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On fixed point theorems in controlled metric type spaces
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ABSTRACT: In this paper, we use control functions to derive fixed point results for mappings under specific
conditions within controlled metric type spaces, and we demonstrate the applicability of our results through
illustrative examples.
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1. Introduction and preliminaries

The theory of fixed points is a foundational component in modern analysis with diverse applications
in both theoretical and applied disciplines [1,2]. Fixed point theorems are extensively used to establish
the existence and uniqueness of solutions to ordinary and fractional differential equations, often through
iterative or approximation techniques (see [3,4,5]). Among these, the Banach contraction principle is par-
ticularly notable for its applicability and has been generalized in various ways by relaxing the contraction
conditions or by considering more general spaces than classical metric spaces (see [6,7,8,9,10]).

The generalization to b-metric spaces, originally proposed by Bakhtin [11] and later refined by Czerwik
[12], provides a broader context for fixed point results. This concept has stimulated a considerable body
of work focused on fixed point theorems in such settings (see [13,14,15]). The introduction of strong
b-metric spaces by Kirk and Shahzad [16] further enriched this landscape.

Kamran et al. [17] advanced the theory by proposing extended b-metric spaces, governed by control
functions defined over the interval [1,00). In parallel, Mlaiki et al. [18] developed the framework of
controlled metric type spaces by embedding a control function @ into the triangle inequality. Their work
demonstrates that controlled metric type spaces and extended b-metric spaces are distinct in general.
For a deeper discussion and further developments, the reader is referred to [19,20,21,22,23,24,25,26,27,
28,29,30,31,32].

In this paper, we extend fixed point theory by studying contractive-type mappings defined with the
aid of control functions. We support our theoretical findings with illustrative examples that highlight
their applicability.

The subsequent section presents the basic definitions and notations required for our analysis.

Definition 1.1 ([11,12]) Let Z be a non-empty set and s > 1. A function A : Z x Z — [0,00) is
called a b-metric if, for all u,v,w € Z, the following conditions are met:

1. A(u,v) =0 if and only if u = v,
2. A(p,v) = A, p),
3. Alnw) < 5[AG») + Aw)].

The pair (Z,A) is then referred to as a b-metric space.
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Definition 1.2 ([17]) Let Z be a non-empty set and n : Z x Z — [1,00) a control function. A
function A : Z x Z — [0,00) is called an extended b-metric if, for all p, v,w € Z, the following hold:

1. A(p,v) =0if and only if p = v,
2. A(u, v) = A, p),
Alp,v) < n(psv) [Alp,w) + Alw, v)].

The pair (Z,A) is then referred to as an extended b-metric space.

Definition 1.3 ([18]) Let Z be a non-empty set and 1 : Z x Z — [1,00) a control function. A
function A : Z x Z — [0,00) is said to be a controlled metric type if, for any u,v,w € Z, the
following conditions are satisfied:

1. A(p,v) =0 < p=v,
QAW) Av, p),
Alp,v) < n(ps w)Ap,w) + 0w, v)Aw, v).

The pair (Z,A) is then a controlled metric type space.

Example 1.1 ([18]) Let Z ={1,2,3,...} and define A : Z x Z — [0, 00) as:

0, ifu=uv,
l .

A, ) = /f’ if u even, v odd,
=, if podd, v even,
1, otherwise.

Define n: Z x Z — [1,00) by:
W, i even, v odd,
n(u,v) =< v, podd, v even,
1, otherwise.

Then A is a controlled metric type. However, for p > 2:
1
A@p+LMH4):1>5:n@p+LMH4JM@p+L%ﬁ+A@n@+l%
showing that A is not an extended b-metric with the same control function.

Example 1.2 ([18]) Let Z ={0,1,2}, and define A : Z x Z — [0,00) as

A(0,0) = A(1,1) = A(2,2) = 0,
A(0,1) = A(1,0) =1,

A(0,2) = A(2,0) = %,
A(1,2) = A(2,1) = %
Define a symmetric control function n: Z x Z — [1,00) as
0= 35 AL =" W0.2) =1, nzw)=1.
Then A is a controlled metric type, but:
A(0,1)=1> % n(0,1) [A(0,2) + A(2,1)],

so A is not an extended b-metric with n = 6.
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2. Main Results

Throughout this paper, we work within the framework of a complete controlled metric type space
(Z,A), associated with a control function n : Z x Z — [1,00). Unless otherwise specified, all results are
derived under this setting. Henceforth, the notation F'P will be used to represent a fixed point.

Theorem 2.1 Let (Z,A) be a complete controlled metric type space equipped with a control function
n:Z xZ—[l,00). Assume there exist constants 1,72 € (0,1] and v3 € [0,1) such that the mapping
T:Z — Z satisfies

A(rp, Tv) < yan(ps v) A, v) + y2n (i, ) A(p, i) + 3 A (v, Tv), (2.1)

forall p,v e 7.
Suppose there exists pg € Z, and define the sequence {pin }nen bY pin = T"1o. Let

_nt <1,
L =3
and assume that )
sup lim (W 'n(Mi+1,/,Lm)> < —. (2.2)
m>1i=00 \ (i pit1) v
Additionally, for every u € Z, suppose the limits
Jim n(pn, ) and - lim n(p, pn) (2.3)
exist and are finite.
If there exists u € Z such that
1
n(p, 7p) < —,
73

*

then the mapping T has a fixed point in Z; that is, there exists p* € Z such that 7(u*) = p*.

Proof: Let py € Z be the initial point as in the hypothesis. Define the sequence {u,} by pun = 7" o for
all n € N. If any two consecutive elements coincide, then 7 has a fixed point, and the proof is complete.
Otherwise, we show that {u,} is a Cauchy sequence.

From the contractive condition (2.1), for each n € N,

Ay pnt1) = A(Tpn—1, Thn) < (71 +92)0(Hn—15 ) A1, pn) + V3A (s 1)

Rewriting, we get:
A(pins png1) < n(n—1s i) A(fin—1, fin),

where v := 711_7'?32 < 1. Tterating this inequality gives:

Ay 1) <A™ | TT 010 15) | Alos )
j=1

To estimate A(pn, pm) for n < m, apply the triangle inequality iteratively:

m—1 i

A, pim) < 0| T (s 1) | Al i)

i=n j=n
Substituting from above yields:

m—1 %

Apns ) < Alpos pn) DA | TT 0w 1)

i=n Jj=1
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o 2
Let Sp := >0 o+ (szo n(uj,ujﬂ)) . Then:

A, tm) < Apo, 1) (Sm—1 — Sn—1)-
By conditions (2.2) and (2.3), the sequence S, is convergent, so:

lim  A(pn, pom) = 0.

n,Mm—00
Hence, {u,} is a Cauchy sequence. Completeness of (Z, A) implies there exists p’ € Z such that:

lim A(pn,p") = 0.

n—oo
Next, we prove that p' is a fixed point. By the triangle inequality and the contractive condition:
A ") < e e ) AW s 1) 4 0, T A(T g, T1')

< (i g ) AW s prr1) + 0(nrt, T [0 (s 1) A, 1)
+ Y21 (s Thn ) A (i T ) + 3 A (', 741)].

Taking the limit as n — oo and using the assumptions and earlier limits, we obtain:

A, ') < yan(, T ) A, 7).
Since n(y/, ') < 713, it follows that A(u/,7u") =0, hence 7o/ = 1.

Thus, p’ is a fixed point of 7. Uniqueness may be shown under an additional condition. O

Theorem 2.2 Let (Z,A) be a complete controlled metric type space. Suppose there exist constants
7 € (0,1], v2 € [0,1], and v3 € [0,1), such that the mapping T : Z — Z satisfies

A(rp, v) < yin(p, v) A, v) + van(p, T Ap, i) + 13 A (v, Tv), (2.4)
for all p,v € Z. Further, assume that
. o 1
limsupn(r"p, 7"v) < —,
n—oo 71
for all p,v € Z. Then, T admits a unique fized point in Z.

Proof: From Theorem 2.1, there exists y/ € Z such that 7u’ = p’. Suppose, for contradiction, there
exists another fixed point v/ € Z, v/ # p/, with 7/ = v/. Applying inequality (2.4), we obtain:

Al V) = A(r, 0"
< (', VAW V') + yan(p', 1) -0+ 3 - 0
=yn(p' , V)AW V).
Thus,
(1 —=mn(', V) A, v") <0.

Since A(y/,v') > 0, we must have ~n(p/,v) > 1, contradicting the assumption that
limsup,,_, o n(7"u', 7"") < % Therefore, ¢/ = v/, and the fixed point is unique. O

Corollary 2.1 Let (Z,A) be a complete controlled metric type space. Assume that there exist constants
v € (0,1] and 2 € [0,1] such that the mapping T : Z — Z satisfies the inequality

A(rp, mv) < yam(ps v)A(p, v) + y2n(p, T)A(p, T, (2.5)
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forall pv e Z.
Let pg € Z be an initial point, and define the iterative sequence p, = 7"ug for all n € N. Set
v =1 + Y2, and suppose the following condition is satisfied:

; ; 1
sup T (ML) ) < L (2.0
m>1i=00 \ (ki fit1) v

Furthermore, for each p € Z, assume:
(i) The limits img, o0 N(tn, 1) and limy, o0 (g, tn) exist and are finite.
(i) For all p,v € Z, the inequality lim sup,,_, . n(7"p, 7"v) < 7—11 holds.
Then T has a unique fized point in Z.
Proof: This corollary is a direct consequence of Theorem 2.2. By setting v3 = 0, the contractive condition
from Theorem 2.2 simplifies to the two-term inequality assumed here. The provided assumptions ensure

the conditions of Theorem 2.2 are met, thereby guaranteeing the existence and uniqueness of the fixed
point. O

Example 2.1 Let Z = {0, 1,2}. Define the mapping 7 : Z — Z by 7(u) = iu, and define the function
n:ZxZ—[l,00) by
n(p,v) =2 +2p+ 2.

Also, consider a function A : Z x Z — [0, 00) defined by:

if u=v,
if {u,v} ={0,1} or {0,2},
i ) = 1,2}

Alp,v) =

‘,_. = O

—

Let us redefine 7 as:

11

77(0’0) = 77(1’ 1) = 77(272) = 77(0)2) =1, 77(07 1) = Ev 77(172) = g

This ensures that (Z, A) is a controlled metric type space.

(i) Define 7 as follows:

7(0)=2, 7(1)=7(2)=1.
2

Let the constants be 73 = 3 = ﬁ and 72 = =. Then, the combined contractive constant is:

11

1—~3 10/11 10 ~

Moreover,

(it piv2) 10

sup lim (Hit1, fm) =1 < 3=

1
m>1%—00 (s fiv1) v

(ii) For any 4 € Z, it holds that:

i 7(pin, p) = Hmn(p, pn) = 2+ 2,

n— oo
which is finite.
(iii) For any p € Z:

1
n(p, ) =6 <11 = —.
V3
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iv) For all u,v € Z, we have:
I

1
limsupn(r"pu, 7"v) =2 < 11 = —.

n— oo Y1

(v) The mapping 7 satisfies:
1 2 1
Alrp,v) < 770 V)A(R v) + 770k TR A, Tp) + 77 A, TV).

Therefore, all the conditions of Theorem 2.1 or Theorem 2.2 are satisfied for the given constants.
Hence, the mapping 7 has a unique fixed point in Z, which is p/ = 1.

Theorem 2.3 Let (Z,A) be a complete controlled metric type space. Suppose 1,52 € [0,1) satisfy

p1+ B2 < 1.
Let 7 : Z — Z be a mapping such that for all p,v € Z,
A(rp, Tv) < Bin(p, v) A, v) + Ban(v, i) A(v, Tp). (2.7)
Fiz ug € Z and define the iterative sequence p, = 7" ug for n > 0. Suppose the following conditions hold:
(it piv2) 1
sup lim ———— . ity ) < —, 2.8
m>1i—00 (i, fiv1) MKit1s pm) B1 (28)
and for every p € Z,
lm n(pn, ) and  lm n(p, p,) exist and are finite. (2.9)
n—oo n—oo

Additionally, assume

limsup n(t"u, 7"v) <
msup (74, 7"v) 515,

Then T admits a unique fixed point in Z.

forall p,v e Z.

Proof: Starting from po € Z, define the sequence pi,,+1 = Tpn. Applying inequality (2.7) with g = p,—1
and v = u,, yields
A(pn, pnt1) < Bin(tn—1s in) A1, ftn) + B2n(tns n) Ay i) = Bin(pn—1, fin) A(kn—1, fin),

since A(pn, fin) = 0.
By induction,

Ay 1) < BY | T (w15 115) | Alpo, )
j=1

For m > n, the controlled triangle inequality implies

A(/'Lruum) S n(Mn7Mn+l)A(Mn7ﬂn+l) + n(ﬂn+17ﬂm)A(Mn+17Mm)~

Tterating this and using the convergence condition (2.8) shows {u,} is a Cauchy sequence. By complete-
ness, p, — p' € Z.
To show p/ is fixed by 7, note that

A, ") < m(ps 1) AW, ping1) + 01, T A1, 7).

Using (2.7) and continuity conditions, the right-hand side tends to zero as n — oo, hence 7’ = 1.
Uniqueness follows by applying (2.7) to two fixed points ', and using the assumption on the limit
superior of 7, which forces
A, V)y=0 = u' =1
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Corollary 2.2 Let (Z,A) be a complete controlled metric type space. Suppose there exists a constant
B € (0,1) such that the mapping T : Z — Z satisfies

A(rp,tv) < Bn(p,v) A(p,v)

for all p,v e Z.
Fiz an element ug € Z and define the sequence {un} by pn = 7" o for allm € N. Assume further
that
sup lim n(pit1, piv2)
m>11-00 N(Hi, it1)

Moreover, suppose that for every u € Z:

1
(i1, o) < B

i) The limits imy, o0 n(tn, 1) and lim, oo n(p, 1n) exist and are finite.

ii) The value limsup,,_, . n(7"p, 7"v) exists and satisfies

lim sup n(7" p, 7"v) <

n—0o0

=

Then T admits a unique fixed point in Z.

Proof: The conclusion is an immediate consequence of Theorem 2.3 upon setting f; = 5 and fy = 0. O

Example 2.2 Consider the set Z = {0,1,2,...} and define the mapping 7: Z — Z by

1, if =1,
m(n) = :
pw—1, if p>1.
Let the control function n: Z x Z — [1,00) be given by
n(p,v) =14 |p—vl,
and the metric-type function A : Z x Z — [0,00) be defined as

0, if u=v,

Alp,v) ={ .
uiw if u#wv.

Then the following statements hold:
i) (Z,A) forms a complete controlled metric type space.

ii) Setting 81 = 5 and B, = %, we have 8 = 1+ 82 = 2 < 1. For pg = 0 and the sequence i, = 7" g,
condition (2.8) is fulfilled.

iii) For each p € Z, the limits lim, o0 n(tn, 1) and lim, oo n(y, 1n) exist and are finite, equaling
1+ |pl.

iv) For all y,v € Z,
li (T"u, ") =1< 6 !
imsup n(r"p, ") = — = .
n—)oop77 " 5 514‘52

v) For every u,v € Z, the inequality

Nk, v)A(p, v) + én(v, T)A(v, Tp)

| —

AlTp,mv) <
holds.

Thus, all the conditions of Theorem 2.3 are satisfied, and the mapping 7 admits a unique fixed point
in Z, namely p/ = 1.
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3. Conclusion

Extending the Banach contraction principle to more general spaces is fundamental for advancing fixed

point theory. This has been realized by introducing diverse contraction conditions in generalized spaces
like controlled metric type spaces and extended b-metric spaces. The integration of these new contraction
types within controlled metric type spaces allows for a richer and more adaptable fixed point theory. Our
study utilized control functions to establish fixed point theorems for contractive mappings and provided
examples illustrating the applicability and strength of these results.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

References

Abdeljawad, T., Jarad, F., and D. Baleanu. ”On the Existence and the Uniqueness Theorem for Fractional Differential
Equations with Bounded Delay within Caputo Derivatives.” Science China Series A, vol. 51, 2008, pp. 1775-1786.

. Mlaiki, N., A. Mukheimer, Y. Rohen, N. Souayah, and T. Abdeljawad. ”Fixed Point Theorems for (a —1))-Contractive

Mapping in Sp-Metric Spaces.” Journal of Mathematical Analysis, vol. 8, 2017, pp. 40-46.

Abdeljawad, T., D. Baleanu, and F. Jarad. ”Existence and Uniqueness Theorem for a Class of Delay Differential
Equations with Left and Right Caputo Fractional Derivatives.” Journal of Mathematical Physics, vol. 49, no. 8, 2008.

Ameer, E., H. Aydi, M. Arshad, H. Alsamir, and M. S. Noorani. ”Hybrid Multivalued Type Contraction Mappings in
d-Complete Partial b-Metric Spaces and Applications.” Symmetry, vol. 11, no. 1, 2019, p. 86.

Marasi, H. R., H. Piri, and H. Aydi. ”Existence and Multiplicity of Solutions for Nonlinear Fractional Differential
Equations.” Journal of Nonlinear Science Applications, vol. 9, 2016, pp. 4639-4646.

Abdeljawad, T. ”Meir-Keeler a-Contractive Fixed and Common Fixed Point Theorems.” Fized Point Theory and
Applications, 2013, Article ID 19.

Abodayeh, K., N. Mlaiki, T. Abdeljawad, and W. Shatanawi. ”Relations between Partial Metric Spaces and M-Metric
Spaces, Caristi Kirk’s Theorem in M-Metric Type Spaces.” Journal of Mathematical Analysis, vol. 7, 2016, pp. 1-12.

Patel, D. K., T. Abdeljawad, and D. Gopal. ”Common Fixed Points of Generalized Meir-Keeler a-Contractions.”
Fized Point Theory and Applications, 2013, Article ID 260.

Samet, B., C. Vetro, and P. Verto. ” Fixed Point Theorems for o —-Contractive Type Mappings.” Nonlinear Analysis,
vol. 75, 2012, pp. 2154-2165.

Souayah, N., and N. Mlaiki. ” A Fixed Point Theorem in S Metric Spaces.” Journal of Mathematical and Computa-
tional Science, vol. 16, 2016, pp. 131-139.

Bakhtin, I. A. ”The Contraction Mapping Principle in Almost Metric Spaces.” Functional Analysis, vol. 30, 1989, pp.
26-37.

Czerwik, S. ”Contraction Mappings in b-Metric Spaces.” Acta Mathematica Informatica Universitatis Ostraviensis,
vol. 30, 1993, pp. 5-11.

Mukheimer, A., N. Mlaiki, K. Abodayeh, and W. Shatanawi. ”New Theorems on Extended b-Metric Spaces under
New Contractions.” Nonlinear Analysis - Modelling, vol. 24, 2019, pp. 870-883.

Shatanawi, W., A. Pitea, and R. Lazovic. ” Contraction Conditions Using Comparison Functions on b-Metric Spaces.”
Fized Point Theory and Applications, 2014, Article ID 135.

Younis, M., D. Singh, and L. Shi. ”"Revisiting Graphical Rectangular b-Metric Spaces.” Asian-European Journal of
Mathematics, vol. 15, 2022, Article 2250072.

Kirk, W., and N. Shahzad. Fized Point Theory in Distance Spaces. Springer, Cham, 2014. doi:10.1007/978-3-319-
10927-5.

Kamran, T., M. Samreen, and Q. A. Ul Ain. ” A Generalization of b-Metric Space and Some Fixed Point Theorems.”
Mathematics, vol. 5, no. 2, 2017, pp. 1-7. https://doi.org/10.3390/math5020019.

Mlaiki, N.; H. Aydi, N. Souayah, and T. Abdeljawad. ” Controlled Metric Type Spaces and the Related Contraction
Principle.” Mathematics, vol. 6, no. 194, 2018, pp. 1-7. https://doi.org/10.3390/math6100194.

Aiadi, S. S.;, W. A. M. Othman, K. Wang, and N. Mlaiki. ”Fixed Point Theorems in Controlled J-Metric Spaces.”
AIMS Mathematics, vol. 8, 2023, pp. 4753-4763. https://doi.org/10.3934/math.2023235.

Ahmad, H., M. Younis, and M. E. Koksal. ”Double Controlled Partial Metric Type Spaces and Convergence Results.”
Journal of Mathematics, 2021, Article ID 7008737. https://doi.org/10.1155/2021/7008737.

Rasham, T., A. Shoaib, S. Alshoraify, C. Park, and J. R. Lee. ”Study of Multivalued Fixed Point Problems for
Generalized Contractions in Double Controlled Dislocated Quasi Metric Type Spaces.” AIMS Mathematics, vol. 7,
2022, pp. 1058-1073. https://doi.org/10.3934/math.2022063.

Rezazgui, A. Z., A. Tallatha, and W. Shatanawi. ”Common Fixed Point Results via Ag — a-Contractions with a Pair
and Two Pairs of Self-Mappings in the Frame of an Extended Quasi b-Metric Space.” AIMS Mathematics, vol. 8,
2023, pp. 7225-7241. https://doi.org/10.3934/math.2023363.



23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

ON FIXED POINT THEOREMS IN CONTROLLED METRIC TYPE SPACES 9

Zada, A., R. Shah, and T. Li. ”Integral Type Contraction and Coupled Coincidence Fixed Point Theorems for Two
Pairs in G-Metric Spaces.” Hacettepe Journal of Mathematics and Statistics, vol. 45, no. 5, 2016, pp. 1475-1484.

Wang, P., A. Zada, R. Shah, and T. Li. ”Some Common Fixed Point Results for Two Pairs of Self-Maps in Dislocated
Metric Spaces.” Journal of Computational Analysis and Applications, vol. 25, no. 8, 2018, pp. 1410-1424.

Li, S., A. Zada, R. Shah, and T. Li. ”Fixed Point Theorems in Dislocated Quasi-Metric Spaces.” Journal of Nonlinear
Science and Applications, vol. 10, 2017, pp. 4695—-4703.

Shah, R., A. Zada, and T. Li. ”New Common Coupled Fixed Point Results of Integral Type Contraction in Generalized
Metric Spaces.” Journal of Analysis and Number Theory, vol. 4, no. 2, 2016, pp. 145-152.

Zada, A.,; R. Shah, and T. Li. ”"Fixed Point Theorems in Ordered Cone b-Metric Spaces.” Science Studies Research
Series Mathematics and Informatics, vol. 26, no. 1, 2016, pp. 109-120.

Shah, R., and A. Zada. ”Some Common Fixed Point Theorems of Compatible Maps with Integral Type Contraction
in G-Metric Spaces.” Proceedings of IAM, vol. 5, no. 1, 2016, pp. 64—74.

Shah, R. ”Some New Fixed Point Results in b-Metric-Like Spaces.” Palestine Journal of Mathematics, vol. 11, no. 1,
2022, pp. 378-384.

Turab, A., and W. Sintunavarat. ”On the Solution of the Traumatic Avoidance Learning Model Approached by
the Banach Fixed Point Theorem.” Journal of Fized Point Theory and Applications, vol. 22, 2020, Article 50.
https://doi.org/10.1007/s11784-020-00788-3.

Turab, A., and W. Sintunavarat. ”On Analytic Model for Two-Choice Behavior of the Paradise Fish Based
on the Fixed Point Method.” Journal of Fized Point Theory and Applications, vol. 21, 2019, Article 56.
https://doi.org/10.1007/s11784-019-0694-y.

Younis, M., Ozt urk, M. Some novel proximal point results and applications. Universal Journal of Mathematics and
Applications, vol. 8(1), 2025, pp. 8-20. https://doi.org/10.32323/ujma.1597874

I Department of Mathematics, Kohsar University Murree, Murree, Pakistan.

2Department of Mathematics, Kohsar University Murree, Murree, Pakistan.

3 Department of Mathematics, Kohsar University Murree, Murree, Pakistan.
E-mail address:  ‘rahimshah@kum.edu.pk, shahraheem1987@gmail.com
2andleebakhtar200gmail . com

3abbasiishaasiq@gmail.com



	Introduction and preliminaries
	Main Results
	Conclusion

