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Homogenization of a Stokes flow in porous media under a non-homogeneous slip boundary
condition *

Taha Khalil Abassi, Chafia Karek, Amar Ould-Hammouda and Fares Yazid

ABSTRACT: We deal with the Stokes problem in a domain of RN, N > 2, that is e-periodically perforated
by holes of sizes r1(ed1) = o(e) and r2(ed2) = o(e). A Robin-type condition depending on a parameter
is prescribed on the boundary of some holes while a Dirichlet condition is imposed on the boundary of the
remainding holes as well as on the external boundary of the domain. Our aim is to describe the asymptotic
behavior of the fluid’s velocity and pressure as € tends to zero and derive the limit problem. To achieve this,
we use the unfolding method introduced by Cioranescu et al. (C. R. Acad. Sci. Paris, Ser. I 335 (2002)
99-104.
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1. Introduction

In this work, we investigate the asymptotic behavior of the Stokes problem with a Robin type condi-
tion in a perforated domain €1.s,5, with holes of size €§, e—periodically distributed. Our primary tool is
the unfolding method.

We consider here the case where 6 = §(g) is such that § — 0 as ¢ — 0. These types of holes are
referred to in literature as "small holes” (see e.g.[11]), or ”tiny holes” (see e.g. ([1],[2],[3],[15])-
Let © be a bounded domain in RY, N > 3 and |0€2| = 0. The reference (periodicity) cell Y is given by

N
11
Y=|—,=| .
272
We introduce two compact subsets T"and B of Y such that TN B = (). We assume B and T have Lipschitz
boundaries. There exists 6 > 0 such that 5(T U B) cY.

We denote by ¢, d1(c) and d2(¢) three small parameters satisfying (01 (¢),d2(¢)) € (0,4]2.
The perforated domain (2.5, 5, is given by removing the following sets of holes:

B, = interior( U (e61B + Ef)), Tes, interior( U (e6oT + 55)), (1.1)

€=, [ S=R

Thus, the perforated domain Q.s, s, is defined as Q.5,5, = Q\ (Bes, UTcs,),
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where Z. = {¢ € ZY |e(¢+Y) C Q).
Let us consider the following problem:

_VAU'55162 + vp86152 = f in 9851627
div ues,5, = 0 in Q.5,5,,

(Psé g ) OUecs, s (1.2)
" —pesis, n + 1/% + ae"ucs, 5, = Ges, on 0Bes,,

Ues,s, = 0 on 0N U 0T, .

We denote f as the field of exterior body forces and G5, is the field of exterior surface forces. The

constants « > 0 and +y are given, as well as v > 0 the viscosity of the fluid. The outward normal
to Bgs, is denoted by 7. The Boundary condition on 0S5 means that the stress vector gives rise to a
breaking phenomenon due to the term ae”u along with a proportionality effect with respect to the
exterior surface forces due to the field G [7]. Our problem (1.2) modelizes the flow of an incompressible
viscous fluid through a porous medium under the influence of an external electric field.For more details,
see for instance [7,5].
There is an extensive body of literature on the homogenization of perforated domains in RY. For ”small”
holes of size €*, a > 0, Cioranescu and Murat [11] studied the homogeneous Dirichlet problem for the
Poisson equation. They established that the size eN/N=2 (N > 2) is ”critical” in the sense that the
limit problem not only involves the laplacian but also an additional zero- order term, referred by the
authors as a ”strange term”, which depends on the capacity of the set of holes at the limit. The non
homogeneous Neumann problem for the laplacian in the same geometrical framework, was analyzed by
Conca and Donato [13] who identified a critical hole size of order /N =1, In this case, the contribution
of the holes at the limit problem manifests as an additional right-hand side integral term.

Regarding the Stokes problem, a pioneering study by Ene and Sanchez Palencia [14] examined a flow

in a periodic porous medium with e-size holes under a Dirichlet boundary condition. They derived the
Darcy law in the limite, by employing the multiple scale method (introduced in [4]), along with sharp
error estimates. This provided the first mathematical justification of the experimental Darcy’s law.
The Stokes problem with a non-homogeneous slip boundary condition, depending on a parameter v € RY
(with still e-size holes), was studied by Cioranescu, Donato, and Ene [7] using energy methods. They
derived, in the limit, for different values of ~, either a Darcy-type law, a Brinkman equation, or a Stokes-
type system. However, in the context of small holes, it is the order of the hole size with respect to ~
that determines the type of the homogenized problem. When working with perforated domains, the main
difficulties arise from the fact that the equations and their solutions are defined on domains that strongly
depend on . To study convergence as ¢ — 0 (i.e., to "homogenize”), extension operators to a fixed
domain must be introduced, and test functions specific to each situation must be constructed. Strong
regularity of the geometry of the holes and the domain is required to tackle these challenges. These
difficulties are addressed by the periodic unfolding method [8], [9], which avoids the need for extension
operators and is particularly useful for complex geometries (see Cioranescu et al. [10]). The advantage of
the unfolding method is that it separates the scales, allowing holes at different scales to be treated within
the same period. Such problems, due to their complexity, cannot be solved using classical homogenization
methods. For the Stokes problem, this method was applied by Capatina and Ene [6] and by Zaki [19]
for e-sized holes. This approach was later extended to domains with small holes in Cioranescu et al. [9]
and applied by Ould-Hammouda [18,17,12] for the Poisson equation. It was also combined with energy
methods for the Stokes problem in collaboration with Karek [16]. In this work, we extend this approach
to investigate the asymptotic behavior of the Stokes problem in a perforated domain Q.s,5, with two
kind of holes, B.s,on which a Robin-type condition depending on a parameter « is prescribed and the
others 7,5, on which is imposed a Dirichlet conditions, both are being distributed e—periodically which
is a more general framework.

Let us now turn back to problem (Pgs,s,). We assume that e, d1(¢) and d2(e) are such that there
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exist two constants k; and ko

N-1 szt
L € [0,+o0[ and ky = lim -2
e—0

k‘l = lim
e—0 £

— €[0,+oo]. (1.3)
Under this assumption, and following the values of v we show that the solution of (1.2) converges in an
appropriate space to u which is characterized as the solution of a limit problem (see Theorems 4.2, 4.3
and 4.4). These new theorems show the presence of four types of contributions in the limit systems.
The term k36 from equations (4.32) and (4.33) represents the contribution of the Dirichlet holes T.s, .
It corresponds to the ”strange term” introduced in Cioranescu and Murat [11] which depends on the
capacity of the holes at the limit.

The paper is organized as follows. In Section 2, we list some notations and give the variational
formulation of problem (P.s,s,). Section 3, for the reader convenience, is devoted to some recalls of the
unfolding method for ”small holes”. Finally, the homogenization results are proved in Section 4, we show
that the solution of (Pes,s,) converges in an appropriate space to the solution of a homogenized limit
problem.

2. Setting of the problem and variational formulation

As in [8], for a.e. z € RV, we denote by [z] € Z" the integer part of z and by {z} the fractional part
of z

{2} =2—[z]€Y, forae z€cRY.

s=e([F+{Z)) mracser

Introduce now the following sets:

Hence

Q. = interior{ U e(¢ —1—7)}, A= Q\ﬁg (2.1)

§E€E.

By definition, the set ﬁg is the largest finite union of (£ + Y) cells, & € ZV, contained in 2 while A, is
the subset of 2 containing parts of €(£ +Y) cells intersecting the boundary 95).

L

ol Ul |7 P

{0 el e
e 0

£ 08 8 0 U A O

Figure 1: The domain Qs,s,

=
& i

Figure 2: The cell €Y
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For every bounded domain K included in R" with Lipschitz boundary and for every ¢ € L'(0K), we
denote

Mor () p(2)do(2),

0K Jox
the average of ¢ over 0K.

Consider the system (1.2), where, u.g,s, is the velocity field, p.s,s, is the pressure, f is the field of
exterior body forces, G.s, is the field of exterior surface forces. Recall that o > 0 and v are constant,
and assume that the data f and G5, satisfy

(i) f e L2(QN.

. 1 - e
(i) Ges, = go + g=5,, where go € L*>(Q)V and g.5, = g(a{g}), g € L2(0B)N satisfying Mpp(g) = 0.

Let us introduce the following Hilbert spaces:
H.s,5, = {v|v € H' (Qes,6,)", v=00n0QU0s,},
Vo5, = {v|veEHgys, dive=01in Q.,5,},
endowed with the scalar product

N

(p, ) = /Q Vo : Vi de= Z /sz Opi O dx

€818 i,j=1 axj 8xj

The variational formulation of system (1.2) is

Find ues,5, € Ves 655 Pesio, € LQ(QE(;“;Q) satisfying

/ Vies,s, : Vodr + ag” / Uesy s, * P does, (T) — / Pesy s, div o da
Qesy 69 O0Becs, Qesy 69

:/ f : @d$+/ Gaél -(de'ggl(l‘),
Qesy 6 0Bes;

V(p S H55152.

(2.2)

Classical results (see for details [?]) give the existence of a unique solution to problem (2.2). Our aim is
to give the asymptotic behavior of (ucg,s,, Pesy0,) as € = 0. To do so, we apply the tools of the periodic
unfolding method.

For simplicity, from now on we denote (ue,pe) the solution of the problem (2.2).

3. The unfolding operators 7.5 and 'TE%

In this section, we recall the definitions and the main properties of the periodic unfolding operators
with two small parameters introduced in [9]. B
Let C be a bounded domain with Lipschitz boundary, for § small enough §C C Y. Denote

Q5 =2\ Ces, C.s = interior( U (e6C + 55)).
5655
3.1. The unfolding operator 7.5

According to [9], the geometry of the domains with small holes requires a specific unfolding operator
depending on both parameters £ and §. Below, we will consider functions in W1?(Q), p € [1,+00],
which vanish on the boundary of the open set C.s. These functions are naturally extended by zero to the
whole domain 2. Consequently, from now on, we will not distinguish these functions and their extension.

Definition 3.1 For ¢ € LP(Q0), p € [1,400], the linear and continuous unfolding operator Tes : LP(2) —
LP(Q x RN) is defined by

) = ¢<5[§} +55Z> for a.e. (z,2) € Q. x

0 otherwise.

7;5(¢)($’ z
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Observe that for any ¢ in LP(2), p € [1, +o0], we define the local average operator My : LP(Q2) — LP(Q)
by:

M (6) = 8V / Tos(0)(2)d,

and if (ve) is a sequence such that v. — v strongly in LP(2), then, M5 (v.) — v strongly in L?(€2).
Also, we recal the following propositions are proved in [9]:

Proposition 3.1 For every u in L*(Q) one has
2 1 2
||7Z-6(U)HL2(QxRN) < sN ||u||L2(Q)' (3.1)

If {we}e is a sequence in L' (Q) satisfying / |we| de — 0, then

€

/ we dr — 5N/ Tes(we) dedz — 0.
Q QxRN

2N
Proposition 3.2 Suppose N > 3 and denote by 2* the Sobolev exponent N _9 associated to 2. For
every u € HY(Q) the following estimates hold:

2

13
IV (Tes@) 22 1v) < =3 lIVullZz),
€ 2 Ce? 2 (3 2)
| Tes (uw — My (u)) 22 (:r2* ®vy) < sN—2 IVullz2 (), '

Ce?
1725 (W72 0xc) < WHVUH%%Q) + Cllull7zq),

where C' does not depend on £ and 6.
As a consequence of the above proposition, one obtains

Lemma 3.1 For every u € H'(Q) one has

. Ce?
1725 (u — M5 (w)) |22 @xoc) < WHVUH%Z(Q)' (3.3)

The constant does not depend on € and 6.

Proof: Estimates (3.2); 5 lead to

Ce?
1725 (u = M- () 12011 () < sN—2 IVullZs(g)-

Then (3.3) follows using the trace theorem for the functions in H!(C). O

When § = 1 we have the following proposition and definition.

Proposition 3.3 Suppose that p €]1,inf[. Let (w.) be a sequence converging to some w in WHP(Q). Up
to a subsequence, there exists some w in LP(Q; W) 2(Y')) such that:

{7}1(105) —w weakly in LP(; WHP(Y)), (3.4)

Te1(Vwe) = Vw + Vi weakly in LP(Q2 X Y).
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3.2. The boundary unfolding operator ’7'

Definition 3.2 For ¢ in LP(9C.;), p € [1,+00], the boundary unfolding operator T : LP(9C.s)
LP(Q) x 0C) is defined by

) = ¢(5 [g] +€5Z) for a.e. (z,2) € Qg % 8C,

25(0)(x, 2 (3.5)
0 for a.e. (z,2) € A x 9C.
The boundary unfolding operator 7;% is linear and continuous, it satisfies
5N71
/ ¢(z) docs(z) = / T5(¢)(z,2) dedo(z), V¢ € L'(9C.s). (3.6)
8C.5 € QxoC
Proposition 3.4 Let g be in L?(0C). Set
l(x
ges(x) = g(g{g}) for a.e. x € 0C.4. (3.7)
For every v in H*(2), one has
N_
N
| [ stet@)dons(@)] < 5% (lalsoe Vol + @ llolre).  (38)
ed

The constant does not depend on € and §.

Proof: We transform the integral over 0C.5 by unfolding. That gives

‘/ x)does(x ‘— ‘51\[ 1/ g(z)ﬁ%(v)(x,z)dxda(z)‘
8055 QxoC

N-1

oN-1 ] 5 8
=7 \ | T = 5 @) @ ada ()| + | [ )M ) w)drdo(2)]

Due to (3.3), the first integral in the right hand side is estimated by

5N 1 . N
[ a)(Th0) = My 0) 0. 2)dado(z)| < CF1212 gl o) Vol
X
On the other hand one has

/ 9(2) M (v) (2)dado(2) = Moc(g) / M5 (v) () de
QxoC Q

/ ME (v)(x)da = /Q o(z)dz.

€

Besides

Hence, the Cauchy Schwartz inequality yields
| [ M5 ) )da] < 1902 ol 100

Finally, summarizing the above inequalities and equalities give (3.8). ]
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4. Main results

We denote K the space
Kp={®e L* (RN)| V® e L>(R"), ® constant on T}. (4.1)

Theorem 4.1 Let (us,ps) be the solution of (2.2). For v < —2 the sequence {s’zﬂ;ﬁs}s is uniformly
bounded in L*(Q)N x L2(Q).
So, up to a subsequence, there exist (u,p) € L2(Q)N x L2(Q) such that:

e %u; —u  weakly in L*(Q)N,

pe —p  weakly in L*(Q),
then
u=0.
Theorem 4.2 (Darcy type law) Let (ug,pg) be the solution of (2.2). For —2 < ~ < 0 the sequence
{evuz, e "pe}_ is uniformly bounded in L*(Q)N x L*(9).
So, up to a subsequence, there exist (u,p) € L2(Q)N x L?(Q) such that:

. — v weakly in L*(Q)V,
e 7p. —p weakly in L*(Q).

Note U = Mpp(u) then
-1

U=—-=Vp
ak1\8B| p

Theorem 4.3 (0 <~ <2) The sequence {7t 5175}5 is bounded in L*(Q)N x L2(Q). So, up to a
subsequence, there exist (u,p)€ L*(Q)N x L*(Q), such that
e = u weakly in L*(Q)V,
epe —p  weakly in L*(Q).

It satisfies the following equation:

1
= (- B B .
u ak1|(?B|< Vp +10Blgo + |0 \MaBg)

Theorem 4.4 (Brinkman type law) Assume (1.3). Let (ue,p:) be the solution of problem (2.2).
If v = 2, the sequence {(525[; ps)}E is uniformly bounded in L*(Q)N x L?(2). So, up to a subsequence,
there exists (u,p) € L2(Q)N x L*(Q) such that

e¥u; —u  weakly in L*(Q)V,
P —p weakly in L*(Q).

Moreover, there exist u € L*(Q; HY, (Y)N, U € L*(; L}, (RY)) with U — kou € L*(Q; K1), such that
(u,w,U,p) solves the equations:

V/ (Vu(z) + Vyu(z,y))Vyo(y)dy =0 for a.e. z €Q, Vo € H;ET(Y)N. (4.2)
Y
/ V.U(z,2)Vv(z)dz =0 for a.e. z €Q, Yve Kr, v(T)=0. (4.3)
R\T

y/ (Vu+ V,u)Vipdrdy — vk / V.Unridrdo + aki|0B| / wpdr + / Vpdz
Qxy Q Q Q

x0T

:/fwd:v+k1|c')B|/gowdx+k1|8B| Mag/wdfn.
Q Q Q
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If v > 2, the sequence {(ﬂ;,pz.)}e is uniformly bounded in L*(Q)N x L?(2). Then, up to a subsequence,
there exist (u,p) € H(Q)N x L*(Q) such that

Uz —u  weakly in L*(Q)N,

ue — ul[z2(0) — 0,

P —p  weakly in L*(Q).

Moreover, there existu € L*(Q; HL,, (Y))N, U € L*(Q; L2 .(RM )N with U — kyu € L*(Q; Kr), such that

p loc
(u,w, U, p) solves the equations (4.2), (4.3) and

1// (Vu+ V) : Vipdady — ng/ V. Unripdxdo + / Vpdr =
QXY Q Q

x0T

/Qf-wdx—i—k‘1|6B|/ng -pdx + k1|0B] MaB/Qz/)dx Vap € Hy(Q).
Lemma 4.1 There exists a positive constant ¢ independent of € and & such that
loll 2.y < c(e0IV0l 20 + (€0)H 0l i20m.0)) W0 € Heppsy:
Proof: We use the following inequality (see [?, Lemma 6.1])
Iy < (V0 l3e 0y + 10130m) ), V0 € Heys:

and by the change z = %, we get the result. O

Lemma 4.2 (see [?, Lemma 5.1]) For every ¢ € L?(Qes,5,), there exists ¢ € Vos,5, such that

divp = ¢,
||50||H1(955152) < O||¢||L2(955152)'

Apriori estimates for u. and p.

Proposition 4.1 Let (u.,p.) be the solution of problem (2.2). Then the following a priori estimates hold
true:
(i) For v < =2

”572U€HL2(955152) <C,

||VU5||L2(QE<;152) <C. (46)
(i) For =2 <~ <0

||5’YU€||L2(955152) <C,

[Vuellz2(@u5,5,) < C (4.7)

|‘577PSHL2(955152) <C.
(#ii) For 0 <y < 2

e e 2 (@, <

5109

C,

a
||€ 2 VU’EHLz(QE5152

)
||€pa||L2(955152) <C
(iv) For v =2
le®ue 205, 5,) < €

[Vuellr2(9.s,5,) < C, (4.9)
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Ipell 2es, s,y < C.
(iiv) For v > 2

||U5HL2(955152) <C,

[Vuellr2(9.5,5,) < C, (4.10)

”pE”LQ(QaélaQ) <C.

Proof: To prove this proposition, we combine the estimates given in Proposition 3.4.
Using u. as test fonction in (2.2) we get

V/ |Vu,|?dx + oza'y/ lu|*do ()
Qesy 6

e

:/ fruede / 9o - uedo () + {ge, u5>(H’1/2(3BE(51))N»(H1/2(3BE(51))N :
Qesy 6 0Bcs,
Then

V||Vu5||%2(966152) +a€7||u5|\2Lz(aBEél) < ’/Q f- ugdac‘ + ‘ /aB 9o - ugda(x)‘
edy

£8162
+‘ <g€7u€>H*1/2(BBE(51)N,Hl/z(aBaal)N ‘
By the Cauchy Schwartz and Poincaré inequalities, we have
|/ ] < U1 [V 0 (111)
and we have successively, by using Proposition 3.4

N-1

N 1)
‘ / go - usda(x)‘ < Cop ||VUEHL2(955152) +C-4 ||u5||L2(Q€5152)’
dB.s, €
and finally
N-1
[ (g2 2) < C67 |V 12 + O o
Je, Ue H*1/2(83551)N,Hl/Q(aBsgl)N = 1 e||L (955152) c e|l L (956152).
Hence
2 2 ¥ o !
I/HVU’EHL2(955152) + OZE’YHUE||L2(33561) < C(]' + 512 )HVU’EHL2(955152) +C c ”uE”Lz(anlaz)'

From which, using the Poincaré inequality and due to assumption on k; in (1.3);, that gives

N-1

)
)SC(l-f— 16 )HVUEHLZ’(Qgélaz)’

||vu5 ||%2(955152

Thus
[uell 1 (25,5,) < C- (4.12)

This estimate can be refined following the different values of «v. To do so, observe that according to
Lemma 4.1

1
el @usys0) < C (011 Vel 2010 5) + (£00) e 2008, )

then
N—-1 6{\7_1

L el 0ysy) < (0N 1Vt p2(0005,5,) +

3N
)70 el 2o, )-
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Using Young’s inequality, we get

5{V—1 N 1 {V—l — v &N 2
||u€||L2(955152) < 0(51 HVUSHLQ(anl(SQ) + 5 e+ e’y ||u€||L2(8Bl))'
Consequently
N N N—1
2 2 1 -
V[Vuelze (o, ,,) T (@ = Cnoy e uellzz 0., ) < C(1+07) [Vl L2(a.y, 5,) P e
Then for suitable 1 we finally obtain the following a priori estimate:
) ) 51\/'71
V||Vus||L2(955152) + O‘57”U€HL2(83551) < CHVUEHH(QEsIsZ) +C 15 e

(i) Case v < —2. From (4.13), one has

||VU5||L2(QE(§152) <(C.
Now, by using estimate (4.12) and the fact that for H!(.) (see for example, [13]),

||'U||(L2(QE))N S C&‘HVUH(Lz(QE))NxN,

and by the Young inequality we get the estimate (4.6).
(ii) Case —2 <~ < 0. From (4.13), one has

||VU5||L2(QE,;152) <C,
and then

Hu5||L2(3B€81) < Ce™ 2.
By lemma 4.1 and using the Young inequality, we get

561 —
205,50 < OBt + S 47 7),

Hence

7 el L2 (0s,5,) < C,
which is the first estimate in (4.7)

(ii) Case 0 <~y < 2. On one hand by (4.13), one has
2 V|| 2y, 5,) < C-
On the other hand we have
5{\]71 N1 _1-4

1
2 N1
||vu5||L2(955152)§c( ) e = Vil < 087 &2

Then by the Poincaré inequality and again using the Young inequality, we get
C n_ 1
||u€|\L2(QE5162) < g(s{\’ Vppet=7.

Consequently,

<C.

||€1+’Yu€||L2(955152) =

(iii) Case v = 2. From (4.13), one has
N-1

)
<CA—e72
€

e8165) —

V| Vue |72 q

(4.13)
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then, again successively by Poincaré and Young inequalities, we get
2
le*uell L2(0.5,5,) < C-

The estimate of Vu, follows easily from (4.12).
(iv) Case v > 2. The estimate of Vu. and u, in (4.10) follow easily from (4.12).
Now, we prove the upper estimates of the pressure.
In the end, we shall establish the a priori estimates of the pressure p.. Indeed, we choose ¢ € L?(€.5,5,)
as a test function in the variational formulation (2.2) and by Proposition 3.4 and Lemma 4.2, we get

N
[ pesds| <o IV,
Qesy 6,

N1 {Vil (4.14)

)
! HUEHLZ(stléz) +

+e7 ||¢HL2(955152)'
The a priori estimates for the pressure follow now from (4.14) and estimates the u. and Vu. for the
different values of v obtained above. O

Proof of theorem 4.1

Proof: Case v < —2. The corresponding estimates (4.6) from proposition 4.1 as wel as the following

ones:

2

e %u; = u  weakly in L*(Q)V.

Let ¢ € D(Q)Y be a test fonction in (2.2). Multiplying (2.2) by e~7~2, then unfolding. That gives

5N71
pe T2 Te(Vue) : T-(V)dady + a L / TE%I (5_2u5) . ﬁ%l(w)dxda(z)
QxY € QxOB

—/ e 2p divpdr = 5*772/ fedr + 67V72/ go - pdoes, ()
Qesy 6, Qesy 6, 0B.s,

+ 5_7/ ge - pdogs, ().
aBaél
Passing to the limit we observe that all the integrals vanish, except for the second integral we get

akl/ wpdzdo(z) = 0, (4.15)
Qx0B

this imply
u = 0.

Proof of theorem 4.2

Proof: Case —2 < v < 0. The corresponding estimates (4.7) from proposition 4.1 as wel as the following
ones:
e'u; —u  weakly in L*(Q)V, e 7p. —p weakly in L*(Q).

Let ¢ € D(2)Y be a test fonction in (2.2). Multiplying (2.2) by =7, then unfolding. That gives

N-1

Va—V/ T-(Vue) : To(Vy)dady + a51 / 7;%1 (ue) .7;%1 (p)dado(z)
QxY QxdB

€
—/ e Tp.divepdr = 5_7/
Qesy 6 Q

+ 677/ ge - pdoes, ().
aBEél

frodr+e7 / go - pdoes, ()

£516 OBcs
182 1
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Now, we can pass to limit in all terms. Using again the fact that Vu. is uniformly bounded in
L23(Qes,5,) VN and as —y > 0, we get at the limit the following identity:

akl/ updrdo(z) — / pdivpdr = 0, (4.16)
Qx0B Q

one has Darcy law
-1

= —Vp.
= kol

Proof of theorem 4.3
Proof: 0 <~ < 2. From corresponding estimates (4.8) in Proposition 4.1,it follow that
'™, —u  weakly in L*(Q), ep. — p weakly in L?*(Q).
Let » € (D(2))Y be a test function in (2.2). Multiply equation (2.2) by ¢ and we use the unfolding

operator 7. we get

N-1

/ T (e V) : T (Ve)dudy + ol / T (67u.) - T, (9)dido(2)
QxY* € Ox0B

vel~

[N

—/ epedivedr = / ef - pdx +/ 7'51’(90) - pdxdo(2) +/ ﬁb(gg)godxda(z).
955152 955152 Qx0B

Qx0B

We can now pass to limit in all the expression. By using the estimate (4.8) and the assumption for
f, we get

ak; / updrdo(z) — / pdivpdr = / go - pdxdo(y) + / gpdxdo(y).
QxaB Q QxaB QxaB

Then
| (akiloBlu-+ Vp - 9Bl ~ (05 Mon(s) )iode = 0
Q

So that

1
= — | —Vp+ |0B + |0B . -
U Oék'1|8B‘ ( D |8 |go |8 ‘MaB(g)>

Proof of theorem 4.4 The proof of theorem 4.4, makes use the next two elementary results.

Lemma 4.3 (see [9]) Suppose N > 3. Then, there exists ég > 0 such that

U {6eH)..(Y) | ¢=0o0ndT},

0<6<do

is dense in H',.(Y).

per

Lemma 4.4 (see [9, Lemma 3.3]) Let v be in D(RN) N Kr (i.ev=v(T) onT). Set

! {;}) for a.e. x € RV,

Wes, () = v(T) — v(g

Then
wes, — v(T) weakly in H'(Q). (4.17)
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Proof: [Proof of Theorem 4.4] Due to the estimates (4.9) in Proposition 4.1, the case v = 2 is the easiest.
From (4.12) we have [uc|(g1 (., )~ < C, and by (3.4) one has the following convergences

€518

Te(Vu.) = Vu+V,0  weakly in L*(Q x Y)V*N
Te(us) = v weakly in L?(Q; HY(Y))V,

where u € H}(Q)N and u € L*(Q; H.,,. (Y))V.

per

By Proposition 3.2, there exists U in L?(2; L? (R™)) such that, up to a subsequence,

loc

LA |

05

Tes, (ue) — U weakly in L*(Q; L2 (RY)). (4.18)

loc

On one hand, by definition 3.1, one has

J-1
o M5 (ue) — kow in L*(; L2 (RY)). (4.19)

loc

On the other hand, by Proposition 3.2 there exists a W in L?(€; L (RY)) with VW in L?(2 x RY)
such that

N
N1

0

(7;52 (ue) — M;(ue)) W weakly in L2(; L2 (RM)). (4.20)
From (4.18),(4.19) and (4.20), it yields
U=W+4koyu and V,U =V, W,

and again by Proposition 3.2

J1
525 V. Tes, (ue) = 62%7;52 (Vue) — V.U weakly in L*(Q x ]RN). (4.21)

Now, in (2.2) choose the test function v, = 5@1/}(;) with @ € D(Q)" and ¢ in H,,.(Y)N. Since
Vo, = ew(g)vqugzsvyw(g) we get

+E/aB- gsqﬁzp(g)da(x).

When € goes to 0 we obtain
y/ vusgzs(x)w(f)dxdy =0.
Qesy 6, €

By unfolding with 7. one has
V/QXY T (V%)Ts(@(x))ﬁ(vw(g))dxdy —0.

By passing to limit we obtain (4.2)

U/QXY (Vu(x) + Vyﬂ(x,y))vygf(x, y)dxdy = 0.
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In order to describe the contribution of the perforations, we use the function w,s, introduced in lemma
4.4. For v in D(Q), choose w.s,1 as a test function in (2.2). We get

1// Ve Vwes, dx + u/
Qesy5, Qe5165

/ pediv (U}EéQw)d‘T = / fwségwdx + / gJoWes, ¢d0551 ((ﬂ) + / gsw€52d0561 (CE)
Qesy 6, Qesy 6, OBcs,

0Bcs,

Vucwes, Vipdr + ag? / UeWes,do(x)—
83551
(4.22)

By unfolding the first term in (4.22) with Tgs,, we get
Tes
/ Vu.Vwes,pde =~ 65 / Teo, (Vue) Tes, (Vwes, ) Tes, (), (4.23)
955152 QxRN

since by lemma 4.4, one has:
7;52 (sz§2) = 7?VZ'U )

then
-1

Tesy O
/ VueVwes, pdx ~ 2
Qesy oy

Nz

9

| B T (V- V) T ).
QxRN

Convergence (4.21) as well as hypothesis (1.3), allows us to pass to the limit in (4.23) to obtain:

lim VuVwes, pdx = —kg/ V.U(z,2)V,0(2)Y(x)dzdz. (4.24)

e—0 Qs 69 Qx(RN\B)

The second term in (4.22) is unfolded with 7; and we have,
Te
/ Vuewes, Vipdr = / Te(Vue)Te(wes, ) Te (Vb)) dady.
955152 QxY

Using proposition 3.3 and convergence (4.17), we can pass to the limit with respect to € in tne above
equality to get :

lim Vucwes, Viodr = v(T) / (Vu+ V)V h(z)dzedy. (4.25)

e—0 955152 QXY

For the third term in (4.22) by using (3.6) we get

N-1
lim a/ 2ucwes,do(z) = lim % a/ T5, 5, (E%u) TS 5, (Wes,) TS, 5, () dado (2).
dB.s, RN x9B

e—0 e—0 £

Passing to the limit yields

lim a/ e2ucwes,hdo(x) = aklv(T)/ wpdrdo(z). (4.26)
e—0 83561 RN x6B
For the fourth term in (4.22) we have
/ pediv (wes,¥0)dx = / PeWes,div (¢)dx + / De Vwes, . (4.27)
Qesy 6y Qesy oy Qesy 6y

For the second term of right-hand sid of this equation we apply the operator 7;s, and we use the lemma
4.4 we get

QxR

5%71 N
= 2—0; Tes, () (—=V 20,) Tes, (V) dxdz.

€ QxR

/ psvw€52 ’(/Jd.%' - 6év 7—652 (p€)7;52 (Vw€52 )7;552 (w)dwd’z
Qesy 6
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For ¢ — 0 this integral go to zero Passing to the limit in (4.27) we get

lim Pediv (wes,¥0)dx = v(T) / p div (¢)dx. (4.28)
Q

e—0
Qesy 6y

Similarly, for the fifth, sixth and seventh terms, in view again (3.6), we get

lim fewes,pdx = ’U(T)/ fidx, (4.29)
e—0 Qusy s, Q
i [ gowbdo(e) = kaolT) [ go(e)idedo(z), (4:30)
c—0 /5B, RN x 9B
lim JeWes,Wdo(x) = k:lv(T)/ g(z)Ydzdo(z). (4.31)
c—0/5B.5, RN 9B

Passing to limit in (4.22) and using (4.23), (4.25), (4.26), (4.28), (4.29), (4.30), and (4.31) we obtain
v(T) / (Vu+ V)V p(x)dedy — ko / V. Uz, 2)V v(2)¢(x)dedz
QxYy Q

x (RN\B)

+akiv(T) /

RN xdB
+k1v(T) /RN - go(2)¥dxdo(z) + klv(T)/ g(2)Ydado(z).

RN xOB

uwdzda(z)Jrv(T)/Qprdx:v(T)/wad:c

Which by density, holds true for all ¢ € H}(2) and v € K. With v(T) = 0 above we obtain the limit
equation (4.3). Equations (4.4) follow simply by integrating by parting the above equation.

If v > 2 by similar argument as those used in all termes of exeprition (4.22) except the third term the
bihaviour at the limit for v > 2, this term goes to zero, in view of (4.23), (4.25), (4.28), (4.29), (4.30),
and (4.31) we obtain

v(T) / (Vu+ V,u)Vop(x)dedy — ko / V. U(x, 2)V v(2)¢(x)dedz
QXY Qx(RN\B)

JrU(T)/Qsz/)d:r = v(T)/Qf1/)dx+ klv(T)/R go(2)dado(z)

NxdB

+ kyo(T) / g(2)Ydado(z).

RN xOB

Equation (4.5) follow simply by integrating by parting the above equation. O

To finish let us give the classical ”strong” formulation of the homogenized problem obtained in theorem
(4.4). We skip the proof since the strong formulation from the unfolded problem is standard, we refer
the reader for instance to [12] or [17].

Remark 4.1 For the case v = 2, a tensor B = byjy, is introduced. Its form is found following standard
argument, as shown in [7].

The next theorem gives the classical (standard) from of homogenized system (4.2)-(4.5). To state it, we
follow the procedure from [9] , where more details can be found.

Theorem 4.5 If v =2, (u,p) is the unique solution of the homogenized problem

(4.32)

uw=0 on of,
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if vy > 2
— bl]khagjig;h + Vp-i— k%@u = k1|8B\90i + I€1|(3.B‘./\/lgz + fl m Q, 1< < N, (4 33)
u =0 on JN. ’
In both systems the function @ giving rise to a ”strange term” in the second sustem, is given by
O(x) :/ V.x(z, z)dz. (4.34)
RN\ B

Introduce first the classical correctors X;,j = 1,...,n, for the homogenization in fixed domains (see for
instance [4]). They are defined by the cell problems
Xj € LOO(Q H;er(y))

Sy VXj—yj))Ve¢ = 0 aexeQ, (4.35)
V¢€ Hyer (V).

Here x is the solution of the cell problem corresponding

{ X € L= Kr) (X, T) =1,

Jaur Vax(@, 2V U(2)de = 0 aea € QY€ Ky, ¥(T) =0. (4.36)

To do so, observe that (4.2) gives % in terms of Vu and a tensor B = (b;jxn) expressed as integrals of
function defined on cell problems. The procedure is standard, for the Stokes problem. The details can
be found in [7]. We will just recall here the definition of B.

For k,h=1,..,.N let [*h = (15", with TIE" = iy (Oki being the Kronecker symbols) and introduce
the solution (th, R of the Stokes cell system

—Ax* 4+ Vg =0 in Y,
div (x*" — [T*") = 0 in Y*,
kh
—76("3”_17) +¢*.n =0 on 9B,
My~ (x®H) =0 x*" Y-periodic,
the tensor B = (b;;rn) is defined as follows:

a(xkh o Hkh)l a(Xij _ Hij)l
biikn = dy. 4.
IRn / Y Y Y (4.37)

Proof: The proof follows the reasoning from [9], we just emphasize the main points. The correctors
defined by (4.35) enable us to express u(z,y) in equation (4.2) in terms of u as

u= Z bzgkh (IJ y)
ijkh

replacing this expression (4.4) it is easily seen that the limit function w is solution of

/ bijrn VuVipdrdy — ukrg/
Q

QxoT

/f¢dm+k1|83|/gowd$+k1|33| MaB/wdff:,
Q Q Q

VZUnszdxda—i—akﬂaB\/ uz/de—f—/ Vpdr =
@ @ (4.38)

with b;jkn given by (4.37). Now, by integrating by parts in (4.3), one easily gets

V. Uvrdo = /

V. (U — ksu)vrdo = szu(/
oT

V. XUTdO') .
oT

orT

Wich, replaced into (4.38) gives (4.32) with © defined by (4.34)
By similar method we get the equation (4.33) O
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Remark 4.2 For k1 = 0 and v > 2, arises the following equation

— bijknpeni— + Vp + k30u = f; in Q1 <i <N,
u = 0 on 0.

Remark 4.3 For ky = 0, two following cases arise:

If v = 2 we get

- bz-jkhaij% + ak1|0Blu; + Vp = k1|0B|goi + k1|0B|Mg, + fi in Q,1 <i < N,
u = 0 on 0.

If v > 0 we get

- bijkhagjig;h + Vp = k1|0B|go; + k1|0B|M, + fi in ,1 <i < N,
u =0 on 0f.

Remark 4.4 If k; = 1 and ko = 0 we become in the case of classical homogenization and we find all

10.

11.

12.

13.

14.

15.

16.

17.

the results established in [7,19].
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