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Hahn Wijsman Sequence Space

Ishfaq Ahmad Malik*, Jitika Negi and Shivani Thakur

ABSTRACT: In this paper, we introduce and examine the Hahn-Wijsman sequence space h(W*") , a generalized
sequence space defined for a metric space (X, d) and a positive sequence {ug }, where a sequence {zy} € h(W")
if 3,1 |Tk|ur < co. We investigate its structural characteristics by establishing that it forms a vector space
and construct an appropriate norm under which the space h(W") becomes a normed linear space. We further
demonstrate that it is complete and hence a Banach space. The dual space is characterized by bounded linear
functionals, and we explore isomorphic relationships between the Hahn-Wijsman space and classical sequence
spaces such as cg(p), c(p) and £(p). These results not only provide a deeper understanding of the topological
and geometric aspects of the Hahn Wijsman space but also position it as a potential tool for further analysis
in functional spaces and contribute to the ongoing development of sequence space theory.
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1. Introduction

1.1. Sequence Space

In functional analysis and related areas of mathematics, a sequence space is a vector space whose elements
are infinite sequences of real or complex numbers. In other words, it is a function space whose elements
are functions (or mapping) from the natural numbers to the field K of either real or complex numbers.

It is also called the linear subspace of KN where KY is the space of all sequences of elements of K. It

is equipped with a norm or a topological vector space structure. There are different types of sequence
space as follows:

e ¢p (null sequences): This space contains sequences that converge to zero.

co = {x ={z,}: lim z, = O} (1.1)

li
n—oo

e ¢ (convergent sequences): This space includes all sequences that converge to a finite value, which
means that cg is a subset of c.

c= {w ={z,}: lim z, exz’sts} (1.2)
n— oo
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e /, (p- summable sequences): For any 1 < p < oo, this space contains sequences of real and complex
numbers where the p*" power of the absolute values of the term is summable such that > |z,|? is

convergent.
0, = {x = {z,}: Z |z, [P < oo} (1.3)
n=1

e /y, (bounded sequences): This is the largest space, including all sequences in which the absolute
value of each term is bounded by a finite constant.

0 CeCl(1<p<oo)Cls (1.4)

1.2. Hahn Sequence Space

The traditional sequence spaces approach sequence convergence, such as pointwise convergence, often
prove to be restrictive, failing to capture the full spectrum of behaviors exhibited by sequences. Recog-
nizing this limitation, Hans Hahn [11] introduced a Hahn Sequence Space ’h’ defined by

h = {m = (zp) Ew: Zk|xk — Tpy1| < 0o and kli)noloxk = 0} (1.5)
k

for all k € N.

1.3. Wijsman Convergence

Wijsman Convergence was defined by Robert Wijsman [1] in 1966. Let (X, d) be a metric space and let
Cl(X) denote the collection of all d—closed subsets of X. For a point € X and a set A € CI(X), set

{d(z,A) = ;gg d(z,a)} (1.6)

A sequence of sets A, — CIl(X) is said to be Wijsman Convergent to A € CI(X) if, for each x € X
, d(xz, A,) — d(z, A). This means that the distance from any point x in the space X to the sets A,
converges to the distance from x to the set A.

Wijsman Convergence studies how the distance between points and sets behave rather than direct
set to set convergence. Specifically, it deals with the convergence of sequences of closed sets in a metric
space, having various applications in convex analysis, optimization, functional analysis and set-valued
analysis, etc.

2. Main Results
2.1. Hahn Wijsman Sequence Space

Hahn Sequence Space [11] is a generalization of classical sequence space that consists of sequences whose
weighted series a mathematical series where each term is multiplied by a weight sequence or weight
function ( a function that assigns a positive value to each element in a set often to control the influence
of different elements in a mathematical structure given by

k=1

where {x}} is a sequence of real or complex numbers and {uy} is a weight sequence with ug > 0] converges
absolutely, i.e. a sequence belongs to a Hahn type space if

o0
Z | g |up < 0o (2.2)
k=1

By applying this summability [9,12] condition (summability generalizes the idea of convergence to se-
quence instead of requiring a sequence to converge in the usual sense, summability allows us to assign a
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meaningful limit to a sequence under certain transformations. A sequence {zj} is called summable if a
transformation of its results in a finite sum or a well-defined limit. In the context of sequence spaces like
Hahn Wijsman Sequence Space, summability is used to control the behavior of sequences by introducing
weighted conditions) Hahn Sequence Space and using the Wijsman sequence convergence, we obtain the
Hahn Wijsman Sequence Space [h(WW")], defined as

hW*) =< = {zx}: Z |xg|ug < oo (2.3)
(h=1)

where, = {z1} is a sequence of real or complex numbers.

u = {uy }is a sequence of positive numbers, ux, > 0V k € N. (X,d) is a metric space [4,7].

That means this h(W™) consists of all sequence {x;} such that weighted series >~ |zi|ur con-
verges. Hence h(WW") is a more restrictive version where sequences must satisfy an absolute summability
condition. Now, we will explore the various properties of Hahn- Wijsman Sequence Space which are as
follows:

Theorem 2.1 The space h(W*™) is a vector space [8] over R (or C).

Proof: i) Closure under addition:
Let x = {z} and y = {yr} be two elements of h(W*") meaning

o0 oo
Z |2k ur < oo, Z |yr|ur < oo (2.4)
k=1 k=1

b

We define a new sequence z = x 4+ vy , i.e. 2 = ) + yi for each k. Now we check whether z belong
to h(W™) i.e. whether the series

(oo}
> lzklux (2.5)
k=1
By triangle inequality,
26| = |2k + yi| < |zil + [ysl (2.6)

Multiply both sides by ux and summing

Z |2k g < Z(\xﬂuk + |yx|u) (2.7)

Since both sums on the right are finite (because x,y € h(WW*) and their sum is also finite). Thus

> leklus < 00 (2.8)

proving z € (W*). Hence h(W*") is closure under addition.
ii) Closure under scalar multiplication:
Let o € R(or C) and = € h(W*). Define y = ax , so yr, = axy, , then

Sl = 3 lawifu = o] 3 loxfuy (2.9)

Since

> lwwlur < o0 (2.10)
It follows

> lyklun < 00 (2.11)
Thus, y € h(W*"), proving closure under scalar multiplication. Hence, h(WW*") forms a linear space over
R (or C) [8]. 0

Normed Space Property: We define the norm for the sequence © = {z} € h(W*) as

2wy = Z |2k | (2.12)
k=1
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Theorem 2.2 Under the norm defined in 2.12, the space h(W*™) forms a normed linear space.

Proof: i) Non-Negativity:
Since absolute value and positive weights are used, each term in the sum is non-negative.

|xg|ur >0 for all k.

Since a sum of non-negative terms is also non-negative, we get

|zl = Jak|ur >0
k=1
We need to show that ||z|| = 0 iff 2, = 0 for all k. If 23, = 0 for all k, then clearly
Sl = 3700
k=1 k=1

Conversely, suppose ||z|| = 0,

o0
Z |$k\uk =0
k=1

(2.13)

(2.14)

(2.15)

(2.16)

Since uy > 0 for all k . If |xg| = O for every k, thus a2 = 0 for all & which implies 2 = 0. The function

|lz|| is non-negative and equal to zero if and only if z = 0.
ii) Triangle Inequality

oo

lz+yl = Z(|$k + Y |ug)
k=1

Using the triangle inequality for real numbers, we have
|2k + yrl < 2k + vk
for all & Multiplying both sides by uy (which is positive),
|2k + yluk < ok luk + yrlug

Summing over all k,

(o) [e'e)
Z |Ik + yk|uk < Z |$k|uk + Z |yk|uk

k=1 k=1 k=1
This simplifies to
o +yll < llzl + [yl

iii) Homogeneity (Absolute Scalability)
By definition,

(oo}
x|l = loay|ug
k=1

Using the absolute value property,

|| = [z
Substituting this into the sum
o0
> Jorf|ak
k=1

Since |a| is a constant, we factor it out

oo
ol Y Jzxlur = |af |||
k=1

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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Hence, the function defined by 2.12 satisfies absolute homogeneity.
As the function defined in 2.12 satisfy all properties. So, the space h(W*) is a normed linear space. O

Theorem 2.3 Prove that under the norm defined in Theorem 2.2, the space h(W™) is a Banach Space.

Proof: Let 2™ = {z}} be a Cauchy sequence A sequence =" in h(W*") is Cauchy if
Ye> 0,INeN (2.26)
such that for all m,n > N
2™ — 2" = > |t — apfu < € (2.27)
k=1
This means that for large m, n the sequence ™ and z™ are closed in the norm and z}} is Cauchy for each

fixed k. From the definition of the norm

oo

> e - apluk < € (2.28)
k=1

Since all terms are non-negative , each individual term must get arbitrarily small as m,n — oo Thus, for
each fixed k, the sequence {z}} is Cauchy in R (or C). Since R (or C) is complete, there exists a limit
xy, such that ] — x as n — oco. This defines a new sequence x = {x}.

Now show that « = {x}} belongs to h(WW*) and for that we need to prove that

(oo}
Z | g |up < 0o (2.29)
k=1
From the triangle inequality,
lzk| < |ap| + |op — z) (2.30)
Thus,
oo oo o0
Z \mk|uk < Z \xZ\uk + Z |xk — x2|uk (2.31)
k=1 k=1 k=1

where, the first term >~ | |z} |ug is finite because 2" € h(W*) and the second term > o, |zx — 2} uy
can be made arbitrarily small because z™ is Cauchy. Thus, z € h(W™), that is, z = {x}} is a valid
element of h(W™).
Now we need to show that ™ converges to x in the norm. That is
[e ]
|l — || :Z|xzf:ck|uk%ooasnﬁoo (2.32)
k=1

Since z}; — z}, for each k and z" is Cauchy, the sum can be made arbitrarily small, therefore,

oo

Z |z — xp|ur, — 0 (2.33)
k=1

It implies 2™ — 2z in A(W™) meaning 2™ converges in norm. Since every Cauchy sequence in h(W™)
converges in norm to an element of h(W*), it follows that the space is complete. Thus, h(W*) forms a
Banach space [6]. O

Dual Space: The dual space [10] consists of all bounded, linear functions of h(W™). A function f acting
on x € h(W™") has the form

fla) = kayk (2.34)
k=1
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for some sequence {yx}. For f to be a bounded function, we need the supremum condition

ap @)
o Tl

< oo (2.35)

Applying Holder’s inequality, this means that y; should satisfy

Yk

Uk

sup
K

< 00 (2.36)

Thus, y must belong to the weighted lm(%) space, hence its dual space is given by:
u * o0 1
(W) =17() (2:37)

i) a- Dual Space: The a-dual [2] of A(W*™) denoted by (h(WW™))%, consists of all sequence y = y; such
that the series

>z (2.38)
k=1

converges for all z € h(W%). This is equivalent to requiring y = yx to be in EOO(%) , which means
sup \yk||y—k| < 00. Thus, the a-dual space of h(W*) is given by:
k Uk
1

(R(W*))* = £7(~) (2.39)

ii) 8- Dual Space: The B-dual [2] of h(W%), denoted by (h(W*))?, consists of all sequences y = yj, such
that

Zxkyk < oo, Voeh(W") (2.40)
k=1

This means y = {yx} must belong to the weighted ¢! space

@ < 00 (2.41)
U
k=1
Thus, the §- dual space is given by:
1
(h(W*))? =0(2) (2.42)

ili) v- Dual Space: The - dual [2] of h(WW*") denoted by (h(WW*"))” consists of all sequences y = y, such
that

Z Tk (2.43)
k=1

converges for all 2 € h(W*) This requires that y belong to cy(X) meaning that 2 — 0 ask — oco. Thus
the v- dual space is given by:

(W) = eo(3) (244)

Theorem 2.4 Isomorphism: Prove that the Hahn Wijsman Sequence Space h(W™) is isomorphic [2,3]
to the classical sequence spaces c(p), co(p) and ¢,
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Proof: The Hahn Wijsman Sequence Space is defined as:
hW™) ={z = {z1} : Z |xg|ur < oo}
k=1

where uy, is a positive sequence.
I Checking isomorphic with £,: The classical weighted ¢, space [3] is

L, = {x = {ax}: Z |z P < oo}

k=1

Define the mapping
T(x) = {zpur}
i) Linearity: If z,y € h(W™"), then

T(az + by) = {(az + by)ur} = {a{zr.ur} + b{ypur}tt = a T(2) + b T(y)

Thus, T is linear.
ii) Injectivity: If T(z) = 0, then zp.uy =0V k

=x,=0

So, z = 0, proving injectivity.
iii) Boundedness of T": If x € h(WW*"), then

(o)
Z |z |ug < oo
k=1

But this is exactly the norm definition of ¢,

=T(x) €ty
iv) Inverse Mapping:
L, — (W)
_Ju
Define S(y) = {a}
If yr. € £, then
[e%S) Ui B [e9)
Z ur Uk—Z|yk| < 00
k=1 k=1

So S(y) € h(W™)
=S=7"1

Thus, T is a bounded bijective linear operator with a bounded inverse.
= h(W") ~ ¢,

II. Checking isomorphism with c¢(p): Here we have,

C(p) = {x = {l‘k} S €Oo : khm Tl exists}
—00
Define the mapping:
T(x) = {xrpr}

i) Linearity: It holds since multiplication by py preserves addition.
ii) Injectivity: T(x) = 0 implies zxpx = 0 meaning x = 0.

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)
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o0
iii) Boundedness: Since Y |xg|ur < 0o, this ensures weighted convergence.
k=1

iv) Inverse Mapping: Define S(y) = {z—:}, which maps back to h(W™)

= h(W*) = c(p) (2.58)

III. Checking isomorphism with co(p): It consists of sequences x = {xy} such that klim z, = 0. That is,
— 00

cop = {ac ={xx}: klim xR = 0} (2.59)
—00
Define the mapping :
T(x) = {xkpr} (2.60)

Similarly, linearity holds, injectivity follows from the same argument and boundedness is also satisfied.
= h(W") ~ ¢o(p) (2.61)

Hence proved. O

3. Conclusion

In this paper, we introduce and study the Hahn- Wijsman sequence space h(WW"), motivated by the con-
vergence concepts introduced by Wijsman [1,13] and developed through the structural framework of Hahn
sequence spaces [11]. We thoroughly investigated its algebraic and topological properties, demonstrating
that it forms a vector space [8] under the standard operations of vector addition and scalar multiplication.
By constructing an appropriate norm, we proved that this space satisfies all the conditions required to be
classified as a normed linear space [5]. We further established its completeness, thus confirming that it
is a Banach space [6]. A key contribution of this work lies in the detailed characterization of the space’s
duals [2]. Specifically, we have determined the a-dual, 8-dual and ~-dual of h(W™) offering deeper in-
sights into its structure, transformation behavior, and functional interactions with other sequence spaces
[2,10]. These duals play an essential role in understanding the continuity of linear operators and in the
study of matrix transformations.

Furthermore, we have shown that h(W*™) is isomorphic [2,3] to classical sequence spaces such as
co(p), c(p) and I(p) ; thereby reinforcing its place in the wider landscape of sequence space theory. These
results place the Hahn-Wijsman sequence space within the broader framework of summability theory
[9] and functional analysis. The properties derived in this paper not only enrich the existing body of
knowledge on sequence spaces but also open new directions for further mathematical research in operator
theory, summability theory [9,12], topology of functional spaces, and applied analysis.
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