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Exponential Degree Square Sum and Product Energy of Graph

H. Anitha*, K. N. Prakasha, M. K. Natesha and B. Shanmukha

ABSTRACT: In this paper, we introduce and investigate Exponential degree square sum and product energy
of graph. We give upper and lower bounds for EDPE(G). The study also determines the EDP spectra and
EDP energy for several key families of graphs.
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1. Introduction

In algebraic graph theory, matrix representation of graph play an important role. Matrix rep-
resentation of the graph is indeed a very old and highly beneficial topic of research in graph theory. In
1978, Ivan Gutman introduced the concept of energy of graph which is basically depends on the adja-
cency matrix of a molecular graph. The adjacency matrix carries only two values such as 0 if there is no
edge between the vertices and 1, if two vertices are adjacent. Energy of graph [7] [8] is a popular graph
invariant which is defined as the sum of the absolute values of the eigenvalues of the adjacency matrix.

Simple graphs without loops, sign and marks are considered in this study. In this paper we use v; ~ v;
to represent the adjacency between two vertices v; and v;.

Topological indices are often regarded as molecular descriptors which are indeed useful in the study
of topology of graph structures. Many researchers investigated the molecular descriptors which are based
on degree, distance, etc., For more on topological indices refer [3] [5], [6], [15]. K. N Prakasha et al. [11]
proposed a new topological index, Exponential degree square sum and product index, which is defined as

EDP(G) = Y ehitd 4 d,d,
uveE

where d,, and d,, represents the degree of the respective vertices u and v.

The matrix representation using the concept of topological indices are not new. Many matrices such
as sum-connectivity matrix [10], Randi¢ matrix [2], [4], Reduced reciprocal Randi¢ matrix [12], atom
bond connectivity matrix [9], Zagreb matrix [14], Edge Zagreb matrix [14] etc., are the matrices which
are basically motivated by the respective topolological indices. Motivated by the concept of matrices of
graphs, in this paper we introduce a new matrix which is known as Exponential degree square sum and
product matrix, EDP(G) as

EpP(G) = { ¢ Hdudy ww B
0 otherwise

* Corresponding author.
2010 Mathematics Subject Classification: 05C50.

Submitted June 23, 2025. Published October 30, 2025

Typeset by 85% style.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.77456

2 H. ANiTHA, K. N. PRAKASHA, M. K. NATESHA AND B. SHANMUKHA

Let &; be the eigenvalues of Exponential degree square sum and product marices, then the Exponential
degree square sum and product energy is given by

EDPEG) = > [&l
=1

2. Properties of Exponential degree square sum and product energy of a graph
Proposition 2.1 The first three coefficients of the polynomial ¢pppp(G,E) are given as follows:
(’L) ag = 1,
(’LZ) a; = 0,
(i6i) ay = = [edi+dv +d dv] .

i<J

Proposition 2.2 If &,&,...,&, are the eigenvalues of EDP(G), then

Zg, —2Z{d+dv+dd}

1<J

Theorem 2.1 Let G be a graph with n vertices. Then the upper bound is given by

EDPE(G) < |20 [+ + dd,)?

i<J

Proof: By Cauchy-Schwartz inequality, we have

(£) = (£+) ()

3

Let &1, &, ..., &, be the eigenvalues of EDP(G). On substitution of a; = 1 and b; = &;, we have
n 2 n n
(Z §z|> < ( 1) (Z fi|2>
i=1 i=1 i=1
Thus
[EDPE(G) <n2 [eh+ + 4, d} )
1<J

EDPE(G) < |20 [+ + d,d,)’

i<j

Theorem 2.2 Let G be a graph with n vertices and let |[EDP|= determinant of EDP(QG), then

EDPE(G 23" [edi+ e + dydy)” +n(n — 1)|EDP|

1<j

Theorem 2.3 Let G be a regular graph of n vertices with regularity r, then

EDPE(G) = (¥ +1?)E(G)
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Theorem 2.4 Let G be a semireqular graph of degrees r > 1 and s > 1. Then EDPE(G) = (e’"2+52 +
rs)E(G).

Proof: Consider a semiregular graph of degrees r > 1 and s > 1, the FDP—matrix is given by
EDP(G) = (et 4r5)(J—1) .
Let \; denotes the eigenvalue with respect to adjacency matrix of the corresponding graph.

&= ("t s\

Thus the proof follows. O

3. Exponential degree square sum and product energy of some standard graphs

Theorem 3.1 Ezxponential degree square sum and product energy of complete graph K, is

EDPE(K,) = 2(n — 1)e*™D% 1 (n — 1)2.

Proof:
For each and every vertex u in K,, d(u) = (n-1). Then every ijt"-entry of the Exponential degree
square sum and product matrix will be

r 0 eQ(n—l)z +(n— 1)2 ez(n—1)2 +(n— 1)2 e2(n—1)2 +(n— 1)2 eQ(n—1)2 +(n— 1)2-
62(71.71)2 +(n— 1)2 0 62(7171)2 +(n— 1)2 62(7171)2 +(n— 1)2 e2(n71)2 + (n— 1)2
21?4 (n—1)2 e2(n=D? 4 (n—1)2 0 s eAnD? (n—1)2 e2(n=D? 4 (n—1)2
e2(n=1)? +(n—1)?2 e2(n—1)? +(n—1)2 e2(n=1)? +(n-12 ... 0 e2(n—1)? +(n—1)2

_62(7171)2 + (n—1)2 e2(n—1)? +(n—1)? e2(n—1)? +n—1)2% ... e2(n—1)? +(n—1)2 0 ]

Hence the characteristic equation will be

n—1
(6= @m0 4 n=1)" (6= (= DE" 4 (- 1)) =0
and therefore the spectrum becomes

O (0= 1) (0= 1)@ 4 (n - 1)?) ) |

Specepp(Kn) = ( "1 1

Therefore,
EDPE(K,) = 2(n — 1)(e2™ Y 4 (n — 1)2).

Definition 3.1 [1] Crown graph is a graph with two sets of vertices {uy, ua,....u, } and {vy, v, ...v,}
and with an edge from u; to v; for i # j.

Theorem 3.2 The Ezponential degree square sum and product energy of the crown graph S° is
EDPE(S?) = 4[(n — 1)X1].

(Where Xy = e2=D° 4 (n —1)2)
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Proof: Let SY be the crown graph of order 2n with vertex set

{u1, ua, -++, Up, v1, Va2, ---, vy }. The Exponential degree square sum and product matrix is
o o o0 ... 0 0 X; ... X1 X
o o0 o ... 0 X5 0 ... X1 Xy
o o0 o ... 0 Xx X1 ... 0 Xy
o o0 o ... 0 X5 X3 ... X3 O
o X3 X3 ... X4 0 0O ... 0 O
X3 0 X5 ... Xy O 0 ... 0 O
X3 X3 0 ... Xy 0 0 ... 0 O
X X5 x5 ... 00 0 ... 0 0]

Where X; = ¢2("=1" 4 (n — 1)2. The characteristic equation is
(€= (X)) €+ X)" €+ (= D(X) (€= (n = 1)(X1) =0
implying that the spectrum is

Specepp(Sy) = ( —(n=1)(X1) (n—1)(X1) -2V 4 (n—1)2 2D 4 (n—1)? ) .

1 1 n—1 n—1

Therefore,
EDPE(SY) = 4(n — 1)[e2™ V" 4+ (n — 1.

Theorem 3.3 The Ezponential degree square sum and product energy of complete bipartite graph K, xn
18
EDPE(Ky,n) = (2\/mn)(em2+"2 + mn).

Proof: The Exponential degree square sum and product matrix of complete bipartite graph K, «,, is

Jnxm OTLXH

(em2+n2 +mn) |:Om><m Jm><n:|.

Specepp(Km.n) :( (\/%)(em;” + mn) m+(3172 —(\/ﬁ)(e’z 7+ mn) >

EDPE(Kp.n) = (23/mn)(e™ ™ + mn).

Definition 3.2 [1] The cocktail party graph, denoted by K, 2, is graph having vertex set V =
U {ui, v;} and the edge set E = {u;uj, v;vj, u;v;,vuj : 1 <1 <j<n}

Theorem 3.4 The Exponential degree square sum and product energy of Cocktail party graph K« is

EDPE(Kpyxs) = 2(n — 1)(e2™D” 4 4(n — 1)2)
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Proof: Let K, x2 be a Cocktail party graph of order 2n with vertex set
{uy1,ua, -+ ,Upn,v1,v2, -+ ,v,}. The Exponential degree square sum and product matrix is

EDPEe) = (0 a1y ( (D (1 Do)

Characteristic equation is
&+ (M 4 dn — 1)) EH+ (n— DT 4 —1)?) =0

Hence, spectrum is

Specepp(Knx2) = (

Therefore,

—(8D fan — 1)) 0 (n— 1)V 4 4(n —1)2)
n—1 n 1 ’

EDPE(Kpyxs) = 2(n — 1)(e2™D* 4 4(n — 1)2)

Theorem 3.5 The Exponential degree square sum and product energy of star graph Ky ,_1 is
EDPE(Ky 1) =2(vVn—1)(e" 22 4 n—1).

Proof: Let K ,—1 be the star graph with vertex set V' = {vg, v1...v5—1}. The Exponential degree square
sum and product matrix is

EDP(Kl,n—l) = (6"2_2n+2 +n— 1) ( O1x1 Jixn—1 ) .

Jn—1x1 On—ixn—1

Characteristic equation is

2 (&~ - (e 2 4 - 1))

1 n—2 1
Therefore, EDPE(K; 1) = 2(v/n — 1)(e" =22 4 — 1), O

n2—2n+2 n?—2n42
spectrum is Specppp (K1, 1) = ( (vn—1)(e +n—1) 0 —(vn—=1)(e +n—1) ) '

Definition 3.3 [2] The friendship graph, denoted by F¥, is the graph obtained by taking n copies of
the cycle graph C5 with a vertex in common.
It is easy to see that |V (F)| = 2n + 1.

Theorem 3.6 The Ezponential degree square sum and product energy of the friendship graph F3' is

EDPE(F}) = (e® +4)(2n — 1) + \/8n68”'2+8 + etn?+4 4 128nt + 64n3 + €3(1 + €8) + 16.

Proof: Let F3 be the friendship graph with 2n 4 1 vertices. The Exponential degree square sum and
product matrix is

[ 0 e gy AT L gy e gy AT L L e L e 4]
edn’+4 4 4n 0 8 +4 0 0 0 0

A gy 844 0 0 0 0 0
e+ 4y 0 0 0 eS8 +4 0 0
edn+4 4 g 0 0 8 +4 0 0 0
edn’+4 4 4n 0 0 0 0 0 et +4

L e4n®+4 4 4p 0 0 0 0 . 8 +4 0o |
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Therefore the characteristic equation will be
(€2 = (¢ + )¢ = 2™+ 4 an)?) (€ = (8 +4)" " (€4 (¢ +4)" =0.

Hence, the spectrum is

—(e8+4) 8+ 4 e8+42+D1 e8+42—D1 .
n n—1 1 1

Specepp(F3') = (

Where D; = +/8ne8n*+8 4 edn®+4 1 128n4 4 64n3 + €3(1 + €8) + 16.
Therefore, EDPE(FY) is

(e®+4)(2n —1) + \/87168"2""8 + e4n®+4 1 128nt + 64n3 + e3(1 + €8) + 16.

Theorem 3.7 The Exponential degree square sum and product energy of the double star graph Sy, . is
EDPE(Spn) = 24/a? + 4b%(n — 1).

2 2
where a = €™ ™1 +n and b = 2™ + n2.

Proof: The Exponential degree square sum and product matrix is EDP(Sy, ) =

[0 e yn e tan L e an 2 42 0 0 0 ]
e g 0 0 0 0 0 0 0
e g 0 0 0 0 0 0 0
en2+1+n 0 0 0 0 0 0 0
e’ 4 0 0 0 0 e tgn ¢ gn et
0 0 0 0 e 0 0 0
0 0 0 0 et 0 0 0
[0 0 0 0 et 0 0 0

Hence the characteristic equation is

3 3
2n—4 [ +2 2n2 2 n’ —1 2 2n? 2 n’ —1
_ _ _ T )=
et (@ e wnte - g ) (- e )
implying that the spectrum is

0 (7a+\/a2+4b2(n71)> <a+\/a2+4b2(n71)> (7a7\/a2+4b2(n71)> (u.fx/a.2+4b2(nfl)>
2 2 2 2 ,
2n — 4 1 1 1 1

where a = e *! 4+ n and b = 2" + n2.
Therefore,
EDPE(S,.,) = 2\/a® + 402(n — 1).
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4. Exponential degree square sum and product energy of graph complements

Definition 4.1 [13] The complement of a graph G is a graph is denoted by G and is a graph on the
same vertices such that two distinct vertices of G are adjacent if and only if they are not adjacent
in G.

Theorem 4.1 The Ezponential degree square sum and product energy of the complement K ,,—1 of the
star graph is
EDPE(K;,_1) = 2(n — 2)[¢2(»~ D (=1

Proof: Let (K4 ,-1) be the complement of star graph with vertex set V' = {vg, v1...vn—1}. The Expo-
nential degree square sum and product matrix is

[0 0 0 o 0 0

0 0 2(n=1%+(n-1)>  2(n-1)’+(n-1)* 2(n-1)*+(n-1)?

0 e2(n—1%+(n-1)° 0 2=+ (n-1)2  2(n—1)°+(n-1)?
EDP(Kip-1) =

6 62(n71)2.+(n71)2 62(n71)2'+(n71)2 o 0 62(n71)2.+(n71)2

0 2(n—1)%+(n-1)>  2(n-1)°+(n-1)>  2(n-1)*+(n-1)? 0 |

Then the characteristic equation is
¢t (g - e2<n—1)2+(n—1>2)”’2 (g (PP (g 2)) —0

and therefore the spectrum is

e2(n71)2+(n71)2 0 (71 _ 2)[62(n71)2+(n71)2] )

Specepp(Kin-1) = ( n_9 1 1

Therefore,
EDPE(K;,-1) =2(n— 2)[62(n*1)2+(n71)2]’

Theorem 4.2 The Ezxponential degree square sum and product energy of the complement K, «o of the
cocktail party graph of order 2n is
EDP(K,x2) = 2n(e* +1).

Proof: Let K,x2 be the complement of the cocktail party graph with vertex set

{u1, ua, --+, Un, v1, v2, --+, v,}. The Exponential degree square sum and product matrix is
[0 0 0 0 e2+1 0 0 0 ]
0 0 0 0 0 e*+1 0 0
0 0 0 0 0 0 e2+1 0
0 0 0 0 0 0 0 e +1
EDP(Kpa)=| z S
e2+1 0 0 0 0 0 0 0
0 e +1 0 0 0 0 0 0
0 0 e?+1 0 0 0 0 0
| O 0 0 e2+1 .. 0 0 0 0 |
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Then the characteristic equation becomes (¢ — (€2 4+ 1))"(¢ + (e2 +1))™ = 0. Hence, the spectrum is

obtained as ) )
+1) —(ef+1
Specepp(Knx2) = ( (e n ) (en ) > .

Therefore,
EDP(K,x2) = 2n(e* + 1).
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