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Some observations on generalized logarithmic statistical convergence of order p for
difference sequences via ideals

Omer Kisi*, Mehmet Giirdal and Selim Cetin

ABSTRACT: This paper explores various forms of logarithmic summability and statistical convergence
for real sequences using generalized difference sequences and ideals. First, we introduce the concepts of
logarithmic(A™, T)-statistical convergence of order p and logarithmic strong (A;",Z)—Cesaro summability of
order p, analyzing their relationship. These notions are then extended to logarithmic A™ (f,T)-statistical
convergence of order p and logarithmic strong A™ (f,Z)-Cesaro summability of order p, with fundamental
connections established.
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1. Introduction

Moricz [24] recently introduced the idea of statistical summability (H, 1), a generalization of statistical
convergence first proposed by Fast [13]. The researchers then investigated it further from the standpoint
of sequence spaces and linked it to summability theory [15,16,17,18,22,23,25,26,27,28,29].

Gadjiev and Orhan introduced the idea of the order of statistical convergence for a sequence of
numbers in [14]. Subsequently, Colak [5] investigated strong p-Cesaro summability of order a and
statistical convergence of order «.

Kostyrko et al. [20] initially introduced the concept of Z-convergence for real sequences. Subsequently,
this notion was further explored by various researchers [6].

The concept of difference sequence spaces was first introduced by Kizmaz [19] and later extended by
Et [7], Et et al. [8,9], Et and Bagarir [10], Et and Colak [11], Et and Gidemen [12]. A generalized form
is given as

A™(X) :={w = (wy) : (A™w,) € X},
for X = loo,c or ¢, where m € N, A'w = (w,), A™w = (A™ '@, — A" 'wyq), and so A™w, =
m
D (P @
j=1

A modulus function, as described by Maddox [21], is a real-valued function f on (0,00) that meets
the following criteria:

L f(y)=0iffy=0,
2. For every y,z € RT, the subadditivity property f(y + z) < f(y) + f(z) holds,
3. The function f is increasing,

4. f is continuous from the right at 0.

* Corresponding author.
2010 Mathematics Subject Classification: 40A35, 03E72.

Submitted June 17, 2025. Published September 30, 2025

Typeset by BS% style.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.77359

2 O. Kist, M. GURDAL AND S. CETIN

Using an unbounded modulus function, Aizpuru et al. [1] proposed the concepts of f-density and
f-statistical convergence for real number sequences (also see [3]).
When the limit is present, the f-density of a subset E C N is determined by

sy Flu<s e BY)
#(B) = i, O

where f is an unbounded modulus function. When f (w) = w, the concept of f-density coincides with
the usual natural density. Although it is commonly known that natural density satisfies the characteristic
d(E) +d(N\FE) = 1, f-density, or d/ (E) + d/ (N\ E) # 1, does not always follow the same rules.

If for each o > 0,

d’ (weN: |w, —wg| > 0) =0,

where f is an unbounded modulus function, then a number sequence w = (w, ) is f-statistically conver-
gent to wy (or S7-convergent to wg) .

The notions of f,-density and f-statistical convergence of order « for real number sequences employing
an unbounded modulus function were more recently developed by Bhardwaj and Dhawan [3].

A class Z of Y is an ideal in Y provided that: (i) 0 € Z, (ii) SUT € Z for S,T € Z, (iii) T € Z for
S e€Zand T C S, where Y is a non-empty set. The ideal Z is a non-trivial ideal when Y ¢ Z and the
non-trivial ideal Z is a admissible ideal when {z} € 7 for each z € Y.

A class F of Y is a filter in Y provided that: (i) 0 ¢ F, (ii) SNT € F for S,T € F, (iii) T € F for
SeFand S CT, where Y is a non-empty set. The class F(Z) = {M C X : M = X\S for 45 € T} is
the filter associated to Z in Y when Z is the nontrivial ideal.

Alghamdi et al. [2] utilized logarithmic density to introduce the concept of logarithmic statistical
convergence. They explored its connections with statistical convergence, as well as statistical summability
(H,1), which was previously established by Méricz.

Let us recall the notion of logarithmic density and logarithmic statistical convergence.

Let x s denote the characteristic function of J C N, and let N be the set of all natural numbers and

S

5 5

Enter ds (J) = %ZXJ (u) and 04 (J) = iZX’T(”) fors € N, where I; = » 1 (s=1,2,...). The notions
u=1 u=1 u=1

d(J) = liminfs_,o ds (J) and d(J) = limsup,_, ., ds(J) are called the lower and upper asymptotic

density of J, respectively.

The lower and upper logarithmic densities of E are denoted by the numerals ¢ (E) = liminfs_, s (E)
and § (E) = limsup,_, ., ds (E), respectively. The asymptotic density of F is denoted by d (E) if d (E) =
d(E) = d(E), whereas the logarithmic density of E is denoted by § (E) = & (E) = 01, (E). Take note

S

that I, = » 1 =35 and hence dy, (F) reduces to d (E) for u = 1.

u
u=1
A sequence @ = (wy) is said to be logarithmic statistically convergent to wy if for any g > 0, the set
{u :% |coy — wo| > Q} has logarithmic density zero, i.e.,

1
lim —
5§—00 s

1
{ugszu|wu—wo| 29}’20. (1.1)

In this instance, st), — limw, = wy is written.

Logarithmic statistical convergence can be considered a particular case of weighted statistical conver-
gence in the case of p, = %

This is not quite accurate, though, as the definition of weighted statistical convergence states that

o1 1
lim —|qu<l;~logs:— |wy, —wo| > 0¢| =0.
500 g u
for py = 1, P, = E Dy = L ~logs (s =1,2,...). So, one can see the difference between this and

u=1 u=1
(1.1), i.e., in (1.1) the enclosed set has bigger cardinality.
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Let 75 = l “u where [; = Zl logs (s =1,2,...). We say that @w = (wy) is (H, 1)-summable
u=1
to @y if the sequence 7 = 74 converges to wy, i.e., (H,1)limw, = wy.

Boztepe and Diindar [4] introduced the notions of logarithmic Z-convergence and logarithmic Z-
Cauchy sequences, exploring their properties and interconnections.

2. Main results

In this section, we first present the concepts of logarithmic (A™,T)-statistical convergence of order p
and logarithmic strong (A'T,I)—Cesaro summability of order p for real sequences. Then, we analyze the
relationship between these notions.

Definition 2.1 A sequence w = (w,,) is defined as logarithmic (A™,T)-convergent to wg if for every
0> 0, the set {u eN: % |A"wy, — wg| > g} € Z. In such a case, we denote this by (A™,Z),) —limw, =
wp. The collection of all sequences that are (A™,T,)-convergent will be represented as ¢ (A™,Zyy,).

Definition 2.2 Let p be a real number in the interval (0,1]. The sequence w = (woy) is referred to as
logarithmic (A™,T)-statistically convergent of order p (or SP (A™, T, )-convergent) if there exists a real
number wqg such that

1 1
{EEN:Zp {u<5:u|Amwu—wo|>QH >§}€I,
5
for any o, > 0.

When this condition holds, we denote it as SP (A™,Ty,) — limw, = wq or equivalently as SP (Ir,) —
lim A™w, = wy. The collection of all sequences that are logarithmic (A™,T)-statistically convergent of
order p is represented by SP (A™, Ty,).

The notion of S? (A™, T, )-convergence is properly defined for p € (0, 1], however, it is generally not
well-defined when p > 1. To illustrate, the sequence w = (w,) is defined as follows:

m_ |1, ifu=2s
A wu_{ 0. ifu¢25;5_1’2""

For any ¢ > 0 and p > 1, we have

1 1o 5
lg{ugﬁlu|A wu—1>g}‘§2l§,
for any ¢ > 0
1 oo ]
seN: S |lquls:—[A"wy, — 1| >pp| > C{sEN: 5 >¢r €T
5 u 215
In addition, we get
1 u<s~l|Am 0] > <>
[ TR °f =2z

we have

1 1
seN: - [Qu<s:i=|AMm, —0] > pb|>ct ClseN: = >cb el
s u 215

Thus, S? (A™, 7)) — limw, = 1 and S” (A™,7},) — limw, = 0. But this results in a contradiction.

It is straightforward to observe that any logarithmic (A™,7)-convergent sequence is also logarith-
mic (A™,T)-statistically convergent of order p € (0,1]. The opposite isn’t always true, though. To
demonstrate this, consider the sequence w = (w,, ), which is provided by

L ifu #£ 53
AN, =<4 VW "s=1,2,.. 2.1
“u { 1, ifu=sg% " 7 (2.1)

Clearly, @ € SP (A™,T,,) for p € (3,1]. but it @ ¢ ¢(A™, T,).
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Definition 2.3 For any real number p in the interval (0,1] and any positive real number p, a se-
quence w = (wy) is called logarithmic (A;",I)—C’esdm summable of order p (also referred to as strong
wP (A;”,Iln) -summable) if there exists a real number wwy such that

1 51 m p
{5€Nl5pu§_:1u|A wu_w(]‘ >Q}€I

Under these conditions, we denote it as w’ (A;”,Iln) —limw, = wy. The collection of all sequences that
are strong (A"J”,Ih,) -summable sequences of order p will be indicates by w” (A;“,Iln). For p =1, this
reduces to w (A;",Zln).

Theorem 2.1 Let p € (0,1] be each real number and ¢ > 0. Assume that
SP(A™, Ty,) —limwy = wy and S? (A™,T1,) — lim¢, = ¢;.
Then, the following properties hold
(i) SP (A™ T},) — lim Awy, = Ay, where A € R;
(#3) SP (A™,Ty,) — lim (woy + ty) = w1 + t1.
Proof: (i) If A = 0, we have nothing to prove. So, we assume that A # 0. Let S* (A™, 7)) —limw, = w.

Then ) )
{EGN g {u<5:u|Amwu w1|>|/\|}‘>g}€I. (2.2)

Since |A™ (Awy) — Awy| = || |A™wy — w1 |, we have

{EEN:é|{u§5:l|Am()\wu)—)\w1|2@}‘ 2(}
:{5€N:lip {u<s |A™ g, — wﬂEﬁHEg}.

Hence, by invoking the equality in (2.2), it follows that S? (A™,7,) — lim Aw,, = Aw;.
(if) Let S° (A™ T,) — limw, = @ and $” (A™,T,) — limty = t1. Then, oz (U (o,5)) = 0 and
07 (Uz (0,¢)) = 0, where

{u<5 =A™, —t1|>g}’ ;}

1
{u§51u|Am(wu+t) (w1 +t1)| >0 ’ }

1
S1(0,¢) :== {EEN:p
ls

[\D\J\

{u <s:— |Amw —w| > QH

and )
Sa(0,¢) == {EGN: 7

S

Let )
S (0,¢) == {SGN:IP

S

To prove that d7 (S (9,<)) = 0, it suffices to show that S (9,¢) C Sy (0,5)USs (9,5). Suppose ug € S (g,5).
Then

ZP

{u<s — |A™ (wy, + tyy) — (w1 + t1)] ZQH > . (2.3)

Suppose to the contrary, that uy ¢ S (0,5) U S2(0,5). Then, ug ¢ S1(0,¢) and ug ¢ Ss(0,¢). If
up ¢ S1(0,¢) and ug ¢ Ss (0,¢), we have

1 1 S

s {ugszum wuo—w1|ZQH<2
and

1 1 .. S

l{;{ugﬁlu|A tuo_tlzg}‘<2
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Then, we obtain

é {u<s LA™ (wy, + tu,) — (w1 + t1)] > 9}|
< g [{uss i |Amm, — @l 2 o} + g [{u <5 1A, — 1] = o}
<5t3z=¢

which contradicts (2.2). Hence, uy € S1 (0,5) U Ss (0,¢), that is S (g,5) C S1 (0,¢) U S2 (g,s). This gives
that S? (A™,Z),) — lim (oo, + ty) = w1 + t1. O

Theorem 2.2 For any real number p € (0,1], the limit of an SP (A™, T, )-convergent sequence is uniquely
defined.

Proof: Assume, for the sake of contradiction, that the sequence w = (w,) is logarithmic (A™,T)-
statistically convergent of order p to two distinct values wy and wy, with wy # w;. That is, for every
o> 0 and ¢ > 0, the sets

1
Alz{EEN:p
ls

1
{ugs:ummwu—wd 2@}‘ <§}

and )
AQZ{EGN:ZP

S

1
{ugs:ummwu—wﬂ 2@}‘ <§}

belong to the filter associated with the ideal Z, i.e., A;, Ay € F (Z). Since filters are closed under finite
intersections, we have Ay N Ay € F(Z), so in particular, Ay N Ay # (. Let t € A; N Ay and choose
0= h”ogiwl‘ > 0. Then, by the definitions of A; and As, we have

1 1,
Slust:= A"y, —w| > 0| <<
l§ u

and
1 1,
Sust:=|ATwmy, —w| > 00| <.
l§ u

This implies that, for maximum u < t, the inequalities < |[A™w, — wo| < ¢ and 1 [A™w, — w@;| < g hold
simultaneously for a very small ¢ > 0.

However, since these neighborhoods are disjoint due to the choice o = Iw(ngiwﬂ

, the intersection
1 m 1 m
ugt:£|A wy—wo| >0, Nqu<t:—|A"w, —wi| >0
u

must be non-empty, leading to a contradiction. Therefore, the assumption that, @ = (w,) is logarithmic
(A™ T)-statistically convergent of order p to two different values is invalid. The evidence of uniqueness
is now complete. O

Theorem 2.3 Let w = (wy), t = (tu) and z = (2zy) be any real sequences such that A", < A™t, <
AMz,. If SP (A™ T},) — limw, = wy = SP (A™,T},) — lim 2, then S? (A™,T},) — limt, = w;.

Proof: Let o,¢ > 0 be arbitrary. Since
SP(A™, 7)) — limw, = w,

it follows from the definition that the set

1 1
A(g,g)Z{EENI {u§55u|Amwu—W1|ZQ}‘ Zg}

g
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belongs to the ideal Z.
Similarly, the condition S? (A™,7Z),) — lim z,, = w; implies that

1
{ugszummzu—wﬂ ZQH Zg} el

Now, for each u € N, the inequality A™w, < A™¢t, < A"z, implies that

1
B(g,g):{sEN:p
ls

[A™t, — 1| < max {|A"wy, — w1, |AT 2y — w1} .

Therefore, if 2 |A™¢t, — 1| > o, then either 1 |A™w, — @] > g or 2 |[A™z, — =1| > 0.
It follows that

1

lP

{u<s: LA™, — @] > g}’

u<s: 7|Amwu @1| > o}|
{u<s:l|Amz, — @] > 0}.

1 1
C(Q’g):{SEN:lp {ugs:u|Amtu—w1|ZQ}‘2§}
5

is contained in the union A (g,<) U B (p,s), and hence C (o,¢) € T.
Since o, > 0 is arbitrary, it follows from the definition that S? (A™,Z},) — limt, = ;. a

LR‘ =

Thus, the set

Theorem 2.4 For any real number p in the interval (0,1], the set SP (A™,T1y) N loo (A™) s closed
subsets of loo (A™).

Proof: Let (wh)beN € SP(A™,Tin) Nl (A™) be a sequence that converges to w € o, (A™). We must

demonstrate that w € SP (A™,T1,) N loo (A™). Assume that @” — Ly (S? (A™,T1,)), Vh € N. For a

given p > 0, consider a positive strictly decreasing sequence {Qb}heN where gy = 5. Hence {Qh}heN

converges to 0. Select an integer h) that is positive so that Hw — HOO < %’. Let 0 < ¢ < 1. Then

L m 4

and

1
B= {5€N N,{u<51JAm bl _ LhH‘>921}‘<;}erIy

Given that AN B € F(Z) and @ ¢ F (Z), we may select u € AN B. Then
1 0p S
<g:Z|A™ h_L > 20 >
{u_su\ - h|_4H<3

{u<5 ‘Am " —Lh+1‘ > Qb“}‘ <

A

and

il
2 3

and so

u+l

1
lp{ugszlAmwﬂ Lb‘>gh\/ ‘Am ot Lh+1‘2gzrl}‘<<<l.
5 u

Hence, there exists a u < s for which 1 A™ el — Lb’ < 2 and 1 ‘Am u+1 Lh+1‘ < ot

Then, we can write

Ly = Ly < | Ly — A"omd| + Amwu A 33’4' Amyty Lh+1’
+1
< Lol — 1y + L |amelit — Ly + 2]+ =
§%+—Q"4“+%+—“’f§e.
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This implies that (Lh)h cn 1s a Cauchy sequence in R, and thus there is a real number L such that Ly — L,
as h € N. We must demonstrate that @ — L (S” (A™,Z},)). For each ¢ > 0, select h € N so that gy < £,
|- =" <%, |Ly—L| <% Then

w [{u<s: [Aw, — L] > o}
et (At s o=t i) 2
<t u<sd|arel - 1|+ 2+ 2> 0}
<tHu<s:t|Ame) - Ly >@H
This implies that
seN: % {u<s: 7|Amwquh|>g}|<§}
Sfsen:pfussid ‘Am b L,,‘> 9}‘<<}€]—'( ).
Hence
{5€N % {ugszi|Amwu—Lb|2gH<c}E]—'(I),
and so
{SEN:ZE { <s |Amwu—Lb|>gH }EI.
This concludes the theorem’s proof by indicating that  — L (S? (A™, Z1,)). O

Theorem 2.5 For fized real numbers p and k satisfying 0 < p < k < 1, and for any positive real number
p, then the inclusion w” (A;”,Iln) C S*(A™, 7)) holds, and this inclusion is strict.

Proof: For any o > 0 and given that w” (A;J",Iln) — lim w,, = w, the following inequality holds:

S

5
Z % ‘Amwu - 7ﬂl|p > Qp Z % |Amwu - w1|p

u= u:l,\Amwu—w1\>g

> o |fu< st A, — | 2 ).

Thus, we obtain

1
p
Qplf’zi| w1| zl?

S

1
{uﬁﬁ:uAmwuwﬂ > QH

Then, for any ¢ > 0, we get

{EEN % {u<5 |Amwu—w1\29}‘2g}

5
C {SGN: 7ol LAmw, — | ngg} eT.
T u=1

As a result, we have S* (A™,7,) — limw, = w;. So, w? (A'T,Iln) C S (A™, ).

Setting p = k, we establish the strictness of the inclusion w” (A", Zp,) C S? (A™, I1,) in a particular
case. To demonstrate this, consider the sequence w = (tw,) defined by

m 1, ifu=s%

For any o > 0 and p € (%, 1], we have

Vi1
5

1
> {uﬁs:Amwu—ngH <
e u
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and for any ¢ > 0,we get

1
{5EN:ZE

Since the set on the right-hand side is finite, it belongs to Z. Consequently S? (A™,Z,) — lim w, = 0 for
pE (%, 1]. On the other hand, for p € (0, %), the following inequality holds:

Ve—1 11 o, I GK1 o
s Su=1 Su=1

sP

{uéﬁiiAmwu—0|29}’2<}£{5EN: V5 2<}ez.

This leads to

{s0.50 + 1,80 +2,...} = {5 eN: ‘/E;l > 1}
5
C {seN:llp }‘|Amwu—op21},
for some s9 € N that belongs to F (Z), since Z is an admissible ideal. Hence, w, — 0 in the sense of
w’ (A;”,Iln). 0

The converse of Theorem 2.5 does not always hold. To illustrate this, we construct a sequence that
is A™-bounded and S? (A™, T}, )-convergent but not necessarily w? (A7, i, )-summable. Consider the
sequence w = (w,) given by (2.1). It can be verified that w € I (A™) and w € S? (A™,T,) for
pE (%, 1] and w ¢ wP (A;”,Iln) for p € (O, %) Therefore,

w €SP (Am,Iln)\’wp (A;n,Iln)

for p € (%, %)
Theorem 2.5 directly leads to the following outcome.

Corollary 2.1 If w” (A;”,Iln) —limw, = wy, then it follows that SP (A™,T},) — lim w, = wy.

Theorem 2.6 For fixed real numbers p and k satisfying 0 < p < k < 1, and a positive real number p,
the inclusion w” (A’p",Iln) C wr (A;”,Iln) holds, and this inclusion is strict.

Proof:

It is easy to understand the inclusion section of the evidence. We illustrate the strictness of the
inclusion w” (A'T,Iln) C w” (A'T,Iln) for a specific situation by putting p = 1. Examine the sequence
w = (wy), which is defined so that

m_ 1, ifu=s%
A w“{ 0, ifu#52;571’2""

It is straightforward to verify that

11 5 1 1
—Za\Amwu—OPSi: 1—>O,ass—>oofor/<;€<2,1),

Zguzl 5P 573
but
11 Ve —1 1
=Yy —|A"m, — 0] > Y—— = oo, —ooforpe (0,= ).
lg;u| wy — 0" > p 00, as § — oo for p < 2)
So, w € w" (A;"',Iln) for k € (%,1) but w ¢ w” (A;"/,Iln) for p € (O,%). O

The result that follows is a consequence of Theorem 2.6.
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Corollary 2.2 For given real numbers p and k such that 0 < p < k < 1, the following properties hold,
(@) If p = K, then w” (A,T,Iln) =w" (A™ T),
(1) wP (A'T,Ihl) C w(A™, T1,) for each p € (0,1].

Theorem 2.7 Let p and k be fized real numbers such that 0 < p < k < 1, then SP (A™,T},) C
S*(A™ T1,), and the inclusion is strict.

Proof: Assume that w € S? (A™,T7),). Take p and x such that 0 < p < k < 1. Then, we can write

1

lg

5

S

1 1 1
u<s:—|A"wy —wo| > 0| < 5 Ru<s:—|ATwy, —wy| > 0.
u 4 u

From this, we derive

{EEN:%|{u§5:%|Amwu7wo\ZQ}| zg}
g{5€N:é|{u§5:%|Amwu—wo|2g}‘zg}eI,
and this gives that S? (A™, 7)) C S* (A™, T1y,) .

For a specific situation, we show how stringent the inclusion S? (A™, 7)) C S (A™,7,) is. Take the
sequence w = (wy ), which is defined so that

m__ fou, ifu=s%
A w”_{(), ifu7£52;5—1,2,...
Then, w € S* (A™,T,) for k € (1,1], but w ¢ S* (A™,T,,) for p € (0,3]. O

Corollary 2.3 Let p € (0,1] be a real number, then S? (A™,T1,) C S(A™, 1) .

The ideas of logarithmic A™ (f, Z)-statistical convergence of order p and logarithmic strong A™ (f,Z)-
Cesaro summability of order p are now presented, along with important relationships between them.

Definition 2.4 Let p € (0,1] be a real number and let f be an unbounded modulus. A sequence t = (twy,)
is said to be logarithmic A™ (f,T)-statistically convergent of order p to wy (or Sr{ (A™, T),)-convergent
to wy) if for each g, >0

{EEN:f(llng{u:ugs:i|Amwu—woZQ}D ZC}GI.

When this condition holds, we denote it as Sg (A™ T1,) — limeo, = wg or equivalently as Sg (A™, Tyy,) —
lim A™w@, = wo. The set of all logarithmic A™ (f,T)-statistically convergent sequences of order p is
represented by S;: (A™ Ty,). For f(w) = w, we write SP (A™,T1,) rather than S/{ (A™, T,).

The following example shows that the logarithmic A™ (f,T)-statistical limit of order p could not be
unique for p > 1.

Example 2.1 Define a sequence w = (w,) by

m_ |1, ifu=2s
A wu{ 0, ifu2e S 12

f(s)
£

{5€N:f(llgf(‘{u:u<5:i|Amwu—1|>QH>><}C{5€N:;((Eg))><}€I,

> 0. Since lims_, }{((;) >0, we have

and let f be an unbounded modulus such that limgs_,

ER
~
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{5€N3f(ll@f(HUZUSEIi|Amwu—O|ZQ}D Zg}g{seN: j‘i((lzg)) zq}EI,

for any ¢ >0 and p > 1. As a result, S,Jj (A™ 7)) — limwy, =0 and SZ (A™. T),) — limw, = 1 are not
conceivable.

For any unbounded modulus f and p € (0,1], a sequence is Sg (A™, T1,)-convergent if it is logarithmic
A™ (I)-convergent; however, the opposite is not true. To do this, select f(w) = w® for p € (0,1] and
take into account a sequence w that is described by

and

m _ 17 ifu:52; _
A wu—{ 0 ifuze $= L2 (2.4)

)

Clearly w is not logarithmic A™ (Z)-convergent, but it is Sg (A™, I,)-convergent for p € (%, 1} since

{seN:@f(‘{u:ugszimmwu—mEQ}D ZC}Q{EGN: ff((\l/é’g)) ZC}GI,

forpe (%, 1} .

Theorem 2.8 Let p and r be fived real numbers such that 0 < p < kK < 1, then S}: (A™,T),) C
Sf (A™ . T1,), and the inclusion is strict.

Proof: The proof’s inclusion section comes right after. To establish the strictness of S’g (A™ T),) C

S (A™ T1,), choose f (w) = w®, for p € (0,1] and take the sequence w defined by

m 1, ifu=s
A wu_{ 0. ifu#53;5_1,2,...

It can be verified that w € S/ (A™, Ty,) for k € (%, 1), but w ¢ S}: (A™,T),) for p € (0, %} . O
Theorem 2.8 immediately yields the following result.

Corollary 2.4 Let f be an unbounded modulus and p € (0,1]. Then, S} (A™, T,) C ST (A™, I1,) and
the inclusion is strict.

Theorem 2.9 Let f be an unbounded modulus and p € (0,1]. Then
(i) SJ (A™,I,) € S, (A™, I1n) and the inclusion is strict,
(#4) S}; (A™ T1,) C S (A™, T1,) and the inclusion is strict.

Proof: The proof’s inclusion arguments are simple to understand. Let f (w) = log (w + 1) to illustrate
how stringent the inclusion is. and Take the sequence given by

1, ifu=s?
m 3 )
A"y, = { 0. ifu e s=1,2,...

It follows that @ € S, (A™, Ip,) for p € (%,1] implying that @ € S (A™,T,,). However @ ¢ SJ (A™, Iy,).
O

Now, we define the concept of logarithmic strong A™ (f,Z)-Cesaro summability of order p and es-
tablish certain relationships between logarithmic strong A™ (f,Z)-Cesaro summability of order p and
A™ (f,T)-Cesaro summability of order x, where k and p are fixed real numbers satisfying x > p > 0.
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Definition 2.5 Let p be a positive real number and f be a modulus.

wg,o (A™, Iy) = {w cw: {5 eN: Z ONE=A = },

ul

w}f (A™ To,) = {WEw: { %Z% (|A™ @, — wg|) > }EI},
=1

S

11

wl o (A™, Thy) = {wEw:K>0 such that {5€N: é Lf(A™wm,|) ZK} EI}.

u=1

is what we define.

Logarithmically strong A™ (f,Z)-Cesaro summable of order p to wy with regard to the modulus f is
the term used to describe the sequence w = (w,) if w € wg (A™,T},). This property is also known as

strong A™ (f,Z},)-Cesaro summability of order p.

Different spaces can be derived by selecting specific values for f and p.
1. When f (w) = w; the notations simplify as follows:
(7) wp0 (A™,Zy,) instead of w o (A™ Thy,)
(43) w, (A™,Iy) instead of wf (Am,Iln) and
(#ii) wp,00 (A™, Ty, instead of wl o (A™ Thy) .
2. When p = 1; the notations are adjusted as follows:
(4) wg (A™,T7),) instead of w,{,o (A™, Ty,),
(ii) wf (A™,Ty,) instead of w}f (A™,T,) and
(#11) wl, (A™, T,) instead of wf . (A™, Ty,).
3. In the special case where f (w) = w and p = 1; the notations further simplify:
(i) wo (A™, 7)) instead of wg,o (A™, Ty,),
(i) w (A™, 7)) instead of w}: (A™,7,) and
(#91) Woo (A™, Ty ) instead of wgm (A™ 1) .
The following theorem may be stated without evidence.

Theorem 2.10 (i) w (A ,Im) C wf oo (A™ Ty,) for every positive p and modulus f,
(i) wf (A™.T),) C w oo (A™ T1,) for every p > 1 and modulus f.

Theorem 2.11 We have the following statements:
(1) wo (A™, Im) C wf (Am Im);

(43) wpo (A™,Tn) C w o (A™ T1n) 5

(141) Wy oo (A™, Tin) C wfpC (A™ T1,)

for every modulus f and p > 1

Proof: We focus on the last inclusion, as the others can be proven in the same manner.
Wp,00 (A™,I1y), then there exists a number K > 0 such that

11, .,

Let ¢ > 0 and choose p with 0 < pu < 1 such that f (¢) < g for 0 < ¢ < u. So, we have

ZPZ flarmh <y 3 flammd g Y Lf1Amm).

[Am o, |<p [Amag, |>p

Then, we have

5 Y LfATm) < lng<

?lamm,|<p

Let w €
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given |[A™w,| > p and |AMw,| < Wy;iw“‘ <1+ {%}, where [g] represents the integral part of ¢, we
may write
A" A"
Filane < (14 [ 22220 ) p) < 2 ) 120

using the modulus function definition. Hence

1 1 . S A B

Y AT <2 ()t > AT (26)

° [Amwmy|>p Zu=1

From Equations (2.5) and (2.6), we have
11 , 0 11
FZaf(|Amwu\) S 2f (D p ITPZE |A™ .
Su=1 Su=1
Since p > 1 and @ € Wy, o0 (A™, L1y, we have w € w!  (A™, T,). 0

Theorem 2.12 Let p be a positive real number and f be a modulus. wg (A™, Iin) C w, (A™, Ih), if
limy 00 22 > 0.

@)

Proof: Take lim;_, o, =2 0. So, we deduce that 6 = lims_, FION- inf{@;t > 0}. From d’s

tt > [
statement, we obtain f (t) > 0t for every t > 0. By 6 > 0, we get t < §~1f (t) for each t > 0. Thus, we
get

°1 11
m —1 m
> IAT@, —w| <4 E;ﬁm @ — @0).

u=1

1
4

For each ¢ > 0, we get

1.1 . 1-1
{5€N:l§§u|Amwu—wo|26 g}Q{sEN:lguz_:luf(mmwu—wd)ZQ}eI.

The evidence is now complete. O

The following is the outcome of Theorem 2.11 and Theorem 2.12.

Theorem 2.13 Given that lim;_, @ > 0andp > 1, let f be any modulus. wg (A™, Tn) = w, (A™, i)
s the next equation.

Theorem 2.14 Assume k > p > 0 and f is a modulus. In such case, w}; (A™, T1,) C wl (A™, Th,) and
the inclusion is strict.

Proof: The proof’s inclusion component is simple. Let f be a modulus and examine the sequence
provided by Equation (2.4) to demonstrate that the inclusion is stringent. For any s € N, we obtain

11 2071 f (1) =1 2071 f (1) /5
N2 f (A, - 0)) < T LINT D AT, | < 2L VE
lg;uf(l Wu ) < 5" uz::lu |A™ | < oF
using the knowledge that f (0) = 0.

Hence, w € wf (A™,T,,) for & > 1. Also

— 0, as s — o0,

N

5P

11
l?zaf(‘Ame_w0|)Z f(1) = o0, a8 s = 00,
Su=1

which gives that w ¢ w/: (A™,T),) for p € (O, %) O

Finally, we give some relations between logarithmic strong A™ (f,Z)-Cesaro summability of order p
and logarithmic A™ (f,T)-statistical convergence of order p.
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Theorem 2.15 Let p and k be fized real numbers such that 0 < p < k <1, f be an unbounded modulus
such that f(uwv) > cf (u) f(v) for all w > 0; v > 0; ¢ > 0 and lim;_, % > 0, then if a sequence
is logarithmic strongly A™ (f,T)-Cesaro summable of order p to wy, then it is logarithmic A™ (f,T)-
statistical convergent of order p to wy.

Proof: For any sequence w = () and ¢ > 0; using the definition of modulus function, we obtain

5 5
Z%fﬂA"”wu—wo\) > f Z%|Amwu_w0|
u=1

> f (%:T{lu <s:|A™wy — wo| > 0} 0)
>cf (L {u<s: |Amwy — wo| > 0}]) f (o)

and p < &,

cf ({u<s:|A" @ —wo|>0}) f (o)
7

cf ({u<s:|A" @ —wo|>0}) f (o)

g
_ef(LH{ugs: A @ —wo|>0}]) f() FIF)
- 03]

é %f(|Amwu—w0|)

v

v

Then, for any ¢ > 0, we get

{5€N: Lf(Eu<s: |Ammy —wo| > 0]) > ¢

f(s™)
5
C {5 eN: éZ%fﬂAmwu —wol) > cf (Q)g} €7,
u=1
As a result, we get S}; (A™, T,) — lim @, = wo. O

Theorem 2.15 readily yields the following findings.

Corollary 2.5 Let p and k be fixed real numbers such that 0 < p < 1, f be an unbounded modulus
such that f(uwv) > cf (u) f(v) for all w > 0; v > 0; ¢ > 0 and lim;_, @ > 0, then if a sequence
is logarithmic strongly A™ (f,T)-Cesaro summable of order p to wy, then it is logarithmic A™ (f,T)-
statistical convergent of order p to wy.

Corollary 2.6 Let f be an unbounded modulus such that f (uv) > cf (u) f (v) for allu > 0;v>0; ¢ >0

and limy_, oo @ > 0, then if a sequence is logarithmic strongly A™ (f,T)-Cesaro summable of order p to
wo, then it is logarithmic A™ (f,T)-statistical convergent of order p to wy.

Theorem 2.16 Let f be a modulus function such that lim;_, o @ >0 and p € (0,1]. If a sequence is
logarithmic strongly A™ (f,T)-Cesaro summable of order p to wy, then it is logarithmic A™ (T)-statistical
convergent of order p to wy.

Applying Theorem 2.16 allows us to draw the following conclusions.

Corollary 2.7 Let f be a modulus function such that lim;_ o @ 0. If a sequence is logarithmic

>
strongly A™ (f,Z)-Cesdro summable to wy, then it is logarithmic A™ (T)-statistical convergent to twy.

Corollary 2.8 If a sequence is logarithmic strongly A™ (Z)-Cesaro summable to wg, then it is logarith-
mic A™ (I)-statistical convergent to wy.
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3. Conclusions

In this paper, we explored various types of logarithmic summability and statistical convergence meth-
ods for real sequences. Initially, we introduced the notions of logarithmic (A™,Z)-statistical convergence
of order p and logarithmic strong (A;”,I)—Cesaro summability of order p, followed by an examination
of their interconnections. Subsequently, we extended these concepts to logarithmic A™ (f,T)-statistical
convergence of order p and logarithmic strong A™ (f,Z)-Cesaro summability of order p, establishing
fundamental relationships between them. Furthermore, we investigated the link between logarithmic
A™ (f,T)-Cesaro summability of order p and A™ (f,Z)-Cesaro summability of order k, where x and
p are fixed real numbers satisfying k > p > 0. The results obtained contribute to the ongoing study
of summability methods and statistical convergence, providing a broader framework for analyzing real
sequences under logarithmic transformations.
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