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Generalized ¢-Difference Equation for Generalized Cigler’s Polynomials

Samaher A. Abdul-Ghani and Husam L. Saad*

ABSTRACT: This work establishes the generalised Cigler’s polynomials and the generalised homogeneous
g-shift operator. The g-difference equation is then utilized to demonstrate numerous polynomial g-identities,
including the generating function and its extension, Rogers’ formula and its extension, and Mehler’s formula
and its extension for the generalized Cigler’s polynomials. Also presented a transformational identity involving
generating functions for generalised Cigler’s polynomials.
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1. Introduction

The notations and definitions used in [15] are followed here. It is assumed that 0 < |g| < 1.
The g-shifted factorial is defined for a € C as [13,14,15]:

@ao=1, (@)= [[(0-ad"), (a:0)0=][01ac").
k=0 k=0

The multiple g-shifted factorials is given by [15]:

(a1,a2,...,0r;@)m = (a1;Q)m(a2; Q)m - (Ar; Q) m,

where m € Z or co.
The basic hypergeometric series @5 is presented as follows [15]:

Qpyene, O _ - (alv"'var;q)n _1\n g I+s—r n
T¢S( ﬂl""’ﬂs ’q7x> _Z (qaﬂla"'aﬂs;Q)n |:( 1) q( ):| 5

n=0

Note that

0
A1y, Opg (a17~--aar+1;q)n n
19 gr) =D z”, jr] <l
s T( ﬂb'"?BT ) (qaﬁlv"',ﬁr;q)n I |

n=0

* Corresponding author
2010 Mathematics Subject Classification: 05A30, 33D45.

Submitted June 20, 2025. Published September 01, 2025

Typeset by 857/?4 style.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.77414

2 S.A. ABDUL-GHANI AND H.L. SAAD

The ¢-binomial coefficient is defined as [15]:
n (43 0)n
=———"""—— for 0<k<n,
M (¢ D (¢ Dk

where n, k € N.
The Cauchy identity is given by [15,22]:

3 (a;9)m e (ay; @)oo

== |yl<1
(¥ @)oo |

m=0

For a = 0, Cauchy identity (1.1) becomes Euler’s identity [15,20]:
= (

We will use the following identity in this paper [1]:

m

, lyl < L
o (Y3 0)e0 |

n v @GDn ok (5)-nk
@750 =t g n e '

The ¢-Chu-Vandermonde sum is [4,15]:

201(q" ", a5¢,9,q) = W@n.

The g-analog of the Chu-Vandermonde summation is [6]:
k
n+m n m . )
— (n—1i)(k—1)
=R L e
=0
Transformation of 2¢; series is [8]:
a,b . _ (abz/c;q) b,c/a,0
201 < e 7 z) " wefaaw 2\ acaz.c
The Cauchy polynomials is defined by [21,23,24,27]

Pn(xvy) = (.13 - y)(x - qy) e (l‘ - qn—ly) = (y/x;Q)n xn’

which has the following generating function [2,3,12,16]:

Tl

t.
ZP J:y = ;OO, |rt] < 1.

(Gq)n  (ztiq

The Mehler’s formula for Cauchy polynomials P, (x,y) is [19,26]:

3 " (wvthg)e v/u
P, (z,y)Py(u, = gyt ) .
7;) (@, y) Py (u,v) G (wut q)w 101 idyu |zut|

In 2010, Saad and Sukhi [25] introduced the homogeneous ¢-difference operator 6, as follows:

flg a,y) — (@ ay)

Oy {f(z,9)} = gz —vy

Furthermore, the homogeneous ¢-shift operator ]L(z@xy) was introduced as follows [5,25]:

995
L(20.,) Zq (20ay)
k=0

7

).

(1.2)

(1.4)

(1.6)

(1.8)
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Proposition 1.1 [25]. We have
9’; P,(y,z)} = (-1 kw P,_x(y,x). 1.9
y {Pn(y;2)} = (=1) GO s (y, ) (1.9)

In 2014, Cao [9] defined another homogeneous ¢-diffreence operator:

E(a,b;0,y) = i (=1)*(a:9)x

(20,)".
= (@G

Theorem 1.1 [9]. Let f(z,y,2) be a four-variables analytic function is a neighbourhood of (0,0,0) € C3
satisfying the q-difference equation

(J? - q_ly) [(f(a7xay7 Z) - f(a/vx7ya qZ))]

=z [f(a71.7 qy, Z) - f(avq_lxa y,Z)] —az [f(avxvqy7 qZ) - f(CL, q_lxvya qZ)] :

Then we have

fla,z,y, 2) = E(a, 204) { f(a,,9,0)} .
In 2016, Cao and Niu [10] studied Cigler’s polynomials
DSLaf’I’L) x’b — |:O[:| qk27nkbk (q7q)n .Tnik. 110
(.0 kzzo k (¢ @t (1.10)

Theorem 1.2 [10]. Let f(a,x,b) be an three-variable analytic function in a neighborhood of f(a, x,b) =
(0,0,0) € C3. Then f can be expanded in terms of D,({kn)(x,b) if and only if satisfies the q-difference
equation
z[f(a,2,b) — f(a, z,qb)]
=qb[fla,q '@, qb) — f(o,z,qb)] —bg® ! [f(a,q o, b) — flo,z,b)] .
Wang and Cao [29] in 2018 introduced an extension of Cigler’s polynomials as follows:

n

(@) (g 1) = (—1)7~(3) S O] L1y (B (EDn_ .
D ant) = (100 32 (3] -0t G ) (111)

e Setting y = 0 in (1.11), we get Cigler’s polynomials D (g, b) defined in (1.10).
Theorem 1.3 [29]. Let f(a,b,c,d) be an three-variable analytic function in a neighborhood of
f(a,b,e,d) = (0,0,0,0) € C* Then f can be expanded in terms of Dgain)(x,y,b) if and only if sat-
isfies the q-difference equation
€ [f(av z,Y, b) - f(0l7 z,Y, qb)]
=qb[fla,q 'z,y,qb) — f(o,z,qy, qb)] — bt [f(a,q o, y,b) — flo,z,qy,b)] .

Recently, Srivastava et al. [28] introduced the homogeneous g-shift operator

N < (3)(a:
L(a, b; ewy) = Z W(zoly)k

k=0
Theorem 1.4 [7]. Let f(a,x,y,2) be a four-variables analytic function is a neighbourhood of (0,0,0,0) €
C* satisfying the q-difference equation
(J} - q_ly) [(f(a7 Z,Y, Z) - f(a‘a Z,Y, qZ))]
=z [fa,q 2, y,42) = fla,2,qy,42)] + az [f(a,2,qy,4°2) — fla,q "z, y,4%2)] .

Then we have

fla,z,y,2) = L(a,b;0.,) {f(a,x,y,0)}.
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In 2021, Cao et al. [11] built the generalized homogeneous g-difference equations for the g-polynomials

CT(LGd’Z,)éC) (

z,y,2]q).

) (@, 2lg) = Zn: [ }abcq)Pnk(yw)Z’“

prs S Dk

Theorem 1.5 [11]. Let f(a,b,c,d,e,x,y,2) be an eight-variable analytic function in a neighborhood of

a,b,c
fla,b,c,d,e,xz,y,2) = (0,0,0,0,0,0,0,0) € C®. Then f can be expanded in terms of (T(L e )(x,y,z\q) if
and only if satisfies the q-difference equation

(q_lx - y){ [f(a7b7 c, d,€a$>y7z) - f(a7bac7 d7e>x7y7qz)]
- (d + 6)(]71 [f(a'a b, ¢, da €,T,Y, qZ) - f(aa bv &) d,e,x, y,q2Z)]

+ d6q72 [f(av ba ¢ d7 €T, Y, q22) - f(a7 ba <) d7 € T,Y, qu)] }

= Z{ [f(a,bc,de,q ' x,y,q2) — fla,b,c,d e, x,qy,qz))

- (a + b + C) I:f(a/a b> & da €, q_1$7 Y, qQZ)ff(aa bu & d7 €7, qY, QQZ)]
+ (ab +be+ ac) [f(a7 bv ¢, d7 €, qilxa Y, qu) - f(a7 bv ¢, da 6 T,qY, qu)}

— abc [f(a7b7 ¢, da 6T, qilxaya q4Z) - f(a'? b7 & da €T, qY, q42)] }

The structure of the paper is as follows: In section 2, we’ll involve the generalized homogeneous
g-shift operator E(¢~%,01, -+ ,0p,p1, ", Ps;q,q"204y); subsequently, an equation for g-difference will
be formulated. For the g-shift operator E(¢™%, 01, -, 00,01, ,ps; 4, ¢ 26sy), we provide operator

identities. The g-difference equation method is used to establish these identities. In section 3, we provide

generating functions and its extension for D(a m) (o, p,x,y, z) by employing g-difference equation method.

In section 4, we derive the Rogers type formula and its extension for Dﬁf“") (o, p,x,y, z) by g-difference

equations technique. Mehler’s formula and its extension for Dg{l_")(o’, p,x,y,z) are obtained in section
5 by g-difference equation approach, then we obtain a transformational identity involving generating
functions for D%ain)(a, P, T, Yy, z) in section 6.

2. g¢-Difference Equation for the Generalized Homogeneous g-Shift Operator Identities
In this section, we introduce the generalised homogeneous ¢-shift operator
E(qiaaala 0, P10 5 Psy 4, qazozy)'

Also, we define the generalized Cigler’s polynomials Dﬁf“*”) (o, p, 2,9y, 2). Then we construct a g-difference
equation. We offer operator identities for the generalized homogeneous ¢-shift operator. These identities
are established using g-difference equations approach.

Definition 2.1 We define the generalized homogeneous ¢-shift operator as follows:

E(q_a 01, ,O0py, P1,° " 7PS7Q7qazer)

_ Z [ }01061)16 [(_1)%(5)]”5” (—20,,)" . (2.1)

(P15 Psi D
Definition 2.2 We define the generalised Cigler’s polynomials as follows:

D'SLain) (0.7 p’ x? y? Z)



GENERALIZED ¢-DIFFERENCE EQUATION 5

m mm (4 9)w [(*1)’6 (;)T“"'kan_k(y,x), 22

= (~1)"g~ () 3
k=

0
where o = (017"' 7UT)7p = (Ph'" aps)'

Theorem 2.1 Let g(o,0,p,2,y,2) be a r + s + 4-variable analytic function is a neighbourhood of
(0,...,0) € C"+*+4 satisfying the g-difference equation

S

g — —q)™7 J ;O P4y Y, ) — y Oy Y, i+
(¢ —y) (=) Bj (9(a, 0, p, 2y, 2¢°) — g, 0, py 2, y, 247 )
j=0

j qa (g(Oé, g, p, qilxv Y, qu+87r) - g(aa o,p,T,qY, qu+s7‘)>

- (g(a,a, p.q 'x,y, 2" ) — g, 0, p, 2, qy, ij““’”))] , (2.3)
where

U:(Ula"’>UT)ap:(p17"'7ps)aB0:A0:1aBlzzpiaBQZ Z PiPyj,
=1

1<i<j<s
Bs = E PiPjPks - Bs = p1p2...ps,
1<i<j<k<s
I
Al = E O‘i7A2 = E O'iO'j7A3 = E 0050k, ...,AT = 0102...0, (24)
i=1 1<i<j<r 1<i<j<k<r

Then, we have
9(0470'7P,$7ya2) = E(Q_a70-17"' s O0ryP1y 0 5 Psy 4, qazewy) {g(a70'79a177ya0>}- (25)

Proof: From the theory of several complex variable and Hartoge’s theorem [17,18], we assume that
o0
g(a7 U)p’ x7y7 Z) = Zhn(a7 o-7p7$7y)zn (2'6)
n=0

Substitute (2.6) into (2.3), we have

(q_lx - y) Z(_Q)_ij (Z hn(av o,p,T, y)(ij)n - Z hn(aa o,p,T, y)(ij-i-l)n)
7=0 n=0 n=0

=~ Y (1) 4, q“<2hn<a7a,p, 0, y) (g )

j=0 n=0
—> hala,o,p,x, qy)(ij“’")">
n=0
- (Z (e, 0, p,q "2, y) (277" = ha(a, 0, p, 7, qy)(zqﬂl*”)”)] :
n=0 n=0

Which is equal to

S o

'z =) |D (=) 7B > (1= q"ha(a,0,p,2,9)(¢™) | 2"
n=0

Jj=0
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r

= (D)"Y (1) 4,
j=0

- ( > hnla,o,p,q¢7 w,y) =Y hn(a, 0, p, qy)) (qj““r)"] 2L
n=0 n=0

Equating the coefficients of 2™, we get

qa ( Z hn(Oé7 g,p, qilx’ y) — Z hn(OL, o,p,T, qy)(qj+sr)n)

n=0 n=0

(¢ 'e—y) | D (-1)B;(1 = ¢")q" W hy(a,0,p,,y)
=0

= (=) (1) Ay (g — g [ﬁn—l(a,a, P4 2, y) = hna(a,0,p,7,qy) |-
7=0

For each n > 1, we get
hn(a, 0, p,,y)

r

(_1)1+577‘ (_1)jqu(j+s—r)(n—l)(qa _ qn—l)

=0
= s -
(1) Y (1P B
=0
% (hnfl (a7 g, p, q_l.'lf, y) - hn,]_(Oé, g,p,T, qy))
(¢l —y)
(_1)1+s—7-q(n—1)(s—7-)(qa _ qn—l) Z(_l)jqu(n—l)j
=0
= S ! ea:y {hn71(07p7$7y)}
(1—g¢") Y (=1 Bjg"~"
j=0

(_1)1+‘S—Tq(n—1)(s—7“)qo¢(1 _ q—a—i-n—l) Z(_l)jqu(n—l)j
- s JZO G:E'g {hn—l(aapaxay)}'
1= ) Y 1B

Jj=0

By iteration, we obtain

(7qa)n(qfa,gh,,, ,UTQQ)n (,,,) s—r
h (oo, p,2,y) = -1 "q2 9;}1 ho(o, p,x,y)}. 2.7
(@0:0,59) (¢, 015, ps; D [( ) } ey (o2 )} 27)
Setting z = 0 in (2.6), we have

9(o,p,2,y,0) = ho(o, p, z,y). (2.8)

Substituting (2.8) into (2.7), we get

(_qoz)n(q—a7 01, ,0p; q)n (") s—r

hn o,p,r,Y)= -1 nq2 Q;L gG,p,x,y,O . 2.9

Substituting (2.9) into (2.6), we obtain

—Q

> (q 7017"'30—7’;(])11 n (") s—r a\n an
glo.p.x,y,2) = : (=1)"q'2 (—2¢%)" 0z, {9(o, p,2,y,0)}
n=0 (q>p17"' 7/)87Q)n [ }
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= E(qiaao—la 0y P1, 0 7ps;Q7qa20my) {g(aaaap7x>y70)} .

O
e Setting o — 00, r =1, s =0, 07 = a in Theorem 2.3, we recover Theorem 1.1.
e Setting o — 00, r =s =1, 01 = a, p1 = 0 in Theorem 2.3, we recover Theorem 1.4.
Theorem 2.2 Let the operator E(q™%, 01, ,0r,p1, -, Ps; ¢, ¢ 20y) be defined as in (2.1), then
E(q™% 01, 00,1, P53 4,0 202y) {(—1)"q_(g)Pn(y7x)}
=D (o, p, 7.y, 2). (2.10)

Proof: Let g(«, o, p,x,y,z) be RHS of equation (2.10).

gla,o,p,2,y,2) =D (0, p,2,y, 2).
Now we check that g(a, o, p, z,y, z) satisfies equation (2.3).

S

(¢t =y) ) (~9)7'B; <g(0<, o,p,zy,2¢’) — g(a,0,p,x,y, ij“))
=0

S

= (¢ 'e—y)Y (—9) /B (Dﬁf‘”) (o, p,2,y,2¢') =D (o, p, 2, y, ij“))

= (¢ 'z —y) g(—q)—ij ((—1)”q(3) zn: [Z] [Z} (@10 @)k (¢ ) [(—1)’%1(’5)} 1s—r

(1, Psi Qi

X (2¢))* P _i(y,7) — (—=1)"q~ (%) f: m m (01, 0vi @k (@) [(_1)%(;)} Ls—r

(P, 5 Pss Qi

[n] m m (4 @)k [(—qu(g)rﬂir

= -0 Yo (o O3 [P [y G]

x Pp_i(y,2)(2¢")F(1 - qk))

= (¢ —y) ) (—9) 7B, ((—1)”q‘(3)zn: m (¢ 01,005 )k (@D {(_1>kq(7§)]1+57r

k=0 (Q7pla"' 7ps;q)k

) (1O B () () (1 — qk>) (by using (1.3))

»

— =) S0 (g (O Y DI ()
j k

= (@p1, - pss @k

x (ij)kq—(§)+ak(é?;fj"kpn_k(y,x)u - qk)>
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'70T;Q)k k(DT
(@1, Pss D [( ) }

P INk(_ —( ) ak k (q7q)n T
x (z¢”)F(=1)Fq~2)T¥ (1 — ¢ )7(q;q)n_kPnfk(y7 ))

Lo, ,O'T;Q)k [(—l)kq(g)} 14+s—7r
(@, P15 1 Ps3 D

k
« (g7 (k1 —-qk>c—1>k(éf;§ijklek<y,x>)

- 1+s—r
s 01, 70:77Q)k |: _1)kq(§):|
(q7p1, e ap57Q)k

k
x (2¢7)*q™ (§)+ak(1 qk)9’;y{Pn(y,x)}) (by using (1.9))

LO1, O Q)k |:<—1)kq(§):| 14+s—r q_(§)+ak(1 B qk>
k=0 (qapla"' ,PsHI)k

—

S

<48, { Puln) ) S By )

7=0
_ (q—lx — ) ((_1)nq(g) i (q LO1, O Q)k [(_1)1%](1;)} 14+s—r q7(§)+ak(1 B qk)

= (@1 P Dk

—x

x gk { (4, x)}(l — Big" ' 4 ...+ (—1)*By¢" 1))

= (¢ 'z —y) ((—Unq_(g) Z (g%, ’Ur;q)k(

= (@15 psi Dk
[(71)12](1;)} 14s—r k(1 qk)q(g)+ak9’;y{Pn(y,x)}>

_ (= (o1, o Qeet — _
— -1 DI et (01— o1gt ). (1~ o)
— (@015, ps; D

' [<_1>kq<z>]”“qu et {pa)} )

y 01, aUT;Q)k(
k=0 (Qaply T vps;q)k

> [(_1)(k+1)q(k§1)}

—x

1—p1g" ) (1 = psg®™)

X

1-— Ulqk)...(l — U,.qk)(l — q_o‘+k)

14+s—r

zk“q—(k?lﬁa(k“)@i;l{Pn(y,x)})

, 01, 0,3 q)k N a k
L ! - ) (1 — quk)...(l — Jqu)q (q —q )
k=0 (2’ 17.“”872)3

k1] 1+s—r k+1
" [(_1)(k+1)q( 3 )} Hg=("] )+a<k+1>9§y+1{pn(y,m)})

n+1 —a

= (- (gt — y)<(_1)nq(g) Z (¢ 01, ,UT;Q)k(

= (@1 psi Dk

1—01¢")...(1 — 0,.¢") (g™ — ¢")



GENERALIZED ¢-DIFFERENCE EQUATION 9

n+1 .
= (1) (g 1x—y>(<—1>"q—<3>2 ﬂ (("1"" ISk (4 _ k) (1~ ayqh)

k=0 q,pP1, 7Ps§Q)k

1+s—r
k(1)) eﬁ;l{m,x)}) (by using (1.3))

x (¢* = q") [(*1)’“61(5)}

= (=)' 2(g” 1xy)<(1)”q(§) 3 [ﬂ (01, ’UMCI)I; (—1)7A;q"0D)

(@ p1s s psi )k 4=

x (g% — ¢~) [(—U’“q(g)} T R (C1)kghte) 9];;1{Pn(y,x)})

_ (_1)1+s—r z(q_lx - y) ((_1)nq_(g> r (_1)jA,”z+:1 |:01:| (0'1, ce ,O’rQQ)k (qa - qk)
- T k] (g1, 053 )

[
(=)
=
(=)

[(_1)%(;)} 1ts—r (= 1)kghUTs—n) 9;;;1 {Pn(y, z) })

—(_q\lts—r -1, 1\~ (%) - ) = (01, ,0r Q) ok
(=) z(g e —y) (1) B Y (-1 AZ (¢ —q")

(@ P15 5 Ps; Dk

=0
<[] T g %{(—nkmm_k(y,m}) (by using (1.9))
= (1)““‘z<(1)"q( Z 1) 4; Til[ H ] L 0Dk (g ghy
= P (@1, Ps3 Dk

X [(—1)’“(1(5)}1+S_Tqu’“(j+s_") (Pnk(%q_lfﬂ) - Pnk(qyw)))

r n+1

— e o O ) [ (1] At e gy

3=0 k=0 q,pP1," " apS7Q)k

14+s—r

< [C08®) T  (Paata o) - Pacnlan) )|

T

= (D)"Y (1) 4, [q"‘ <D5§”‘") (0.p,q "2y, 2™ 7) =D (0, p, x, qy, zq”s""))

Jj=0

- (Dgzan) (0-7 P, qill', Y, qu+1+57r) - Dsbain) (Ua P, T,qYy, ij+1+s7“)>:|
= ()Y (—1)7 4, [q”‘ (g(a, o, 0,1y, 2 °7") — gla, 0, p, 1y, ij“”))

- (g(Oé, g,p,x,Yy, qu+1+5—’r‘) - g(a7 g,p,T,Y, qu+1+s—7’)):| .

Therefore, the g-difference equation (2.3) is satisfied by g(«o, o, p, z,y, z), and by using (2.5), we obtain
g(Oé, g,p,x,Yy, Z) = E(q_aa 01, ,0r, P15, Ps; q7qa291y) {g(av g,p,T, yvo)}

= E(q_aa 01, 30r,P1,° ", Ps; qvqa'zewy) {(_1)nq_(g)P’n(y7$)} .
O

Theorem 2.3 Let the operator E(q™, 01, -+ , 0, p1,** , Ps;q, ¢%205y) be defined as in equation (2.1),
then

(2t; 9)oo }

Eqio:o'la"'70-'7p1a"'7p';Q7qa29"’ {
( T s Ly) (yt,q)oo
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_ fft (2t @)oo Z{ ]Ulff‘l)k {(,1)%(’5)]”8_" GO, |yt < 1. (2.11)

(1, 5 Pss Qe

Proof: Denoting RHS of equation (2.11) by g(«, o, p, x,y, z). We can check that g(«, o, p, x,y, z) satis-
fies the g¢-difference equation (2.3) by the same method used in Theorem 2.2. Note that

(8 @)oo

g(o,o,p,1,y,0) = W)
b) o0

Hence, by using (2.5), we get

- zt; q
g(a,o-,p,x,y,z) = E(q aaglv"' yOry P11y 7" »Ps§%qa29zy){(,)m}~
(yt: @)oo

O
Theorem 2.4 Let the operator E(q™, 01, -+ ,0r,p1,** , Ps; ¢, ¢%205y) be defined as in equation (2.1),
then
xt; q }
(@t; q)e (yt;q
Or;

)oo
)oo
(@) f: Lot ]q]i m (o, ))Q {( 1)%q(% )}Hg "zt (2.12)

(ytq j=0 QMrtq 0=0 o (pla"'apba

Py (y,
E<q_a701a"' yO0rs P15, 7" aps;Qaqazewy>{ k(y )(

e

provided that |yt| < 1.

Proof: Denoting RHS of equation (2.12) by g(a, o, p, x,y, z). We can check that g(a, o, p, x,y, z) satis-
fies the ¢-difference equation (2.3) by the same method used in Theorem 2.2, so we have

(xt; q) Zk yt;q)
oo ,—k ) J
~ 22 J
(yt Do = (,789);
_ Pk(yaw) (l'taq)oo
(@t @)k (Yt q)oo

g(aao'vp)xvyvo) -
(by using (1.4))
By using (2.5), the proof is completed. O

Theorem 2.5 Let g(o,0,p,2,y,2) be a r + s + 4-variable analytic function is a neighbourhood of
(0, ...,0) € C"+5%4 satisfying (2.3) and g(a, o, p,x,y,2) has the following equation:

gla,o,p,2,y,0) = > 0 Puly, ). (2.13)
n=0
Then, we have
.o p.z,y.2) = > (~1)"¢)n,DE " (0, p,2,y, 2). (2.14)
n=0

Proof: From Theorem 2.1, we have

9(a,0,p,2,y,2)
= E(qiaao—la 0y P1, 00 aps;(anzemy) {g(aaaap,x7y70)}
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= E(qia, 01, 3 Opy P1y° " 4 Pss quazeary) {Z nnPn(yvx)} (by using (2~13))

n

(qiaao-lv Oy P10 7p5;qvqa201y) {(—1)"q7(2)Pn(y,x)}

1D (o, p,x,y,2).  (by using (2.10))

i

e Forr=5s=0, z=">0and y =0 in Theorem 2.5, we get Theorem 1.2.

e For r =s=0, z=">0in in Theorem 2.5, we find Theorem 1.3.

11

e For a = oo, 7 =5 =3, (01,02,03) = (d,e, f), (p1,p2) = (9,h) and ¢ = z in Theorem 2.5, we obtain

Theorem 1.5.

3. The Generating Function for D{* ™ (o, p, 1,9y, 2)

In this section, g-difference equation technique is utilised to derive the generating function and its

extension for the polynomials D%ain)(a', P, L, Y, Z).

Theorem 3.1 (Generating function for ]D)%afn)(a', p,x,y,2)). We have

o

n _ tn (2t; q) oo
~1)"qEDE (o, p, 2.y, 2 ==
,;( ) ( )(q;q)n (Yt @)oo
— [a (01, 0r Q) [ k(%) I4s—r k
x A I Wk g q2} )5, yt] < 1.
NN eyl L I R
Proof:
Let RHS of (3.1) be represented by g(a, o, p,z,y, 2).
oo
(01, 0 Qi [ k ({v)r“” k
gla,o,p,2,Y, 2 — |[(—1)%q\? zt)".
( ytq Z;)H (1, P53 Dk =) (=)

We now confirm that g(«, o, p, z,y, z) satisfies (2.3).

S

@'z —y)> (-9)7'B; (g(a, o,p,2,y,2¢’) — g(a, 0, p,x,y, ij“))

j=0

- <q”m—y>§_;<- o (e o [ ot ()
s 2 By (0™ )

SR MO W e S (RIS R

(e - (ij“t)k)

- (qlxy)imzfq)mz )i B; Z{ ]01"'"0“‘1)’“ [(,Dkq@)}us—r (g7t

(1, 5 Pss Qe
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x (1—¢")

= (gt — )\ Z[ o [Cyrg®) T G- o)

ytq prd 10 Pss Ak

S

% Z(_l)ijqj(k—l)

gt — g Do S [0] (1 0@ [k 1T Ly — gt
=(q y)(yt;q)ookzo_k_ e 0 [( 1)%q } (z¢’t)*(1 = ¢*)

x (1= Big" '+ 4 (—1)*Byg**7Y)

— t7q)oo - [a] (Ula"' 70T;q)k k
ICE o (1[,’ \91, """ H O Yk _1\k
)(yt;q)oo = k] (o1 5 pss @k [( )

—Q

:(qflm—y)(xt’q)mi(q 7017"'30T;q)k
Wt Qoo iz (@01, P53 Dk

X (1—=prg")--(1- psq’“’l) (by using (1.3))

71 SCt q o0 1" 7GT;Q)]€—1 |: k (k):|877‘ ak i 1\ k
- — -1 2 It
(4 yt ?)oo 231 (@15 5 Ps3 D1 (=1 )
(=g gt 1) (1= 0"
xt q 00 L0k k+1 (") (k+1) (G k+1
= (¢'a - Z DA (a)tg( ] g gt
® 0 q P1, psaq)k

x(1—gq a+k)(1 014") -+ (1 = 0rq")

(=18 g i) (1 - o)

—Q

oy 2t @)oo xom (4% 01, 003 g 01T, ;
_ (_1) (q o y)(zt) Eyt. q; ( (q - 1. - q)k)k |: _1)kq(2)} q (k+1)(zt)kqj(k+1)
b o0 k:o b b b Sy

g *(¢* =" )1 —01q") - (1 - 0,q")

xt ;) oo [a] (o1, , 0059k ko (5) Ts—r k j(k+1)
— ()" (g -y O AR 1 RE] RO
"0 = Lk (prs e pss @k

X ¢"C (g™ — ¢ )(1—01 ") (1=0,4") (by using (1.3))

[SSEEEE

= (_1)S_T(q_1x _ Q; ’;J _:_ ((21::;::;])): {(_1)}0(](;)} 1+s—r (Zt)k

x " (g™ — ¢*) Y (1) A;q"

7=0

% qk(sfr)

(1) (gt — ) B D 1)) 4 Z{ ]Ul’ - ;Z;: [(71)%(;)]1*5"' (2t)F

x q* 0TS (g — gF)
_ 1+s—rz (q_lxt§ Q)oo _ (xt§ Q)oo a J 50 Q)k
=0 < (Whd)o (@)oo );2) A Z[ ] (1, 2 Psi Qi

X [(*1)’“(1(5)}1“4 (2tg?* ")k (g™ — ¢¥)
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T

= (71)1+87T < Z(il)jAj |:qa (g(a, o,p,T,Y, qu+87r) - g(aﬂ g,p,%,Y, qu+sr)>

=0

- (9(04 g,p,T,Y, qu+1+s—r) - g(aa o,p,%,Y, qu+1+3_7')):| .

Hence g(«, o, p, x,y, ) satisfies the g-difference equation (2.3). Note that

(2t; ¢) oo
g a7aap1$7y70 = TN
( ) (Yt @)oo
= P,(y,x by using (1.1
> Pt (1.1))
By using (2.14), we obtain
> n tn
g(a7 g,p,%,Y, C) = Z(_l)ﬂq(2)D£La_n) <U7 p,T,Y, 2)7
= (¢ Dn
Hence, we get the required result. o
(a—n

Theorem 3.2 (Extended generating function for Dy, )(0', p,,Yy,2)). We have

oo

TN n
(=1 CID P e, pyay, ) —
n=0 (q,q)n
k e’}
oo ayt q ( Ur;q) oy 1 Fs T j
ot k g { }9 —1)2¢(®) 2tg)e, 3.2
j= 15
where |yt| < 1.

Proof: Denoting RHS of equation (3.2) by g(a, o, p, z,y, z). We can check that g(«, o, p, x,y, z) satisfies
the g-difference equation (2.3) by the same method used in Theorem 3.1, so we have

g(UpJ:yo) ($7Q)oo t_kzk: ,ytq] ]
v I (yvq)oo = q,.’ﬂtq
Ez :Z;O" (Eﬂq{ty,;))kyk (by using (1.4))
_ (q’“mt;q)
=g

93 Pl o (by using (17)

= Z Pn+k Y, xr ?f”)

By using equation (2.14), we get

[e )

n ntk a—n—k
g(a7aapaxayvz) = Z(_l) T ( )D’I(’L+k )(U7pax7y7z) (qq) .
0 yd)n

Hence the proof is completed. O
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4. Rogers Formula for D(a ) (o, p,x,y,2)

In this section, we will describe the g-difference equations approach to Rogers’ formula and its exten-

sion for the polynomials D%ain)(a', P, T, Y, 2).

Theorem 4.1 (Roger’s Formula for ]D)S,,“*”)(a, p,,Yy,2)). We have

n+m "*"’L)]D)(afnfm) p z 5 t" o _ (Z‘g, q)oo
nz%mzo wim (DY )(q;Q)n (@ Dm  (t/6ylq)0
. i W 9 qki{ ]01‘79)@ {(_1)gq(g)}1+5*r (2tg)? (1)
q’xg qg/t q Pl, : 7ps;Q)g ’

=0 0=0

where max{|t/¢|, |y¢|} < 1.

Proof: Let g(«, 0, p,x,y, z) denote RHS of (4.1). With the same technique as in Theorem 3.1, we can
verify that g(«, o, p, z,y, ) fulfills the ¢-difference equation (2.3). Therefore, we have

9(e,o,p,2,y,2)
= E(qiaaglv 0, P10 7ps§Q7qa399cy) {g(aa07paz7y70)}

:E(q_o‘g e Oy 1y P Qs G220 ) (xﬁ;q)oo . (yEQ) k
y U1, s Ory P1y s Msy s xy (t/€ yE q) (q’xg qg/t q)
—« Q (Qfé q S :
=E(q %01, ,0m, P15 P53 4, 4" 205y) Wl 0w Z xé O (@ q) (by using (1.6))
— n n
_ = (2lg"; @)oo 1"
:E(q 0470.1’.“ yOry P1y 7" 7ps§Q>qazemy){ZPn(yax) (yeq) (Q'Q)
TL:0 b o0 b n
—Q (e} - E
=E(q ", 01, ,0m,p1, P53 4,4 szy){ZPn Y, ZPk Y, q"x) Or }
n=0
(by using (1.7))
=FE(¢ %o o 1, q%204y) 3 iP (y, x) - "
q » 01, ;0ry P1, yPs> 4,4 xy Lo L n+k\Y, (q7q)n (q,q)k
> > n+k . _(n+k
= ZZ( 1)n+kq( 2 )E(q_a7017' 0, P15, 5 Psi 4, qazewy) {(_1)n+kq ( 2 )Pn-i-k(yax)}
n=0 k=0
Lt ok
(4 )n (00
= i i( 1)"+kq(n;k)ﬂ)(6:knfk)(0',p,x,y,z) r " (by using (2.10))
= " (¢ Dn (4 Dk

Theorem 4.2 (Extended Rogers formula for ]D)sla_”)(o', p,2,Y,2)). we have

oo o o0

> 3 Sy D Y o py )

n=0m=0 k=0

tn om Tk

¢ Dn (G Om (G 9)k

T3 e ii (7. @iy () (3 )y

~ /T T 4 (27, ¢~ DL 75q)iy i (a7t /T30)i (65:0)i (459);

=0 j=
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o0

x Z { ] ffl—aq)g [(~1)2®)] T gy, 42

(P15 Ps3 Q)0

where max{|yt|,|t/T],|¢/T|} < 1.

Proof: Let g(a, 0, p,x,y, z) indicate the RHS of (4.2). Using the same approach as in Theorem 3.1, we
can verify that g(«, o, p,x,y, z) satisfies (2.3). Hence, we have

g(a,o,p,z,y,2)

:E(q_a7017"' s Ors P11, 7Ps§Qaqazeazy) {9(aa07P7x7ya0)}
_ (273 @)oo
=F o e Ty st Psi g, « 036
(q , 01, yOry P1 Ps; 4,49 = y){(y7—7t/7',€/7;q)oo
o0 o0 i _(itg i .
S mas (DS ) @ }
g g D T5q)i (a7 T3 9)i (4:0)i (45.9);
- (275 @)oo
= E a’a' ’. .. 70'7’7 7' .. s S; 5 azem —_—
(g% 0o P1 Ps; 4,4 y){ 1)
. (it . .
3y ) W —)g (%) by (/7Y 1 }
pardfe (73 9)i+ (:9)i (@:0); (¢ T30)0(07/ T3 0)o0
. i+
—a o xqu % yT C] z+] ) +Jq_( 2 )
:Eq ;01,° " ,0p, st Ps 4,4 Zea: {
( ! P p Y yT,q o Zz(:)]zo :CT Q)erj
/1) (U/7)7 = ()™ X (g ‘”/T)n} i
X by using (1.2
()i (q Z::O (@ D)m ,;) (¢:9) ( (1:2)

o o (273 @)oo ™ = = Z/quﬂ 1)itig (%)
= B(q %01, 0rp1e o pai 00" 200y) 2000 (o711 q

yT q 1=0 j=0 n=0 m=0

(t/T)t (¢)r)mtd g=m(td) gmni }

X
(9 (@9 (GDm (GDn

)2+J

oo o0 00 00 )+Jq7(1;])

- qu qu +
:E(q a, Ly 5 0r P10 5 P54, 9 2919{ quozzzz Z;Tq

i=0 j=0 n=i m=j
(t)7)" (¢)7)™ g~ (m=D)(i+]) q(ni)i}
(g:9)i (a9); (q’Q)m—j (4 0)n

—« (el quOO tTn m
:E(q y01,° " 5 0pr, P15 5 Ps34,4 Zezy{ ZZ / )

)H-J

X

Z/T q n=0m= 0 q)”( )m
% Zn:zm: [”] [m] . q)iﬂ(*l)iﬂ'q*(’_z )q(mﬂ(zﬂ)q(nz)z}
i=0j=o L LY (TT3q)i+;
oo s S
XZ zm: [”H m } (yTaQ)k(—1)kq(2)+(”_i)(k—z)—(n+m)k+k}
S L LR (@)

o o T q 2 (/)™ (L))
:E(q y01, 7 5 0ry P17 5, Ps3 4,4 ZGT?} { Z Z Eq/qg Eq/q;

© p=0m=0



16 S.A. ABDUL-GHANI AND H.L. SAAD

x gini { } { " ] gk (y, q)k(—l)k(:[(g)_(”"rm)k—&-k}

k=0 i=0 (xTv(J)k
_ (271 9) o0 t/T m/)m
:E(q a, 1" 0ryP1,° 0, Ps3 4,4 291 ){
Ly a)e ;MZ:O ) (¢ @)m
n+m k ( )—(n+m)k+k
n+ml (y7, q)k(—1)q\2 } :
X by using (1.5
Q{A il (by ueing {1.5))
_ TT; q s )" )
:E(q a,Ula"',Ur,Pl""7Ps§qaqa2’9zy { ZZ
n=0m= 0 n( )m
%wwwmw}w.gm
X y using (1.
= (@75 )k
:E(qiaﬂjla"' s Ors P1y 700 7ps;q7qa29zy){wzz n )m
(yT7q) n=0m= 0 n )m
n+m
% (x/ya q)n+m<yT) } (by using (14))
(T3 @) ntm
- (2700 = = 1" L™ Puim(y,z)
:E(q a7013"'7JT’pla"'7ps;q7qazem ){
LT d)e ;mz:o (@ @n (@ Do (275 @) nm
_ 2= Py, 1) (275Q) 00 " o
:Eq a»Ua"wUr»P7"'7Ps;q7qa29z {
( ' ' v) ;,; (@75 Dt Y73 D)oo (GO0 (6 Dm
B © > (qn+mm7_;q)oo tn m
:Eq a?ala"'a0T>p17"'7pS;qaqazez ){ Pn m\Y, T
( ! nZ:OmZ::O 4 ) e @O @D
0o oo i m
:Eq_aaala"'aUT7pla"'7ps;Q7qazea: ){ PTL myvx)
( ! ,;)mz::o D 0 T
> k
<3 Pl ) b by using (1)
,; (¢ 9)x
0o oo oo i m ok
:Eq_aaah"'aarapla"'7ps;Q7qa29$ ){ Pn m+k\Y, T
( ! ,;n;,;, k) O G (@

oo o0 o0

n m+k
SPIDIDDC

n=0m=0 k=0

— _ (n+m+k
XE(q aaalf" yOry P1y° 7PS;Q7qazea:y){(_1)n+m+kq ( 2 )Pn+m+lc
tn m Tk

@D (@ D (@ D

oo o0 o0

t" o

(o)}

Tk

Z Z Z n+m+k n+2m+k)]D)Ef_‘i_n:,l+;n k)(O',Py%yaZ) (

n=0m=0 k=0
(by using (2.10))

5. Mehler’s Formula for Dg{kn)(a, P, T, Y, 2)

@D (G Dm (G Ok

In this section, we demonstrate Mehler’s formula and its extension for the polynomials

]D)S{X‘”)(a, p,T,y, z) utilizing g-difference equation method.

}
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Theorem 5.1 (Mehler’s formula for ]D)gf‘_n)(a, p,x,y,2)). We have

o0
tn
anzinDSLain) (07 pa z,Y, Z)]Dgzﬁin) (C, d7 u,v, ’U])
n=0 (@ @)n
(zvt; @) o { ] (c1, - Cri @)k " b ()1 o (1)) (/o)
= ——(w/v —1)%g\2
(yvt; @)oo d17~--7ds§‘J)k( o) [( ) } nZ:O (¢ D)n
ntk —(n-l—k) . 14+s—r
7yvt q j |: :| 01, 50T7q)9 (9)
X —1)%q\2 zutg?)?, 5.1
jz; (¢, 2vt;q), Z (P15 5 Ps3Q)o [( ) } (i) (51)

where |yvt| < 1.

Proof: Let g(a, 0, p,x,y,z) denote RHS of (5.1). Using the same procedure as in Theorem 3.1, we can
establish that g(«, o, p, x,y, z) satisfies the g-difference equation (2.3). Hence we have

gla,o,p,z,y,2)

:E(q_a701>"',0r7017"‘ 7pS;Qaqa29wy){g(a g,p,T, y70)}
—a o xvt q 00 Cly ..y Criq
:E(q 3y 01,7 3, O0py P15, 4y Ps3 4,4 Zgzy { yvt q |: ]W(w/v)k
o n n+k —(n
y {(_ ]1+9 rz ) u/’l}) (C] ( +k)7yvt;q)J (]J}
= = (gzvtiq),
o o zvt; q > Bl (c1,y...,cr3q
:E(q JO1s Oy Pls " 5 Psi Gy q Zaxy){WZ{k]W(w/v)k
b o0 k':O bR S
14s—r X2 ’u,/’()) Pn+k(y,x) n+k .
x [(7 ] g S W) (by using (1.4))
—a o > ﬁ Cly .y Cr3q
:E(q y01, 50y P15 5 Ps3 45 4 Zer){Z[k M(wt)kpk(yvx)
=0 15--, 0554 )k
x [(— ]HS i “t)" Po(y, ¢*x) (zotg¥; ¢)oo
— (zvtg*; q)n  (yvt;q)oo
_ —« . « - ﬁ (Cla"'acr;q)k k
=FE(q %01, 001, 5 Ps3 4 4% 205y) Z L mPk(y,x)(wt)
k'=0 1y 0s3q)k
I+s—r (zvtq"; q) o ut P,(y,q")
ro(3)
[( ye ] (yvt; @)oo nz% o (@0tgh;q)n
—Q o = 6 c ?"'367';(1
=FE(q % 01, ,0ry P15 P34, 4 Za:cy){ [k Mpk(y,z)(wt)’“
k:O 1y Qs3q)k
[( 1)kqs )]1+s " (20tg"; 4)s i ~1)"q(3) (¢*y /2 ) (yut)"
(Wt oo =, (¢, zvtq*; q)n
—a > Clyeey Cri Q
:E(q SOy " UT?pl,"' ,pS7g7q Zazy {Z |: :|(d1d,))k(wt)kpk(y7m)(wt)k
0 1y, 0s55q)k
1+s—r s tn .
X {(f ] ZP v,u) Py (y, ¢ x) T } (by using (1.8))
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— o = B C1y.-sCr;q)k
:E(q y01, " 5 0pry P15 00 5, Ps3 4,4 Za'cy){Z[ ((1>(wt)k

k=0 k dla"'vds;q)k
k7 1+s—r 0 tn
X {(—1)%(2)] ZP U, v) Ppig(z, y)( ] }
n=0 & 9)n
— > ﬂ (Cla"'acT‘;Q)k k
— E(g—® e peia.a® b Ak
(¢ 01, 0 p1s 5 P53, Zewy){kz_o[k (dl,...,ds;q)k(wt)
k1 1+s—r o tn_k
X (_1)kq(2) Z_Pn,k;('(hu)P (1/7 )}
|: ] n=k (q7Q)"—k
:E(qia 01, ,0pr, P15 5, Ps3 q qazez ) ipn(y l‘)z B " (Clv"'vc?”;q)k
;015 s Ors P1, s Pss 4, y P ) P EllE (dla-~-ads§Q)k
14+s—r tn
% (@ Pas(o et (1B }
= E(q_a70-17"' yOry P1,° 7 5 Pss 4, qﬁzewy) {Z(—l)nq(g)[‘)n(y,.’ll)}
n=0
X ]D)S{B_")(c,d,u,v,w) (q?fq) (by using (2.2))
= g T BT 01 O Psi 407 200y {(—1)"61_(3)Pn(y,33)}
n=0
(8-n) "
X Dn (C, d, u,v, ’UJ)W

o0
= Z q"zfn D) (g, p, 2, y, )DL (¢, d, u, v, w) (by using (2.10))

n=0 (Q;Q)n
O
Theorem 5.2 (Extended Mehler’s formula for D= (o, p,1,9,2)). We have
- n?—nm(a@—n—m) (B—n) t
q ]Dn m a-ip7x7y7Z]D)n c7 d7u7v7w
,;0 " ( ) ( )(q; @)n
M rvt; q) oo (c1y 63 Q) [ (: )} I4s—r A m ("3 (-
= 0 1 w/v)*(—1 2 J(vt
( " yvt; @)oo H (d1s -y ds; @) (=1 (wfol (=17t = /(ot)
‘3 <—1>nq<2><u/v>” TR (g, gyt )0
= (¢ @)n = (¢,q~mzvt;q);
0 0'1 “ e O’T. q) o 1+87’I‘
X Z [ }”’Q [(—l)gq(Z)} (zotg?=™)e,  |yvt| < 1. (5.2)
plv : 7ps;q)g

Proof: Let g(a, o, p,z,y,2) denote RHS of (5.2). By the same technique used in Theorem 3.1, we may
check that g(«, o, p, x,y, z) satisfies (2.3), so we have

g(a,o,p,1,y,0)

o0

(¢ "xvt; @)oo Z[ ]Clcrq)k {(_1)kq(§)r+s_r (w/v)*(=1)mg("2 ) (vt) =™

B ( y’l}t q —0 dlv"'vdS;Q)k
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o) n n+m+k .
(—1)”q(’-’)(u/v)" &I (g tmtR) g=myt, ) ;0
x Z >

(4 @)n = (¢, g~ mavt; q);

_ (@Mt g) i { ]Clcr)k {(_1)%(’5)}1“4 (w/v)*(=1)mg("™2 ) (vt)~™

(qyvt; @)oo = LK) (dr oo dsiq)

(1)) (/o) (/Y Dntmsk o s
XZ (q;q) (g=™mzvt; @) ntmtk a"ot)

n=0

_ (¢t g) { ]M [(_1)%(’5)]1*54 (wt)*(—1)ymg("F")

( _myvt q dla"- dqu)
y i (-1 ><ut> Pasmtk(152) ot
n=0 ( 5 ) (q_mxvt'q)nﬁ-m-l-k
M xut; q) oo Cly ey Cri Q) k(%) I4s—r & m ("3
= b R q)kg(e )k (=1 2
( Myt @)oo Z[ ] (di,.yds; @)k [( ) a ] (wt) (=1
« g—mmH) Poii(y,2) = (=1)"q3) (gmut)”  Po(y, g™ x)
(q*mﬂcvt' Dm+k =, (¢ @)n (g~mavtgmtk; q),
M rut; q) oo (C1yesCr; Q) ko (5) I+s—r & m_ (")
e - _1 2 _1 2
( "Yvt; @)oo [ ] (di, .-y ds; @)k [( J'a ] (wt)"(=1)"q

—— Pm+k<y,w> 5 (=1)"q) (g2 /ys ) yutg—™)"
(=™ avt; @mrn = (¢, g~ mavtg™; q)n

= i [§:| M [(_1)kq(g)} 1+s—r (wt)k(_l)mq(mgl)

X q

= k] (dy, o ds; @)k

x ¢ MmO p ey, ZP v, u) Py (y, ¢ )W (by using (1.8))
- kijo mw [( 1)*qls )}m " (wt)F(=1)mg("F)

X g i P (v, w) Ptk (y, ) (((Jq;n;in
= Z Z { ]w [(—1)’“q(§)}1+s_r (wt)* (—1)mg=(3)=mk

% Poci(0,0) P (3,2) fq”;j) :

WOl <qu>“
i yrrmgG)=(E)mmmp, e )D%ﬁ*”)(c,d,uvww)(qu)n.

By using (2.14), we obtain

n-—m a—n—m -n tn
g(o,o,p,2,y,2) Zq D”EL—‘,—TYL )(U,p,z,y,z)]D)ng )(c,d,u,v,w)m.
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6. A Transformational Identity Involving Generating Functions for ]D)gla_")(o',p,x,y, 2)

In this section, we use the g-difference equation approach to derive the transformational identity for

the polynomials D{" ™ (o, p, 1,9y, 2).
Theorem 6.1 Let the coefficients A(k) and B(k) satisfy the following relation:

- - wutql"“;q)oo
A(k)Py(y, x B(k)——1 2>
kZ:O Z) (yutq'=*; q)oo
Then
S (14 B ARDS T (o, p, 2,y 2)
k=0
00 (xutql k? oo |: :| O1, " ,0p; q)n (,,) 14+s—r 1—k
= B(k = |(=1)"¢\2 zutq ",
kz:% ( )(yutql F; Z (P15 psi On [( ) ] ( )

where each of the series in (6.1) and (6.2) are absolutely convergent.

(6.1)

(6.2)

Proof: Let g(a, 0, p,z,y, 2z) the right-hand side of (6.2). We can check that g(«, o, p,z,y, z) satisfies

equation (2.3).

g(a,0,p, 2.y, 2)

= i B(k)% i [O‘} (1,071 @)n {(—1)”(1(2)} e (zutq' "),

= (yutq R q)eo = ] (P, ps3 Dn

n=0

Then

s
(qilx - y) (_q)iij (g(av g,p,x,y, qu) - g(av g,p,x,Y, qu+l)>
=0
s 1—k.

= 0 yutq = n] (o1, psi@n

X [( " ()}HS T(zutqlﬂ_k)”

=0 oon 0 Ph c oy Psi g )n
s 9 1—k )
_ —1 —j (x’U/tq aq)oo 017"' 7Ur;q)n
=(qg'lr—y —q B-( B(k)————"— —
( );( VB kZ:O ( )(yutql kQQ)oonz:% (1,75 Ps; D

<[] Gutg oy - )

— (¢ 'z — y)<;§oB(k) 8521 : s Z [ ]m [(—1)"61(’5)}1“4

x (zutq' )" (1= ¢") Y (=1)? B¢’V
=0
1=k,

= (q_lx—y)<i3(k) Exthl k )oo Z [ ]01""’0”@" |:(_1)nq(7zz)}1+s—r

k=0 yth ) pla C oy Psy Q)n

oo xutq k. oo 01y ,0r;Q)n (P 1+s—r .
— 2 B Z[ [t [y urg?eo )
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x (zutq" )" (1= q") (1= prg" ") -+ (1 - psq"’l)

oo

_ (qflx y)(ZB(k) (:cutq ,q 00 Z L O n—1 [(71)nq(g)r”

=yt g) (4, p1,-- nps;q)nq

X ™" (L —q ") (zutq' )" (1 = 01q"” )"'(1 — ")
oo 1—k. ) (o)

e 3 Bl )l e 5 (Db T [y ()]

yutql“% Doc = (@,p1, P53 D
a+n)(Zutql—k)n-i-l(_1)s—rqn(s—r)(1 o 01q") . (1 _ arqn)

n=1

% qa(n-i-l)( —q

= (qflx — s TZZB utq Exutq B oo Z 7Jr)n [(_1)nq(g)]s—r

yutq" % @)oo =4 (401,75 Psi@)n

zutqg' =k q 01, ,0riq)n
(e 3 JAZB )(utg!—hy U0 @)oo “ZH_.")

=0 (ythl k pla apsaq)n

(63

1—k)n n(j+s—r)

—q")(zutq q

7 1+s—r
] (q
r

) _1.’I,'U 1-k. o Tu 1_k; &)
= e Y Py 3B (U il )

= = yutg % q)oe  (qyutq

X Z { ]Ulaq)n [(~1)"q)] T g = ) utg Ry

(P, 5 Ps3 Q)

T
DTN N (—1) 4 [qa (g(a, 0,07y, 2’ 7) — g(e, 0, p, 1,y ij+s_7"))

- (g(O[, o,p,,Y, qu+1+8*’l‘) - g(Oé, o,pP,%,Y, qu+1+8’l”)>:| .
Thus, g(a, o, p, x,y, z) satisfies equation (2.3). By equation (2.5), we have

9(a,0,p,2,y,2)
= E(qiaao—la 0y P10 aps;(anzemy) {g(aaaap,x>y70)}

o o oa - (zutq' ™% q) oo
:E(q 301, ,0pr, P14y Psy4,4 Zea:y) ZB(k) (ythl_k7Q)oo
k=0

o0

= E(q 501, 3 0r, P15 5 Pss Q7qa2€$’u) { A(k)Pk(yal‘)} (by uSing (61))

k=0

k
)E(q_aa 01, 30pry P1,° 5 Psy q7qa29my) {(—1)kq7(2)Pk(y,.’L')}

Mg HM8

ARYDE ™ (5, p,2,5,2), (by using (2.10))
k= 0
which is the left-hand side of (6.2). Hence the proof is completed. O

7. Conclusions

Using the method of ¢-difference equations, we derived several g-identities, such as generating func-
tion and its extension, Rogers formula and its extension, Mehler’s formula and its extension, and a
transformational identity involving generating functions for ]D)sla_n) (o,p,2,y,2) .
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