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Deffered Rough Z-Statistical Convergence in £-Fuzzy Normed Spaces

Reena Antal* Manpreet Kaur and Meenakshi Chawla

ABSTRACT: The present article devoted to explore the concept of deffered rough statistical convergence of
sequences through ideals in £-fuzzy normed spaces. We introduce the notions of deffered rough ideal statistical
limit points, deffered rough ideal cluster points, and deffered rough ideal boundedness within these spaces.
Additionally, we examine the theory of convexity and closedness in relation to the set of approximate statistical
limit points.
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1. Introduction

Statistical convergence is a generalized summability approach using natural density to usual conver-
gence, which was established by Fast [12] in 1951. The researchers have explored the numerous new results
and have influenced the development of new methodologies in statistical convergence approach. The ideal
convergence (Z-convergence) is one of the generalization of statistical convergence which was introduced
by Kostryko et al.[17]. Ideal convergence has inspired numerous researchers to explore this direction,
including extending ideal convergence from sequences of real numbers to sequences of functions, broad-
ening its scope for sequences, and various other related advancements [6,7,16,19]. In addition, concept of
rough convergence is considered as an important advanvement in convergence which handles the approx-
imate solution got using the numerical analysis. Phu [25] introduced concept of rough convergence for
sequences on finite-dimensional normed linear spaces, which was later extended on infinite-dimensional
normed linear spaces [26]. Aytar [5] further advanced the field by proposing rough statistical convergence
as a generalized variant of convergence. The concept of rough convergence has since inspired extensive
research on various sequence spaces and among others [2,3,4,8,20,24]. Kiigiikaslan and Yilmaztirk [18]
presented the concept of deferred statistical convergence as generalization of statistical convergence using
deferred Cesaro mean, which was given by Agnew [1]. Numerous research contributions in this direction
can be seen in [10,15,21,22].

The statistical convergence of sequences on L-fuzzy normed spaces was explored by Yapali [29]. £L-
fuzzy normed spaces [9] broaden the concept of classical normed spaces by using a complete lattice
L instead of the unit interval [0,1].This approach offers a flexible framework for addressing problems
involving uncertainty and ordered structures. The development of L-fuzzy sets [11], which utilize a
complete lattice £, introduces the necessary flexibility and generality. L-fuzzy normed spaces emerge
from the convergence of classical functional analysis, lattice theory, and fuzzy mathematics, offering
several advantages over traditional fuzzy normed spaces. Yapali et al. [30] expanded this concept by
studying lacunary statistical convergence sequences, which is a refined version of statistical convergence,
within the framework of £-fuzzy normed spaces. Aykut et al. [23] explored rough statistical convergence
in L-fuzzy normed spaces. Additionally, Khan et al. [14] investigated ideal convergence within the
context of L-fuzzy normed spaces. Rahaman and Mursaleen [27] presented rough deferred statistical
convergence for difference sequences on L-fuzzy normed space. Jan and Jalal [13] worked on lacunary
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A-statistical convergence on thses spaces. Recent research highlights the effectiveness of £-fuzzy normed
spaces, in addressing challenges where classical fuzzy approaches fall short. In present article aims to
define and investigate the fundamental properties of deffered rough ideal statistical convergence within
the framework of L-fuzzy normed spaces, offering a novel perspective on statistical convergence.

2. Preliminaries

The essential terminology and concepts required for deffered Rough Z-statistical convergence in L-
fuzzy normed spaces are reviewed in the present section.

Definition 2.1 A real sequence y = {ym} is statistical convergence to yo € R if to each ¢ > 0, set
{m € N : |ym — yo| > €} has natural density zero. The natural density of set K,, characterized as

d(K,) =lim, o Knl yhere | K| indicates elements present in K,, = {m € N:m < n}.

n )

Definition 2.2 [17] LetY # 0. A family T C P(Y) of subsets from Y is said to be an ideal in' Y provided,
(i) e (i) If A,B € T then AUB €T and (iii) For each A € T,B C A we have B € Z. Here, P(Y)
represents the power set of Y, which is the collection of all subsets of Y.

An admissible ideal in Y is defined as non-trivial ideal (Z # P(Y)) that is a proper subset of P(Y) and
encompasses all singleton sets. This ideal must be distinct from P(Y) itself.
Consider 7 as non-trivial admissible ideal in set of natural numbers throughout the article.

Definition 2.3 [17] Let Y # 0. A non-empty family F C P(Y) of subsets from Y is said to be a filter in
Y provided, (i) 0 ¢ F (ii) If A, B € F then AN B € F and (iii) For each B € F, A C B we have B € F.

Every ideal 7 is connected with a filter F(Z) defined by F(Z) = {M C Y : M° € T} where M° =Y — M.

Definition 2.4 [17] A sequence y = {ym} € Y is said to be ideal convergent (I -convergent) to ¢* if for
every € > 0, we have {n € N: |y, — (*| > e} € Z. Here, * is termed as Z-limit of sequence y = {ym}.

Further, we would like to highlight the concept of rough convergence.

Definition 2.5 [25] Let (Y,||.]|) be a normed linear space. Then, a sequence y = {ym} € Y is said to
be rough convergent (r-convergent) to (* € Y for some non-negative real number r if there exists mg € N
for every e > 0 such that ||y, — &|| < r +¢& for all m > my.

It is denoted symbolically by ym — C* orr — w}gnoo Ym = C*, where r is called roughness degree of rough

convergence of the sequence y = {ym}.

Definition 2.6 [2/] A sequence y = {ym} is said to be rough ideal convergent (r — I-convergent) to ¢*,
where r is non-negative real number, if for every e > 0,

{meN: |y, —("|>r+e} el
It is denoted symbolically by ym, I, ¢*orr—7— lim vy, =C".
m—r oo

The concept of deferred statistical convergence is considered using deferred Cesaro mean [1] rather than
Cesaro mean which is used with statistical convergence.

Definition 2.7 Deferred Cesaro mean for a sequence y = {ym} is given by

(Dp,qy)n = VN 7 Yk
am) —pln) ,_2=

n=1,2.3,... where p={p(n):n € N} and ¢ = {q(n) : n € N} are sequences of non-negative integers.
Also, p(n) < q(n) and 1i_>m q(n) = oo.
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1
For M C N, deferred density for the set M is given by D, ,(K) = lim WHZ eN:pn)<i<
q(n),i € M}|.
Definition 2.8 [18] A sequence y = {ym} is said to be deferred statistically convergent to yo if satisfies
1
lim ——— |{m e N:p(n) <m < qgn),|ym —yo| > €}| =0.

For p(n) = 0 and ¢(n) = n, deferred statistical convergence coincides with the concept of statistical
convergence for sequence y = {ym, }-

We will discuss £L-fuzzy normed spaces and convergence of sequences in these spaces through various
setups.

Definition 2.9 [28] Consider a complete lattice L = (L, <) and set A referred as universe. A L-fuzzy
set on M is characterized by the mapping X : M — L. The collection of all L-sets for a given set M is
represented by L.

The intersection and union of two L-sets S1 and S on M can be depicted as

(51N 82)(y) = S1(y) A S2(y),

(51U S2)(y) = Si(y) V Sa(y),

for each y € M.
In a complete lattice L, 0 and 11, represent the minimum and mazimum elements, respectively. For the
lattice (L, X),the symbols =, > and < used with their conventional meanings.

Definition 2.10 /28] Consider £ = (L, <) as a complete lattice. A function Q : L x L — L is termed
as t-norm, if satisfies for p,g,r,s € L+ (i) Qp.a) = Aa,p), (ii) Ap,a),7) = Up, Ag,r)), (i)
Qp,1.) = Q1L,p) = p, (v) p< q and r < s, implies p,r) < Q(g, 5)-

Definition 2.11 /28] A function N : L — L is said to be negator on L = (L, <) provided, (i) N'(0r) =
1r, (1) N(1r) =0y, (#3) p < q implies N'(q) < N(p) for p,q € L.
Additionally, if N(N(p)) = p for every p € L. Then, N is said to be involutive negator.

Definition 2.12 /28] Let L = (L, %) be a complete lattice and Y be a real vector space. § be a continuous
t-norm on L and p be a L-set on'Y x (0,00) satisfying

(i) u(p,s) = 0r, forallpe Y, s >0,
(ii) u(p,s) =1y, for every s >0 iff p=196,
(i11) p(ap,s) = p (p, ﬁ) forallpeY, s>0 and a € R— {6},
() Qu(p,s),pu(q,t) < plp+4q,s+1t), for allp,g €Y and s,t > 0,
(v) lim p(p,s) =1 and lim p(p, s) = Or for allp € Y — {6},
(vi) Functions f, : (0,00) = L such that f,(s) = u(p,s) are continuous.
Then, triplet (Y, u, Q) is known as L-fuzzy normed space or L-normed space.

Example 2.1 [23] Let (R,|.|) be a normed space, Q@ be a continuous t-norm given by Q(a1,a2) = ajaz
for ai,as € L, and p be a L-fuzzy set on R x (0,00) defined by p(a,s) = %MI for all s >0 and a € R.
Then, triplet (R, u, Q) is a L-fuzzy normed space.

Definition 2.13 [28] Let (Y, u, Q) be a L-fuzzy normed space. Then, a sequence y = {ym} €Y is said
to be convergent to (* € Y corresponding to fuzzy norm u if for every e € L — {01} and s € RT, there
exists mg such that p(ym — C*;8) = N(g) for m > my.
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Definition 2.14 [29] Let (Y, u, Q) be a L-fuzzy normed space. Then, a sequence y = {ym} € Y is said
to be statistically convergent to * € Y corresponding to fuzzy norm p if for every e € L — {0p} and
s € RY, we have d({m € N : u(ym — C*;5) # N(e)}) = 0.

It is denoted symbolically by ym Ste, ¢* or Ste — lim y,, =(".
m—0o0

Definition 2.15 [23] Let (Y, u, Q) be a L-fuzzy normed space. Then, a sequence y = {ym} € Y is said
to be rough convergent to (* € Y for some r > 0 corresponding to fuzzy norm p if for every e € L — {01}
and s € RT, there exists mo such that u(ym, — C*;r+8) = N(e) for all m > my.

Definition 2.16 [23] Let (Y, 1, Q) be a L-fuzzy normed space. Then, a sequence y = {ym} € Y is said
to be rough statistically convergent to (* € Y for some r > 0 corresponding to fuzzy norm u if for every
ee€L—{0.} and s € RT, we have d({m € N : p(y,m — *;7+8) # N(e)}) = 0.

It is denoted symbolically by y, =5ty ¢* orr— Sty — lim y,, =(".
m—0o0

Definition 2.17 [14] Let (Y, u, ) be a L-fuzzy normed space. Then, a sequence y = {ym} €Y is said
to be ideal convergent to (* € Y corresponding to fuzzy norm u if for everye € L —{0.} and s € R, we
have {m < n: u(ym — C*;s) # N(e)} € Z.

It is denoted symbolically by ym, EZN ¢t orZy— lim y, =(".
m—0o0

Definition 2.18 Let (Y, 1, Q) be a L-fuzzy normed space. Then, a sequence y = {ym} € Y is said to be
ideal statistically convergent to ¢* € Y corresponding to fuzzy norm u if for every or everye € L — {0},
§ >0 and s € RY, we have

{nEN:;|{m§n:,u(ym—C*;s)%J\/'(€)}|>(5}EI.

S z
It is denoted symbolically by ym, Ste, ¢* or Stt — lim y, = ("
m— o0

Definition 2.19 Let (Y, u, Q) be a L-fuzzy normed space. Then, a sequence y = {ym} € Y is said to be
deffered statistically convergent to (* € Y corresponding to fuzzy norm u if for every e € L — {01} and
s € RT, satisfying

i ! :p(n) <m < (n — (%58 =
nll_{I;OmHmEN-p()< < (n), i(ym — C58) # N(e)} | =0.

Dy q—Str

It is denoted symbolically by yum, C¢* or Dp g — Ste — lim y,, = (™.
m—0o0

Definition 2.20 Let (Y, u,Q) be a L-fuzzy normed space. Then, a sequence y = {ym} € Y is said to
be deffered rough statistically convergent to (* € Y corresponding to fuzzy norm p for some r > 0 if for
everye € L — {01} and s € RT, we have

i ! :p(n) <m < (n —("r+s =
nlggom|{m€N-P()< < (n), p(ym — 57+ 5) # N(e)}| = 0.

Dpg—r—58
It is denoted symbolically by ym Dra7r=5te, C* or Dpg—r—>Stg— lim y, =(".
m—0o0

3. Main Results

In this section, we will address deffered rough ideal statistical convergence in a £-Fuzzy normed space
and demonstrate its important properties.
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Definition 3.1 Let (Y, u, Q) be a L-fuzzy normed space. Then, a sequence y = {ym} € Y is said to be
deffered ideal statistically convergent to (* € Y corresponding to fuzzy norm p if for everye € L —{0,},
§ >0 and s € RT, satisfies

! i s 5
{nEN:q(n)p(n)HmeN:u(ym—C, )~ N( )}|2(5}€I.

Dy q—St%
It is denoted symbolically by yy, Dra=Stz, ¢* or Dy — Sth — lim y, =(*.
m— o0

Definition 3.2 Let (Y, 4, 2) be a L-fuzzy normed space and r > 0. Then, a sequence y = {ym} € Y
is said to be deffered rough ideal statistically convergent to (* € Y corresponding to fuzzy norm p if for
everye € L—{0z}, 6 >0 and s € R, we have

L r+s
{neN.q(n)_p(n)ngn.u(ym—C, + )%N(e)}|25}EI.

D, ,—r—StL
It is denoted symbolically by y,, D775, ¢* or Dpy—1—StE — lim y,, ="
m—0o0

In general, D, , — r — St% limit of a sequence may not be unique. Therefore, we consider the set
D,,— Stk — LI M, (y) which represents the set of all deffered rough ideal statistical limit points of the
sequence y = {y,, } corresponding to fuzzy norm p in £L-fuzzy normed space (Y, i, 2) as

D,y — SEE— LIM(y) = L ¢* ¢ gy D2ar =52, s
P,q 73 ,u(y)_ " Ym ¢

Moreover, sequence y = {yn, } is (*-convergent provided Dpﬁq—St%—LIM[L(y) # (). For sequence y = {y,,
of real numbers, a set of rough limit points is observed as

Dyq — StE — LIM, (y) = {an — Stk —limsup yy, — 7, Dp g — St& — lirginf Ym + r} .
m—r o0 m o0
Example 3.1 Let (R,]|.]) be a normed space, Q be a continuous t-norm defined by Q(a1,a2) = ajas for
ay,as € L, and p be a L-fuzzy set on R x (0,00) defined by p(a,s) = ﬁml foralls >0 anda € R. Aspu

satisfies above conditions then triplet (R, u, Q) becomes L-fuzzy normed space. Consider ideal in N which
contains the sets with natural density zero. Take a sequence y = {ym} such that

[ C)m mAw
Ym = { m otherwise. ' € N
Then,
D, —SiZ— pimr(y) =4 " rel
P.q L p\Y) = [1—r,r—1] otherwise.

Definition 3.3 A sequence y = {ym} in L-fuzzy normed space (Y, 1, 2) is said to be Dy, — I — Str-
bounded if for every e € L —{0,} and § > 0, there exists H > 0 satisfying

1
{nEN.q(n)_p(n)HmeN.u(ym,H) £ N (@)} 25} eT.

Next, we demonstrate important properties of deffered rough ideal statistical convergence in a L-fuzzy
normed spaces.

Theorem 3.1 Let (Y, 1, Q) be L-fuzzy normed space. Then, sequence y = {ym} in'Y is said to be deffered
ideal statistically bounded or Dy, , — St -bounded if and only if Dy, , — St% — LIM](y) # 0 for somer > 0.
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Proof: Necessary Part:

Let sequence y = {y,, } be deffered ideal statistically bounded or Z — St,-bounded L-fuzzy normed space.

Then, for every € € L — {0z}, § > 0 and s € RT satisfying

1
neEN: ————— {m e N: u(ym;s) £ N(e >5}GI.
{nen: L lm e N ulmis) ¥ N
Being admissible ideal Z, we have M = N\ G # (), where

G={nen: m € N i) # N 2 5

v
q(n) —p(n)

Choose m € M, then

1
{nEN.q(n)_p(n){mEN.u(ym,s)%N(E)}}<5

1
:ﬁ{”GN'ﬂm—pm>

Let K ={m € N: pu(ym;s) = N(e)}.
Also,
(i + ) = Q((1(0,7), (Y 5))
= Q(1z, 1(ym; 8))

= N(e).
Thus K C {m € N: u(ym;r + s) = N(e)}.
Using (3.1), it implies 1 — ¢ < q(n;il)(n) < q(n)ip(n) {m € N: p(ym;r +s) = N(e)}.
Therefore,
1

——————{{m e N: ulym;r +5) £ N(e)} < 6.

s | € N i+ 5) £ N
That gives

1
{nEN.q(n)p(n)|{m€N.,u(ym,7“+s)>4N(5)}|25}CGEI.

Hence, 0 € D,, , — St — LIM;(y). Therefore, D), — St — LIM}(y) # 0.

Sufficient Part:

Hmer@m@>Nk»@21—&

(3.1)

Let Dy, — Stz — LIM(y) # 0 for some r > 0 . Then, £ € Y exists such that £ € D, , — St7 — LIM] (y).

Hence, for alle € £L —{0,}, > 0 and s € R*, we have

1
{nEN.q(n)_p(n)HmeN.u(ym—ﬁ,s)%N(a)}>5} el

Consequently, almost all y,,’s are enclosed within a ball having centre £ in L-fuzzy norm space, which

imply that y = {y,} is D, , — Stk-statistically bounded in £-fuzzy normed space.

d

The algebraic characterization of r — Z — St,-convergence provides a useful tool for analyzing and

understanding the behavior of sequences in L£-fuzzy normed space.

Next, we discuss a r — Z — St,-convergent sequence y = {y»} C Y can be characterized algebraically by

the following results in £-fuzzy normed space.

Theorem 3.2 Let {y.} and {z,,} be sequences in L-fuzzy normed space (Y, p, Q) and Z be an admissible

ideal, then next results holds:

D,.q—r—StZ D, q—r—St
(i) If ym —22""7"L5 4y and o € N then aypm —2——"%5 ay.

Dy.q—r—I—St Dy q—r—St D, q—r—StZ
(i) If ym —— ! L yo and zp, —22 —— 20, then (Ym + 2m) ——— —

(yo + 20)-
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Proof: Proof is obvious, so we won’t include it. O

In the next theorem, we will show the set D, , — St7 — LIM] (y) is closed.

Theorem 3.3 Lety = {ym} be a sequence and r is some non-negative real number. Then, set of deffered
rough ideal limit points i.e D, , — Stk — LIM;(y) of a sequence y = {ym} in a L-fuzzy normed space
(Y, 1, Q) is a closed set.

Proof: If r = 0 then the result is obvious as D, ; — St% — LIMj (y) is either () or singleton set.

Let D, 4 — St7 — LIM] (y) # 0 for some r > 0.

Consider convergent x = {x,,,} sequence in (Y, u, Q), which converges to 2o € Y corresponding to fuzzy
norm p. Fore € L —{0,} and s € R* we get mg € N such that

,u(xm xo; )>—N( ) for m > mg.

Let us take x,,, € D), 4 — Stz — LIM;(y) and & > 0 then

S:{neN:MHmEN:u(y — Ty T+ >>N()H }EI.

Being Z admissible we get G = N\ S # ). Choose m € G, then

q(n)ipm)‘{meN:“(ym Tt ) # NE| <5

© e n e ) a1

PutB:{mGN:u(ymfxml;rJr%) >N(€)}. For j € B with j > mg, we have
S S
wy; —xo;r +8) = Q(u (yj —wml;r+§) ,u(ﬂcml —wo;i))
= N(e).

Therefore,
je{meN: u(ym —zo;7 +35) = N(e)}.

Hence, B C {m € N: pu (ym — zo;7 + s) = N(¢)}, that provides

| Bn| 1
1-6< < €EN: m — To;T +5) = N )
= 2~ pl) = alm) —pmy |0 SN Gm i) = N
Therefore, W Hm € N: p(ym —zo;r +5) # N(e)}| <.
Then,
1
Hence, o € Dy g — Stz — LIM] (y) in (Y, u, Q). O

The convexity of the set D, , — St% — LIM, 1(y) is explained in the next result.

Theorem 3.4 Let y = {y,,} be any sequence in a L-fuzzy normed space (Y, u, Q) then the set Stk —
LIM;(y) 18 a convex set for some positive number r.
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Proof: Consider (1,(s € D, , — St& — LIM;](y). For convexity we will show (1 —w)(1 +w(2 € Dy 4 —
Sty — LIM](y) for any w € (0,1).
As (1,( € Dy g — StE — LIM](y), then m € N exists for every e € L — {0} and s € R* such that
r+s
= N: m — (1 —————— ,
So={men:n (um-cigh ) ¥ ae))

and

Slz{meN:u(ym—@;’"“) %N(e)}.

2w
For § > 0,

1
{nEN.q(n)_p(n)HmEN.meSoUSlHE(S}EI.

Take 0 < 61 < 1 with 0 < 1— 67 < 6. Then

1
S=<neN: ——— {meN:me SguSi} >0, €.
e o ruslza)
Forn ¢ S )
——|{meN:me SguUSi}H <1-—56.
al)— o) ousi e
1
_ : >1—(1-— = 0.
q(n)ip(n) |{mEN m¢50U51}|_ ( (51) 01
Thus,{mGN:m¢SOUSl}7é®. LetmE(SOUSl)C:SSOSf.
Then,

p(ym = 11 = w)G + wGlir +8) = pl(1 = W) (Ym = C1) + @ (Y — Ca)i 7+ o]

(H ((1 —w)(Ym — C1); T;S) yt (w(ym —G)i ; S))
e

- N(e).

This implies S§ N S{ C B, where B,, = {m € N : pt (Ym, — [(1 —w)C1 + wlo|;m+ 5) # N(e)}.
Forn ¢ S,

{meN:m¢ SyUS}| < [{m e N:m ¢ Bn}|

1
= q(n) —p(n) q(n) —p(n)

or
1

q(n) —p(n)
Hence,SCC{neN:q )|{m€N:m€Bn}|<(5}.

1
(n)—p(n

Since 5S¢ € F(Z), then {n eN: %(n) {meN:me B,}| < 5} € F(Z). Therefore,

q(n)—
{neN: foytsm HmeN:me B} =6} € 7. This implies that Dy, — St — LIM;(y) is a convex

__ 1
n)—p(n
set. O

{meN:meB,}|<1-6 <4

Theorem 3.5 A sequence y = {ym} n a L-fuzzy normed space (Y, u,Q) is deffered rough ideal sta-

tistically convergent to (* € Y corresponding to the norm p for some r > 0 if there exists a sequence

z={zm} inY such that Dy, —Z — Sty — lim 2, =" inY and for everye € L — {0z} and s € RT
m—o0

have w(ym — zm;r + ) = N(e) for allm € N.
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Proof: Consider z = {z,,} sequence from Y, which is deffered Z-statistically convergent to ¢* and
w(Ym — zm;r + 8) = N(e).
Fore € L—{0z}, 6 >0 and s € RT the set

M:{nEN: |{m€N:,u(zm—C*;s);4./\/(6)}|26}EI.

1
q(n) —p(n)
Define

S1=A{m e N: p(zm — (55) # N(e)}
Sz ={m € N: p(ym — zm;7) # N(e)}.
For § > 0, we have
{nGN:M|{m€N:m651USQ}|>5}€I.

Take 0 < §; < 1 such that 0 <1 —6; <. Then
1
S—{nGN:n{mGN:mGSluSQHZdl}GI,

Forn ¢ S

——{meN:me S uUS} <1-§
at)— o) st

1
q(n) —p(n)
Thus {m € N: m ¢ S; US>} # 0.
Let m € (Sl USQ)C = Sf N Sf
Then,

\{mEN:m%SlLJSQHZél.

B (Ym — 57+ 8) = Q(p(ym — 2m; 1), wlzm — 75 8))
= N(e).

Which gives S{ N S5 C B¢, where
B={meN:pu(ym —(5r+e) ¥ N(e)}.
So for n ¢ S,

51§7|{m€N:m¢51USQ}|§

q(n) — p(n) |{m € N:m ¢ B}|

v
q(n) —p(n)

or

m|{meN:meB}|<l—51<&

Therefore, S¢ C {n eN: m {meN:me B} < 5}. Since S¢ € F(Z) then we get

1
{nGN. O] [{meN: mGB}|<5}€]:(I),

r—TI—St§

i.e {nEN: 7 3 |{m€N:m€B}|Z(5}€I. Hence, ym, ¢*. O

1
n)—p(n

Theorem 3.6 Let y = {ym} be a sequence in a L-fuzzy normed space (Y, 1,m) then there does not exist
two elements (1, B2 € Dy q—T—Ste—LIM] (y) forr >0 ande € L—~{0,} such that u(B1—Pa; cr) = N (e)
forc> 2.
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Proof: We shall use contradiction to support our conclusion. Assume there exists two elements (1, 8y €
Dy,q — Stz — LIM];(y) such that

w(B1 — Baser) # N(e) for ¢ > 2. (3.2)
As B, B2 € Dy — Stz — LIM],(y) then for every ¢ € £L — {0} and s € R*. Define,

Slz{mENZM(ym_BI§T+§) ?‘N(E)}

So={meN:p(yn—Bair+3) £ NE)}.

Then,
—l meNmeSUSI<—  [meN:meS)+
g(n) = p(n) ' P g(n) — p(n) ' '
1
——  _|{meN:meS}.
) —pw ! 2
By the property of Z-convergence, we have
1 1
IT—lim ————|{fmeN:me S 5US}H<T—-lm ———[{meN:meS§
e ) — pl) | 1S < i = H
1
+Z—-lim ————|{meN:me Sz} =0.

n—o0 g(n) — p(n)
Thus,
{nGN:leGN:mESlUSQ}Zé} €Z, for all § > 0.
q(n) —p(n)

Take 0 < 61 < 1 such that 0 <1 — 61 < 6.

Let
1
K=qneN: —————<|{meN:me S5 US}[>d el
{ q(n) —p(n) i 1US2} > 1}
Now for n ¢ K )
———{meN:me S US} <1-4d,
q(n) —p(n) it 1 U Ss| 1
1
o : o ss
oy M ENm g SiUSH 21-(1-8) =4

This implies {m € N:m ¢ S; U S5} # 0. Then for m € S{ N SS we have

M(ﬁl—ﬁ%??"f's)EQ(M(Z/m—&1T+§),M(ym—51;7“+f))

2
= N(e).
Hence,
w(B1 — Ba;2r + s) = N(e). (3.3)
Therefore, from (3.3) we have p (81 — B2;¢r) = N(e) for ¢ > 2. which results contradiction to (3.2).
Consequently, there fails to exist the elements with condition p(8; — Bg;cr) # N(e) for ¢ > 2. O

Definition 3.4 Consider (Y, u,Q) as a L-fuzzy normed space. Then v € Y is said to be deffered rough
T-statistical cluster point of the sequence y = {ym} € Y corresponding to fuzzy norm p for some r > 0 if
for everye € L — {0z}, 6 >0 and s € RT

1
{nGN.qm)_p(n)HmGN.u(ym7,7‘+5)>‘N(6)}|<5}¢I.

In this case, v is known as deffered rough ideal statistically cluster point of a sequence y = {ym}.
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Let FStI(

Yy = {ym} corresponding to fuzzy norm p of sequence y = {y,,} in a L-fuzzy normed space (Y, p, ).
If r = 0, then we get deffered ideal statistically cluster point corresponding to fuzzy norm g in L-fuzzy

r—Dp.q Dp.q
normed space (Y, pu, Q) i.e FStI( ) (y) = I“Stz(u)(y)

(y) represents the collection of deffered rough ideal statistically cluster points of sequence

Theorem 3.7 Let (Y,u,Q) be a L-fuzzy normed space. Then FStI( 3o (x), set of all r-I-statistical-

cluster points corresponding to fuzzy norm u of a sequence © = {xy} is closed for some r > 0.

Proof: If Frtz?p)q( )(z) = 0, then we have nothing to prove.
Assume, thz?p)“( )(z) # 0. Take a sequence ¥y = {ym} C FTtI]?p)q( )(z) such that y, < yo. It is

sufficient to show that yo € I'g tI( ().

AS ym -5 yo, then for every ¢ € £ — {0} and s € R, there exists m. € N such that
1 (Ym — yo; £) = N(g) for m > me..
Let us choose some mg € N such that mg > m.. Then we have p (ymo Y0; 2) = N(e).

Again as y = {ym} C I’;tf()”)“ (z), we have yp, € I’;tzl()”)“ (x).
:>{n€N:1Hm€N:u(x = Ymgi T + );‘N( )H }¢I (3.4)
q(n) —p(n)
Consider G = {m € N : p(2y, — Ymo;7 + 5) # N(g)} . Choose j € G¢, then we have pu(zj — Ypmo; 7+ 5) >
N(e).
Now,

S
u(xj—yo;TJrS)tQ(u( ymo,r+2) (ymo yo;r+§))

Hence

{m e N: ul@m = Yme;7+ 5 (€)} S {m e N: p(zm —yoir +5) = N(e)}.
=h>{m€N:u( yo7r+8) N(e)} < {mSwu(wm—ymo;?‘Jr%)%N(E)}-
Thus,

{neN: H{m € N: p(xp —yo;7 + 8) ¥ N(e)}| < 8}

1
q(n) —p(n)
1

< {" N =)

HmEN (T — Ymg; T+ )?‘N( )}’ }

From (3.4), we have

1
{nEN:q(n)p(n)|{m€N:u(xm—y0;r+€)¥N(5)}<6} ¢z

I—m Dy 4

SZ (1) (x). Hence, the result proved. O

Therefore, yo €

Theorem 3.8 Let y = {ym} be a sequence in L-fuzzy normed space (Y, u,Q), which is deffered ideal
statistically convergent to ¢* and B(C*,e,7) = {y € Y:u(y — C*;r) ¥ N(e)} is a closed ball for some
r>0ande € L— {0} then B(C*,e,r) C L — St — LIM;(y).

Proof: Since y,, is an deffered ideal statistically convergent to ¢(* corresponding to fuzzy norm pu i.e

Dy, —St%
ym’—tﬁ>C*,thenforeeﬁ—{OL}y5>OandsER+

1 -
S:{neN.q(n)_p(n)HmeN.u(ym—C, )%N(s)}|>6}ez
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Since Z is admissible so G = N\ S # (), then for m € G¢,

v
q(n) —p(n)
1

:>m|{meN:“(ym—C*;8)>N(e)}|21_5.

{m € N: pu(ym — ("3 8) # N(e)} < 6.

Put C ={m € N: pu(ym — (*;8) = N(e)} for j > m. For j € C, u(y; — C*;s) = N(e).
Let y* € B(C*, A\, r). We will prove y € D, , — St% — LIM,

wy; —y5r+s) = Quly; — ¢ e)uly™ — )
= N(e).

Hence, C' C {m € N: pu(yn, —y*;7 + s) = N(e)}, which implies that

€] 1
1-6< < meN: m— YT+ 5) = N(e)}.
) — () = () —py [ N ) N
Therefore, q(n)ip(n) H{Hm e N:p(ym —y*5r+s) ¥ N(e)} <é.
Then,
1
neN: ————  |[{meN: m— Yy r+s) £ N(e Zé}CSGI.
{ne N el € N 774 5) £ MO
which gives that y* € D, , — St7 — LIM(y) in (Y, u, Q). O
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