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A Novel Approach using Residual Power series Method for solving nonlinear fractional
partial differential equation

Saud Mohammed Hassan* , Duaa Mohammed Hamid, Methaq Hamza Geem

ABSTRACT: This paper aims to introduce a modified method for the residual power series method (RPSM)
by combining it with a novel transformation, namely the g,,n transformation, which is generalized for many
integral transformations such as Laplace, Fourier, Elzaki and others. Moreover, a new approach is based on
the residual power series method and the proposed formula for residual power series. MRPSM stands for
a novel approach that reduces the steps of the RPSM method and improves the accuracy. Also by using
gmn transformation, MRPSM is considered to be generalized for many methods using various transformations
such as Laplace, Elzaki and other transformations. We deal with an important fractional pde equation, the
Newell-Whithead-Segel equation. In this paper, we provide a general solution of the general form for this
equation and also some theorems, example and theorem are given.

Key Words: integral transformation, transformation, residual, power series, nonlinear differential
equation.
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1. Introduction

Many researchers are working on the development of the residual power series method RPSM [11] . In
[13], M. I. Liagat introduced a mixture of an integral transformation and the residual power series method
RPSM to develop this method, namely the Aboohd transformation. Also in [12], M. I. Liaqat introduces
a study with Laplace transform and RPSM. In [7], Geem introduced a novel integral transform, namely
theg,, transform, which is considered to be generalized for many integral transforms. In this paper, we
introduce a combination of g, transform and RPSM. The combination of a general integral transform
and RPSM is introduced step by step, starting with some important theorems of fractional integration
and the effect of this transform on them, and then going into the method and finding the elements of
the residuals and finally arriving at the general solution. As an important application of this method,
we have discussed the nonlinear fractional partial differential equation and the Newell-Whithead-Segel
equation.

2. Fundamental Concepts

Definition 2.1 [2]: g-transformation gm.,(f(X)) for a function f(x) where x € [0,00[ is defined by the
following integral:

G (F(X)) = 5™ / T e fl@)d = Fyn(s)

Such that the integral is convergent, s is positive constant.
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Table 1: g,,,-transformation for selected functions

NO [ Functions f(z) | gmn(f(X)) =S™ [~ e~ f(x)dx = Fpn(s)
1 K k constant ksm—"
2 Sin(ax) %
mIn
3 cos(ax) sz"wm
4 Sinh(ax) )7 4a)
5 cosh(ax) Gr—as"¥a)
6 l‘k k!sm—(k+1)n

Proposition 2.1 /6]
1. gon(f'(2)) = 5" gun (f(2)) = 5™ [(0)
2. grn(J"(2)) = 52 g (f (z)) — 5™ [s" F(0) + f'(0)]
3. Gonn (F*(2)) = 85 g (F(2)) — 5™ S 1g sb=i=Dm £0) (0)
Definition 2.2 [13]: Let n € RT , then the operator J? defined on Li[a,b] as following that

TEFX) = s [ @—omtsw

for a <z <bis called the Riemann-Liouville fractional integral operator of order n.
For n=0 we set JI' =1 , the identity operator.

Theorem 2.1 (13) : Let m,n >0 and ¢ € Lq[a,b] then:
T TG (X) = g I e ="

Definition 2.3 (Riemann-Liouville Derivatives)[14]: Let n € R* and m = [n] , then the Riemann-
Liouwville fractional differential operator define as following

Dy f(X) = D™J " f(X)
Proposition 2.2 :

Gmn(Jf (7)) = 57" gn(f())
Proof:

By using definition (2.2)

(I 1) = g (s | 0= 0 o))

Sfm

1
= @gmn(h * f)(ac) = @gmn(h(x))gmn(f(x))

where h(z) = 271, We note that gmn(z*~1) = T'(a)sm—on
Thus

S—m —m

Imn(J* f(7)) = @gmn(h(x))gmn(f(x)) = %F(O‘)Sm_angmn(f(x))

I ([ (@) = 57" gmn (f (2))



A NOVEL APPROACH USING RPSM FOR SOLVING NONLINEAR FPDE 3

Proposition 2.3 : Leta>0,k—1<a<k,ke N

gmn(Daf(I)) :sangmn _ mzsn(a 1— z) f(1 ( )

Proof:

G (D F(@)) = Gran (TSP (@) = 8 Mg, (1) ()
since grn(F®(2)) = 8 g (£ (2)) — mzk L n(k=1-0)(5) £ (0) we have

k—1
G (D* f () = 520k [s’mgmwsc» D I ORI
=0

Imn (D f(z)) = " G (f =" Z smlem1=h f( (0)
Definition 2.4 [6]: From Definition(2.1) we can define:

Imn(u(z,t)) = ™ /000 e "z, t)dr = Upp(s)
such that u(zx,t) is a function of z,t.
Proposition 2.4 [6]
1. gmn(ue(z,t)) = $"Upn (2, 5) — s™u(x, 0)
2. Gun(uf(w,1)) = ’mUmm 5) — 5™ YNy st Dny (a,0)
3. Gmn(uz(z,t)) = mn (T, 8)
4 Gmn (W (2, 1)) = 52 Unn(z, )

Definition 2.5 [11]: Let 0 < o < 1 then the power series representation in the following form:
Zar (t —t0)* = ag(t — t0)° + a1 (t — to)® + as(t — t0)>* + ...

where x € R , it is called a multiple fractional power series (MFPS) about t

Proposition 2.5 : Let u(z,t) be a function and gmpn(u(z,t)) = Unn(z,s) then

.
Gmn (D™ u(z, 1)) = s""Upyp, — 8™ Z gUar=1)=1=9) () Diey(z, 0) (2.1)

Proof:
By using mathematical induction, we get:
i)if r=1 then by Proposition(2.3) we get the result.
i1)Suppose the result is true at r=k, i.e.

k—1
G (DFu(, 1)) = s*" Uy — 5™ Y s™@FD=170 () D0z, 0)
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i11) if r=k+1 then by taking gmn-transform for DE+he e obtain

Gmn (D (Dko‘u(a:, t)))
Now suppose that D**u(x,t) = h(z,t) then we get

Gmn (D (D**u(z,1))) = gmn (D*h(z,1)) = 8" gy (h(2,t)) — s™ (@D (z,0)

= 5"Gmn (Dko‘u(x,t)) — Smf(afl)"Dko‘u(x, 0)

k-1
— o <skanUmn _gm Z sn(a(k—i)—l)(s)Diau(x’ 0)) _ sm—(a—l)nDkau(xjo)
=0

k—1
= sangr g 3 gne(U D=1 (g) Dy (7, 0)) — 5™ (@ Dm Drey(, 0)
1=0
k+1-—1
— glk+langy _ gm Z Sn(a((k+1)_i)_1)(S)Dmu(xa0))
=0

Therefore the result is hold for all k € Z+

Lemma 2.1 Let u(z,t) has multiple fractional Taylor’s series (MFTS) representation as follows:
+& t20¢

farn T2 rgary T

u(z,t) = ag(x) + a1 (x)
then

Gmn(u(z, 1)) = ag(x) + ay (z)sm T 4 = Z ap(x)sm~(katlin
k=0

Proof: since u(x,t) = ap(x) + al(a:)r(;iil) + CL2($)% + ..

then by taking gmn-transform for Eq.(2.2) we obtain:

F(OZ + 1) m—(a+1)n = m—(ka+1)n
- + .= ag(x)s

T(a+1) k;) £(@)

gmn (u(z, 1)) = ao(z) + a1 (z)
Proposition 2.6 : Let u(x,t) be a function and gmn(u(x,t)) = Unn(x, s) has (METS) then
ap(z) = lim s" " gmn(u(z,t)) = u(x,0)

S5— 00

az(r) = qlgglo gRatin=mg o (u(z,t)) — s**"ag(x) = D**u(z,0)

ar(z) = D**u(z,0)
Proof:

From Eq.(2.3) we have gmn(u(z,t)) = ag(z) + a1 (v)s™~@FIn 4 =50 ay(x)sm—(katn
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Thus

ap(x) = $" " gmn(u(z,t)) — s as(z) — ...

Hence

ap(x) = Sll)rglo S" T g (u(, 1)) = u(x, 0)

Similarly we can prove that

(a+1)n—m an

g'mn(u(xvt)) - S ao(l‘)

= lim s(@tUn=mg (u(z,t)) — s*"u(x,0)

ar(z) = lim sC@rr=mg o (u(z,t)) — s ag(z) = D%u(z,0)
Also we can prove that aj,(z) = D**u(z,0) by the same process

3. Outline method of MSuad Residual Power Series

In this section we take the form of fractional partial differential equation:
Diu(t,z) + L(u(t,x)) + N(u) = f(t,x); Du(z,0) = wg(z),d =0,1,...,r — 1,0 < a < 1 (3.1)

Where L is linear partial operator with respect to t of with order ¢, N is a nonlinear operator , f(¢,x)
is a function. If we take g,,n-transformation of both sides for Eq.(3.1) we get:

Gmn (D7 (u(t; 2))) + gmn (L(u(t, 2))) + gmn (N (1)) = gmn (f (£, 7))

r—1
ST gy (ult, ) — S™ Y SOOI DY (22,0) + g (L(u(t, 2)) + N(u) — f(x,1)) =0

i=0
T_l . .
Gn (ult,x)) = ST N SEETITIR DIy (2,0) = ST g (L(ult, ) + N(u) = f(2,1))  (3.2)
i=0
By Eq.(2.3) we have
U(z,s) = gmn(u(z,t)) = Zak(x)s(m_(ko‘+1)"), ax;(x) = DFu;(,0) (3.3)
k=0

Obtain the pth-truncated series of

Up = ap(x)Sm=Petm) g0 () Sm(hetbn) 4y — 01,2, ... (3.4)
Now , from Eq.(3.2) we construct residual, namely multistep MSuaad residual function (MMSRF) as:

r—1

MSRes, 1 (x,s) = U, — Sm=ran) Z Slalr=0=hn picy (2 0) + S g (L(u(t, ) + N(u) — f(z,t))
=0
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P r—1
— Zai(aj)smf(ioﬁ»l)n _ S(mfran) Z S(a(rfi)fl)nDiozu(I’ O) + Siromgmn([/(u(t,l‘)) + N(u) _ f(x,t))
1=0 1=0

By multiply both sides by S(((PtDatlin=m) we get

r—1
sPrDatn=mprGRes ) (2, 5) = s((PHDarn—m (Up — gmran ) glalr=i=ln piey (g, 0))
i=0
57" gmn (L(u(t, ©)) + N(u) = f(z,t)) (3.5)
Finally, we solve the equation for a,41(z):

lim S(P+batbn=myrgpes i (x,s) =0, (3.6)

§—00

And then we can find U(z, s) and by using inverse of g,,,-transform we get the solution u(z,t).

4. Solving the fractional Newell-Whithead-Segel equation

D u—kugztcuteu® = 0,u(z,0) = ¢p(z),c > 2,¢,e,k >0

By taking g,,,-transform for both sides we get:

2

Sy — Sm+(a71)”u(x, 0) — ka—xg +cU + egmn (g;L%L(U)C) =0
Thus
m—n —a 82U —a —a —1 c
U=s d)(:l))—FS k@—cs U —es gmn([gmn(U)} ):O

Now by using Eq.(3.4) we get:
Up = ap(x)s™ PorI™ a4y (a)s™ = (PHDOAIR g0(2) = u(z,0)

Hence

n . * - - c
MS sy a(,8) = Uy = 8m0(0) 45~ (g0 (U5) + ek (U) + el 03

By multiply both sides by S((P+Datl)n=m and using the relation :

lim s((pﬂ)aﬂ)”*mMSRes(pH)(x,s) =0

S§—00

We get apy1(z). If we continue with this process we get another elements of a;(x). that means we
can find U(z, s) in Eq.(3.3) and by using inverse of g,,-transform we have u(x,t).

Example 4.1
D&u — gy — 2u 4 3u? = 0,u(z,0) =\,0<a <1

We know that

U, = ay(z)s™ Pern 4 g (g)sm—(rDatn

Since

m—n —a 82 — — —
MSReS(P+1) (.13, S) = Up - S (b(ﬂ?) +s Imn <ax29m}1(UI)) - QQm}L(UP) + B(QW;(UI]))2>
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Thus we have :
MSR@S(p+1)($,S) — ap(x)sm—(pa+1)n + ap+1(x)8m—((p+1)a+1)n _ Sm_nqj)(l')

62

+5_agmn(@g;zh(ap(x)sm_(pa—i_l)n

+apy1(a)sm (PO

~ 20,0 (ay ()5~ 4y ()5 (D)

+3((Goan (ap ()™ POV 4 ap (@)™ (FDaFDR))2)

— ap($)8m7(pa+1)n + a(erl)(x)Smf((erl)aqu)n

—Smin(b(x) + (ap (x)smf((p%»l)ourl)n + a’(’p+1)(x)smf((p+2)a+1)n)

a5 Py ()5 (R g IO e
pa

N((2p+1a+1) ., r2p+a+1) .
6 m—(2(p+1)a+1)n 3 2 m—((2p+3)a+1)n
T+ narn TR T e+ 1)

By multiply both sides by s and using the relation lim,_, o s((p“)o‘“)"’mMSRes(pH)(x, s) =
0 We get

a1 (2) + ay, () = 2a,(z) = 0
Therefore

"

apr1) () = —a, (v) + 2a,(x)

By above relation we obtain
ao(x) = N\ ar(z) = 2\, az(x) = 220, ..., a,(2) = 2"\
Hence
U(:L‘, 5) - gmn(u(xv t)) - Z ak(x)smi(kale)n = Z 2k \sm (ke n
k=0 k=0

By using inverse of gmn-transform we have u(x,t)

& tk:a e tha
_ k _ _ ka
u(@,t) = AkZ:O? T(ka + 1) ’\];)r(kaﬂ) ABa(27)

To show the rapid of convergence of the MRPSM , we compute the error between the exact solution and
a new approach . We make a Table-2 when oo = 1 and A = 0.001 and then we compute the consecutive
absolute errors. Fig-1 Show the difference between the surface of exact solution and our approach.



Table 2: The difference between exact solution and Approach solution where v = 1, A = 0.001

S.M. HAssan,D.M. HAMID AND M.H. GEEM

t u(x,t)-Exact u(x,t)-Approach | Absolute Error
0.1 | 0.001220997 0.001221403 4.05498E-07
0.2 | 0.001490725 0.001491825 1.09976E-06
0.3 | 0.001819875 0.001822119 2.24423E-06
0.4 | 0.002221457 0.002225541 4.08373E-06
0.5 | 0.002711294 0.002718282 6.98815E-06
0.6 | 0.003308602 0.003320117 1.15145E-05
0.7 | 0.004036701 0.0040552 1.84994E-05
0.8 | 0.004923836 0.004953032 2.91961E-05
0.9 | 0.006004169 0.006049647 4.54784E-05

U(x,t)-Exact

u(x,t)-Approach
107

= r s On

Figure 1: This cat is a eps file

Conclusion:

This work has saved the effort of many researchers such that the application of this g,,,-transformation
is a general representation of many integral transformations, and the analytical results confirm this, as
the results of integrating a transformation such as Laplace can be derived by taking values m=0 , n=1.
This paper introduces a novel approach developed through a new transformation, gmn-transform and the
residual power series are introduced to provide a solution. The value of A novel method aims to minimize
the amount of computational effort required.

References

1. ALQURAN, Marwan, et al, Promoted residual power series technique with Laplace transform to solve some time-
fractional problems arising in physics., Results in Physics. 19, 1-7, (2020).

2. Brian D.,Integral Transforms and their Applications. Springer,USA,554-589,(2002).

3. Hussain F.,Laplace Decomposition Method for the System of Linear and Non-Linear Ordinary . J.Differential Equations,
Mathematical Theory and Modeling,5(12),124-135,(2015).

4. Gabriel N.,Ordinary Differential Equations. Mathematics De-partment, Michigan state University, East lansing. MI
48824,(2014).



10.

11.

12.

13.

14.

15.

16.

17.

A NOVEL APPROACH USING RPSM FOR SOLVING NONLINEAR FPDE 9

Jafari H.,Yang X.,Towards new general double integral transform and its applications to differential equations.
J.Mathematical Methods in the Applied Sciences,2021(1),1-8,(2021).

H.Gundo, O. Gozukizil,Applications of the decomposition methods to some monlinear partial differential equations.
JNTMSCL6(3) ,57-66,(2018).

Y. AL-Ameri , M.H. Geem, On g-transformation . Journal of university of Babylon,Pure and applied sciences, Vol29(2),1-
5,(2021).

M.H. Geem, On strongly continuous p h-semigroup. Journal of Physics(IOP): Conference Series, 1234(1),1-12,(2019).

M. H. Geem and A. M. Abbood,On a-g-Transformation and its properties. American Institute of Physics Conference
Series,2834(1),1-9,(2023).

M.H. Geem , A.R. Hassan and H.I. Neamah,0-Semigroup of g-transformation. J. of Interdisciplinary
Mathematics,28(1),311-316,(2025).

M.H. Geem, S.T. Khathem Fractional h- Ilyas-Farid Integral and Derivative. J.AIP Conference Proceedings,7th Inter-
national Conference of the Iraqi Academics Syndicate for Sciences (ICIASS),Iraq ,1-12,(2025).

A. Kumar, S. Kumar, and M. Singh,Residual power series method for fractional Sharma-Tasso-Olever equation.
J.Commun. Numer. Anal,10,1-10,(2016).

M. I. Liaqat, A. Akgiil, and E. Y. Prosviryakov,An efficient method for the analytical study of linear and nonlinear
time-fractional partial differential equations with variable coefficients. Bulletin of Samara State Technical University.
Series Physical and Mathematical Sciences,27(2),214-240,(2023).

M. I. Liaqgat, S. Etemad, and S. Rezapour,A novel analytical Aboodh residual power series method for solving lin-
ear and nonlinear time-fractional partial differential equations with variable coefficients. AIMS MathematicsAIMS
MATHEMATICS,7(9),16917-1694,(2022).

R. Almeida,A Caputo fractional derivative of a function with respect to another function. Communications in Nonlinear
Science and Numerical Simulation,44(1),460-481,(2017).

R. Almeida, A. B. Malinowska, and M. T. T. Monteiro, Fractional differential equations with a Caputo derivative with
respect to a kernel function and their applications. Mathematical Methods in the Applied Sciences,41(1),336-352,(2018).

D. S. Oliveira and E. Capelas de Oliveira,On a Caputo-type fractional derivative. Advances in Pure and Applied
Mathematics,10(2),81-91,(2019).

Saud Mohammed Hassan
The First AlMutafawaqat High School For girls
Iraq.

E-mail address: suad-mohammed@karbala.edu.iq

and

Duaa Mohammed Hamid

Department of Mathematics

Al-Qadistyah university/College of Education
Iraq.

E-mail address: duaa.m.h@qu.edu.iq

and

Methaq Hamza Geem

Department of Mathematics

Al-Qadisiyah university/College of Education

Iraq.

E-mail address: methaq.geem@qu.edu.iq



	Introduction
	Fundamental Concepts 
	Outline method of MSuad Residual Power Series
	Solving the fractional Newell-Whithead-Segel equation 

