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Dom-Coloring of Grids: Exact Results and a General Conjecture

Abid Hussain and Muhammad Salman*

ABSTRACT: A proper coloring of a graph G is called a dom-coloring if there exists a dominating set that
includes at least one vertex from each color class. The cardinality of a smallest such dominating set is known
as the dom-chromatic number of G. The central question of the dom-coloring problem is: how few vertices
are needed to dominate G under a proper coloring, and what is the exact value of its dom-chromatic number?
In this paper, we present a complete classification of all graphs G whose dom-coloring problem is resolved by
selecting exactly |G| — 1 vertices. Moreover, we derive exact values of the dom-chromatic number for three
families of grid graphs of the form P,,0OP,, with n > 2 and m € {3,4,5}. Our study extends prior results in
the literature and concludes with a general conjecture on the dom-coloring of arbitrary grids.

Key Words: Dom-coloring, dom-chromatic number, domination in graphs, proper coloring, grid
graphs.
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1. Introduction

Graph coloring and domination are two fundamental and extensively studied areas of graph theory,
with deep theoretical interest and numerous applications. The concept of domination was formalized as
a theoretical area in graph theory by Berge [2], and the term “domination number” was first introduced
by Ore [10]. The notation v(G) for the domination number of a graph G was popularized by Cockayne
and Hedetniemi [6,12].

In recent decades, several parameters combining domination and coloring concepts have been intro-
duced and explored [5]. Among these, the concept of dom-coloring, introduced by Janakiraman and
Poobalaranjani [8], has drawn significant attention. They defined the dom-chromatic number ~.,(G) as
the cardinality of a dominating set whose induced subgraph has chromatic number equal to that of G.
Later, Chaluvaraju and Appajigowda [3] provided an alternative and now widely adopted definition of
the dom-chromatic number v4.(G), as the minimum cardinality of a dominating set that contains at least
one vertex from each color class under a proper coloring of G.

Various authors have extended the study of dom-coloring to different families of graphs, including
cycle-related graphs and ladder graphs [9,11]. In particular, Usha et al. [13] initiated the study of
dom-coloring in grid graphs by solving this problem for ladder graphs of the form P,JP,.

In this paper, we contribute to this growing body of work in two ways. First, we provide a complete
characterization of all graphs G of order n for which the dom-coloring problem is solved by selecting
exactly n — 1 vertices. Second, we compute the exact dom-chromatic numbers for three families of grid
graphs P,,00P,, where n > 2 and m € {3,4,5}. Finally, based on our findings, we propose a general
conjecture on the dom-coloring of arbitrary grid graphs.
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2. A characterization

In this section, we first recall some existing results on the dom-chromatic number that are useful for
characterizing all graphs of order n whose dom-chromatic number equals n — 1.

The following result from [3] provides bounds for the dom-chromatic number in terms of the domi-
nation number and chromatic number:

Theorem 2.1 ([3]) For any graph G,
max{7(G),x(G)} < 74(G) < v(G) + x(G) — 1.

Graphs attaining the minimum and maximum possible dom-chromatic numbers are characterized by
the following results from [3]:

Theorem 2.2 ([3]) For a graph G, v4.(G) = 1 if and only if G = K;.
Theorem 2.3 ([3]) For any graph G, v4.(G) = p if and only if G = K.
The next result from [3] characterizes connected graphs G of order p > 3 with v4.(G) = p — 1:

Theorem 2.4 ([3]) Let G be a connected graph of order p > 3 with §(G) > 2. Then v4.(G) =p—1 if
and only if G is a non-complete graph containing K,_1 as an induced subgraph.

In the following theorem, we refine and extend this characterization:
Theorem 2.5 Let G be a graph of order n > 3. Then v4.(G) =n — 1 if and only if G € GUH, where
G§={G;=K,—j+(KjUK;_1)|2<j<n},
H={H, p,=N,UK,|r>1 p>2 n=r+p}.

Proof: When G € G, we have G = G for some 2 < j <n. Then
V(G)=V(K,—;) UV(EK1) UV(K;_1),

and clearly |G| =n—j+1+j—1=mn. In this case, G contains an induced subgraph isomorphic to K,,_1,
which can be properly colored using n — 1 colors. Moreover, the remaining vertex (the “n-th” vertex)
is not adjacent to at least j — 1 vertices in K, _1, so it can receive any of the colors already assigned to
those j — 1 vertices. Thus, x(G) =n — 1.

Further, any vertex in K, _; that is adjacent to the remaining vertex forms a dominating set of size
one. Hence v(G) = 1. Applying the bound from Theorem 1, we obtain v4.(G) = n — 1.

When G € H, we have G = H,;, for some r > 1, p > 2, so

V(G)=V(N,)UV(K,), and |G|=7r+p=n.

Here, G is disconnected with r 4+ 1 components. It is known that v4.(K,) = p and v4.(N,.) = r, by [3].
Also, x(K,) = p, v(K,) =1, x(N,) =1, and y(N,.) = r.

A proper coloring of G requires p colors (from the K, component). A minimum dom-coloring set is
constructed by selecting r vertices from N, and one vertex from each color class in K, except one (because
the r vertices in N, can be assigned the missing color). Hence the size of a minimum dom-coloring set is
r+p—1=n-—1.

Conversely, suppose v4.(G) =n — 1. We distinguish two cases:

Case 1: G is connected. By [3], G must be a non-complete graph containing K,_; as an induced
subgraph. Thus G € G.

Case 2: (G is disconnected. We claim that v4.(G) = n — 1 if and only if G has exactly ¢ components
with 2 <t < n—1, where t — 1 components are isolated vertices and one component is a complete graph
on more than one vertex.

Ift >n —1, then G 2 N,,, implying v4.(G) = n, a contradiction. If fewer than ¢ — 1 components are
isolated, then v4.(G) < n — 2, again a contradiction. Therefore, the claim holds, and such graphs belong
to H. O



DoM-COLORING OF GRIDS 3

3. Dom-coloring of grid graphs

The Cartesian product of two graphs G and H, denoted GOH, is the graph with vertex set V(G) x
V(H), where two vertices (u,u) and (v,v’) are adjacent if and only if either © = v and v’ is adjacent to
v/ in H, or v/ = v’ and v is adjacent to v in G [1].

The Cartesian product P,,0P, of two path graphs is known as a grid graph. The dom-coloring
problem for the ladder graph (a grid graph) P,00P, was solved by Usha et al. [13]. In this section,
we extend this work by determining the dom-chromatic number for three more families of grid graphs:
P,,0P,, where m € {3,4,5} and n > 2.

By definition, the product P,,[JP,, consists of m copies of P,, and n copies of P,,. We label the vertices
in each copy of P, as

Vi={vij|1<j<n}, forl<i<m.

We also recall the following exact results for the domination number of grid graphs P,,0P, with
m € {3,4,5}, established in [4,7]:

3n+4
AR EE
n+1, ifn=12356,9,
Y(POP,) = .
n, otherwise,

6256 | if = 23,5,

V(Ps0P) = {L(S";%J , otherwise.
The result of Usha et al. [13] for the ladder graph P,P, is summarized below:

Theorem 3.1 ([13]) Let G be a ladder graph L,, = P,OP, with 2n vertices and 3n — 2 edges. Then

[g] , if n is odd,
o(Ln) =
Yae(Ln) {{g] +1, ifn is even.

In the following results, we provide the exact solution of the dom-coloring problem for grids P,,0P,,
where m = 3,4, 5.

Theorem 3.2 Let G = P3s0P, be a grid with 3n vertices, for n > 2. Then

%, ifn=0 (mod 4),

() = sntl jfn=1 (mod 4),
el = Snt2 - ifn=2 (mod 4),
3 ifn=3 (mod 4).

Proof: Let Py, P,, P be the three copies of P, in G = P3P, with vertex sets
Pi:vig,vi,..0,010; Paivgn,v22,...,020; P3:031,V32,...,03,.
Assign two colors ¢; and ¢o to the vertices of G as follows:
c if j is odd .
v b j ] " foralli=1,2,3.
co, if jis even,

We analyze the dom-coloring set for different values of n:
Case 1: n = 2. Since Ps00P; 2 P,[0Ps, by Theorem 6 we obtain v4.(Ps0P) = 2.

Case 2: n = 3. By symmetry, the set S = {vo1,v13,v32} forms a minimum dom-coloring set, so
’)/dc(Pgmpg) = 3
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Case 3: n =0 (mod 4). Define
. _n—4
S = {'U2,4i+17111,4i+37'03,4i+3 ‘ 0<i< 4} U{vant-
Then |S| = 32t Since x(G) = 2 and 7(G) = |25 ] > x(G), it follows from Theorem 1 and [?] that

’Vdc(G) = 3n:—4.
Case 4: n =1 (mod 4). Define

. n—>5 o on—1
S{112,4j+1,111,4i+3,03,4i+3 OSZST,OSJS 1 }

Then |S| = 32H " and as before v4.(G) = 3%,
Case 5: n =2 (mod 4). Define

n—2

} U{vant-

. _n—=6 .
S = {U2,4j+1avl,4i+37v3,4i+3 ‘ 0<i< I 0<;5<

Then |S| = 322 and we conclude vq.(G) = 322,
Case 6: n =3 (mod 4). Define

.o n—3
S =< v2,4i41,V1,4i43,V3,4i+3 | 0 <@ < 1 .

Then |S| = 323 " and hence v4.(G) = 242,

Theorem 3.3 Let G = P,00P, be a grid with 4n vertices, for n > 2. Then

n+1, ifn=23,569,
n, otherwise.

'ch(G) = {

Proof: Let Py, Py, P53, Py be the four copies of P, in G = P,[JP,,, with vertex sets
-Pi S V1,025 -+ -5 Uin, fOI'Z':1,2,374.

Assign two colors ¢; and ¢o to the vertices of G as follows:

co, if j is even,

if j is odd
Vi {01, BT for each i = 1,2, 3, 4.

We consider several cases:
Case 1: n = 2. Since P,00P,; = P,[0P;, by Theorem 6 we have ~v4.(P,OP,) = 3.
Case 2: n = 3. Similarly, P,00P; = P3[0Py, and using Theorem 7, v4.(P,0P;) = 4.
Case 3: n = 5. A minimum dom-coloring set is
S = {v1,3,01,5,V2,1,V3,4,V42,V45},
SO ’ch(P4DP5) = 6.
Case 4: n = 6. A minimum dom-coloring set is

S = {v1,3,V1,5,V2,1,V2,6, V3,4, V4,2, V4,6 } 5

80 Yac(P4OPs) = 7.
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Case 5: n = 9. A minimum dom-coloring set is

S = {v1,3,v1,5,V1,9,V2,1,V2,7, V3,4, V3,8, V4,2, Va6, V4,9 }

thus v4.(P4OPy) = 10.
General case: For n > 2, we distinguish four modular cases:
Case 6: n =0 (mod 4). Define

. .o n—4
S = V1,4i+3, U2,4i+1, U3, 4i+4, V4, 4i+2 | 0<:< I

Then |S| = n, and using Theorem 1 and [?], we obtain v4.(G) = n.

Case 7: n =1 (mod 4), with n # 5,9. A dom-coloring set of size n can be constructed in the same way
as in Case 6, by adding appropriate vertices in the last column.

Case 8: n =2 (mod 4), with n # 6. Similarly, one can construct a minimum dom-coloring set of size n.

Case 9: n =3 (mod 4). The set

..o n=T
S = S V1,n—2,V2,n,V1,4i435 V2 4i41, V3 4i+4, V4 div2 | 0 <1 < 1
has size n, which completes the proof. O

Theorem 3.4 Let G = P;s0P, be a grid with bn vertices, for n > 2. Then

6”;6  ifn=23.7,

6”;8 . ifn=4,589,

”;5, ifn=05 (mod 10),
Vae(G) = 6”;4, ifn=1,6 (mod 10),

6”;8, ifn=2,7 (mod 10),

6";7, ifn=3,8 (mod 10),

6”;6, ifn=4,9 (mod 10)

Proof: Let P;, for i =1,...,5, denote the five copies of P, in G = PsOP,, with vertices:
Pivi1,v2,. 0,00,

Assign two colors ¢; and ¢o to the vertices as follows:

c1, if jisodd .
Vi > o j " foreachi=1,...,5.
ca, if jis even,

We analyze the following cases:
Case 1: n = 2. Since Ps0P, = P,[0P5, by Theorem 6 we have v,4.(Ps0P;) = 3.
Case 2: n = 3. Similarly, PsO0P; = P3[0P5, and using Theorem 7, v4.(Ps0Ps) = 4.
Case 3: n =4. Since Ps0P; = P,O0Ps, applying Theorem 8, v4.(Ps0P;) = 6.

Case 4: n = 5. A minimum dom-coloring set is:

S = {v1,2,v1,5,V2,2,V34,V4.1,V53,U55},
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80 Yac(Ps0Ps) = 7.

Case 5: n = 6. A minimum dom-coloring set is:

S = {v1,2,v1,6,V2,4,V3,1,V3,6,V4,3, V5,1, V55 },

80 Yae(Ps0PFs) = 8.

Case 6: n = 7. A minimum dom-coloring set is:

S ={v1,2,01,5,V2,2,V2,7,V3.4,V4,1, Va,6,V5.3, V5.6,

80 Yae(PsOP7) = 9.

Case 7: n = 8. A minimum dom-coloring set is:

S = {U1,2791,67112,4;'02,871)3,1;v3,677)4,3»”4,8:'05,171)5,5;U5,8}7

thus 'ch(P5|:|P8) =11.

Case 8: n =9. A minimum dom-coloring set is:

S = {v1,3,01,7,V2,1,V2,5,V2,9, V3,3, U3,7, V4,1, V4,5, V4,9, V5,3, U5 7},

S0 Yae(Ps0Py) = 12.
Case 9: n =0 (mod 10). A dom-coloring set is:

S = {U1,10i+2, V1,10i4+65 V1,10i+105 V2,10i+45 U2,10i+85 U3,5j+1, V4,10i4+3, U4,10i+9, U5,10i+15 U5,10i+5 U5,10i+7}7

where 0 < < 210 (0 < j < 228
Case 10: n =1 (mod 10). Similar construction as Case 9, with the last column adjusted appropriately.

The set S satisfies v4.(G) = 9.

Case 11: n =2 (mod 10). A dom-coloring set is constructed similarly by adding vertices v; ,,, following
the placement pattern of Case 9.

Case 12: n =3 (mod 10). Same method — extend S by adding necessary vertices to dominate the last
columns.

Case 13: n =4 (mod 10). Similarly as before, one extends the dom-coloring set S.

Case 14: n =5 (mod 10). Following the same approach — additional placements are made in the last
column.

Case 15: n =6 (mod 10). The set S is extended accordingly.

Case 16: n =7 (mod 10). The dom-coloring set S is extended similarly.

Case 17: n =8 (mod 10). A minimum dom-coloring set is obtained with careful adjustment for the last
columns.

Case 18: n =9 (mod 10). The dom-coloring set S is extended using the same pattern.

In all cases, the size of the dom-coloring set S matches the formula stated in the theorem, completing
the proof. O

4. Concluding remarks

In this work, we have extended the theory of domination in graphs by studying the concept of dom-
coloring. We first provided a complete characterization of all graphs G for which the dom-coloring
problem can be solved by selecting exactly |G| — 1 vertices.

We then extended the earlier work of Usha et al. [13], who solved the dom-coloring problem for the
grid P,0P,, by determining exact solutions for three additional families of grids P,,[1P,, with m = 3,4,5
and n > 2. For each of these grid families, we established the exact value of the dom-chromatic number

’ch(G)~
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Based on the patterns observed in these results, we propose the following conjecture for general grids,
in the hope that it will stimulate further research in the field of graph domination:

Conjecture: For all integers m,n > 2,
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