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Some results in the new direction of multiplicative metric space

Irom Shashikanta Singh*™ and Y. Mahendra Singh

ABSTRACT: Inspired by the recent work of Stojan Radenovi¢ and Bessem Samet [9], we prove some fixed
point theorems in multiplicative metric space which are not equivalent to the corresponding theorems in metric
space using the function ¢ : [1,4+00) — [0, +00) that satisfies the condition: (s) > b(Ins)¢, s > 1, where b and
c are positive constants. We give an application in boundary value problem for the second-order differential
equation to validate our results.
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1. Introduction

The concept of multiplicative calculus was first introduced by Grossman and Katz in 1972 [6]. Inspired
by this, Bashirov et al. [3] developed the framework of multiplicative metric spaces. Below, we present
some fundamental definitions related to these spaces.

Definition 1.1 [3] Let A be a nonempty set. A function d,, : Ax A — [1,400) is called a multiplicative
metric if it satisfies the following conditions for all u,v,w € A:

(dn1) dw(u,v) =1 if and only if u = v;
(dn2) dm(u,v) = dn(v,u) (symmetry);
(dm3) dm(u,v) < dy(u, w)dn(w,v) (multiplicative triangle inequality).
A pair (A,d,,) that satisfies these properties is referred to as a multiplicative metric space.
Remark 1.1 A multiplicative metric dp, : A X A — [1,4+00) is continuous .

To show this, let us consider two sequences {£,, } and {(,} in A such that d(§,,,€) — 1 and dw (e, ¢) — 1.
Now, by using the multiplicative triangle inequality, we get

dm(fnuCn) S dm(fn,f)dm(§7<)dm(<n,<) (11)

and

A (€, C) < dm (&, &n)dim (8, Gn)dim (G, €)- (1.2)
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Combining (1.1) and (1.2), we get

dw (£, €)
(&, €n)dim (Cns €)

Letting n — +00, we get dm(&n, () = dm (&, Q).
This shows that d,, is continuous.

< dm (& Gn) < dm(&ns §)dim (€, C)dim (G, €)-

Definition 1.2 Let (A, d,,) be a multiplicative metric space and {&,} be a sequence in A. Then {&,} is
said to be multiplicative convergent to &€ € A if for all e > 1, there exists a natural number m such that
A (€, &) <€ for alln > p i.e. limy 100 dm(&n, &) = 1.

If {&,} is a convergent sequence in a multiplicative metric space, then there exists a unique £ € A
such that lim,—, oo dm(&n, &) = 1.

Definition 1.3 Let (A,d,,) be a multiplicative metric space and {&,} be a sequence in A. Then {&,} is
said to be multiplicative Cauchy, if for all € > 1, there exists a natural number p such that dy (&, Em) < €
for alln,m > p, i.e. limy posqoo dm(&n,&ém) = 1.

Definition 1.4 Let (A,d,,) be a multiplicative metric space. If every multiplicative Cauchy sequence is
multiplicative convergent to a point & € A, then (A,d,,) is said to be a complete multiplicative metric
space.

We recall the classical versions of the following fixed-point theorems in metric spaces.

Theorem 1.1 (Banach’s Contraction Principle [2]) Let (A,d) be a complete metric space, and let
F : A — A be a mapping. Suppose there exists a constant A € (0,1) such that

d(FE& FQ) < Ad(E,¢), forall§, ¢ €A, (1.3)
Then F has a unique fixed point.

Theorem 1.2 (Kannan’s Fixed Point Theorem [7]) Let (A,d) be a complete metric space, and let
F : A — A be a mapping. Assume there exists a constant \ € (0, %) such that

d(FE& FQ) S A& FE) +d(CFQ)],  forall €, ¢ € A. (1.4)
Then F has a unique fixed point.

In the year 1973, M. Geraghty proved a fixed point theorem using such functions as a generalization
of Banach'’s fixed point theorem by using a function 7 = {f : (0, +o0) — [0,1) : f(t,) = 1 = t, — 0}.

Theorem 1.3 (Geraghty’s Fixed Point Theorem [5]) Let (A,d) be a complete metric space and
F : A — A satisfy

d(FEFQ) < f(d(E)d(E,C)  forall§,((E#C) €A, fEF. (1.5)
Then F has a unique fixed point in A.

Theorem 1.4 (Cirié-Reich-Rus Fixed Point Theorem [10]) Let (A,d) be a complete metric space
and F : A — A be a mapping. If there exist non-negative constants p,q,r satisfying p+ q+r < 1 such
that

d(F& F Q) < pd(&,¢) + qd(&, FE) +rd(C, F (),
for all &, € A. Then, F has a unique fixed point.

Ozavsar and Cevikel [8] were the first to present the following multiplicative versions of classical fixed
point theorems.
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Theorem 1.5 (Multiplicative Version of Banach’s Contraction Principle [8]) Let (A,d,,) be a
complete multiplicative metric space, and let F : A — A be a mapping. Suppose there exists a constant
A € (0,1) such that

dn(FEFC) < [du(&,Q))Y,  for all §,¢ € A. (1.6)
Then F has a unique fixed point.

Theorem 1.6 (Multiplicative Version of Kannan’s Fixed Point Theorem [8]) Let (A,d,,) be a
complete multiplicative metric space, and let F : A — A be a mapping. Assume there exists a constant
A€ (0,1) such that

du(FEFQ) < [dm(&, FEdm(C, FQ)Y,  for all €,¢ € A. (1.7)
Then F has a unique fized point.
Now, define G = {g: (0, +0) = [0,1) € G: g(t,) = 1 = t, — 1}

Theorem 1.7 (Multiplicative Version of Geraghty’s Fixed Point Theorem [4]) Let (A,d,,) be
a complete multiplicative metric space, and let F : A — A be a mapping. Assume there exists a function
g € G such that

d(FEFC) < dm(&,Q)7 D for all €,¢ € A (1.8)
Then F has a unique fixed point.

Theorem 1.8 (Multiplicative Version of Cirié-Reich-Rus Theorem [4]) Let (A, dy,) be a com-
plete multiplicative metric space, and let F : A — A be a self-mapping. Assume there exist non-negative
constants p,q,r with p+ q+r < 1 satisfying

A (F& F Q) < (dm(&, Q)P (dm (& FE))(dn(C FQ),  for all €,C € A. (1.9)
Then F has a unique fixed point.

However, in 2016, Agrawal et al. [1] and S. Shukla [11] put a critical remark on multiplicative metric
spaces that a multiplicative metric space can be deduced to metric space.

Theorem 1.9 ( [1], [11]) Let (A,dy,) be a multiplicative metric space. Then the pair (A, d) is a metric
space where d(€,¢) = Indw (£, C) for all £,¢ € A.

In a survey, Dosenovié et al. [4] generalized Theorem 1.9 by proving the converse of Theorem 1.9.

Theorem 1.10 [/] Let (A,d,,) be a multiplicative metric space. Then the pair (A,d) is a metric space
where d(&,¢) = Indn(§,C) for all §,¢ € A. Conversely, if (A,d) is a metric space then (A, d,,) is a
multiplicative metric space where du(€,¢) = e&9) for all €,¢ € A,

The following results are obvious but very important.

1. If d,,, is a multiplicative metric on A, then d is a metric on A;

2. If (A, d,,) is a complete multiplicative metric space, then (A, d) is a complete metric space;
3. If d is a metric on A, then d,, is a multiplicative metric on A;
4

. If (A, d) is a complete metric space, then (A, d,,) is a complete multiplicative metric space.

And, consequently, proved that the multiplicative versions of most of the fixed point theorems are
actually equivalent to the corresponding classical versions in metric space. Some of the results are given
below.

Theorem 1.11 [/] Theorems 1.1 and 1.5 are equivalent.

Theorem 1.12 [}] Theorems 1.2 and 1.6 are equivalent.
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Theorem 1.13 [}] Theorems 1.3 and 1.7 are equivalent.
Theorem 1.14 [4] Theorems 1.4 and 1.8 are equivalent.

After this interesting survey in [4], it was a natural question for the researchers that

Problem 1 Is there any such version of Banach, Kannan, Chatterjea, etc., fized point theorems in
multiplicative metric space which are not equivalent to those in metric space?

This problem remained unsolved until recently, Stojan Radenovié¢ and Bessem Samet [9] proved the
following Theorem 1.15 and 1.16. This problem was solved with the help of the following function ®.
® is defined as the collection of functions ¢ : [1,4+00) — [0, +00) that satisfy the condition:

o(s) > b(lns)?, s>1, (1.10)
where b and c are positive constants.
Remark 1.2 [9] From (1.10), it follows that
o(s) >0, s>1.
Additionally, they defined the subset ®T and ® as:
®" = {p € ® : p is non-decreasing}

and
Oy ={pe®:p(0) =0} respectively.

Theorem 1.15 [9] Let (A,d,,) be a complete multiplicative metric space, and let [ : A — A be a
mapping satisfying the following conditions:

(i) there exist A € (0,1) and a function ¢ € ® such that

P(dm(FE& FQ)) < Ap(dm(€,Q)), (1.11)
for all§,¢ € A with dyw(€,¢) > 1, and
(ii) for any u,v € A, if
lim dp(F"u,v) =1,

n—-+o0o

then there exists a subsequence {F ™ u} of {F"u} such that

lim  de(F ™, Fo) = 1.

k——+oo
Under these conditions, the mapping F has a unique fixed point.

Theorem 1.16 [9] Let (A,d,,) be a complete multiplicative metric space, and let [ : A — A be a
mapping satisfying the following conditions:

(i) there exist X € (0,3) and a function ¢ € ® such that

P(dm(F & F Q) < Alp(dm(&; FE)) + @(dm (S, F Q)] (1.12)
for all £, € A with dyw(€,¢) > 1, and

(i) for any u,v € A, if
lim dp(F"u,v) =1,

n—-+o0o

then there exists a subsequence {F ™ u} of {F"u} such that

lim  de(F™ u, Fo) = 1.

k——+o0
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Under these conditions, the mapping I has at least one fized point.

The importance of the function ® lies in the fact that it does not allow the deduction of (1.11) and
(1.12) to (1.3) and (1.4) respectively.The property ¢(s) > b(lns)®, s > 1 acts as a bridge from the
inequality (1.15) to the Cauchy sequence in the proof of Theorem 1.15 and 1.16. This means that this
property of ® plays an important role in making any sequence satisfying (1.11) and (1.12) in A Cauchy.
Moreover, under different special conditions on ®, some other interesting results can be established.

2. Geraghty type fixed point theorem in multiplicative metric space

At first, we give an affirmative answer to the problem 1 by proving the Geraghty-type fixed point
theorem in multiplicative metric space, which is not equivalent to Theorem 1.3.

Theorem 2.1 Let (A,d,,) be a complete multiplicative metric space, and let f : A — A be a mapping
satisfying the following conditions:

(i) there exist g € G and a function ¢ € ® such that
P(dm(FEFQ)) < g(dn(& Q))p(dn(€, ), (2.1)
for all €,¢ € A with dw(£,¢) > 1, and
(ii) for any u,v € A, if
W do (F "u,0) = 1,

n—-+o0o

then there exists a subsequence {F ™ u} of {F"u} such that

lim  d(F ™, Fo) = 1.

k—+oo
Under these conditions, the mapping F has a unique fized point.

Proof: For an arbitrary initial point §y € A, define the sequence {&,} by
gn = FnSOa n Z 0.

If there exists some ng > 0 such that &,, = &,,+1, then &, is a fixed point of /. Otherwise, assuming
&n # Epqq for all n > 0, it follows that

dn(€n, &) > 1, for all n > 0.

Setting (£,¢) = (&, &n+1) and using (2.1), we get

@(dm(fmgnJrl)) = (p(dm(anflv an))
< g(dwm(€n—1,€n))P(dm(En—1,6n)),

which is equivalent to
Qa(dm(gm €n+1)) < (p(dm(fn—la gn))

This shows that {¢(dm (§n, €nt+1)) } 1S a non-increasing sequence. So, there exists r such that lim,—, oo ©(dm (&n, Ent1)) =
r > 0. Suppose that r > 0.
Using (2.2), we get
‘P(dm(gna §nt1))
O(din(En—1,8n))

Letting n — 400 in above inequality, g(¢(dm(&€n-1,&,))) — 1 and since g € G, we get dw(§n—1,&n) —
1. This is a contradiction as dy(€,—-1,&,) > 1. Thus, lim, 40 ©(dm(&n, Ent1)) = 0.

< g(dwm(n-1,&)) < 1.
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On the other hand, Using (1.10), we derive

1(du (6, Ens1)) < [“"(d"‘“b“”] “oazo (2.3)

And since In(s) > 0 as s > 1, we get

so(dm@n,gw))} .

0< ln(dm(gmfn—kl)) < |: b

Letting n — 400, we get limy,—, oo In(dm(§n,€n+1)) = 0. Now, we show that {£,} is a Cauchy
sequence. By the multiplicative triangle inequality, we get

dm(gna gn-‘rm) S dm(gna §n+1) e dm(gn-‘rm—l, £n+m)

Since In(€) is non decreasing

1n(dm(€n»£n+m)) < ln(dm(gna £n+1)) +e ln(dm(gnerfla §n+m))

As n — 400, In(dw(&n, &ntm)) — 0 ie. dn(&nyEntm) — 1.
Thus, {&,} is a multiplicative Cauchy sequence in the complete multiplicative space (A, d,,), ensuring
the existence of a limit point £* € A such that

lim  du(En, €*) = 1. (2.4)

n—-+oo

By condition (ii), this sequence admits a subsequence {,, } satisfying:

lm d(Enr1, FEY) = 1. (2.5)

k—+oo

From (2.4), (2.5) and the continuity of d,, we conclude that £* is a fixed point of F .
To prove the uniqueness of the fixed point of F, suppose that there exists two different fixed points
ET and €X of F, i.e.,
er=Fet, e =re, and du(€T,¢%) > 1.

Applying inequality (2.1) with (£7,£%), we get:
P(dm(FEY,FEX)) < g(dm(E7,67))p(dm(ET,€7)). (2.6)

Since dm(E1,6%) > 1, p(dn(£T,£%)) > 0. Dividing both sides of (2.6) by ¢(dm(£T,£%)), we get
g(dn(ET,6%)) = 1 ie. dn(€F,£X) = 1. This is a contradiction as dn(67,£%) > 1. This completes the
proof. o

We can show that Theorem 2.1 is not equivalent to Theorem 1.3.
The function dg,,) : A x A = [0, 4+00) is defined as

0, if &£ =¢,
In[p(dn(§,Q))], if & #C.

However, this function does not necessarily define a metric on A. Therefore, in general, contractive
condition (2.1) cannot be transformed into (1.5) in a metric space. As a result, the approach used in [4]
is not applicable in this case. The following example demonstrates this.

d@(dm)(é-aC) = {

Example 2.1 Consider the set A = {a1,az2,a3} and a multiplicative metric d,, : A x A — [1,+00)
defined as follows.
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dm(al,al) dm(al,aQ) dm(al,ag) 1 3 4
dm = dm(ag,al) dm(CLQ,CLQ) dm(ag,ag) = 3 ]. 5
dm(ag,a1) dm(a;),,ag) dm(ag,ag) 4 5 1

Notice that
dm(al,ag)dm(ag,ag) =3xb=15>4= dm(al,ag),
dm(ahag)dm(ag,ag) =4 x5=20>3= dm(al,ag),
dm(a27a1)dm(a1,a3) =3x4=12>5= dm(az,ag)

which confirms that d,, is a multiplicative metric on A.
Now, consider the function ¢ : [1,+00) — [0, +00) given by

B if1<s<3,
p(s) = %, if 3< s <4,
£, ifs>4

For all s > 1, we observe that

1
o(s) > R Ins,

which implies that ¢ € ® (indeed, ¢ satisfies condition (1.10) with b= % and ¢ =1).
On the other hand, we find that

p(4) =5>4=4x1=p(3)p(5),

which leads to
Inp(4) > Inp(3) + lnp(5).

Rewriting this inequality, we obtain
Inp(dm(ar,az)) > Inp(dn(ar, az)) + Inp(dw(az, az)),

which simplifies to
dtp(dm)(al, ag) > dgj(dm)(al, as) + d¢(dm) (ag,as).

This confirms that d,(q,,) does not define a metric on A.
We provide below an example to illustrate Theorem 2.1.
Example 2.2 Let A = {a1,az2,a3} and define the mapping F : A — A as follows:
Fai=a1, Fax=as, Faz=a;.

Consider the multiplicative metric dy, : A x A — [1,400) as in Example 2.1.
It is important to note that there is no function g € G satisfies

dw(Fay, Fag) < [dw(as, ag)]g(dm(al"‘?)).
If such a g were to exist, applying In would yield
Indy(ar,as) < g(dwm(ar,a2))Infdy(ar,as)].
Substituting the values, this reduces to
In4 < ¢(3)1n3,

which can be rewritten as
In4

3> 4y
98) 2 3>
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Since this contradicts the assumption that g(€) € (0,1), Theorem 1.7 does not apply in this case.
Now, define the function ¢ : [1,400) — [0,4+00) as

0, s=1,
_J3s, 1<s<3,
wls) = s, 3<s<A4,
3s, s>4.
For all s > 1, it holds that
©(s) > Ins,

which implies that ¢ € O (as ¢ satisfies (1.10) withb=c=1).
Using this definition and taking g(§) = In(§ + e — 1), we compute
Case 1: (i,7) = (1,2)

o(dm(Fai,Faz))  @(dw(a,az))  p(4)

4
(a1, ®) ~ pldm(ar,ar)) — p(3) 9~ mEF e = gldnla0).

Case 2: (i,7) = (1,3), we obtain

o(dm(Far, Fas)) = p(dwm(ar,a1)) = ¢(1) = 0.
Case 3: (i,7) = (2,3), we have

P(dm(Faz, Fas))  @(dm(as,a1))  o(4) 4
= = =— <In(b+e—1)=g(dn(asz,as)).
Plllaz, 1) Plm(az,as) o) 15 0T CT Y = olnlaza)
Thus, I satisfies the contractive condition (2.1) for all £,¢ € A.
Furthermore, for any u € A, the definition of F ensures that

F'u=a;, n>2.
Therefore, if limy, 400 dm (F "u,v) = 1, then v = ay and

lim dy(F" My, Fo) = dn(Far, Fa)) = 1.

n—4oo

This satisfies condition (ii) of Theorem 2.1, allowing us to apply the theorem. Consequently, ay is the
unique fized point of F, validating our result.

We can obtain the condition (ii) of Theorem 2.1 if we use ®' in place of .

Theorem 2.2 Let (A,d,,) be a complete multiplicative metric space, and let f : A — A be a mapping
satisfying

(P(dm(F§>F<)) < g(dm(£;C))@(dm(£;C))7

forallé,¢C € A, g €G and a function ¢ € T with dw(€,¢) > 1. Then, the mapping F satisfies condition
(i) of Theorem 2.1.

Proof: Consider elements u,v € A such that

lim dn(F"u,v) =1. (2.7)

n—-+oo

If there exists some integer ng > 0 such that F"u = v for all n > ng, then

lim  dp(F" u, Fo) = do(Fo, Fo) = 1.

n——+oo
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Otherwise, there exists a subsequence {F "*u} of {F "u} such that
F™u#v, k>0,

which implies that
Ao (F™u,v) > 1, k>0.

Applying contractive condition with (§,¢) = (F ™ u,v), we obtain

o (dm (F™u, F0)) < g(du(F™ u,0))o(du (F™u,v)), k>0
< (dm(F " u,v))

which, due to the non-decreasing property of ¢, leads to
1 <dn(F™ 1, Fo) < dn(F™u,v), k>0.
Letting ny — +oo and using (2.7), we get
A (F™ Py, Fo) — 1.
So, the condition (ii) of Theorem 2.1 is satisfied. O

Corollary 2.1 Let (A,d,,) be a complete multiplicative metric space, and let [ : A — A be a mapping
satisfying

P(dm(F &1 ¢)) < g(dm(§, €)@ (dm(E, C));

forall €, € A, g €G and a function ¢ € ®1 with dw(€,¢) > 1. Then, the mapping I has a unique fized
point.

Proof: Using Theorem 2.1 and Theorem 2.2, we can easily prove this corollary. O

3. Cirié-Reich-Rus fixed point theorem in multiplicative metric space

Now we prove the Ciri¢-Reich-Rus fixed point theorem in multiplicative metric space, which is not
equivalent to Theorem 1.4.

Theorem 3.1 Let (A,d,,) be a complete multiplicative metric space, and let F : A — A be a mapping
satisfying the following conditions:

(i) there exist non-negative numbers p,q,r satisfying p+ q+r <1 and a function ¢ € & such that
Pdn(FE& FQ)) < po(dm(§,€)) + qp(dm(E, FE)) + re(dm (S, FC)), (3.1)
for all £,¢ € A with dn(§,¢) > 1, and
(i) for any u,v € A, if
lim dp(F"u,v) =1,
n—-+oo

then there exists a subsequence {F ™ u} of {F"u} such that

lim  d(F ™, Fo) = 1.

k—4o00

Under these conditions, the mapping F has at least one fized point.
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Proof: For an arbitrary initial point §y € A, define the sequence {&,} by
gn = Fn£07 n > 0.

If there exists some ng > 0 such that &,, = &,,+1, then &, is a fixed point of /. Otherwise, assuming
&n # €pqq for all n > 0, it follows that

dn(&n,&nt1) > 1,  foralln > 0.
Applying (3.1) with (§,¢) = (&o,&1), we obtain:
P(dm(F &0, F&1)) < peldm(€0,€1)) + qo(dm (o, F€0)) + reo(dm (&1, F&1))
< pp(dm (805 €1)) + a0 (dm (€0, €1)) + 7o(dm (&1, €2)),

which is equivalent to

Pldm(1, ) < (20) pldm(60,€1))

Again applying (3.1) with (§,¢) = (&1,&2), we obtain:
o(dm(F&1, F&2)) < pp(dm(&1,62)) + qp(dm (&1, FE1)) + ro(dm (2, FE€2))
< pp(dm(§1,€2)) + qp(dm (81, €2)) + re(dm (62, €3))

< %@(dm(§17€2)>7

which is equivalent to

pldn(61.62)) < (29) pldm(e0. ).

1—r
By induction and putting x = fff € (0,1), we get
@(dm(fnvgn-&-l)) S /‘?n@(dm(fmfl))v n Z 0. (32)
Using (1.10), we derive
dm ny,»sSn %
(6, 6r00)) < |2l |7 (33)

From (3.2) and (3.3), we get

In(dm(&nsEnt1)) < [W] :

[sa(dm(go,sl))} o

where a = k* € (0,1).
Now, we show that {&,} is a Cauchy sequence. By the multiplicative triangle inequality, we get

dm(gna §n+m) S dm(gna §n+1) o 'dm(€n+mfla £n+m)7
which implies by (3.4) that
In(dwm(&ns Entm)) < In(dm(&ns&nrr)) + -+ In(dm(Entm—1,8ntm))
P (dm (0, &))} :

S(a”+...+an+m1){ ¢
_a"(l=a™) [wdm(so,&))]i
11—« b

e [gomm(go,&m]?
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This implies that

1
c

— €

a"l [v(dm(fm&))] 0
dm(&nagn—&-m) <e*”

=1asn— +oo.

Thus, {£,} is a multiplicative Cauchy sequence in the complete multiplicative space (A, d,,), ensuring
the existence of a limit point £* € A such that

Hm d (&, €%) = 1. (3.5)

n—-+oo

By condition (ii), this sequence admits a subsequence {,,} satisfying:

W d (&m0, FEY) = 1. (3.6)

k——+o00

From (3.5), (3.6) and the continuity of d,,, we conclude that £* is a fixed point of . This completes
the proof. O

The following example shows that Theorem 3.1 is stronger than Theorems 1.15 and 1.16.

Example 3.1 Let A ={ay,a2,a3} and consider the multiplicative metric d,, : A X A — [1,+00) defined
as follows:

dm(a1,a1) dm(ai,a2) dw(ar,as) 1 2 3
D, = dm(a27a1) dm(a27a2) dm(a25a3) =2 1 4
dm(az,a1) dw(az,a2) dn(as,as) 3 41

Consider the mapping F : A — A defined by
Falzal, FCLQ:CLQ, F(lgiag.
Now, define the function ¢ : [1,+00) — [0, +00) as

3, s=1,
e(s) = ¢ 52, 1<s< 4,
%5, s> 4.

FO1 all S > 1, Zt hOldS that
()(S) > — ns
10

which implies that p € ® (as ¢ satisfies (1.10) with b= {5,c=1).

Now, we show that Theorem 1.15 and 1.16 is not applicable because
P(dm(F a1, Faz)) = ¢(dm(a1,az))
and
o(dm(F az, Fas)) = ¢(dm(az,az))
—p()=3=7
= 2(p(1) + p(4)

- %(@(dm(aﬂa Fa?)) + W(dm(ai“n Fa’3>))'

(3+3)

However, | satisfies the condition (i) of Theorem 3.1 for all £, € A when p = %,q =
233
1000

3
10 and
r =
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Furthermore, for any u € A, the definition of F ensures that
F"a; = a1, F"as = as, F"ag =as n > 2.
Therefore, if limy,_ 1 oo dm(F "u,v) =1 and F ™ay = a1, then v = a1 and

lim dy(F" My, Fo) = dn(Far, Fa) = 1.

n——+0oo
If limy, s 4 oo dn (F"u,v) = 1 and F ™ag = ag, then v = ay and

m  du(F "y, Fo) = da(Faz, Fas) = 1.

n—-+oo
Lastly, if limy,— 1 oo dm(F "u,v) = 1 and F a3 = as, then v = as and

lim dw(F" ', Fo) = dn(Faz, Faz) = 1.

n—-+oo

This satisfies condition (ii) of Theorem 3.1, allowing us to apply the theorem. Consequently, a,as
are the unique fized points of F , validating our result.

Corollary 3.1 (Theorem 2.5 of [9]) Let (A,d,,) be a complete multiplicative metric space, and let | :
A — A be a mapping satisfying the following conditions:

(i) there exist A € (0,1) and a function ¢ € ® such that
o(du(F & FQ)) < Ap(du(§,Q)),
for all§,¢ € A with dw(€,¢) > 1, and

(i) for any u,v € A, if
lim dn(F"u,v) =1,

n——+00

then there exists a subsequence {F ™ u} of {F™u} such that

lim  de(F™u, Fo) = 1.

k—-+oco

Under these conditions, the mapping F has a unique fized point.

Proof: Setting ¢g=r =0 and p = \. O

Corollary 3.2 (Theorem 2.12 of [9]) Let (A,dy,) be a complete multiplicative metric space, and let
F : A — A be a mapping satisfying the following conditions:
(i) there exist A € (0,1) and a function ¢ € ® such that
P(dm(F &, Q) < Alp(dm (&, FE)) + o(dm(C, F Q)]
for all £,¢ € A with dw(§,¢) > 1, and

(ii) for any u,v € A, if
lim dyn(F"u,v) =1,

n—-+o0o

then there exists a subsequence {F ™ u} of {F™u} such that

lim  de(F ™, Fo) = 1.

k——+oo

Under these conditions, the mapping F has at least one fized point.
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Proof: Setting p=0and ¢g=7r = A\. O

Remark 3.1 Unlike the Cirié-Reich-Rus type fixed point theorem in metric space, the fized point of F
i Theorem 3.1 may not be unique.

The uniqueness of the fixed point of f in Theorem 3.1 can be established with the imposition of additional
conditions on ® such as &' and ®,.

We now establish that if ¢ € ®' in Theorem 3.1, then / has exactly one fixed point.

Theorem 3.2 If ® in Theorem 3.1 is replaced by ®T, then [ has a unique fized point.

Proof: Continuing the same as in the proof of Theorem 3.1, one can prove that the set of fixed points
of [ is nonempty. To prove uniqueness, assume that there exist two different fixed points £* and £* of
F,ie.,

Er=r¢t, & =rF¢", and dn(¢T,6°) > 1
Applying inequality (3.1) with (£1,£%), we get:
Pldn(FETFE)) < pp(dm(E7,67)) + qo(dm (€7, FET)) + ro(dm (€7, FEX))
which simplifies to

qg+r

Pldn(€.67)) < T, (37)

q

Since lf; < 1, we get

P(dm(E7,67)) < (1)
Since ¢ is nondecreasing, it follows that
dm(EF,67°) =1
This contradicts our assumption that dy (£7,£%) > 1, proving that f has a unique fixed point. O

Similarly, we prove the uniqueness of F in Theorem 3.1 when ¢ € .

Theorem 3.3 If ® in Theorem 3.1 is replaced by ®g ¢ € ®g. Then F has a unique fired point.

Proof: From Theorem 3.1, the set of fixed points of [ is nonempty. To establish uniqueness, assume £+
and £* are distinct fixed points of f. Using (3.7), we get

0 < p(dm(6%,69)) < p(1) =0.

Thus, we can conclude.

p(dn(€F,€7)) = 0.

From the definition of ®, we know that ¢(s) > 0 for all s > 1. Since d, (€1,£%) > 1, this leads to a
contradiction. Hence, F has a unique fixed point. O
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4. Application to the boundary value problem for the second-order differential equation

Many researcher has applies fixed point theory in many branches of science(see [12],[3], [6]). Now, we
give an application of our main theorem (Theorem 2.2) to the boundary value problem for the second-
order differential equation. We also give an example to validate the application.

Consider the boundary value problem for the second-order differential equation.

§'(t) = —f(t.£@), te I, (4.1)
£(0) = £(1) =0,
where T = [0,1] and f: I x R — R is a continuous function.
It is known, and easy to check, that the problem (4.1) is equivalent to the integral equation
1
€)= [ Gt f(s.6sds, forte, (42)
0

where G is the Green function defined by

G(t, 5) t(l—s) if0<t<s<I;
yS) =
s(1—t) if0<s<t<l1.

That is, if £ € C?(I,R), then £ is a solution to problem (4.1) iff £ is a solution of the integral equation
(4.2). Let A = C(I) be the space of all continuous functions defined on I. Consider the metric d on A
defined by d(¢,¢) = ||€ — ¢|l+00 = maxyes |€(t) — C(t)] is a complete metric space. If dp(€,¢) = eX&9),
then by Theorem 1.10, the pair (A, d,,) is a complete multiplicative metric space.

Let ¢ : [0,400) — [0,+00) be a function satisfying the following conditions:

1. ¢ is increasing;
2. ¢(t) = tg(t), where g(t) € G.
As examples of such functions, we can list the following ¢(t) = 15 and ¢(t) = In(1 +t).

Theorem 4.1 Besides the above conditions, for allt € I,a,b € R, if there exists § € R — {0}, we have
t

L f(t,a) — f(t,b)] < ¢(|a — b]) such that p(e?®)) < @(p(et) where t > 0 . Then equation (4.1) has a

unique solution in &* € C*(I).

Proof: Define the operator F : C(I) — C(I) by

1

FER) = | G(t,s)f(s,&(s))ds, foralltel.
0

Then the problem (4.1) is equivalent to finding £* € C(I) that is a fixed point of f. Let &, € C(I). We
have

[FE() = FC(B)] = /0 G(t,5)[f(s5,€(s)) = f(s,C(s))] ds

< / G(t, 9)[(5,£(5)) — (5, C(s))] ds
<8 / G(t, $)B(1(s) — C(s))ds (43)
1

<s (sup | et ds) BIE — Clloe)

tel

<¢(d(§, €))-
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Note that for all t € I,

! 2t
t = —— —
/0 G(t,s)ds 2—!-2,

which implies that sup,c; fol G(t,s)ds = L. Taking max;c; and exponential on both sides of (4.3), we

8
get
du (€,¢) < 26D

Since ¢ is increasing, we have

P(dm(€,¢)) < p(e? 1)

(e a0
< —ago PE)

— A ) m(6,0)

= 9(dm (&, Q))p(dm (&, C))-

Therefore, all hypotheses of Theorem 2.2 are satisfied, and so F has a unique fixed point; that is, the
problem (4.1) has a unique solution £* € C2([). O

Example 4.1 Consider the boundary value problem

§'=t+£¢(0)=¢(1)=0 (4.4)

which is equivalent to the integral equation

t 1
) = /0 t(1 —s)(&(s) + s)ds +/t s(1—t)(&(s) + s)ds. (4.5)
Now, for allt € I =1]0,1],a,b € R
S0~ F(1 B = Lo+t —a—1] < [b—al < 6(b—al) taking (1) =1

Also, it is obvious that p(e?®) < %ﬁt)go(et) for all t > 0.
So, all the conditions of Theorem 4.1 are satisfied and hence BVP (}.4) has a unique solution which
is £ (t) = izttel Toe™! o C?[0,1] when t € I.

1—e?

5. Conclusion

In this work, we establish the Geraghty and Ciri¢-Reich-Rus type fixed point theorem in the framework
of multiplicative metric spaces, which are not equivalent to those of metric spaces, using the function
@ : [1,400) — [0,+00) that satisfies the condition: ¢(s) > b(Ins)¢ s > 1, where b and ¢ are positive
constants. Our results generalize the results of Stojan Radenovi¢ and Bessem Samet [9]. We give an
application of our main theorem (Theorem 2.2) to the boundary value problem for the second-order
differential equation. We also give several examples to validate our results. For future research, one can
establish fixed point theorems for Chatterjea, Meir-Keeler, Ciri¢, etc., type of contractions.
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