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Investigation of inelastic power-law model under thermal conditions by using a developed
method

Samah H. Al-Zaidi and Anas Al-Haboobi∗

abstract: This study extends the developed Taylor-Galerkin/Pressure-Correction (DTG/PC) method to
simulate the behavior of inelastic, incompressible fluids under thermal conditions, utilizing a power-law model
to characterize the fluid’s viscosity. The approach is grounded in the Taylor-Galerkin/Pressure-Correction
finite element framework (TG/PC), wherein the energy equation is coupled with the incompressible Navier -
Stokes equations to simultaneously capture fluid motion and thermal transport. The novelty of this research
lies in the development of a highly accurate method to analyze inelastic fluid under thermal conditions.
The finite element method utilizing the (TG/PC) framework has been enhanced through the integration of
novel stages specifically designed to directly solve the equation of energy. A significant advancement in this
refinement process was the implementation of the two-step Lax-Wendroff numerical scheme to the energy
equation. This modification introduced two supplementary computational steps dedicated to energy-related
calculations within the existing (TG/PC) algorithmic structure. The accuracy and reliability of the numerical
method were assessed by examining the effects of the power-law index (n) and the consistency coefficient (m)
on velocity, pressure, temperature, shear stress, and normal stress. The numerical results showed excellent
agreement with established physical principles and previous studies, underscoring the method’s validity and
effectiveness.

Key Words: Channel flow, viscosity, Thermal flow, Incompressible flow, Non-Newtonian, inelastic
flow, Power-law model.
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1. Introduction

Non-Newtonian fluids are characterized by a viscosity that varies with the applied stress or shear
rate, in contrast to Newtonian fluids, where viscosity remains constant. Thermal fluids, by comparison,
are utilized in heat transfer processes. The interaction between these two fluid types is of considerable
importance, as the flow behavior of non-Newtonian fluids can significantly influence heat transfer rates.
Consequently, researchers focus on studying the combined behavior of non-Newtonian and thermal fluids
to enhance understanding of their performance under varying thermal conditions, which can lead to ad-
vancements in industrial processes [16,14,15]. Given the importance of this topic, numerous researchers
have conducted extensive studies and employed various numerical methods. For an overview of this body
of research, refer to [17,18,19,20,21]. The TG/PC method, primarily based on the finite element method
(FEM), is one of the most effective and accurate numerical methods for addressing prominent fluid-related
challenges. Initially introduced by Townsend and Webster [22], this method has been widely applied to
solve various fluid-related problems, predominantly under isothermal conditions. For examples of such
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research, see references [23,24,25,26,11,27,29].
In 2023, Al-Haboobi and Al-Muslimawi introduced a numerical method for addressing fluid flow problems
under non-isothermal conditions, as presented in two publications. The first study focused on incompress-
ible Newtonian flow [10], while the second extended the approach to compressible Newtonian flow [12].
The present work marks a notable advancement, as it is the first to apply this numerical technique to non-
isothermal inelastic (non-Newtonian) flow problems. Building upon their earlier work, this study extends
the method to address more complex scenarios involving unsteady thermal conditions. Specifically, it
investigates the behavior of inelastic fluids, whose viscous shear stress is governed by a power-law consti-
tutive model. This formulation effectively describes both shear-thinning and shear-thickening phenomena
in such fluids. The power-law model, originally formulated by Ostwald and de Waele [28], is employed
in this study to characterize the shear-dependent viscosity of non-Newtonian fluids. This constitutive
relation effectively captures the essential rheological behavior by correlating the apparent viscosity to
the local shear rate. Power-law fluids serve as simplified yet robust representations of complex fluids in
numerous chemical and industrial processes, including polymer extrusion, food processing, slurry trans-
port, and various biological systems, where shear-thinning or shear-thickening behavior is prevalent. In
this work, the flow dynamics of power-law fluids are examined within an axisymmetric channel under
non-isothermal conditions. The analysis encompasses a wide spectrum of physical parameters, including
power-law index (n) and consistency parameter (m). The primary objective is to examine the effects of
these two parameters on velocity (v), pressure (p), temperature (T ), shear stress (τrz), and normal stress
(τzz). The findings demonstrate that the newly developed method offers significant potential for advanc-
ing the study of non-Newtonian fluid dynamics under thermal conditions. Its exceptional effectiveness
enhances our understanding of these systems and provides a powerful tool for addressing complex and
challenging problems in the field.

2. Mathematical Description

The continuity, momentum and energy equations that govern the thermal incompressible inelastic
flow are expressed in two dimension cylindrical coordinates (r, z), respectively, as [10,9]:

∇ · v = 0, (2.1)
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In this context, v = (vr, vz) represents the velocity vector, while p, ρ and µs denote the pressure, density,
and solvent viscosity of the fluid, respectively. Additionally, T corresponds to the temperature of the
fluid, Cp signifies the specific heat capacity α istands for the thermal conductivity, and ϕ is a dissipation
function.
The solvent viscosity is calculated using a power-law model, which is defined as [11]:

µs = m(γ)n−1. (2.8)
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Where, m is consistency parameter, n is power-law index and γ represent shear rate of simple shear flow
defined as [11]:

γ = 2
√
II. (2.9)

In this formulation, II represents the second invariant of the rate of strain tensor. For an axisymmetric
coordinate system, this invariant can be expressed in the following form [11]:
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To non-dimensionalize the conservation (of mass, momentum and energy), we have used the following
variables:

t∗ =
t

L/V∞
, v∗ =

v

V∞
, p∗ =

p− p∞
ρV 2

∞
, T ∗ =

T − T∞

∆T
,

here, V∞ denotes the characteristic velocity, p∞ represents the characteristic pressure, and T∞ signi-
fies the characteristic temperature. Additionally, L corresponds to the characteristic length, while ∆T
defines a temperature difference.
Using above transformations, the following non-dimensional form of the conservation (of mass, momentum
and energy) are,

∇ · v = 0, (2.11)
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Where Re, Pr and Ec are non-dimensional values representing the Reynolds, Prandtl, and Eckert num-
bers, respectively, defined as [10,12]:
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ρV∞L
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.
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3. Numerical Algorithm

The (DTG/PC) algorithm employs a fractional-step approach comprising six phases. In the first three
phases, the intermediate velocity (vn+1/2), (v∗) and temperature (Tn+1/2) components are computed
using a two-step predictor-corrector scheme, starting from the initial velocity, temperature, and pressure
fields. In the fourth phase, the updated temperature (Tn+1) is calculated using vn+1/2 and Tn+1/2. The
fifth phase involves evaluating the pressure difference (q = pn+1 − pn) based on v∗, with the Cholesky
method applied to solve the resulting system. Finally, in the sixth phase, the velocity field (vn+1) is
determined using the pressure difference (q) and v∗ through Jacobi iteration.
Then the fractional step can be written as:

stage 1 : vn+1/2 = vn +
∆t

2Re
( L(vn) −∇pn), (3.1)

stage 2 : Tn+1/2 = Tn +
∆t

2RePr
Ģ(vn, Tn), (3.2)
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∆t

Re
( L(vn+1/2) −∇pn), (3.3)
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∆t

RePr
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stage 5 : ∇2qn+1 =
Re

ϑ∆t
∇ · v∗, (3.5)

stage 6 : vn+1 = v∗ − ϑ∆t

Re
∇qn+1. (3.6)

Where,

 L(v) = ∇2(µsv) −Re(v · ∇)v,

Ģ(v, T ) = ∇2T −RePr(v · ∇)T + PrEcϕ.

Additionally, for ϑ ∈ [0, 1], selecting ϑ = 1
2 corresponds to the widely used Crank - Nicolson scheme,

a second-order temporal discretization method. This choice is commonly referred to as the Crank -
Nicolson parameter see [13]. Viscosity is calculated using the relationship presented in Eq.2.8. For a
detailed derivation of the six stages of the developed method, readers are referred to the original source
[10]. The stages can be represented in matrix form as follows:
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2Re
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stage 6 :
Re

∆t
M∆V n+1 = ϑLTQn+1, (3.12)

where, ∆V n+1/2 = V n+1/2 − V n, ∆V n+1 = V n+1 − V ∗, ∆Tn+1/2 = Tn+1/2 − Tn, ∆Tn+1 = Tn+1 − Tn

and ∆V ∗ = V ∗−V n. V , T , and P are represent velocity, temperature, and pressure vectors, respectively.
The vector of pressure difference defined as Qn+1 = Pn+1 − Pn.
Below we review the structure and notation of the matrix as follows:

Mij = [Λi,Λj ] =

∫
Ω

Λi · Λj dΩ, Lij = (⋎i,∇ · Λj) =

∫
Ω

⋎i∇.Λj dΩ,
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Dij = [∇Λi,∇Λj ] =

∫
Ω
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Bi = [Λi, g]Γ =

∫
Γ

g · Λi dΓ ,

in this formulation, B epresents a vector corresponding to the natural boundary conditions, while g
denotes a specified function.

4. Specification of the Problem

In this study, we examine inelastic Poiseuille flow (Ps) through a straight, axisymmetric channel
in two dimensions (2D) under non-isothermal conditions. A detailed triangular finite element mesh,
illustrated in Fig.1, is employed, featuring a refined junction structure. The mesh is characterized by a
total of 6, 669 elements, 3, 630 vertices, and 14, 520 degrees of freedom.

Figure 1: Structured finite element mesh.

The boundary conditions necessary to solve the problem are depicted in Fig.2

Figure 2: The flow problem’s geometry boundary conditions.
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5. Results and Discussions

In this study, we applied a numerical investigation using DTG/PC for solving the problem under con-
sideration. The effect of the power-law index (n) and the consistency parameter (m) on various variables
and parameters is examined.
n-variation: The power-law index (n) plays a pivotal role in defining the flow dynamics of non-Newtonian
fluids. In contrast to Newtonian fluids, which maintain a constant viscosity, non-Newtonian fluids display
viscosity that varies depending on the shear rate-the measure of fluid deformation over time [1]. In this
study, we investigate the impact of varying the power-law index n at values n = 0.4, 0.8, 1, 1.4, and 1.8,
while keeping all other parameters constant (Re = Pr = m = 1). Figure 3 illustrates the influence of n
on both axial velocity (v) and pressure (p). When n = 1, the fluid exhibits Newtonian behavior; for n < 1
or n > 1, the fluid displays non-Newtonian characteristics. The profiles reveal that both velocity and
pressure increase as n rises, reaching their highest levels in the shear-thickening regime. Specifically, the
maximum velocity occurs in the shear-thickening region, reaching approximately 1.13 units at n = 1.8.
Similarly, the highest pressure levels are also observed in the shear-thickening regime. These results
align with the known physical properties of non-Newtonian fluids. As n decreases, the fluid’s viscosity
increases, causing greater resistance to flow. This, in turn, leads to higher velocity and pressure levels
under the same flow conditions [7].
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Figure 3: Influence of variation n on axial velocity and pressure.

For the temperature T , an increase n leads to greater resistance to flow within the fluid, thereby inten-
sifying temperature gradients. As a result, the difference between the wall temperature and the bulk
fluid temperature becomes more pronounced. This effect is due to the increased resistance to flow in
shear-thickening fluids (higher n), which contributes to steeper temperature gradients, as illustrated in
Fig.4.
The viscosity (µs) is directly correlated with the shear rate (γ), as illustrated in Eq.(2.8). Fig.5 depicts
the influence of n on this relationship, revealing three distinct cases based on the value of n. For n < 1,
the fluid exhibits shear-thinning behavior, where shear rate increases with decreasing viscosity. This
effect is attributed to the presence of polymers within the fluid, which can become entangled with each
other. At higher shear rates, these entanglements are stretched and disentangled, enabling the molecules
to flow more freely and reducing the overall viscosity. Conversely, when n > 1, viscosity increases as
shear rate rises, indicating shear-thickening behavior. Finally, for n = 1, the fluid exhibits Newtonian
characteristics, maintaining a constant viscosity irrespective of shear rate. For further details, refer to
[2].
Finally, we examine the effect of n on both shear stress (τrz) and normal stress (τzz) as shown in Fig. 6.
It is observed that as n increases, both shear and normal stresses also increase in magnitude, attributable
to the shear-thickening behavior of the fluid. Everything that has been mentioned up until this point is
consistent with what was provided in [1,3,5,4].
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m-variation: The consistency parameter (m) measures a non-Newtonian fluid’s average viscosity,
describing its response to varying shear rates and its resistance to deformation [6]. We examine the
effects of varying the consistency parameter m at values 5, 10, 20 and 50, in both shear-thinning (n = 0.8)
and shear-thickening (n = 1.8) while holding all other parameters constant (Re = Pr = 1). Fig.7
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demonstrates that the impact of increasing the consistency parameter (m) on the velocity profile is
negligible. However, upon closer observation, a slight increase in the velocity level can be detected as m
increases, indicating a minimal yet measurable effect. As shown in Fig.7, the impact is less pronounced
for n = 0.8 and more substantial for n = 1.8, reflecting the characteristics of shear-thinning and shear-
thickening behaviors, respectively.

0 0.2 0.4 0.6 0.8 1

v

0

0.2

0.4

0.6

0.8

1

r

m=5

m=10

m=20

m=50

n=0.8, Re=1, Pr=1

0 0.2 0.4 0.6 0.8 1 1.2

v

0

0.2

0.4

0.6

0.8

1

r

m=5

m=10

m=20

m=50

n=1.8, Re=1, Pr=1

Figure 7: Influence of variation m on axial velocity.

For pressure, an increase in m necessitates a corresponding increase in p to maintain the same flow rate.
As the fluid’s resistance to flow rises, a greater driving force (pressure) is required to sustain the original
velocity profile. This effect is more pronounced when n > 1, as illustrated in Fig.8. All the above
results align with the findings presented in [7]. The effect on temperature is illustrated in Fig.9, where
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Figure 8: Influence of variation m on pressure drop.

increasing m leads to a marked rise in temperature. This increase is more pronounced for n = 1.8 (shear-
thickening), as higher values of m correspond to greater viscosity. Consequently, the fluid experiences
increased internal friction, which results in higher localized temperatures due to viscous heating. The
results are in good agreement with the reported values in [8].
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Finally, we analyze the impact of m on both shear stress τrz and normal stress τzz. The results,
presented in Figs.10 and 11, demonstrate that increasing m leads to a rise in the magnitude of both τrz
and τzz, particularly in shear-thickening fluids. This behavior is attributed to the increased viscosity
associated with higher values of m see [6].
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Figure 10: Influence of variation m on axial shear stress.

6. Conclusions

We simulated incompressible and inelastic flow under non-isothermal conditions using the DTG/PC
method in a system of cylindrical coordinates. The key objective of this study is the effectiveness and
reliability of the developed numerical method by studying the effect of power law index (n) and consistency
coefficient (m) on axial velocity, pressure drop, temperature, shear stress, and normal stress in both
shear-thickening/thinning scenarios. The findings reveal that in both cases, the levels of axial velocity,
pressure drop, temperature, shear stress, and normal stress increase as n increases. Notably, the rate
of increase is more pronounced in shear-thickening flows compared to shear-thinning flows. A similar
trend is observed for the consistency parameter m, where higher values result in amplified effects across
all parameters. Additionally, the link between shear rate and viscosity, particularly in the context of
shear-thickening/thinning behavior, remains a central focus of this analysis. All of these investigations
produced great outcomes that lined up with the predicted physical actions.
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