. Thus,
d(SE,T¢) = d(S(T), T(Sv)) < Ld(S¢,Tv) =0,

implying £ = S& = T¢. Therefore, € is a common fixed point.
For uniqueness, suppose &’ is another common fixed point. Then

d(S¢, S¢) < J(d(TE, T¢'), d(TE, T¢')) < d(T¢, T¢') = d(S¢, S¢'),

a contradiction. Hence, the common fixed point is unique. O

Corollary 3.1 [5] Let (X,d) be a complete metric space and let S and T be L-weakly commuting self-
mappings of X satisfying:

d(Sz, Sy) < r(d(Tz,Ty)),
where r: Ry — Ry is upper semi-continuous, 7(0) =0, and r(t) <t for allt > 0. If S(X) C T(X) and
either S or T is continuous, then S and T have a unique common fized point.

Proof: Set J(a,b) = r(a), which belongs to C by Example ??7(15). The result follows from Theorem 3.1.
O
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Theorem 3.2 Let (X,d) be a complete metric space and let S and T be L-weakly commuting self-
mappings of X satisfying:

(i) For every e > 0, there exist h(c) > 0 and J(e) € C such that

e < J(d(Tz,Ty),d(Tz,Ty)) <e+h = d(Sz,Sy) < ¢;

(ii) Te =Ty — Sz = Sy;
(iii) S(X) C T(X);
(iv) FEither S or T is continuous.

Then S and T have a unique common fixed point.

Proof: Construct a sequence {&,} such that S¢, = T&, 1. From (i), for Tz # Ty,
d(Sz,Sy) < J(d(Tz, Ty),d(Tz, Ty)).
Thus,

J(d(Tf,m T§n+1)a d(Tfn; TfnJrl))
J(d(sfnfla an)a d(an,h an))
< d(an_l, an)

So {d(S&n, S&n+1)} decreases to some [ > 0. Suppose [ > 0. Then for h > 0, there exists N € N such
that for m > N,

d(S&n, Sént1) <

L < d(S8m, S¢mt1) < J(A(T&m, Témir), A(TEm, Tém1)) <1+ h.

But I < J(d(S&m-1,5&m), d(S&m—1,5&m)) < d(S&mn—1,5&m) < I, a contradiction. Hence, I = 0.
The sequence {S¢,} is Cauchy (proof similar to Theorem 3.1) and converges to £ € X. Similarly,
{T¢,} — & Assume S is continuous. Then S(SE,) — S¢ and S(T¢,) — S¢. By L-weak commutativity,

d(S(T€n), T(56n)) < Ld(S&n, TEn),

so T(S&,) — SE. Suppose € # SE. Then no subsequence of {S(S¢,)} or {T(S&,)} converges to £. Thus,
there exists a > 0 and integers s,t such that for n > s, m > ¢, inf d(S¢,, S(S¢,,)) = a. But from (i),
inf d(S&,, S(S¢m)) < a, a contradiction. Hence, £ = S€. The rest follows as in Theorem 3.1. O

Definition 3.2 Let (X, d) be a metric space. A mapping T': X — X is sequentially convergent if for
every sequence {y,}, convergence of {T'y,,} implies convergence of {y,}.

Theorem 3.3 Let (X,d) be a complete metric space and S, T : X — X be continuous mappings satisfy-
mg:

(i) There exists J € C such that S is a C-T-contraction;
(i) T is injective and sequentially convergent.
Then S has a unique fized point in X.

Proof: Let & € X. Define &,11 = S&, = "¢y and ¢, = T¢,. If 41 = by, for some ng, then
T&not+1 = Tngs 80 Eng+1 = &ny DY injectivity, and SE&,, = &n,. Assume d(¥n, Ppn41) > 0 for all n. Then

d(TSE, TSEnv1) < J(A(TEn, Ténr1), d(T6n, Ténr1))
= J(d(¢nv ¢n+1)7 d(¢n7 ¢n+1))
S d(wnvwn—i-l)-
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Thus d(¥n41, Ynt2) < d(Wn, ¥ny1), 80 {d(¥Vn, ¥ni1)} decreases to e > 0. If € > 0, then

d(wnvwan) < J(d(wnfl,i/}n)vd(wnfla'l/}n)) S d('l/}nflvwn)'

Letting n — oo, € < J(g,¢) < ¢, contradiction. Hence ¢ = 0.
Now {9y, } is Cauchy (proof similar to Theorem 3.1) and converges to ¢ € X. Since T is sequentially
convergent, {£,} converges to £ € X. By continuity of 7', T¢ = «). By continuity of T'S,

¢ = lim TSE, =TSE.
n—oo
Thus T'S§ = T¢, so S§ = € by injectivity. Uniqueness follows as before. O
Theorem 3.4 Let (X,d) be a complete metric space and S, T : X — X be continuous mappings satisfy-
mg:
(i) For every e > 0, there exist k(g) > 0 and J(g) € C such that

e < J(d(Tz,Ty),d(Tx,Ty)) <e+k = d(T'Sz,TSy) <

(i) T is injective and sequentially convergent.

Then S has a unique fized point in X.

Proof: Similar to Theorem 3.3, define &, and v¢,. The sequence {d(¢,¥n+1)} decreases to I > 0. If
[ > 0, then for k > 0, there exists R € N such that for m > R,

I < d(ngmaTS§m+1) < J(d(TﬁmaT§m+1)7d(T§m7T£m+l)) <Il+k.

Then | < J(d(¥m, Ym+1), d(Wm, Ymt1)) < d(Wm, Y1) < I, contradiction. Hence I = 0. The rest follows
as in Theorems 3.2 and 3.3. a

Theorem 3.5 Let (X,d) be a complete metric space, G : X — X continuous, and T : X — X injective,
continuous, and sequentially convergent. Suppose for every € > 0, there exist u > 0 and J € C such that
forallz,y € X,

e< J(KT(xa y)vKT(x7y)) <etp = d(TGCC,TGy) <g, (31)

where

Krp(z,y) = max {d(Tx, Ty),d(Tx,TGx),d(Ty, TGy), = [d(Tz, TGy) + d(Ty, TGw)]} .

DN =

Then G has a unique fixed point in X.

Proof: Let & € X. Define &,1 = G&, and ¢,, = TE,,. If pp, = d(¢n,¥n+1) = 0 for some n, then &, is
fixed point. Assume pu,, > 0 for all n. Suppose p,_1 < p,, for some n. Then

[d(wn—ly wn+1) + d(wna wn)} }

DO =

KT(gn—la gn) = max {d(wn—la qun)a d(d)n—lv wn)a d(wna zZ)n+1)7

1
< max {Un—la K id(djn—la ¢n+1)}
< Hn + Hp—1.
But KT(gn—laEn) > d(wn—hwn) = ptn—1. Thus KT(én—lagn) = [tp, and by (31),

Hn = d(Tng—hTng) < J(KT(gn—lagn); KT(fn—laEn)) S KT(En—lagn) < Hn, + Hn—1,
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contradiction. Hence p,, < pn,—1 for all n, so {u,} decreases to I > 0. If [ > 0, then for § > 0, there
exists R € N such that forn > R, I < p,, <l + 6. Then forn > R+ 1,

l < KT(gnflagn) <l+ 67

so d(TG¢,-1,TGE,) < 1, contradiction. Thus [ = 0.

Now {,} is Cauchy (proof similar to Theorem 3.2) and converges to 1) € X. By sequential con-
vergence of T, {£,} converges to £ € X. By continuity of T, T¢ = . By continuity of G, G¢ = &.
Uniqueness follows as before. O

4. Tllustrating Examples
Example 4.1 Let X = R with d(z,y) = 2| — y|. Define Sx =1, Tx = 2x — 1. Then S(X) = {1} C
T(X)=R. Forz #vy,
1
d(Sz,Sy) =0< J(d(Tz,Ty),d(Tx,Ty)) = |v —y| with J(a,b) = 0

Also, d(STz,TSz) = 0 < Ld(Sz,Tz) = L|1 — (2z — 1)| = 2L|1 — z| for any L > 0. Conditions of
Theorem 3.1 hold, and 1 is the unique common fized point.

Example 4.2 Let X = [0,1], d(z,y) = |z —y|, Sz = 75, Te = x. Then d(Sz,Sy) < e —y| <

sle —y| = J(d(Tx, Ty),d(Tz,Ty)) with J(a,b) = 2a. S and T commute, so L-weakly commuting. By
Theorem 5.1, 0 is the unique common fized point.

Example 4.3 Let X = [0,1], d(z,y) = |z —y|, Sz = %x, Ter =z, J(z,y) = In(1 + 2z). Fore > %,
choose A =2In2 —¢. Then

3 1 3
e < Jd(Tx,Ty),d(Tz,Ty)) = In(1+2|x—y|) < e+A = |z—y| < 5 = d(Sz, Sy) = §|x—y| < <e

S and T commute. By Theorem 3.2, 0 is the unique common fixzed point.

Example 4.4 Let X = [0,1], Sz = 2% Tz =22, J(z,y) = In(1 +x). Fore >3

1 4, choose p=2In2 —e¢.
Then

1
ESJWU%J@%ﬂT%Tw)<6+p=:>WQ—f|<3::>ﬂ&m&n:1m2—f|<%<s.

d(STz, TSx) = %x‘l <L- %x2 for L > 2% < 1. By Theorem 3.2, 0 is the unique common fized point.

Example 4.5 Let X = [0,1], d(z,y) = |z —y|, Sz = &, Te = . Then d(Sz,Sy) = 3|z —y| <
il —y| = J(d(Tz,Ty),d(Tz, Ty)) with J(a,b) = a. T is injective and sequentially convergent. By

Theorem 5.3, % is the unique fized point of S.
Example 4.6 Let X = [1,20], d(x,y) = |z — y|,
1 , 1,5
Sr=<, z'fxe[,), Ty = x.
5(—=3) ifxel5,20]

For various cases of x,y, choose J(a,b) = La and appropriate p(e) to satisfy condition (i) of Theorem
3.4. T is injective and sequentially convergent. By Theorem 3.4, 1 is the unique fixed point.
Example 4.7 With X, d, T as above, and

G — 1 if x € [1,5)
| i@-3) ifzels5,20]

Define Kr(z,y) as in Theorem 3.5. For various cases, choose J(a,b) = 2a and appropriate u(e) to
satisfy (3.1). By Theorem 3.5, 1 is the unique fized point.
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5. An Application to Partial Differential Equations

We apply common fixed point theory to the nonlinear reaction-diffusion equation:

ou
5 =aVau+ f(u),

where u(x,t) is the spatial distribution at position  and time ¢, « is the diffusion coefficient, V2 is the
Laplacian, and f(u) is a nonlinear reaction term. Define operators:

e S(u) = aV?u (linear diffusion),
e T'(u) = f(u) (nonlinear reaction).

The PDE becomes % = S(u) + T(u). We seek u such that S(u) = u and T(u) = u, a common fixed

point in an appropriate function space X with Dirichlet boundary conditions.

Consider f(u) = ru(l — %) (logistic growth). Define X as continuous functions satisfying boundary
conditions. If § and T are L-weakly commuting, continuous, S(X) C T(X), and satisfy Theorem 3.1
conditions, then a unique common fixed point exists, solving the PDE.

Iterative Solution:

1. Initialize u(9.

2. Tterate: u**+D) = S(u®)) 4+ T(u®).
3. Terminate when [[u®*+1) —y®)|| < ¢,

The limit is the solution. For example, with S(u)(x) = [ u(t)dt, T(u)(z) = cu(x), the equation u =
S(u) + T(u) has a unique solution found iteratively.
Consider subspaces:

E={x:[-a,a] = [~ A] | 2(0) = 0, continuous},
F={u:[-a,a] = [-A+1,A+1] | u(0) =1, continuous}.

Define S : ExF — E+ F by S(z,u) = ag%, T(x,u) = ru(l— %). Under appropriate conditions, S and
T are L-weakly commuting, continuous, and S(X) C T(X). By Theorem 3.1, a unique common fixed
point exists, solving the PDE.
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