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On the Stress-sum Index of the Middle and Central Graph of a Graph

Niveditha, K Arathi Bhat* and Shahistha Hanif

ABSTRACT: Ranking molecular chemical compounds or large networks is a complex task due to their inherent
degeneracy. Centrality measures help to estimate the rank of each molecular chemical graph. One such
centrality measure is the stress centrality, which quantifies the number of shortest paths passing through a
given vertex. Recently, new topological indices based on stress have been introduced. In this study, we derive
bounds and exact expressions for the stress of a vertex in the middle and central graphs derived from a given
graph. In addition, we present expressions for the stress and the stress-sum index of both the middle and
central graphs of a few standard graphs.
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1. Introduction

Let G = (V(G), E(G)) be a finite, simple graph with the vertex set V(G) = {w1,ws,...,w,} and
the edge set E(G) = {e1,€e2,...,em}. If two vertices w; and w; are adjacent, we write w; ~ w;, and the
edge between them is denoted by w;w;. Let P = (v = wow: ... wx = v) be a u-v path of length k in G
with origin u = wg and terminus v = wy. The vertices w;, 1 < ¢ < k — 1 are called the wnternal vertices
of the path P. The length of a shortest u-v path, denoted by d(u,v) is called the distance between u
and v. The diameter of G, denoted by diam(G), is given by max{d(u,v) : u,v € V}. For the remaining
graph-theoretic terminologies, we refer to Chartrand and Lesniak [3].

A vertex centrality measure assigns a real number to each vertex in a graph, quantifying the importance
or criticality of that vertex from a particular perspective. Different centrality measures describe the

importance of a vertex from various perspectives. Stress is one such vertex centrality measure studied in
[19].

Definition 1.1 [19] Let G be a graph with V(G) = {w1,ws,...,w,}. The stress of a vertex wj is
the number of shortest paths in G having w; as an internal vertex and is denoted by stg(w;). The
stress of a graph G is defined by

st(G) = Z sta(w;).

We write st(v) instead of stg(v) whenever the graph under discussion is clear from the context.
Stress centrality has numerous applications in the study of biological networks, social networks, and
other related fields. Some related work can be found in [1,2,10,11,12]. Based on the stress of the vertices,
several new topological indices are introduced and studies were conducted in [4,5,6,8,13,14,15,16,17,18,20].
The stress-sum index is a topological index based on the stress of vertices in a graph and is defined below.
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Definition 1.2 [14] The stress-sum index SS(G) of a simple graph G is defined as

SS(G) = Z (st(u) + st(v)).

uwweE(G)
Observe that > (st(u) + st(v)) # > (st(u))Q.
weE(G) ueV(G)

The stress-sum index of some standard class of graphs with diameter two is discussed in [9].
The concept of a middle graph M (G) of a graph G was introduced by Hamada and Yoshimura in [7]
as an intersection graph on the vertex set of G as given below.

Definition 1.3 The middle graph of a connected graph G is denoted by M (G) and is a graph whose
vertex set is V(G) U E(G) and if any two vertices in M (G) are adjacent, if

e they are adjacent edges of G

e one is a vertex of G and the other is an edge incident on it.

Definition 1.4 The central graph of a graph G is denoted by C(G) and is obtained by subdividing
each edge of G exactly once and joining each pair of non-adjacent vertices by an edge.
In Section 2 (3), we obtain the bound for the stress of any vertex in the middle (central) graph of a
graph G and also the expressions for the stress and the stress-sum index of the middle (central) graph of
a few standard classes of graphs.

2. Middle Graph

In this section, we obtain the expression for stress and the stress-sum index of the middle graph of
some standard families of graphs. First, we give a bound for the stress of any vertex in M(G).

Theorem 2.1 Let G be a graph with n vertices, m edges and diameter d. Let V(G) = {v1, va, ..., v} and
E(G) ={e1,ea,...,em} and V(M(G)) = {v1,va,...,0pn,€1,€2,...,em}. If the vertex e, € V(M(G)),1 <
a < m corresponds to the edge v;v; in G, then,
dege(vi)dega(vj) — [Ng(vi) N Na(v;)| + ZZ:Q |P,f(vr TR | stM(G)(ea)

d
< degG(Ui)dEQG(Uj) + Zk:Q,Pkc(v,‘.“'uivj...US)(degG(US))(degG(vT))ﬂ
where PE (v, ...vvj ... v,) represents the shortest path of length k in G and sty (vi) = 0. The lower
bound is achieved when G = K, ; and the upper bound is achieved when G is a tree.

Proof: Let v;,v;,vi, er,es € V(M(G)). Observe that in M(G) there does not exist any shortest path
of length two of the form (v;vjvx) or (e;vjux) or (e,vjes) that contributes to stpr(v;). Therefore,
StM(G)(Uj) =0,1<j5<n.

Suppose Ng(v;) N Ng(vj) = ¢. Let uy € Ng(v;), where vy # v; and w, € Ng(v;) where w, # v;.
Then, from the vertex v; and the vertices of M(G) that correspond to the edges usv; of G, to the
vertex v; and the vertices that correspond to the edges vjw, of G, there exists the shortest path of
length 2 that has vertex e, as an internal vertex. If there is any vertex vs € N(v;) N N(v;), then
there is an adjacency between the vertex that corresponds to v;us and the vertex v;v,. So, staray(€a) >
dega(vi)dega(vj) — |Ng(v;) N Ng(vj)|. For every v, — v, shortest path of length k, 2 < k < d in G which
involves v;v; edge, there exists the shortest path of length k£ + 1 from v, to v, with e, as an internal
vertex in M(Q)).

When G is K, 4, then for every shortest path of length 2 in G, there exists exactly one shortest path in
M(G) which contains e, as the internal vertex. Hence, equality in the lower bound is achieved when G

is Kp q-
Consider the shortest path (vyvy41...00;...0s-10,) of length k,2 < k < d, in G. Let Ng(v,) =
{v1,v2...,0p_1,0r41} and Ng(vs) = {wy, ..., ws_1,V5_1,Vs+1}. Now, every shortest path from v, and

the vertices that correspond to the edges v;v,,1 < j < r — 1 to the vertex v, and the vertices that
correspond to the edges vsw;,1 <1 < s — 1 contains e, as an internal vertex, if G is a tree. Hence, the
result follows. 0
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Corollary 2.1 Let G = K, 4. Then,
st(M(G)) =pa(pg +p+q—2),
SS(M(G)) = pa(p+a)(pg+p+4q—2).

Proof: Let V(G) = {v1,v2,...,0p, U1, U2, ..., uq}. Let w;; € V(M(G)) correspond to the edge v;uj,1 <
i <p,1<j<qof G. From Theorem 2.1, we have sty ) (wi;) = pg+p+q— 2.
Also, as |E(M(G))| = 2pq + p(%) + q(5), we have,

SS(M(G) =2pq(pq+p+q—2)+2{p<q> +q<p)}(pq+p+q—2)-

2 2
O
The next corollary is immediate from Corollary 2.1.
Corollary 2.2 Let G = K ,,—1. Then,
st(M(G)) = 2n® — 5n + 3,
SS(M(G)) = (2n — 3)n(n —1).
Theorem 2.2 Let G = K,,. Then,
_ 2 _
St(M(G)) = n(n 1)(n2 3n+3)’
SS(M(G)) = n® — 5n* + 1003 — 9n? 4 3n.
Proof: If v € V(M(G)) corresponds to an edge of G, then
staray(v) = (n — 1)2 —(n—2).
Hence,
st(M(G)) = (Z) (n—12%-n+2).
As |E(M(G))| = % +n(n —1), we get
SS(M(G)) = {n(n—1)(n—2) +n(n—1)} (n? — 3n + 3).
|

Theorem 2.3 Let G = B, ; be a bi-star graph on r + s + 2 vertices. Then,
st(M(G)) = 8rs +3(s + 1) +2(r* + ) + 1,
SS(M(G)) = 2r%(r + 3s) + 25%(s + 3r) + (7r* + 7s% 4+ 20rs) + T(r + s) + 2.
Proof: Let V(G) = {v,v1,v2,...,0r,u,us,uz,...,us}. Let w; € V(M(G)) correspond to the edge

v, 1 < i < r let y; € V(M(G)), correspond to the edge uuj,1 < j < s and z € V(M(G)) corre-
spond to the edge uv of G. Then, from Theorem 2.1, we have

starq)(wi) = 25 +2r + 1 = stara)(Ys), sta(a)(x) = 4rs +2r + 25 + 1.

Hence, we get the expression for st(M(G)).
As [E(M(G)|=(5) + (5) +r+s+2(r+s+1), we get,

r

SS(M(G)) = 2{(2) + (;)}(254—21"4— 1) +3(r +8)(25 + 2r + 1) + (r + 5 + 2)(4rs + 25 + 2r + 1).

Simplifying the above expression, we get the desired result. O
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Theorem 2.4 Let G = Wy ,—1 be a wheel graph on n vertices. Then,

84 im=2>5
st(M(G)) = < 165 in=206
12n% —49n +37 n>7

Proof: Let V(M(G)) = {u,u1, ..« Un—1,Y1, -+, Yn—1,V1,-«-,Vn_1}, where y;;1 < i < n — 1 is formed
by subdividing the edge uu;,1 <i<mn—1of G and v;,1 < i <n — 2 is formed by subdividing the edge
utit1,1 <1 <n—2of G and v,_1 is formed by subdividing the edge u,—1uy of G.

When n = 5, we can note that sta;)(yi) = 11 and stpq)(vs) = 10,1 < i < 4.

When n = 6, we can note that sty q)(yi) = 19 and sty (vi) = 14,1 <@ <5.

Letn>7:

To find stpz(q)(y1) © All the shortest paths that contribute to stys()(y1) are given in the table below.

Shortest paths P with y; as internal vertex |P]
(v1y193), - - - (V1Y1Yn—1) n—3
(Vn—191Y2), - - -, (Vn—1Y1Yn—2) n—3
(u1y192), - - (W1Y1Yn—1) n—2
(uly1y4U4), (Ulylyws), (uly1y4v4), ) Ulylyn—Sun—S)a (Ulylyn—svn—4), (Ulylyn—3vn—3) 3(” — 6)

(v1y1y5U5), (U1y1y504)7 (v1y1y5v5), ) (Ulylyn—?)un—?))a (Ulylyn—3vn—4)a (Ulylyn—svn—3) 3(n — 7)
(Un71y1y4u4), (Un71y1y4v4)a (Un71y1y4’03)7 cees

(’Unflylynfllunfél)v (’Unflylynfélvnfél)a (vnflylynf4vn75) 3(77/ - 7)
(u1y1ysus), (W1y1Y3v3), (U1Y1Yn—2Un—2), (U1Y1Yn—2Vn_3) 4
(v1y1y4u4)7 (v1y1y4v4), (vlylyn72unf2)7 (’Ulylyn72vn73)7
(Un—1Y1Y303), (Vn—1Y1Y3u3), (Vn—1Y1Yn—3Un—3), (Vn—1Y1Yn—3Vn—4) 8
(uyrv1), (uyrur), (Uy1vp—1) 3

Hence, due to symmetry,

starq)(yi) = 12n = 53,1 <i<n — 1.
To find stpz(q)(v1) @ The shortest paths {(uiviuz), (uoviy1), (uov1Vn—1), (U1v1V2), (V1V1Y2), (V2V1VR—1),
(2/17111/2), (yszn—ﬂ, (U7L—1U1U2u3), (U1U1U2U3), (Uzvlvn—lun—l), (U2U1Un—1un—1)a (U2U1'Un—lvn—2)7

(u2v1Vp—1Vn—2), (U1V1V203), (U —1V1V203) } contribute 16 to stys(q)(vi). Due to symmetry,

StM(G)(Ui) =16,1<i<n-—1.

Corollary 2.3 Let G =W ,,—1. Then,

548 in=>5
SS(M(G)) =< 1180 in=26
120 —41n? +19n+10 ;n>7

Proof: We note that |E(M(G))| = (";") + 7(n — 1). For n > 7, from Theorem 2.4,

SS(M(G)) =2 <” ; 1) (12n — 53) 4 2(n — 1)(12n — 53) 4+ 4(16)(n — 1) + 2(12n — 53 + 16)(n — 1)
=12n> — 41n? + 19n + 10.

From Theorem 2.4, for n = 5 and n = 6, the result follows easily. O
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Theorem 2.5 Let G = Fy 5,1 be a fan graph on n vertices. Then,

31 in=4
74 im=2>5
st(M(G)) = ’
(M(&)) 143 in==6
12n%2 —63n+89 ;n>7
Proof: Let V(G) = {u,u1,...,upn—1}, u ~g u;,1 < i <n—1and u; ~g uiy1,1 < i < n—2. Let

v; € M(G),1 < j <n—1 correspond to the edge uu; and y; € M(G),1 < j < n — 2 correspond to the
edge u;ju;j4q of G.

When n = 4, we can note that sty (a) (y1) = 6 = sty (a) (y2), StM(G)(’Ul) =6 = St]\/{(G)('US) and
StM(G)(’UQ) =T.

When n = 5, we get sty (vi) = 12,1 <i < 4, sty (Y1) = 7 = st (y3) and stare)(y2) = 12.

Also, when n = 6, we get styr(q)(v1) = 20 = star(a)(vs), star(a)(v2) = 22 = styq)(va) and staqy(vs) =
17, staray (y1) = 7= sty (ya) and staray(y2) = 14 = stya)(y3)-

Let n>7:

To find stpsqy(v1) : The shortest paths which contribute to sty () (v1) are as shown in table below.

Shortest paths P with v; as internal vertex |P]
(u1v195), (Wv1vju;),3 < j<n-—1 2(n —3)
(ylvlvjﬂujﬂ),?) S] S n—1 n—4
(u1v104Y4), (U1V1V4Y3), - - -y (UIV1Vp—2Yn—2), (U1V1Vp—2Yn—3) | 2(n —5)
(y1v105Y4), (Y1V1V5Y5), - - -, (Y101Vn—2Yn—3), (Y1V1Vn—2Yn—2) | 2(n —6)
(y1v103), - -, (Y1010n—1), (uv102) (U V1), (Y1011) n
(u1v1v4y3), (U1V1V—1Yn—2), (Y101V4Ya), (Y1V1Vn—1Yn—2) 4

Due to symmetry, str(q)(vi) = 8n — 28 = sty (q)(vn-1)-
To find stpz()(v2) : The shortest paths that contribute to stasq)(ve) are as shown in the table below.

Shortest paths P with vy as internal vertex |P|
(ugv20;), (ugvavju;), (Y1v2vju;),4 < j <n—1 3(n—4)
(Y2vovjt1ujy1),4 <j<n—1 n—>5
(u2v2V5Ys5), (U20205Y1), (u20206Ys6), (U202V6Y5), - - - » (U2V2Vn—2Yn—2), (U2V2Vn—2Yn—3) | 2(n — 6)
(Y1v205Y5), (Y1v205Y4) s (Y1V206Y6)s (Y1V206Y5); - - -5 (Y1V20n—2Yn—2), (Yy1V2Vn—2Yn-3) | 2(n —6)
(y2v2v6y5)7 (y2v2'U6?J6>7 ooy (Y2020 —2Yn—3), (y2vzvn—2yn—2) 2(” -7
(y1v203), . .., (10200 1), (Y2v201), (Y2v204), . . ., (Y2V2Un_1) 2(n —3)
(u2v2v4Y4), (U2V2Vn—1Yn—2), (Y10204Y4), (Y1V2Vn—1Yn—2), (Y2V205Ys5),
(Y2v2Vn—1Yn—2), (U2v201), (U2v2V3), (ugvau), (Y1v2u), (Y2v2u) 11

It follows from symmetry, star(q)(v2) = 12n — 50 = sty (vn-2).
To find sty (v3) : The shortest paths that contribute to sty (v3) are as shown in the table below.

Shortest paths P with v3 as internal vertex |P|
(uzv3v;), (ugvavug), (Yovsvju;), 5 <j<n—1 3(n—1>5)
(ysv3vj11u541),5 <j<n—1 (n —6)
(u3v306y5)a (u303v6y6)7 ) (u3v37}n—2yn—3)v (u3v3vn—2yn—2) 2(” — 7)
(Y2v3v6Ys5 ), (Y2U3V6Y6); - - - 5 (Y2U3Vn—2Yn—3), (Y2V3Vn—2Yn—2) 2(n —17)
(y3v3v7Y6), (Y3v307Y7), - - -, (Y3V3Vn—2Un—3), (Y3U3Vn_2Yn—2) 2(n —8)
(y2v3v1), (Y2v3v4), - - -5 (Y2030n—1), (Y3U301), (Y3V3v2), (Y3V305), - - - (Y3v30n—1) | 2(n —3)
(uzvzviun), (usv3vsYs), (UsV3Vn—1Yn—2), (Y20305Ys5), (Y2V2Vn—1Yn—2), (Y3V306Ys),
(Y3V3Vn—1Yn—2), (y3v3v1u1) (U3V301), (U3V3V2), (Uzv3v4), (uzv3u), (Y2vsu), (y3vsu) 14

Hence, styrq)(v3) = 12n — 57 = styrq)(vn—3).
To find stpr(q)(va) : The shortest paths which contribute to sty;)(vsa) are as shown in the table below.
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Shortest paths P with vy as internal vertex [P
(uav4v5), (Uavavjuy), (Ysvavju;),6 < j <n—1 3(n —6)
(Yavavjr1up1),6 <j<n—1 (n—1)
(u4v4v7Ys), (U3V3V7Y7), - - - (UaV4VR—2Yn—3), (U4V4Vn—2Yn—2) 2(n —8)
(y3v4v7Y6), (Y3v407Y7), - - -, (Y3040 —2Yn—3), (Y3V4Vn_2Yn_2) 2(n — 8)
(Yav4v8Y7), (Y4v4V8Y8), - - -, (YaV4Vp—2Yn—3), (YaVaVn_2Yn—2) 2(n —9)

(Y3v4v1), (Y3v4v2), (Y304v5), - - -, (Y3V4Vn—1), (Y4v401), (Yavav2),
(Y4v4v3), (Y3v306); - - - 5 (YaV4Vn—1) 2(n —3)
(U4U4U2U2)7 (U4U4U1U1)7 (U4U4’02y1), (U4U4U1y1), (U4U4U3), (U4”U402),
(u4v401), (Ugv405), (UaV4V6Y6 ), (UaVVR—1Yn—2), (Y3V4V6Y6),
(Y3V4Vn—1Yn—2), (Y4v407Y7), (Ya04Vn—1Yn—2), (Y3v401u1), (Y4040191),
(yavavay1), (Yavaviur), (yavavaus), (uvays), (Wvays), (wvsuy) 22

Hence, due to symmetry, sty (q)(vj) = 12n —59,4 < j <n —4.

To find stpr(q)(y1) : The shortest paths (u1yius), (viyiug), (Vayrur), (U1y1y2), (Viy1y2),
(u1y1y2us), (u1y1y2ys) contribute to star()(y1). Hence, starg)(y1) = 7= star(c)(Yn—2)-

To find stpz()(y2) : The shortest paths which contributes to stas)(y2) are

(Y192y3), (Y1y2u3), (u2y2us), (Vay2us), (Vsy2us2), (u2y2ys), (Vay2ys), (Vsy2y1), (UsY2v2), (U1Y1Y2u3),
(u2y2ysua), (u2y2ysys), (Y1Y2y3ya), (y1y2y3ua).

Hence, styq)(y2) = 14 = starq)(Yn—3)-

To find stpr()(y3) : The shortest paths that contributes to sty;(q)(y3) are listed below;

(vsysua), (Vaysus), (usysua), (usysya), (waysyz), (Yoysya), (Vaysy2), (V3y3ya), (Y2y3yays), (Y2ysyaus),

(U3y3y4ys)a (y1y2y3y4)7 (U2y2y3u4)a (U3y3y4u5)7 (y2U3y3U4), (u3y3u4y4).
Hence, styq)(vj) = 16,3 <j<n—4. O

Corollary 2.4 Let G = F1,—1. Then

162 in=4
SS(M(G)) = '
(M(G)) {12n3—55n2+65n+4 in>5

Proof: Observe that |E(G)| = (";1) + 7n — 13.
Let n > 5 : The contribution to SS(M(G)) from various edges of M (G) are given below.

Edges Contribution to SS(M(G))
Yy, 1 <i,7 <n—2 32n — 122
yiuj, 1 <i<n—-21<j5j<n-1 32n — 108
yiv;, 1 <i<n—-2,1<57<n-1 24n2 — 142n + 234
v, 1 <i,j<n—1 12n3 — 103n? + 301n — 286
w1 <1 <n—1 12n% — 79n + 143
uivg, 1 <i,j<n-—1 12n? — 79n + 143

Adding the above, we get the result.
For n = 4 one can easily get the value of SS(M(G)). O

Theorem 2.6 Let G = Fy, be a friendship graph on 2n + 1 vertices. Then,

st(M(G)) = 24n* — 15n.

Proof: Let V(G) = {vo,v1,...,v2,} and E(G) = {(viva), (v3v4),...(van_1V2n), (vov1), (vova),. ..
(vovzn)}. Let w; € V(M(G)) correspond to the edge va;—1v2i, 1 < i < n. Observe that sty q)(w;) = 3.
Let y; € V(M(G)) correspond to the edge vov;, 1 < i < 2n. Every shortest path of length two of the
form (v1vgv3) in G will correspond to the following shortest paths

(Uly1y3), (U1y1y3v3), (U1y1y3w2)7 (w1y1y3), (w1y1y3’03), (w1y1y3w2)
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in M(G) contributing 6 to sty q)(y1). Additionally, (viy1y2), (wiyivo), (viy1ve) contributes 3 to
stara)(y1). As there are 2(n — 1) shortest paths of the form vivgv;,3 < j < 2n in G, and due to
symmetry, starq)(yi) = 12(n — 1) +3 = 12n — 9,1 <4 < 2n. Hence, the proof. O
Corollary 2.5 Let G = F5,. Then,

SS(M(G)) = 48n> 4 12n* — 24n.
Proof: As |[E(M(G))| = (%) + 8n,

SS(M(G)) = (22n> (12n —9)2 + 4n(12n — 9) + 2n(3) + 2n(12n — 6).

O
Theorem 2.7 Let G = C,, be a cycle on n vertices with diameter d. Then,
2d%? — d); i
StM(G)) = n( i ); ifn ev(?n
n(2d? + d); otherwise
Proof: Let V(G) = {u1,u2,...,un}, u; ~tiy1,1 <i<n—1and u, ~ u.
Case 1: n even: For v; € V(M(G)) that corresponds to an edge e = u;u;11 of G, every shortest path
(wiggq - wtigq - uppg) of length k = 1,2, ... d—1in G has the shortest paths (ujv;vi41 . .. Vpp—1U1E),

(V1011 - Vi k=1 Uk )s (VUL < Vi k=101 k )y and (V10U - Vppk—10U14k) Of length k+1 in M (G)
contributing 4 to sty (vi). But for every shortest path of the form (ujuiyr... wiuiy1 ... uqq) in G
has the shortest path of the form (wvvi41 ... Vi1d—1Ui4+4), of length d + 1 in M(G) contributing 1 to
star(a)(vi). Suppose P (e) represents the shortest path of length k in G having e as internal edge, then,

d—1
star(e)(vi) = 4 (Z IPE(e)I> +|Pg (e)]
k=1
=41+2+...+(d—-1))+d
=2d*> — d.

Case 2: n odd: For v; € V(M(G)), which corresponds to an edge e = w;u; 41 of G, every shortest path
(wptig 41 -« Uitigy -« upk) of length k. = 1,2,...,d—1 in G has the shortest paths (wvv141 . .. Vipk—1Ui4k)s
(vl—l'UlUl+1 v Ul+k_1ul+k), (uwlvl_H cee vl+k_1vl+k), and (Ul—l'UlUH-l v Ul+k—lvl+k) of length k + 1 in
M(G) contributing 4 to st;(g)(vi). But the shortest path (wju;q1 ... ustiq1 ... ui4q) in G has the short-
est paths (wvvigr ... vipa—14a), (WO .. Vipd—1Vi4d), and (V_1VVI41 .. Vigd—1Ui4q), of length
d+1in M(G) contributing 3 to st (v;). Hence,

d—1
sta(c)(vi) = 4 <Z(IPE(6)> +3|Pf (e)]
k=1
=4(1+24...+(d—1))+3d
= 2d* + d.

Corollary 2.6 Let G = C,, with diameter d. Then,

4n(2d? — d); n even

SS(M(G)) = {4n(2d2 +d); n odd
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Proof: As |E(M(G))| = 3n, when n is even,
SS(M(G)) = 2n(2d* — d) + 2n(2d* — d) = 4n(2d* — d).
Similarly, when n is odd we get

SS(M(G)) = 2n(2d* + d) + 2n(2d* + d) = 4n(2d* + d).

Theorem 2.8 Let G = P, be a path on n vertices. Then,

st(M(G)) = gn?’ —2n? + zn -1
3 3
Proof: Let V(G) = {u1,u2,...,un}, u; ~ uiy1,1 <t <n—1. Let v; € M(G),1 <j <n—1 correspond
to the edge ujujy1 of G.

To find sty (v1) : For every shortest path (uius...upy1) of length k,1 <k <n —2in G we have
(u1v1ve ... upyr) and (u1v1vs ... vgg1) in M(G) of length & + 1 contributing 2 to stpsy(v1). Also, for
the shortest path (ujus...u,) of G we have the shortest path (ujvq...v,_1u,) of length n in M(G)
contributing 1 to stysy(vi). Hence,

StM(G)(vl) =2n — 3.
By symmetry, st (q)(vn) = 2n — 3.
To find stprqy(vj), j>2:
The shortest paths of length k,1 < k < j—1, in G which contains the vertices u;u; 1, contributes Zz;ll 1
to star(a)(v;). Now the shortest paths of length k,j < k <n —j — 1 in G which contains the vertices
u;jujy1, contributes (45 — 2)(n — 2j). Next, the shortest paths of length k, where n —j <k <d—-1in G
which contains the vertices uju;j41, contributes 4(j —1) +4 f;g 1. Lastly, the shortest path of length d
in G which contains the vertices u;u;y1, contributes 1 to sty () (vj). Hence, for 2 < j <n —2,

Jj—1 j=2

starey(v;) =4 i+ (4 —2)(n—2j) +4) i+4(G—-1)+1
i=1 i=0

=4j(n—j) —2n+1.

When n is even,

n_1
stM(G) =2 (4j(n—j)—2n+1)+n*—2n+1
j=1
= §n372n2+§n71.
When n is odd,
%
st(M(G) =2 (4j(n—j) —2n+1)

j=1

2 7
§n3 —om?+ gn— 1.

Corollary 2.7 Let G = P,,. Then

_ 8n® — 24n? + 16n + 6

SS(M(G)) -
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Proof: Observe that |E(M(G))| = (n—2)+2(n—1). The contribution to SS(M(G)) from various edges
of M(G) are given below.

Edges Contribution to SS(M(G))
vjuy, Vg1, 2 < j S n —2 235 (4j(n—j) — (2n— 1))
VIUL, V1U2, Un—1Un—1, Vn—1Un 4(2n —3)
vivji, 1<j<n—2 | 23070 (4j(n—j) — (2n — 1)) +2(2n — 3)

Hence,

]

SS(M(G)) =4 (4j(n—j) — (2n — 1)) + 6(2n — 3)
j=2
3 p2
_4(2n 6n3 5n + 15) L 6(2n—3)
8n3 — 24n% 4+ 16n+6

3

3. Central Graph

In this section, we first provide a bound for the stress of any vertex in the central graph of a graph.
Furthermore, we provide expressions for the stress and the stress-sum index of the central graph for
several standard classes of graphs.

Theorem 3.1 Let u € V(G). Then,

stoge () > <degG(U)> + m(T@) + dega (u) ( Z degg(v) + degg(u)) — Z |Na(x) N Ng(u)l,

2
Ol Zex)) xENc(u)

where m(u) denotes the number of edges in (V(G) — N{ul). Equality holds in case of Kp 4,Cy and P,.
Let v € V(C(G)), where v corresponds to the edge uw of G. Then,

stoge)(v) = 2IN(u) AN (w)[ + 1+ (r = 2)(r = 3),
where 1 is the size of mazimal clique in (N[u] N Nlw]).

Proof: Let Ng(u) = {uy,usa,...,uq} and {s1, s2,...,sq} be the vertices in C(G) formed by subdividing
the edges uu;, 1 <14 < d of G. For any distinct pair s;, s; the path (s;us;) of length 2 in C(G) contributes
1 to stc(e)(u). Hence, stoq)(u) > (degg(“)).

For every edge v;v; of G, such that v; =g u and v; ~ u, we get a shortest path v;uv; in C(G) which
contributes one to stc(g)(u). Hence, if m(w) represents the number of edges in (V(G) — N[u]), we get
stea)(u) > (*95™) + m(a).

From every vertex w € C(G) that corresponds to the edge uv € E(G), there is a path (wux) where
x g u. As there are degq (u)dege (u) such paths, we have ste (g (u) > (degg(“)) +m(u)+dega(u)degs(u).
Similarly, the paths (wuzz), where 2 ~¢(g) 2z contribute to sto(g)(u) unless x ~g v.

As there are degg(u) 3, .., d€9c (V) — 2o e ng(w) NG (y) N Ng(u)| paths, the result follows. The
equality holds when G is a cycle, a path, or a complete bipartite graph.

If v € V(C(G)), where v corresponds to the edge uw of G. Observe that the path (uvw) will contribute
1 to stoe(v).

Suppose N(u) N N(w) # ¢. Let z € N(u) N N(w) and z,y be a vertex formed by subdividing uz and
wz. Then the paths (ywvu), (wvuz) contribute to stc(q)(v). We have 2N (u) N N (w)| such paths.
Suppose (N[u] N N[w]) contains a maximal clique of size r. Let v, s;,1 <4 < r — 2 be adjacent to u and
v,t;,1 < j <r—2be adjacent to w in C(G). Then the paths (s;uvwt;),1 < i # j < r — 2 contribute to
sto(a)(v).

As there are (r — 2)(r — 3) such paths, the result follows. O
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Theorem 3.2 Let G = K, 4. Then,

SHC(G)) = 2% = L (p + ).
Proof: Let V(G) = {v1,v2,...,Up, U1, U, ..., Ug}. Then, from Theorem 3.1, we have
stea)(uq) =p’q— g — %271 <i<q,
stoqa)(vi) = ¢°p — % - %,1 <i<p

Let w;; € V(C(G)) correspond to the edge viu;,1 <i<p,1 <j <gof G. Then from Theorem 3.1, we
have StC(G) (wij) =1.

2 2
st(C(G)) =p (qu— 1. q) +q (qu— p_ pQ) +pg =202 — B (p+q).

2 2 2 2
O
Corollary 3.1 Let G = K, 4. Then,
SS(C(G)) = p*a*(2p + 24 — 3) + pq <3— z% -2 5 2 ) .
Proof: From Theorem 3.2,
85(C(G)) =2 q2p—g—£ ")+ qu_g_f+1 pq+2 p2q—£—£2 !
2 2 2 2 2 2 2 2
2 p 7
S
+ <P q B B + )pq
Hence, the result follows. O
Theorem 3.3 Let G = K,,. Then,
4 1 3 1 2 _
st(C(G)):?m 3n ;— In 9n.
Proof: If v € V(C(G)) corresponds an edge e € E(G), then from Theorem 3.1, we have
stoay(v) =2(n—2)+ 1+ (n—3)(n—2) =n®> —3n+3.
n—1 n—1)(n-2)2n-3
stoqey (V1) = ( 5 >+(n—1)(n—2)(n—3)+(n—1)(n—2): ( I 5 I )
Hence
-1 —2)(2n -3 3nt —13n3 + 1902 — 9
SHO(G)) = n (n2_3n+3)+n(n )(n—2)(2n ): n n° +19n n
2 2 2
O

Corollary 3.2 Let G = K,,. Then,

_ 2n° — 9In* + 14n3 — n?

SS(C(G)) >
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Proof: As |E(C(G))| = 2(3), we have

SS(C(G)) = 2(;’) { (n=Din _22)(2n =3 (02— 3n+ 3)} .

Theorem 3.4 Let G = B, 5, be a bi-star graph on r 4+ s+ 2 vertices. Then,

_24rs+55+57’+31"2+352+2

SHC(G) 5

Proof: Let V(G) = {v,v1,v2,...,0p,u,u1,u,...,us}. Then from Theorem 3.1, we have stc (g (vi) =
ds+r,1 < i <1, stog)(uy) = 4r+s,1 < j < s, steg)(v) = §+g+2rs+s and stc(q)(u) = §+§+2rs+r.
Let x € V(C(QG)) correspond to the edge vu, w; € V(C(G)) correspond to the edge vv;,1 < i < r and
y; € V(C(G)) correspond to the edge uwu;,1 < j <'s.

From Theorem 3.1, we have stc(q)(x) = ste(a)(wi) = stoa)(y;) = 1. Hence,

r?
st(C(G)) =r(ds+r) +s(dr+s) + <2 + 3 + 2sr + s>

s?2 s
+(2+2+2rs+r>+(r+s+1)

_ 24rs + 55+ 5r + 3r2 + 3s2 + 2
= 5 .

Corollary 3.3 Let G = B, s, be a bi-star graph on r + s + 2 vertices. Then,

2 ) .
SS(C(G)) = grs(r +) 4 ;(7’ +e)+ g(rd ) 4302 + 82) + 15rs + 2.

Proof: Observe that [E(C(G))| = (3) + (3) + 3r + 3s +rs + 2. From Theorem 3.4, the contribution to
SS(C(G)) from various edges of C(G) is given below.

Edges Contribution to SS(C(G))
vu;, 1 < j<s @4—27"82—}—252—1—47"8
v §+§—|—2r5+s+1
vw;, 1 <1< r #—&—27‘234—7’34—7“
ux 52%+27’s+7’+1
uyj, 1 <j<s 253;52+27"32+7"s+s
w;, 1 <i<r %‘m+2r2s+2r2+4rs
vw;, 1 <i<r dsr +1r2 471
viu, 1 <i<r,1<j<s 5rs% + brls
yju;, 1 <j<s drs+s2 + s
v, 1 <i<r dsr? + 13 —4sr —r?
u;, 1 <j<s drs? + 5 —4rs — §2

Theorem 3.5 Let G = Wy ,,_1. Then,

~ 33n% — 143n + 110
= 5 )

st(C(@G))
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Proof: Let V(G) = {v,v1,v2,...,0n_1}. Let y; € V(C(G)) correspond to the edge vv;, 1 <i¢ <n —1 of
G and w; € V(C(G)) correspond to the edge v;v;41,1 < i < n —2, of G and w, 1 corresponds to the
edge v, _1v1 of G. Then from Theorem 3.1, we have,

sto(ay (Yi) = 5, stoay(wi) =3

To find sto(qy(v) : From Theorem 3.1, ste(q)(v) > (”;1)

The shortest paths {(viy1vye), (V1y19Yn-1), (V2920Y3), (V2y20Y1), - -+, (Vn-1Yn-1VY1),s (Vn—1Yn—1VYn-2)}
contribute 2(n — 1) to ste(g)(v).

Hence,
ste(a)(v) = (degg(”)> +2(n—1)= w

To find stc(g)(v1) : From Theorem 3.1 we have,
3
stoay(vi) > (2> +(n—=5)+3B(n—-4)+(n—4))—(n—2) =12n — 48.

The other shortest paths are as shown in the table below.

Shortest paths P with v; as internal vertex |P]
(yvv1vi1)s (Y1 vip1v101), 3 <1 <n—3 2(n—5)
(y1010402), -« -, (101U —2V2), (Y10103Vn—1), -« -, (Y1V1Vn—3Un—1) | 2(n — )

(y1v1w1ve), (Y1V1Wn—1Vn—1), (Vy1V1W1), (VY1V1WA—1) 4

Due to symmetry, stc(g)(vi) = 12n — 48 +4(n —5) +4 = 16(n — 4),1 <i < n — 1. Hence,

SﬂﬂGﬂzan—U+an—n+Qtﬂ%ii@

~ 33n% — 143n + 110

+16(n—4)(n—1)

2
O
Corollary 3.4 Let G = Wy ,,—1. Then,
3 -192n2 4+ 317n — 1
SS(C’(G)):?)Bn 9n2+3 ™ 58.
Proof: As |[E(C(G))| = % +2(n—1)+2(n—1), and from Theorem 3.5, we have
SS(C(@) =16(n—4)(n—1)(n —4) + {16(n —4) +5}(n — 1) + {16(n — 4) + 3}2(n — 1)
-1 2
_A'_{(TL)2(TL_|_)_A'_5} (n_l).
Simplifying the above we get the desired result. O

Theorem 3.6 Let G = Fy ,—1 be a fan graph with n vertices. Then,

3302 — 181n + 286
- - ,

st(C(G))

Proof: Let V(G) = {v,v1,v2,...,05-1}. Let y; € V(C(G)) correspond to the edge vv;,1 < i <n-—1
and w; € V(C(Q)) corresponding to the edge v;v;11,1 <i <n— 2.

From Theorem 3.1, stoqy(wi) = 3,1 < i <n—2. Also, steq)(y1) = 3 = stoa) (Yn—1), and stoqy(yi) =
5,2<i<n—2.
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To find sto(qy(v) : From Theorem 3.1 we have sto g (v) > ("51)

The shortest paths (viy;vyi+1), and (y;vyi41vi11), 1 < i < n—2 contributing 2(n—2) to st (g)(v). Hence,

stoay(v) = W

2
To find sto(g)(v1) : From Theorem 3.1 we have,
stoqy(ve) > 8n —27.

The other shortest paths are shown in the table below.

Shortest paths P with v; as internal vertex |P|
(Y3v30104)s -« s (Yn—2Vn—2010n—1), (Ya040103)s - « o, (Yn—1Vn—1010p—2) | 2(n —4)
(y1v10402), . . ., (Y1010 —102) n—4
(vy1viwy), (Yr1v1w1v2) 2

stoqy(v1) =8n =27+ 3(n —4) +2 = 11n — 37.

Due to symmetry stc(g)(v1) = stoq)(Vn-1)-
To find sto(g)(v2) : From Theorem 3.1 we have,

sto(a) (vg) > 12n — 50.

The other shortest paths are shown in the table below.

Shortest paths P with vy as internal vertex |P|
(Ya040205), - -+ (Yn—2Vn—202Un_1), (Ys5050204 ), - - -, (Yn—1Vn—102Un_2) | 2(n —5)
(y2020503), . . ., (Y220 —103) n—>5
(y2v2v4v1), . . ., (Y2V2U5—101) n—4
(vy2v2w2), (Yov2w2vs), (VY2v2w1), (Y2v2w1v1) 4

Hence,
steiay(v2) =120 — 50+ 3(n — 5) + (n — 4) + 4 = 16n — 65.

Due to symmetry stc(g)(v2) = stoqy(Vn—2)-
To find stc(qy(vs) : From Theorem 3.1, we have

sto(a)(vs) > 12n — 55.

The other shortest paths are shown in the table below.

Shortest paths P with v3 as internal vertex P
(y5'05'U3U6)> ey (yn72vn72v3vn71)7 (y6U6U3U5), ey (ynflvnflv3vn72) 2(TL _ 6)
(y3U3U6U4)7 ey (yB’U?)’Un—l’U4)7 (y:’,1)131)1114)7 (y3031)51}2), ey (y3v31}n_11;2) 2(’/7, _ 5)
(vyzvsws), (Y3v3wsvs), (Y3v3wav2), (VY3VzW2) 4
Hence,
sto(a)(vs) = 12n — 55+ 2(n — 6) + 2(n — 5) + 4 = 16n — 73.
sto(a)(vs) = -+ = sto(q)(vn—s) = 16n — 73.
Hence

_33n% — 181n + 286

st(C(G)) 5

Corollary 3.5 Let G = F1 1, be a fan graph on n vertices. Then,

_ 33n® — 230n? 4 545n — 376

SS(C(G) >
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Proof: We know |E(C(G))| = 2(n — 1) +2(n — 2). The contribution to SS(C(G)) from various edges of
C(G) is given below.

Edges Contribution to SS(C(G))
vyt =1,n—1 n’+n
VY, 2 S 7 S n—2 n3—2n22+n—12
vy, t=1,n—1 22n — 68
ViYi, 1 = 2,mn — 2 32n — 120
vy, 3<i<n—3 16n2 — 148n + 340
VW1, Up—1Wn—2 22n — 68
ViW;, Viw;—1,1 = 2,n — 2 64n — 248
VW, VWi 1,3 <1 <n—3 32n2% — 300n + 700
v10;,3 <t <n—1 27n% — 196n + 374
vy, 4 <i<n—1 32n% — 271n + 596
v3v;,H <i<n-—1 1613 — 222n? + 1046n — 1688
Hence, the result follows. O

Theorem 3.7 Let G = Fy, be a friendship graph on 2n + 1 vertices. Then,

st(C(G)) = 32n* — 14n.

Proof: Let V(G) = {uvo,v1,...,v2,} and E(G) = {(v1v2), (v3vs),... (van_1van), (vov1), (Vova), ...
(vovan)}. Let w; € V(C(G)) correspond to the edge vg;_1v2;, 1 <i < n and y; € V(C(G)) correspond to
the edge vgv;, 1 <7 < 2n. From Theorem 3.1, we have

sto(a)(wi) = 3 = stoa)(¥i)-
To find stc(g)(vo) : From Theorem 3.1, sto(qy(vo) > (22”) Now the edge vg; _1v9;,1 < i < n in G, corre-
sponds to the shortest paths (va;—1y2i—1voy2:) and (yo;—1v0y2iv2;) in C(G) contributes 2 to sto(qy(vo)-
Hence,

2
sto(a) (vo) = ( 2n> +2n=n(2n+1).

To find sto(g)(vi) : From Theorem 3.1 we have,
stoy(vi) > 1+ (n—1)+2(2n -2+ 2(2n —2)) — (2n — 2) = 11n — 10.

For the edge v1v; of G, we have the shortest path (yiv1vjv2), where v; =g v1 contributing 1 to stogy(v1)-
In addition, the shortest paths (ygj_lvgj_lvl’l}gj), (’L)Qj_lvl’l)gjygj), 2 S _] S n contribute 2 to StC(G) (Ul).
Lastly, the paths (yv1wiv2) and (voy1viw:) contribute 2 to stc(g)(v1). Hence,

stogy(v1) = 11n — 10 4-2(2n — 2) + 2 = 15n — 12.

Hence,
2n(2n+1)

5 + 2n(15n — 12) = 32n° — 14n.

st(C(G)) =3(2n+n) +

Corollary 3.6 Let G = F5,. Then,

SS(C(@)) = 64n® — 46n? + 18n.
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Proof: As |E(C(G))| =2(n — 1)n + 6n and from Theorem 3.7,

SS(C(Q)) = (15n — 12)(2n — 2)2n + (15n — 12 4+ 3)4n + (n(2n + 1) + 3)) 2n
= 64n> — 46n% + 18n.

Theorem 3.8 Let G = C,,. Then,
st(C(Q)) = Tn* — 22n,

SS(C(GQ)) = Tn3 — 30n? + 25n.

Proof: Let V(G) = {v1,v2,...,v,}. Then, from Theorem 3.1, we have
sto@y(vi) =1+n—4+2n—-3+2(n—-3)) —2="Tn—23.
Let u; € V(C(Q)) correspond to the edge v;v;41,1 <i <n—1and u, € V(C(G)) correspond to the edge
vpv1 of G. Then from Theorem 3.1, we have sto(q) (u;) = 1,1 < i < n. Therefore, the proof follows. O
Theorem 3.9 Let G = P,. Then,
st(C(G)) = Tn* — 33n + 41,

SS(C(@)) = Tn® — 41n* + 78n — 44.

Proof: Let V(G) = {u1,us,...,u,}. Then, from Theorem 3.1, we have
Stc(g)(u1) =4n —11 = sto(a) (un),

stoe) (u2) = Tn — 24 = sty (un—1),
stoay(uj) = Tn —28, 3<j<n—2.

Let v;; € V(C(G)) correspond to the edge w;uj,1 < ¢,j < n of G. Then from Theorem 3.1, we have
sto(a)(vij) = 1. Hence, we get the expression for st(C(G)).

Observe that |[E(C(G))| = % +2(n —1). From Theorem 3.9, the contribution to SS(C(G)) from
various edges of C(G) is listed below.

Edges Contribution to SS(C(G))
uuj,l <i<n—2i+2<j5<n n® — 55n2 + 152n — 148
Vi, Vihit1,1 <1 <n—1<n 14n? — 74n + 104
Hence, the result follows. O

4. Conclusion

By deriving bounds and explicit expressions for stress in the middle and central graphs of a given
graph, as well as computing their stress-sum indices, we provide valuable mathematical tools that can
support structure-based predictions and analysis in chemical graph theory and network science.
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