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Extension of the k-Beta Function Using the Two-Parameter Generalized Mittag-Lefller
Function
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ABSTRACT: This paper introduces a new extension of the k—Beta function through the two-parameter
generalized ML function, highlighting a crucial link between these mathematical constructs. The k-Beta
function, recognized for its diverse applications, is expanded to reflect the flexibility of the generalized ML
function in fractional calculus and various fields. We discuss important identities and properties of this
extended k-Beta function. Our results deepen the understanding of the relationship between these special
functions and offer valuable resources for researchers in mathematics and related disciplines investigating
fractional processes and their applications.
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1. Overview and Fundamental Concepts

Throughout the 20th century, special functions have captivated researchers, sparking multiple waves
of interest. Defined often through improper integrals or infinite series, these functions serve as vital
instruments across diverse fields, including scientific research, chemistry, computational physics, and
techno-focused statistical study [1]-[4]. Their significance lies not only in pure mathematics but also
in numerous applied contexts. Among these special functions [5], the beta function stands out due to
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its versatility and wide-ranging applications, impacting areas such as data evaluation, quantum physics,
radio frequency field theory, statistical theory, and algebraic number theory.

The k-Beta function, an extension of the classical Beta function, has garnered considerable attention
due to its versatility and applicability in various branches of mathematics and applied fields. Traditionally,
the Beta function is utilized in contexts such as probability, statistics, and combinatorial mathematics.
However, the k-Beta function expands upon this foundation, enabling a broader range of applications,
particularly in the study of complex systems and phenomena that exhibit fractional dynamics.

In recent years, the exploration of generalized functions has provided new avenues for mathematical
research, leading to a deeper understanding of various phenomena that do not conform to traditional ex-
ponential decay patterns. Among these generalized functions, the Mittag-Leffler function [6] has emerged
as a powerful tool in fractional calculus and anomalous diffusion, capable of capturing the intricacies of
non-exponential behaviors in diverse fields, including physics, biology, and finance. The two-parameter
Generalized ML function, in particular, offers a rich framework for generalizing exponential functions and
can effectively model processes characterized by variable rates of decay or growth.

By connecting the k-Beta function to the two-parameter Generalized ML function, this paper suggests
a novel method for dealing with it. By forging this link, we aim to enrich the theoretical landscape of
special functions and provide a comprehensive analysis of the new representations of the k-Beta function.
Our exploration will reveal important identities and properties that enhance its applicability in fractional
calculus.

1.1. Definition: The Classical Beta & Gamma Functions

The classical beta function is a first-kind Euler integral and is defined as follows:

1
B(m,n) :/ "l —t)yntde (1)
0
This definition applies to any complex numbers m and n, provided that the real parts of both m and n
are greater than zero (i.e., Re(m),Re(n) > 0).
The beta function is intricately linked to the gamma function, articulated in the equation:

['(m)T(n)

B(m.n) = T'(m+n)

One of the notable properties of the beta function is its symmetry, expressed as:
B(m,n) = B(n,m) 3)

for all m and n.

(m—1)! (n—1)!

Bm+n) = (m+mn-—1)!

(4)
The classical gamma function, denoted as I'(w), is a fundamental function in mathematics that extends

the concept of factorials to non-integer values. It is defined for complex numbers w with a positive real
part. The integral representation of the gamma function is:

T(w) = /000 et tde, Re(w) >0 (5)

1.2. The Extended Form of Beta & Gamma Functions
The generalization of the beta function, introduced by Chaudhry and Zubair [7], is defined as follows:

BY(m,n) = /1tm1(1 —t)”lexp(—t(tb_l)) at (6)

0
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Here, the parameters m and n are arbitrary complex numbers with the conditions Re(m) > 0, Re(n) > 0,
Re(b) > 0. The equation (6) reduces to the classical beta function for b = 0, as demonstrated in equation
(1) (see Chaudhary et al. [7] & [8]).

Chaudhary et al. [9] introduced a novel extension of HG and CHG functions using the extended beta
function, which is defined as follows:

o0

Bbm+p s—n)uw?
b )
F?(m,n; s;w) E Blms—n) 7 (7)

Where m,n,s € R, b >0, |lw| <1, Re(s) > Re(n) > 0.

And oy
P (n; 5:w) = i "B st s — ) wr

p=0
Where m,n,s € R, b >0, Re(s) > Re(n) > 0.

(8)

B(n,s —n) p!

In 2018, Shadab et al. [10] introduced the extended form of the beta function by expressing it in
relation to the ML function, as detailed below:

B®(m,n) = /01 "1 -t E, (—t(il)> dt (9)

Where Re(b) > 0, Re(m) > 0, Re(n) > 0, a € R{.

And E,(w) is the Mittag-Leffler function with one parameter and is defined as:

= i w? weC, aeRy (10)
- T A\ ) 0
= I'(ap+1)

Chaudhary et al. [9] defined novel extended HG and CHG functions. Their approach involved utilizing
an extended form of the beta function expressed in terms of the extended ML function:

oo Bb _ »
= > m), P P )

Fbmnsw ] '
(m,s —n !
= ; p

Where a € R{, b € RY, |w| < 1, Re(s) > Re(n) > 0.

And

bl o —
¢ (n,S,'LU) - B(ms—n) p'

p=0
Where o € R{, b € R, |w| < 1, Re(s) > Re(n) > 0
Chaudhary and Zubair [7] defined the extended form of the gamma function as:
*° b
I(w) = / tw=t exp( t— ) dt, Re(b) >0 (13)
0

1.3. The Definition of k-Beta & k-Gamma Functions

The k-beta and k-gamma functions were introduced by Akhtar et al. [11]. The k-beta function,
By,(m,n), is the extension of the classical beta function and is defined as

1
Bk(m,n):%/ tF Y1 —t)FLde (14)
0
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where m, n, and k are real or complex numbers.
Also, we have

Bi(m,n) = m Re(m) > 0, Re(n) > 0 (15)
and

The integral representation of the k-gamma function is given by:

o k
I'p(w) = /0 t“Lexp (—2) dt, Re(w) >0 (17)
Also,
Ty(w+ k) = wT(w) (18)

This k-gamma function has a relationship with the k-Pochhammer symbol as:

~ Tw(w+nk)
(w)mk - Fk(’u}) (19)

1.4. The Extended k-Gamma & Extended k-Beta Function
Definition 1.1 (Extended k-Gamma Function [12]) The extended k-gamma function is defined as

It (w) = /0 t*~!exp (kz - k:tk> dt, Re(w) >0, b>0, k> 0. (20)

Remark 1.1 If b = 0, the function I'} (w) transforms into the gamma function I'y(w). When k = 1,
'’ (w) approaches the extended gamma function I'}(w) as defined in equation (14). When both
b=0and k=1, I'}(w) turns into the classical gamma function I'(w).

Definition 1.2 (Extended k-Beta Function) The extended k-beta function, denoted as Bz(m,n), 18
defined by

1 [ 5 b*
B = — R O AR s — 21
b = [ 0F 0 0F e~ ) o (21)
where Re(m) > 0, Re(n) > 0, k > 0, and Re(b) > 0.
Remark 1.2

(i) For k = 1, the above equation (21) becomes valid for the extended beta function.
(ii) For b = 0, the above equation (21) becomes valid for the k-beta function.

(iii) For k =1 and b = 0, the above equation (21) becomes valid for the classical beta function.

Remark 1.3 Mubeen et al. [12] provide the trigonometric expression for the extended k-beta function:

2 (3 2m 2 k
BY(m,n) = %/0 (cos@)* ~t(sinf)* "L exp (—b> dé. (22)

k cos? 0 sin® 0

Remark 1.4 Mubeen et al. [12] furnished the integral representation of the extended form of the
k-beta function as follows:

/ b" 1Bl (m,n)db = Ty(r) Bp(m +7r,n+7). (23)
0
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1.5. The Mittag-Lefler (ML) Function
Definition 1.3 (Mittag-Leffler Function) The ML function [13] is defined as

e an

Eq(Q) = 'rn,Z:O Tlam+1) (24)

where a > 0 is a parameter, ) is a complex variable, and " is the gamma function.
1.6. One & Two Parameter Mittag-Leffler Functions
Definition 1.4 (One-Parameter Mittag-Leffler Function)

oo qQm

E,0)=Y —* 25
(@) mZ:O I'(am + 1) (25)
Definition 1.5 (Two-Parameter Mittag-Leffler Function [14])
(o) Qm
E Q) = E —_— 26
(a,b)( ) — F(am + b)’ ( )

where a,b € C with a,b > 0 and Re(b) > 0 and Q is a complex parameter .
2. A New Extension of Extended k-Beta Function

Definition 2.1 (Extended k-Beta Function via Two-Parameter ML Function) A nowvel exten-
sion of the extended k-beta function in terms of the two-parameter generalized Mittag-Leffler function
18

1t 2 bk
ML 1b,6,0 _ m_q n_q
Bya g(m,n) = %/0 te T (1—1)* " Eapg |:_kt§(1_t)9:| dt, (27)
where k € RY, b € R}, a, B € RY, 6,0 € R, Re(b) >0, Re(m) > 0, Re(n) > 0.
Definition 2.2 (Two-Parameter Generalized ML Function)
WP

Eaﬁ(W):p;Om, a,BERS, WeC, (28)

oo

Remark 2.1

1. Settinga=1,8=1,6 =1, and =1 in equation (27) gives

MEBPT (m,n) = By(m,n). (29)
2. fa==6d=0=1and b= 1, then
MLB,i:H(m,n) = Bi(m,n). (30)
3. Setting k =1 gives bso b5
MLBlza”B(m,n) = MLBa’ﬁ’ (m,n). (31)
4. Fork=1,p=1,0=1,0=1,
MEBI (myn) = B (m,n). (32)
5. Fork=1,a=8=6=0=1,
MEBYTH(m,n) = B®(m,n). (33)
6.
ML b,s,0 Lain pbso (m 1
By mon) = SMEBpS S (T (34)
7.
b,5,0 b,5,0
MLBk7a7ﬁ(m, n) = MLB,CMB(TL, m). (35)
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3. Properties of the Extended k-Beta Function in terms of Two Parameter ML Function

In this section, we derive several crucial relationships related to the extended form of the k-beta
function.

Theorem 3.1 The extended form of the k-beta function in terms of the two-parameter ML function holds
the following relation:

b,8,0 b,6,0 b,5,0
MLB,“O“B(m7 n) = MLB,C,aﬁ(m +k,n)+ MLBk)aﬁ(m, n+k) (36)

where k € R*, b € RY, o, B € R, 6,0 € RY, Re(b) > 0, Re(m) > 0, Re(n) > 0.

Proof: By the definition of the extended k-beta function in terms of two-parameter ML function, we

have
ML pb.6.6 (m,n) = 1/1 t%‘l(l —t)%_lE B bk Ny
ko BT k Jo S TR R
Then
R L L VN [RSLG, p (37)
ke BT k o P Tk (1—t)0
and
MBS, m ko) = ¢ [ T IRV L Y (38)
bl "k R LI

Adding these gives

== tk 1—-1)* 1—2)+t* 1-0)% "t Bqp|l————5| dt
A G O R R B s
which simplifies to
5,0
:MLBZaﬂ(m,n).

Hence proved. O

Theorem 3.2 The following integral representations are valid for the extended k-beta function with two-
parameter ML function:

2.1
2 (% 2m 1, . 2n _
MLBZ:i?ﬁ(m,n):E/O (cos @) % ~I(sin¢)* 1Ea,5 [—5(8602 ¢)5(CSC2 ¢)‘9] do (39)
2.2
MLBPOO (m,n) 1/00 i g { S(HC)M}dC (40)
m,n) =+ — i LaB | Ty )
boof klo (q+oyme o
2.3
Rl . it
ML 1b,6,0 m _q n_q
o =0 - — .41
By p(m,n) A /_1 1+0)*t1-C)* Ea,ﬂ[ (Hc)é(lc)e}dc (41)

Proof 2.1. By the definition of extended k-beta with the two-parameter ML function, we have

1 [t n v

ML pb,6,0 1 1

B} =— [ tF (1t Eop|—————|dt. 42
k"a’ﬁ(m7n) k/o ) ( )k , |: kt(;(lt)e] ( )

Let t = cos? ¢, then dt = —2cos ¢sin ¢ d¢. Also, when t =0, ¢ = 5 and when t =1, ¢ = 0.
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Thus,
ML b6, L[ o m .9 ,n bk
Byas(m,n) :_%/ﬂ (cos” @) F ~ (sin“ )% " Equp " H(cos2 9) (sin 9)° (2cos gsing)dg.  (43)
= %/Of(cosé)%—l(sin¢)27n—lEaﬁ [—S(S602 (b)&(CSCQ (ZS)Q} do, (44)
k
where s = % 0

Proof 2.2. By the definition of the extended k-beta two-parameter ML function, we have

]. 1 m n bk

ML 1b,0,0 1 1

B %7 (m = - tk 1-—t FE,g|l——————|dt. 45
k,a,ﬁ( an) k/O k ( )k 75{ kté(l t)G] ( )

Let t = L7 then dt =

5 C 5 dC. Also, when ¢t =0, C' =0 and when ¢ = 1, C' = co. Thus,

1+0)

1> c \* c O\t bt
ML b.5.0 ’ :7/ () (1_ ) E,sl— dC.
k,a,ﬁ(m n) ko 1+C 1+C (1+C)? ? k( c )‘5 (1_ c )9

1+C 1+C
1 [~ C%! b (1 + C)H?
=- ——— —F,p5|——————+— dC. 46
k/o (1+0)== ’B[ ke CP ] (46)
Therefore,
1 [~ Cc%! [ s(1+ C)‘”G]
ML pb,6,0
B m,n:f/ —F,5|— dC,
k,a,B( ) Lk 0 (1 +C)T+ B 05
bk
h = —. U
where s = —
Proof 2.3. By the definition of the extended k-beta two-parameter ML function, we have
ML pb,6,0 1wy n_g bk

1 1
Let t = +TC, then dt = 3 dC. Also, when t =0, C = —1 and when t = 1, C' = 1. Thus,

MLBz,é,eﬁ(m n):l/l <1+C’>7$—1 (1_ 1+C’)7§—1E ﬂ[_ bk
e ’ @, C 5 C 0
AN : F () (-5

n

2l-%-% ! m_ 0 520+0
— 1 Pl -—CO)FYEL 5] - . U
e I L e e K

bk
h = —.
where s = —
Remark 3.1 If « = 8 = § = 6 = 1, then Theorem 2 reduces to the extended form of the k-beta
function.
Remark 3.2

If 6 = 0, then the above theorem (2.3) reduces to the following relation:

ol—%—%

ML 15b,8,0
Bk’a’ﬁ(m, n) = A

/:1(1 +CO)F 1 -C) T ELp [—(1;94;2)5} dc. (48)
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Theorem 3.3 Let k € RT, b ¢ RS‘. Then the extended k-beta two-parameter ML function holds the
relation

b60 b60
MLBkaﬁ ZMLBka,B m+ pk,n + k). (49)

Proof: We have the extended k-beta two-parameter ML functions defined as

1t b¥
ML ph0,6 :7/ tE L1 - ) F By |~y | dt.
kaﬁ(m TL) k 0 k ( ) B kt‘s(l—t)g

bk

1wy 2 .

—pf e ZtE“B[ i) o

Through summation and rearrangement, we obtain

ML b59 1 241-1
Bk N B Z / tRtP— —t) I E.p |:_kt5(1—t)9:| dt. (51)

Then,

e 1 7n+kp _1 n+k:_1 bk
— 1—t FEog|l———| dt.
Zk/ =0 s

Thus,
bb6 ( bo0 (
MLBkaﬁ E MLBkaB m+ pk,n + k) (Proved).

Theorem 3.4 The given summation formula is true for the extended k-beta function expressed in terms
of the two-parameter ML function:

ML ieg(m n) = Z (;) ML B, ieﬁ(m + pk,n +rk —p), p € Np. (52)
p=0

Proof: We have

bk
MLBszO

1w n_
kaﬁ(m n):E/O tk 1(1_t)k 1Ea,ﬂ |:_kt§(1t)9:| dt.

Lomo 2y b
:E/o R (L= )5 (t+ (1 —1t)Eap {—M] dt.

1 k 1 &
== (B+1-1) (1 _pi-1p LA l/ -l _pn(F+i-1)p A
k/o t (1—t) w8 | "R = 1) di++ i tE (1 —1t) o | TP

Thus,
MEBROO (m,n) = MEBYOS (m+ kyn) + MEBYY (m,n + k). (54)
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Repeating the same argument for the above, we have:

1 m . bk
ML pb,6,0 _ 7/ (z+1-1) 1)t 1—-E _
k,a,ﬁ(man) k 0 1A ( t) (t+ ( t)) a,B kt5(1 _t)g
bk
+

Which expands to

%/0 t%—1(1_t)(%+1_1)(t+(1—t))Ea,5 {_kﬁs(l—t)@

dt

| at

+11€/01t(’£+1—1)(1 —nEIE, , [—Ma([;k_t)e} dt
v /01t<’?+1-1><1 -0 B, [_M} "

Thus,
MEBpo0 (m,n) = MEBO0 (m + 2k,n) + MEBYO0 (m + kyn+ k)
+MEBYOO (m+ ko + k) + MEBYY (m,n + 2k).

This leads us to:

MLBEOO () = MEBESS (4 2k, m) + 2 MEBY (m 4k + k) + MEBESY (m,n 4 2k).

k.o, 8 k.o, 8

(58)

Thus, the desired result is obtained through the application of mathematical induction on this ongoing

process:

T
r
MLBZ’,Z,&,B(mv n) = Z ( > MLBZ:‘;’?B(m + pk, n+rk —p). Proved.

p=0 P

Theorem 3.5 The following relation holds:

b,6,0 - (n/k:) b,5,0
MLBk,a,ﬁ(m’ k—n)= Z ! - MLBk,aﬁ(m + pk, k),
p=0

where (n/k), denotes the Pochhammer symbol.

Proof: We have

R n b

ML b,6,0 -1 n_q

BY% te 1-t)= " F, - | dt.
k’aﬁ(m,n) = k/o ( ) ,,8{ kt5(1 t)g]

Then

, P om 1 kemn_q bk
®T(1—t) * K _ .
R e e

b,5,0
MLBk’aﬁ(m, k—n)=

T =

(59)

(60)
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That is,

1w b

ML 13b,0,0 m_q _n

BYYY (mk—n) =~ | tFTY At FEag| -y | dt.
ka8 (M0 k=) k‘/o (1-1) ‘W[ kt‘s(l—t)e}

From the generalized binomial theorem,

(1—t)% = i@tﬁ It < 1,

p=0

we obtain . .
1 m_1 (n/k) b
ML 1»b,0,60 1 P
B k—n)=— te ~—— LB, 3| ————| dt.
k)= L4 S e

Changing the order of summation and integration gives

ML 1»b,8,0 - (n/k)p 1/1 mipk g k_q bk
BY? k—n)= — [t 1-t)* "By p|— s
Caplme e =m) =3 e [T =07 s |~
p=0
Thus,
b,5,0 . (n/k) b,8,0
]\/ILBk',a,B(m7k—n) :Z p| pMLBk,a,ﬁ(m+pkﬂ k)v
p=0

which completes the proof.

Theorem 3.6 The extended k-beta two-parameter ML function satisfies the Mellin transform

ML 1b,8,0 _(5-2) 0 m+0s n+95>
M{ B’W’B(m’n)} g sin(’Ff)F(ﬂZa)B< kT k)

where

Re(a) >0, Re(m) >0, Re(d) >0, Re(law—sd) >0, Re(m+sd) >0, Re()>0.

Proof: Applying the Mellin transform yields
M{MLBZ:‘;’%(m,n)} = /O b MEBYO. (m,n) db.

Substituting the definition,

M{MLBZ”M (m n)}:/mbs—l 1/1t?—1(1—t)’£—1E Y aa
ki, BT 0 ko B TR (1 — )P '

Interchanging the order of integration and letting

bk
T a0
kbk—l
dw = ———db.
YT R )

bR (1 — t)?dw = db.

Also,
wkt®(1 — 1) = b*,

SR

wrkFtE(1—¢)F = b.

Jat

(61)

(62)

(63)

(68)

(69)
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w%kszkté(sgk) (1_ )9(5 k) b(s k))
We have:

1 1 m n e
M{MEB0 (m n)}:E/O R — ) F 101 —1)? </0 blkb51Eaﬁ[w]dw> dt.

]. 1 m n o0
= %/ tEFOTL( — )R Ho-L (/ bSkEaﬁ[w]dw) dt.
0 0

Now, by using the formula:
o I(m)L'(y —m)
m—1 7y
w E wu|dw =
/o (o)l = = Sy T (5 = ma),

We have:

s—k 1 S S
k m+s n+s F T F 1_ T
M{MEBY0 (m,n)} = ke / (=521 (1 — ) (%% 9_1)rk()5 _( Sa)k) dt.
k

Using Euler’s reflection formula

T
PP = 2) = sin(mz)’
We arrive at
1
ML »b,5,0 _ (%_2) ™ m+637 B n+9g71
M{ Bkaﬁ(mvn)} k SIH(’;S)F(BZ@)/O t (1 t) dt.

Finally, recognizing the beta function, we obtain

ML 1b,6,0 _(3-2) m m+ds n+93)
M{ Bko‘ﬁ(m )} a sin(?)F(ﬁ—Zo&)B( k0 k ’

which completes the proof.
Theorem 3.7 The following relation holds:

MLBb(SG

B(m — — .
k,a B Z k;DJrl F ap_’_ﬁ) (m k6pa n kap)

Proof: From the extended k-beta function defined in section (1.4)

1 [t m n b
ML 13b,6,0 m_q n_q
B = - tx 1—t)* " Eyg|————| dt.
Using
E,3(Q) = -
we obtain .
MLBb59 (m n) _ l/ t%fl 7712 bk) dt
koa,B k Jo krtor(1 — t )orT (ap + B)
Exchanging summation and integration gives
1
ML b59 m_§p—1 n_gp—1
By tE TP —t) R TPTdL.
kaﬁ Zk’erlFoszrﬂ)/ ( )
ML b56
Bkaﬂ ka-i—lrap_i_B)B(m*k(spanfkep)'

This completes the proof.

11

(71)

(73)

(74)

(75)

(76)
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4. Beta Distribution

We define the beta distribution associated with M Bz’i’gﬁ (m,n) by the density function expressed as

m _ n_ bk
00 B ||
= 0<t<1
t) = b,5,0 ) ’ 78
10 VLB o) (78)
0, otherwise.
For d € R, the d*" moment of the random variable z is given by
MLBYOY (m + dk,n
E(z?) = ko ™) (79)

MLBZ#Z; ﬂ(m’ n)

Where m,n € R, b >0, o, 3 € RT, §,0 ¢ RT.
When d = 1, we have the distribution’s mean, which is a special case of (79) and defined as

MLRBbOO (1 4k, n)

k,a,B
p=Ez)= ik (80)
MLBkio;7ﬁ(m,n)
And the distribution’s variance is given by:
0% = B(a?) — {E(2)}? (81)
2
MEBYSS, (m + 2k, m) MEBYS S (m,n) — (MEBYLS (m 4 ko))
Var(z) = 5 (82)
b,6,0
(MBS (m,m))
And the distribution’s moment-generating function is described as
o 1P 1 = 5.5.0 tP
M(t) =" = E@?) = ——5g—— > MBI (m+ k). (83)
| b,6,0 k.o, B8 ’ !
p=0 " MEBy (M) 525 P
And the cumulative distribution is defined as
ML pbs,0 m,n
F(z) = — kfé,@’m( ), (84)
Bk’aﬁ(m7 n)
where
ML pb,5,0 (m n)z l/zt%_l(l—t)%_lE _bik dt (85)
ko, B,z \""" k o B kt5(1 _ t)G )

is an incomplete extended k-beta function in terms of ML function and m,n € R, b > 0, o, 3 € R,
5,0 cRT.

5. Gauss Hypergeometric and Confluent Hypergeometric Functions
The classical Gauss HG function [15] is defined as:

F(m,n;s;z) = Z(m()p)(n)pzp (86)

"
= () P

Where (m),, is the Pochhammer symbol defined for m € C:
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L'(m +p)
( )P F(p) ( )
The Pochhammer-k symbol is defined as:
m(m+k)(m+2k)---(m+(p—1)k) ifpeN
(m) (p,k) = e (88)
1 ifp=0
And also: I "
E(m+p
m = 89
( )(p,k) Fk (p) ( )
Furthermore, we have:
(m)px = kP - (m/k), where m € C,k € RT. (90)
The CHG function is defined as:
(n)p
1
o(n; s; 2) z:: ) p' (91)

5.1. Extended Hypergeometric (HG) & Extended Confluent Hypergeometric (CHG) Func-
tions

The extended k-beta two-parameter ML function can be used to further extend the Gauss HG function
and the extended CHG function [9] as follows:

oo ML b, 60
ML 1b,6,0 (m)p,e 7By g(n + pk, s —n) 2P
F 5:7) = 2
ka8 (11010 83 2) z;) Bk(n,s—n) P! (92)
Where k € Rt ,m,n,s € R,b>0,b € RT o, 3 € RT, 5,0 € R, |2| < 1,Re(s) > Re(n) > 0.
And the extended CHG [9] & [16] function is defined as:
o MLRBbSO (4 pk s —n) op
s, ko pk,s—n) z
RCWACEDEDYS . — (93)

_ |
= By (n,s —n) p!

Where k € RY,m,n,s € R,b>0,b € R, o, € RT, 5,0 € RT,Re(s) > Re(n) > 0.
5.2. The extended (HG) and extended (CHG) Functions in Their Integral Representation

Theorem 5.1
ML b0 (1 pisyz) = 1-1/1t21(1t)%"1(1kzt)m/kE I dt. (94)
ko, 81T T 5 Bi(n,s—n) & J BT R = |
Where b € R}, , 3,9,0 € RT, |arg(1 — 2)| < m,Re(s) > Re(n) > 0.
And
1\4L¢b ,0,0 (n s Z) 1 . l /1 t(n/k—l)(l _ t)(s—n)/k—leztE _ b* dt (95)
ko, Bi(n,s—n) k Jy OB TRt (1 = t)P

Where b € R}, a, 3,6,0 € RT,Re(s) > Re(n) > 0.
Proof: We have

ML b,6,0
]MLFthOmnsz i Bkaﬂ(”JFpk,S*”)f
ki Byi(n,s —n) p!

p=0
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= /1 £ 1 - )R LA,
ML pb,6,0 (m,m; 5;2) = i(m) k Jo a,B ktd(1—1t)? f (96)
o1 552) = 2k Bin,s — ) o
Now by switching the order of the summation and integral we have,
1 1/t oon b Nt (2t)P
== - th ' 1 —t)® 'Eyg| - dt 97
Also, by the binomial theorem:
> Xt)P
Z(W)M# = (1—kXt)~W/*k (98)
p=0 P
Then,
MLEDSS (155 2) = ———— 1 /1“51(1 — )T (1= th)~F
kBT Br(n,s —n) kg
blc
X Ea,ﬁ |:_I§t§(1—t)0:| dt. (PrOVed)
Similarly, for the extended CHG function:
o MLRBbOO (4 pk s —n) p
ML ;b,6,6 k.a.8 ’ ol
' 1852) = —. 99
¢k’a,ﬂ(n7 53 Z) Z;) Bk(n, s — 71) p' ( )
Mgt i) = gt [ gt [ ey G
ko, BT 7 Br(n,s—n)k J, . kto(1 —t)? = p!
ML g006 (. 50 2) = 1 /1 tE (1 —t)F e E, —L dt (Proved)
ko, BRI 2 Br(n,s —n) k Jg R IV
5.3. The r-th Derivative
Theorem 5.2 The r-th derivative of the extended HG and CHG functions is given by
& ML Eb00 (1) p:gi2)| = ()rk (M)rk MLEbSO (1 4 vk, n+rk; s + rk; 2) (100)
er k,a,B s 10y 9y - (S)Tk; k,a, 9 ’ 9 9
and e (n)
ML b,6,0 ( . . _ )rk ML ,b,5,0 . .
T [ (bk’a,ﬁ(n,s,z)} = m Orapm+rks s+rk; 2). (101)
Proof: From the definition of the extended HG function (92),
as MLRBbOY (o 4+ pk, s —n) 4P
ML 1b,5,0 Lol k,a,B ) z
Fk,a,ﬂ(m’ n;s;z) = pzzo(m);ﬂ,k Bk(n, 5 — n) E
Where k € R*,m,n,s € R,b>0,b € R{,a,3 € R*, 6,0 € RY,|2| < 1,Re(s) > Re(n) > 0.
Differentiating with respect to z, we obtain
[e%s) b,6,0
d ar 6.6 MEB s(n+pk,s—n) -1
— ML b, [5;2) = s : 102
dz k,a,ﬁ(mv n;s; z) Z(m)p,k By(n, s —n) (p—1)! (102)

p=1
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Replacing p by p + 1 gives

[e'S) b,6,0
d air b.6.0 o MLBk’)a”B(n+pk—|—k,s—n) P
PR s 12) = Y~ TR S (103)
Now by applying the relation
Bi(n,s —n) = () B(n+k,s—n) (104)
(n)(1,k)
and
(W + K)oy = w(w + 1))
we get
4 (a1t (0.0) (s o= gy M Brap Akt ks )
@[ (ko) (M 15 85 2)] = Wp:o (m+k)p Bu(n,s —n) 2P /p! (105)
we obtain
iMLFb,é,e ( e (m)1,6(n)1,k ML pnb,6,0 k ke k- 106
dz k,a,f3 m,n,s,z)— (5)1k k,a,ﬁ(m—’— ,’Il—|— 7S+ 7'2)' ( )

Repeating this process r times yields,

d ML 1;7b,6,0

1)1 e()re arp .60
er k,o,B

($)r.k heu

(m,n;s;2) = (m+rk,n+rk;s+rk;z),

which proves the first identity. The second one can be obtained by differentiating equation (93) r times
w. r.to z in the same way.

d" L b0 } (N)rk a1l 2566
»0s . Qe = = 77 10, k k ] P d
dz" |: (bk,oz,ﬂ (ny S; Z) S)T7k ¢k7a’5(n +r ;S +7r ; Z) ( rove )

Theorem 5.3 The extended hypergeometric and extended confluent hypergeometric functions satisfy the
following transformation and summation formulas:

b,5,6 - b,5,0 Lg%k
MLFkya’ﬁ(m,n;s;zk:) = (1 — kz)~™/k MLFk’aﬁ (m, 5 —n;s; —1]%) (107)
1
b,6,0 ‘e _ ” b,6,0 .
MLFkAﬁ (m,n, 51— kz) = (kz)™/* 1V”‘Fk7a,ﬁ(m7 s—mn;s;1—kz) (108)
k

MLF,S:i’% <m, n; s; 1% j_ zk) =(1+ kz)m/k MLF,?:i’fB(m, s —n;s; —zk) (109)
ML(bZ,’ifﬂ(n; e ML¢Z72’95(S — n;s;—zk) (110)

where
k>0, beRT, a,B,6,0 e RT, |z| < 1, R(s) > 0.
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Proof: From the integral representation (94):

1 1 1 n s—n bk
ML 1qb,6,6 cer ) — o1 =n_q —m/k
F =" — 123 1-¢t)7* 1—kzt Eypg|l———|dt. (111
P m s s) = et [ k) - et | )
Replacing ¢ — 1 — ¢, assuming § = 6, and using
Lz —m/k
[1—kz(1 =) ™F = (1 — kz)"™/* (1 + T t) (112)
we obtain
—-m -m/k k
ML .60 (1—kz)~m/* 1 /1 alg, eng —kz \7" b
Foo i512) = et 1— t Eop|———— | dt.
k’“’ﬁ(m’n’ 5i2) Bi(n,s—n) k J, =) 1—kz B kto(1 —t)?

(113)
Recognizing again the integral form in (94), we obtain (107).
Using substitution kz = 1 — ;L in equation (107) proves (108), and substituting kz =
(107) proves (109).
To get the proof of (110), we can do the same procedure as we have done for (107).  (Proved)

kz
1+kz

in equation

O
6. Generating Function for MLF,f’i’%(m,n; $;2)
Theorem 6.1 For k > 0,
- ML 17b,6,0 D1 k ML 17b,6,0 <
(m)g.k Fk’a’ﬂ(m +qk,n;s52)— = (1 — k:D)_m/ Fooglmnisi——1, (114)
= ’ hat q et 1—kD
where |D| < 1, |2| <1, beRY, a, B,6,0 € RT.
Proof: Starting with
(m) g, M F0 (m o+ akns s:2) —,
q=0 ¢
and inserting the definition,
e’} o] ML Rb,6,0
B} s(n+pk,s —n) zp | DY
o, )
= m)q.k m—+ qk)p k — | =
q;)( Ja pz:%( Jr By (n,s —n) P g
Interchanging the order of summation gives
© ML pgb,d.6 (n+pk,s—n) zp & q
k,a,8 DR, z D
=) (m)pk =2 (m+pk)gr—r.
pz:% ? By(n, s —n) p! qz:(:) gl
Using
Z(m +Pk)gr—r = (1= kD) (mApkI/k,
q=0 ¢
we obtain
5 P
> MEBy ot (n + pk, s — n) (1;@)
= (1= kD)™™/*> " (m)p ko, i .
= Bi(n,s —n) p!

Recognising the extended hypergeometric function on the right-hand side completes the proof. O
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7. Conclusion

In this paper, a new extension of the k-beta function has been introduced by means of the generalized

Mittag—Leffler function. Several analytical properties of this extended k-beta function have been inves-
tigated, including various integral representations. Furthermore, extended hypergeometric and confluent
hypergeometric functions associated with this extended k-beta function have been defined and studied.

In addition, a number of important results such as differentiation formulas, integral transforms, Mellin

transforms, together with transformation and summation formulas, have been established. It is expected
that the results obtained in this work will provide a useful contribution to the ongoing research in
fractional calculus and its applications.
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