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Weak solution for perturbed fractional p-Laplacian system via Young measures

Yibour Corentin BASSONON* and Arouna OUEDRAOGO

ABSTRACT: In this work, we demonstrate the existence of weak solutions to a class of fractional p-Laplacian
problems in degenerate form. Under appropriate assumptions concerning the main functions, the existence of
weak solutions is obtained by applying the Galerkin method combined with the theory of Young measures.

Key Words: fractional p-Laplacian systems, weak solution, Young measure.

Contents
1 Introduction 1
2 Preliminaries 2
3 Existence of weak solutions 5
3.1 Galerkin approximations and a priori estimates . . . . . .. ... . oo 5
3.2 Passage to the limit . . . . . . . . L 9

1. Introduction

The study of problems involving fractional and nonlocal operators has received a lot of interest lately.
Specifically, we refer to Di Nezza and al. [15] for a full introduction to the study of the fractional Sobolev
spaces and the fractional p-Laplacian operators. In this paper, we investigate the existence of weak
solutions for the fractional p-Laplacian problem namely

(=A)s(u—O(u) + H(z,u) = f(z,u) in Q,

(1.1)
u =0 on 0,

where Q is a bounded open domain of RY (N >3), p>2, N > ps where s is a fixed real between

0 and 1, © is real function, H and f are a Carathéodory functions assumed to satisfy some conditions
(see below). Here, (—A)7 is the fractional p-Laplacian operator which will be detailled in Section 2.
Note that this type of problem was studied in [19] by using the variational method. In this study, the
authors consider that H is a real function and f € L*°(2). In the specific case where © =0 and H =0,
we obtain the fractional p-Laplacian system of the form

(=A)p(u) = f(z,u) in ©,
(1.2)
u =0 on RM\Q.

The problem (1.2) has been treated in several papers. For example, Qui and Xiang [17] proved the
existence of nonnegative solutions by using Leray-Schauder’s nonlinear alternative. Recently, Balaadich
and Azroul [3] studied this problem by the theory of Young measures. They also address other nonlinear
problems thanks to this method (see [2,4,5]).

When p = 2, problem (1.2) reduces to the fractional Laplacian problem

(—A)*u = f(z,u)in Q, wu=0onRV\Q.
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In [20], the authors get the existence of nontrivial weak solutions of this problem by using the moutain
pass theorem. See [12,13] for more details and results.

In the present paper, we study the existence of weak solutions for the problem (1.1) involving nonlocal
fractional operators by using the tools of Young measures. To the best of our knowledge, this problem
has never been studied in this framework. Young measures theory have applications in the calculus
of variations, especially models from material science, and the study of nonlinear partial differential
equations, as well as in various optimization.

Our study problem (1.1) arises in continuum mechanics, population dynamics, and many other different
applications. More precisely, we can cite for example, the following parabolic problem models the flow of
fluid through porous media:

O (1Y) ~ KOl (Vp(0) ~ K(0)e)) = 0.
where 0 is the volumetric content of moisture, K(6) the hydraulic conductivity, ¢(0) the hydrostatic
potential and e is the unit vector in the vertical direction.

This paper is divided into three sections. In Section 2, we gives some preliminaries on fractional Sobolev
spaces and some basic tools to prove Theorem 2.1. In Section 3, we prove the existence result by passage
to the limit in the Galerkin approximating equations.

2. Preliminaries

In this section, we will recall some notations and definitions, and we will state some results that will
be used in this work.
Let Q be a bounded open domain of RY and let 0 < s < 1 < p < 0o be a real number. We consider the
fractional critical exponent defined by

Np

if sp<N,

o0 if sp>N.

The fractional p-Laplacian operator (—A)s can be defined as follows :

u(z) — u(y)[P~* (u(x) — u(y))

(=AY u(z) =2 lim o — g

dy, © € RY,
p T—0F RN\ B (z)

where B, (z) = {z e RN : |z —y| < 7}.
In the following, we denote @ = R?N\O where

O =C(Q) x C(Q) C R?Y and C(Q) = RM\Q.

W is a linear space of measurable functions from RV to R™ such that the restriction to 2 of any function
u € W belongs to LP(Q; R™) and

/ [ufz) = uly)I?

p
dxdy < oo.
o o -y T

The space W is equipped with the norm

Ju(x) — u(y)|” Yp
ullw = ||ul|pe(rmy + / —2 7 dxd )
|| || H ||L (;R™) |: Q |!E y‘N+ps :|

We will work in the closed linear subspace

Wy = {u eW: u(x)=0ae. in RN\Q}.
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In this space, we may also use the norm

ullw, = [/ Md.%dy]l/p.

o |r—yNtrs

Then (I/VO7 Il - ||W0> is a uniformly convex Banach space (see [22]). Moreover, the following Poincare’s

inequality from [8] will be used below: there exists C,, > 0 such that
2]l Lo (smmy < Cullhllw, for all h € Wy and w € [1, pi]. (2.1)

Lemma 2.1 ([10]) The space C§°(S;R™) of infinitely differentiable functions with compact support on
Q is dense in Wy.

Lemma 2.2 ([15]) The following embedding Wy — L™ (£; R™) is compact for all v € [1,p%) and
continuous for all v € [1, p%].

The dual space of (WO, Il - ||W0) is denoted by (WJ, Il - ||W0*)
Lemma 2.3 [1] For &, n € RY and 1 < p < oo, we have :
1 1 _
—[E[P = =[nl” < [¢P2E(E = ).
p p

Lemma 2.4 Fora>0, b>0 and 1 < p < 400, we have :

(a4 b)P < 2P~ (aP +bP).

As mentioned in the introduction, we will use the concept of Young measure. Here, we give a brief review
of Young measure and some properties needed in this paper (see [6,9,11]).

In the following Co(R™) denote the space of continuous real-valued functions on R™ with compact support
with respect to the || - ||oo-norm. Its dual M(R™) is the space of signed Radon measures with finite mass.
The related duality pairing is given by

for v: Q — M(R™) and ¢ € Co(R™).
Note that (v, id) :/ Adv ().
]Rm

Lemma 2.5 ([9], Theorem 1.5.2)
Let {z};>1 be a bounded sequence in L>°(Q; R™). Then, there exists a subsequence {z}r C {2;}; and a
Borel probability measure v, on R™ for a.e. x € Q, such that for almost each ¢ € C(R™) we have

B(z1) —=* ¢ weakly in L°(2;R™)

where ¢(z) = (Vg, @) = d(N)dvy(N) for a.e. x € Q.

RmM

We call {v;}zeq the family of Young measures associated with the subsequence {zj }r>1.

Young’s measure theorem provides a way to analyze the behavior of bounded sequences of measurable
functions. It essentially quantifies the effects of oscillations of these sequences, particularly when dealing
with variational problems and non-linear PDEs.

The fundamental theorem on Young measure can be stated in the following lemma :
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Lemma 2.6 [11] Let Q C RY be Lebesque measurable, let K C R™ be closed, and let zj 1 Q0 — R™,
J €N, be a sequence of Lebesgue measurable functions satisfying z; — K in measure as j — 00, i.e.,
given any open neighbourhood U of K in R™

lim ({ze€Q :z;(z)¢ U} =0.

J—00

Then there ezists a subsequence zi and a family {v,}zcq of non-negative Radon measures on R™, such
that

(@) [[Vell pmmm) ::/ dvg(X) <1 for almost x € Q.
R‘m,
(i) ¢(zx) —=* ¢ weakly in L°°(2) for all Co(R™), where ¢ = (v, d).

(#92) If for all R > 0,

lim sup|{z € QN Bgr(0) :|zx(z)| > L}| =0, (2.2)
L—00 LN

then ||lv.|| = 1 for almost every x € Q, and for any measurable Q' C Q, we have ¢(z1,) = ¢ = (vs, @)
weakly in L'(Q) for continuous function ¢ provided the sequence ¢(z) is weakly compact in L*(Q').

In this paper, we show the existence of the weak solution of problem (1.1) with the method of Young’s
measure. We consider the problem under the following conditions:

(A;) © is a continuous function from R to RY such that |©(z) —O(y)| < Ce|z —y| where Cg is a positive

constant and satisfying
Clo < 1 ( 1 ) 1/p
©= diam () \2 '

(Az) H: Q xR™ — R is a Carathéodory function, i.e., x — H(z,u) is measurable for every u € R™
and v — H(z,u) is continuous for a.e. z € Q. Moreover, the Carathéodory’s function H satisfies
only the growth condition :

[H (2, u)| < 6(d(2) + u]?)
where § is a positive constant, d(z) is a positive function in LP (£2).
Also, we assume that H(z,¢) - ¢ > 0 for all ¢ € R™.

(A3) f: Q2 xR™ — R is also a Carathéodory function (see the definition in (As)) under the following
growth: there exist ¢ > 0 and 0 < 8 < p — 1 such that

(@Ol < alx) +cl¢l”
where 0 < a € L¥ (Q).
We can give the definition of weak solutions for problem (1.1).

Definition 2.1 We say that u € Wy is a weak solution of the problem (1.1) if and only if

/ / e Txy_lp;f;(x x) (v(@) — v(y) ) dwdy + /Q H(z, u)vdz = (f,0)

for all v € Wy and where

To(r,y) = ulr) —uly) — O(u(z)) + O(u(y)).

Throughout this paper, (-,-) denotes the duality pairing of W and W for some p € (1, c0).
The main result of this paper is the following :

Theorem 2.1 Assume that the assumptions (A1) — (As) are satisfied. Then, the problem (1.1) has a
weak solution in the sense of Definition (2.1).
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3. Existence of weak solutions

3.1. Galerkin approximations and a priori estimates

To construct the approximating solutions, we will use the Galerkin method. For this, we define the
operator T : Wy — W in the following way :

// ITY (,y P|1\2::S(x . Y) (¢(x) - ¢(y)>dxdy
4 /Q H(z, u)¢(a)dz /Q F(s u)o(z)da
for all ¢ € W.

Therefore, our problem (1.1) is then equivalent to finding u € Wy such that
(T'(u), ¢y =0 for all ¢ € Wy.

Assertion 1 : We claim that T'(u) is linear, well defined and bounded.
For arbitrary u € Wy, T'(u) is linear. For all ¢ € Wy, we have

(T (u ‘// |TE :vxy_l’vi”f:&(x ,Y) (Qg(x) 7¢(y))dxdy
+/H($»U dw—/fxu ‘
< | [ Bl TR (o) )y

+Awmwwm+éumwmm
= Ji+Jo+ J3

To establish that the operator T is bounded, we use the Holder inequality,
assumptions (A1) — (A3) and Lemma 2.4. We obtain, firstly, that :

Tu -1
no= [ %Gﬁ(x)—qﬁ(y)’dxdy

B 2pg// (o) b 1O~ O o)y

|J?— ‘N—Q—ps |JU— |N+ps

1
< wegt e [ / '“|x_y|N+£ 16(z) — $(y)lddy

u(z )— u(y)l” = [9(z) — o(y)|” 3
< Collullyy, ||¢>||WU,

where Cy = 2P-2(C5™" 4 1).
Therefore, for the second term, we consider the growth condition in (A4z). We obtain :

Js / \H (2, u)||¢|dx

< (Nl Nl + ez ol

6(lldlly + lulls™ )iy
< Cilldlw,:
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where C1 = d(||d|l + [lullp™).
For the third term, we proceed as previously. The growth condition allows us to estimate (by application

of the Hélder inequality)

Iy / £ (@, )]z

< lallyliglly +clulz™ ],
= (lally + cllullz™ )il
< Col|9llwe-

where C = ([|dl|, + c[lullp™").
By virtue of Poincaré inequality, the J; for i = 1,...,
for all ¢ € Wy, we have

’(T u

and this implies that T'(u) is bounded.

3 are finite, then T'(u) is well defined. Moreover,

3

<> T < Csllollw,

Assertion 2 : We show that the restriction of T to a finite linear subspace of Wy is continuous.

(T (), 6) = (T(w), 0)|
‘// Y& (2, y) P2 Y (@, y) — (Y& (@, y) P2 TS (2, y) (6(z) — d(y))dzdy

o =y

+ / (H(x,uk) —H(x,u))gi)(x)da: — /Q (f(m,uk) — f(ac,u))qb(a:)dx’

Q
= (/ /Q Y8 @ )20 (2y) — [T (@) 2T ()| o=y 47T dady) 7

p—1

—|—</Q’H(z,uk)—H(x,u)’&d:c)p;l—|—</Q‘f(x,uk)—f(x,u)‘ppldx> "

In the one part, since
p—2
[lal"~2a — [bo[7~20] < 2 2(p — Dla— b|(lal + [bl) ",

we obtain the following estimate by considering the first term of the right-hand side

’// P& (2, y) P21y k(é f)ywi%(x,y)lp— T§(z,y) (6(z) —q&(y))dxdy‘

p—1
p

(/ /Q Y8 ) P20 ) — )P 2T )| =yl drdy )

p
p—1

<[ [ [ (0= Colluetr) ~mstn) ~ (o) - )
p(p=2) p—1

< (1= Co)(fur(e) = ur(y)| + [u@) —u(@))) " [lo =y VP T drdy] 7

< Cullur = ullw, (Il + lulf?).
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Then, we get

(T(ue). ) — (T(u), )] < Calle — ullws (el + )
i (/Q ‘H(x’uk) (@) %dx)%l + (/Q ’f(l’,uk) — f(z,u) %d:v)l%l.

On the other hand, we consider the second and the third terms. As

ja— bl <27 (jal? + [bl*), 1 < p

and since 1 < P T it follows that

/‘H )" de < 27 .5/ (ld@)? + sl ) e < C5
Q

and

/’fxuk T < 27 1/(|a(z)|p’+|uk\p)dx§06
Q

by the boundedness of wuy in LP(£2,R™). It follows from (3.2) and (3.3) that the sequences

{‘H(x, ug)—H(x,u) ’p } and {‘f(x, ug)—f(z,u) ’p } are uniformly bounded and equi-integrable in L ().

The Vitali convergence theorem (see [18]) implies respectively

/ ’H(w,uk) - H(x,u)’pldx =0
Q

and ,
/ ‘f(ﬂ%uk) — f(x,u)‘p dz = 0.
Q

y (3.1) and the definition of uy, we deduce that
’<T(Uk)»<ﬂ> - (T(u),<p>) — 0 as as k — oo.

Assertion 3 : The operator T is coercive. For any u € Wy, we have
T8 (2,2 T (2, )
<T(u),u> = // P e (u(z) - u(y))dzdy

+/H(x,u)udx —/ f(z,u)udx
// Y6 xxy_z';'f:s(x 1Y) (u(:c) fu(y))dxdy f/Qf(x,u)udx.

Moreover, by Holder inequality and Lemma 2.2, there exists a positive constant
[ 1 wulds
Q

where C;, is the constant of the embedding Wy — LP(Q; R™).
This implies that

Vv

IN

[l + ellufl*!

IN

+1
Coylldllp lllwy + cCollullyh

(T(w),u) > (¥ (w),u) = Cylldlly lullwy — cCollullyy
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where (Y( / Y& ()l *T6(y) (u(m) - u(y))dwdy.

o — gV

On the other hand, we can write that

/ / T ( Txy— |Z|;1+r:s<x ) (u(x)_u(y)>dxdy
- [ Bl B ute) — uty) ~ (O(ut) - O(utr)

+(O(u(x)) - O(u(y))) | dedy.

(Y (u),w)

Thanks to Lemma 2.4, we deduce that

oy () — u(y)
= oy u) — u(y) — (O(u(x)) ~ () + (O(u(a)) ~ Ouy))|
< Jut@) - u(y) - (6(x) - Ouw))[ + | (O(u(=)) - O
Then,
ot @) —u)[ [ O(u()|" < |u@) — ulw) - (B(u(z)) - Ou(y)))
Consequently,

(Y (u), w)

v

)~ uly)lP _ 20(u(x)) — Oy’

= |w— i e
(1L o) —uwp 2C% [u(z) = u(y)|”

> —

2 // »or1 \x—y|N+Pb dxdy p gV )dxdy
_ P

> = (G — 28l

So, the choice of constant Cg in (A7) gives the existence of a positive constant C7 such that

(Y (u),u) = Crllullyy,.
Then, inequality (3.4) becomes
(T(u),u) > Orllulffy, = Cylldllyllullw, — cCollulliyt

Therefore, we have
(T'(u), w)
" — +00 as |lullw, — +o0.
[[ullw,
This allows us to conclude that the operator T is coercive.

Now, we are able to construct the approximating solutions by the Galerkin method.
Let Ay C Ax C --- C Wy be a sequence of finite-dimensional subspaces with the property
that U Ay, is dense in Wy. Such a sequence (Ay) exists since Wy is separable.

k>1
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Lemma 3.1 (i) For all k € N, there exists ux, € Ay such that

(T(ug), 8) = 0 for all ¢ € Ay. (3.5)

(it) The sequence defined in (i) is uniformly bounded in Wy, i.e. there exists a constant R > 0 such

et llukllw, < R for all k € N. (3.6)
Proof:

(i) Let fix k and assume that dimAy = ¢. For simplicity, we can write Z a’¢; where (&)L, is a

1<i<gq
basis of Ai. We introduce the map :

B: R? — RY
(@0t — ((T'6.8))

Jj=1,....9

Since T restricted to Ay is continuous (see Assertion 2 ), then B is

continuous. Let a € R? and u = a’§; € Ay, then |la|ge — o0 is equivalent to |ullw, — oc.
Moreover, we have

Hence, by Assertion 3, we have
B(a) - a — oo as |jal]|ge — 0.

Thus, there exists R > 0 such that for all « € 9Br(0) C R?, we have B(a) - a > 0. According to
the usual topological argument (see e.g., [24] Proposition 2.8), B(y) = 0 has a solution y € Br(0).
Hence, for all k, there exists uy € Ay such that

(T'(ug), ¢y =0 for all ¢ € Ay,.

Since (T'(u),u) — o0 as ||ul|w, — 00, it follows that there exists

R > 0 with the property that (T'(u),u) > 1 whenever |lu|lw, > R. Consequently, for the sequences
of Galerkin approximation uy € Vi which satisfy (T'(ug),ur) = 0 by (3.5), we have the uniform
bound

llukllw, < R for all k € N.

3.2. Passage to the limit

As mentioned in the introduction, we consider the framework of Young’s measure theory to establish the
existence of the weak solution. This section is devoted first to identifying weak limits of sequences by
means of the Young measures, and then we pass to the limit in the approximating equations. Now, we
collect some facts about the Young measure v(, ) in the following lemma.

Lemma 3.2 Let (wy) the sequence defined in Lemma 3.1. Then there exists a Young measure vy )
generated by wy, € LP(Q;R™) such that :

1.

2.

3.

V(z,y) U5 a probability measure, i.e. |[V(gq) || m@mm) =1 for almost every (z,y) € Q.

The weak L'-limit of wy, is given by (v(y,y),id) = /

)\dU(m’y)()\).
]Rm

V(z,y) satisfies (V(y.y),1id) = w(x,y) for almost every (x,y) € Q.
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Proof:

1. Let us consider

wk(xay) _ |j%k;T;Zy+>S _ 191@(1') — ﬁk(y)|;_@;6§ii)) + @(ﬁk(y)) c LP(Q;Rm)

for every ¥ € Wy.

For every R > 0, we have (2N Bg)? C Q x Q C @, where B = B(0, R) is the ball centered in 0
with radius R. Let L € R such that

QLE{QwMﬂQﬂBMQ:mMayﬂzL}

We have

e ()P p
||wk||LP(Q;1Rm) (/ o dedy)
(1 + Co)llIxllw,

<
< (14Ce)R

by (3.6), which implies that {wy} is bounded in LP(Q;R™). Hence, there exists ¢ > 0 such that

cz/LmeWw@z//L

where meas(Q) is the Lebesgue measure of Q. Therefore, wy, satisfies equation (2.2) in
Lemma 2.6; thus there is a Young measure noted by v(, , associated to ¥ such that
V(@) | m@my = 1 for almost every (z,y) € Q.

wi(z,y) ‘pdxdy > LPmeas(Qr),

2. Since LP(Q;R™) is reflexive (p > 1), it follows by (3.6), that there exists of a subsequence (still
denoted by wy,) weakly convergent in LP(Q;R™). Moreover, weakly convergent in L(Q; R™), since
1 < p. By Lemma 2.6 -(4i%), taking ¢ as the identity mapping id, we obtain

wg — <V(I’y),id> = )\dl/(m’y) ()\) weakly in Ll(Q;Rm).
R’"Z

3. By (3.6), we have ¥ — ¢ in Wy and ¢, — ¢ in LP(Q;R™) (for a subsequence). Thus wy — w in
LP(Q; R™) where

To(x,y) _ () —Iy) - @) + 0¥ (y))

w(x,y) =
e PR

Owing to (2), the uniqueness of limits implies that

J(z) —d(y) — OW(z)) + O (y))
o —y| 7+

<V(a:,y)a Zd> = w(xvy) =

for almost every (z,y) € Q.

Now, we have all the ingredients to pass to the limit in the approximating equations and to prove
Theorem 2.1.
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Proof: [Proof of Theorem 2.1]
Let {wg} be the sequence defined in the proof of Lemma (3.2), i.e

T (2,y)
& —y| 7T

T (,y)[P
//Iwk(x,y)lpdxdy = //l @ y) dxdy
Q Q |z —y|v e

7/H($,19k)’l9kd$+/ f(x,ﬂk)ﬁkd:c
Q Q

wi(x,y) = for every ¥, € Wy.

We have

By (3.6), up to a subsequence,
¥ — O strongly in LP(Q; R™) and a.e. in Q.
Firstly, by the continuity condition in (A4s), we have
H(z,95)(Wr —9) — 0 ae. in Q as k — oo.
In addition, by the growth condition in (As), { H (z, ¥ ) (9 —)} is uniformly bounded and equi-integrable

in L'(Q). Hence, the Vitali convergence theorem implies that

lim H(x,9) (0 —¥)dx = 0.

k—> 00 Q

Secondly, by the continuity condition in (As), we have f(x,9;) (9 —9) — 0 a.e. in Q as k — oo.
Moreover, by the growth condition in (As), {f(x, k) (9x — )} is uniformly bounded and equi-integrable
in L1(). Hence, the Vitali convergence theorem implies that

lim / fz,95) (0 —9)dx =0

k— 00 Q

Then, since ¥ — ¥ in measure for k — oo, we may infer that, after extraction of a suitable subse-
quence, if necessary,
¥ — ¢ almost everywhere for k — oco.

Hence, for arbitrary ¢ € Wy, it follows from the continuity conditions in (As) that
fz,95)p — f(x,9)¢ almost everywhere.
As in Assertion 2, we have f(z, V)¢ is equiintegrable, thus
F2,90)9 — f(z,9)6 in L'(Q)
by the Vitali Convergence theorem. Consequently

lim /f(z,z?k)qﬁdx:/gf(x,ﬁ)qﬁd:c.

k— 00 Q

Therefore, let’s take U5 (x) = 9% and 9% (y) = V7.
According to a weak limit defined in Lemma 3.2 and the continuity of ©, we can write :

o -ewp - (0 -0@h) — [ -6 - (- 0w)]dn,0)
_ /m (A - @(W))dym,ym - (A - @(ﬁy)) /m vy y(N)
~ /R Ay ()~ O() /}R vy

[ My () =0 [ a0
= 97— 0T - (qay - @(ﬁy))
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weakly in L}(Q;R™), since Ji(x) — O(Jx(z)) and Iy (y) — O(Ix(y)) are equiintegrable by the condition
(Ar).

Therefore

p—2
’ Y2 (x,y) weakly in L'(Q,R™).

p—2
Y8 @) T @) = [Ty

Since LP(Q;R™) is reflexive (p > 1) and { g’“ (x,y)} is bounded (see Assertion 2), the sequence

{Tg’“ (x, y)} converges in L (Q; R™). Hence, its weak LP -limits it also T3 (z,y).
We may infer that

Y% (z,
lim /‘T |$_yN+ps< y)(qb(x)—qﬁ(y))dxdy

k— 00

2 (x .
// ’T |xy_ |N+ps( ) <¢(l’)—¢>(y))dxdy7 Vo € | A

k>1

For any ¢ € Wy, since U Ay is dense in Wy, there exists a sequence {¢y} C U Ay such that ¢ — ¢
E>1 E>1
in Wy as kK — oo. Since

[ | [ B (5 0) ) - EEE TR (00) — 3))

tends to 0 as k — 0o, we have

(T(9 —(T(¥),¢)
19k P 279k "
)T

+/Q [H(:c,ﬁk)qsk - H(x,ﬁ)a;} dz —/Q [f(a:,ﬁk)a;k _ f(x,ﬁ)qs} da.

For simplify, we consider the following notations :

e (2, )P T (2, 9)
|z —y|NHes

= Az)k (z,y), k() — dr(y) = 21

and

(e ) P27 (2
e @I V6= 8) _ 4oy ) g(a) — oly) =

|z —y|NPe
We obtain

—(T(9),9)

T(Vk), Pr)
//QA%’“zkdxdy//QAgzda:dy + /QH(x,ﬂk)(gsrgb)dx +/Q(H(x,z9k)—H(x,z9))¢dx

- [ 106 = oo = [ (@00 = F@0))oa
// (x,y)(zk — 2) + (Aﬁ’“ A2)z ]dmdy—i—/Hw V%) (b — ¢)dx
' /Q (#w,00) =t 0)) o = [ F(o.0) 0= 00— [ (Fa00) = fo.9)) o
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The right-hand side of the above equation tends to zero as k tends to infinity by the previous results.

By virtue of Lemma 3.1, it follows that (T'(9),¢) = 0 for all ¢ € Wy as desired.
This establishes the existence of a weak solution to problem (1.1). O

Acknowledgments

The authors thank the referees for their precious suggestions on improving the presentation of this

paper.

10.

11.
12.

13.

14.
15.

16.

17.

18.

19.

20.

21.

22.

References

. A. Abassi, A. El Hachimi, A. Jamea, Entropy solutions to nonlinear Neumann problems with L'-data, International

Journal of Mathematics and Statistics 2 (2008), no. S08, 4-17.

. E. Azroul and F. Balaadich, Weak solutions for generalized p-Laplacian systems via Young measures, Moroccan Journal

of Pure and Applied Analysis, 4(2):77-84, 2018. https://doi.org/10.1515/mjpaa-2018-0008.

. F. Balaadich and E. Azroul, FEzistence results for fractional p-Laplacian systems via Young measures, Math. Model.

Anal., 27 (2022), no. 2, 232-241.

. F. Balaadich, E. Azroul, Generalized p-Laplacian systems with lower order terms, Int. J. Nonlinear Anal. Appl. 13

(2022) No. 1, 45-55 ISSN: 2008-6822 (electronic) http://dx.doi.org/10.22075/ijnaa.2021.20666.2191

. F. Balaadich and E. Azroul, Elliptic systems of p-Laplacian type, Tamkang Journal of

Mathematics Volume 53, Number 1, 11-21, March 2022 doi:10.5556/j.tkjm.53.2022.3296.

. J.M. Ball. A wversion of the fundamental theorem for Young measures, In PDEs and continuum models of phase

transitions, volume 344, pp. 207-215. Springer, Springer, Berlin, Heidelberg, 1989. https://doi.org/10.1007/BFb0024945.

G. Benhamida, T. Moussaoui and D. O’Regan, Ezistence and uniqueness of solutions for fractional p-Laplacian problem
in RN Discuss. Math. DICO 38 (2018) 5-14. doi:10.7151/dmdico.1201.

L. Brasco, E. Lindgren and E. Parini, The fractional Cheeger problem, Interfaces Free Boundaries 16 (2014), no. 3,
419-458.

L. C. Evans, Weak convergence methods for nonlinear partial differential equations, Volume 74. American Mathematical
Society, 1990. https://doi.org/10.1090/cbms/074.

A. Fiscella, R. Servadei, and E. Valdinoci, Density properties for fractional Sobolev spaces, Ann. Acad. Sci. Fenn.
Math. 40 (2015), no. 1, 235-253.

N. Hungerbihler, A refinement of Balls theorem on Young measures. New York Journal of Mathematics, 3:48-53, 1997.

A. Tannizzotto and M. Squassina, 1/2-Laplacian problems with exponential non- linearity, Journal of Mathematical
Analysis and Applications, 414(1):372-385, 2014. https://doi.org/10.1016/j.jmaa.2013.12.059.

A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and applications of fractional differential equations, volume
204. Elsevier, 2006.

J.-L. Lions, Quelques méthodes de résolution de problemes aux limites non linéaires . Etudes mathématiques, 1969.

E. Di Nezza, G. Palatucci and E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev spaces, Bull. Sci. Math. 136
(2012) 521-573. doi:10.1016/j.bulsci.2011.12.004.

P. Pucciand, R. Servadei, On weak solutions for p-Laplacian equations with weights, Rend. Lincei Mat. Appl. 18
(2007), 257-267.

H. Qiu and M. Xiang, FEuzistence of solutions for fractional p-Laplacian problems via Leray-Schauder’s nonlinear
alternative, Boundary Value Problems, 83:1-8, 2016. https://doi.org/10.1186/s13661-016-0593-8.

W. Rudin, Real and complex analysis, McGraw-Hill Book Company, New York, NY, 1966.

A. Sabri, H. T. Alaoui and A. Jamea, Ezistence of weak solution for fractional p-Laplacian problem with Dirichlet-type
boundary condition, Discussiones Mathematicae Differential
Inclusions, Control and Optimization 39 (2019) 69-80 doi:10.7151/dmdico.1211.

R. Servadei and E. Valdinoci, Mountain Pass solutions for non-local elliptic operators, Journal of Mathematical Analysis
and Applications, 389(2):887-898, 2012. https://doi.org/10.1016/j.jmaa.2011.12.032.

R. Servadei and E. Valdinoci, Weak and viscosity solutions of the fractional Laplace equation, Publ. Mat. 58 (2014)
133-154. doi:10.5565/publmat-58114-06.

M. Xiang, B. Zhang and M. Ferrara, FEuxistence of solutions for Kirchhoff type problem involving the
non-local fractional p-Laplacian, Journal of Mathematical Analysis and Applications, 424(2):1021-1041, 2015.
https://doi.org/10.1016/j.jmaa.2014.11.055.



14 Y. C. BASSONON anD A. OUEDRAOGO

23. J. Xu, D. O’Regan and W. Dong, Ezistence of weak solutions for a fractional p-Laplacian equation in RN | Sci. China
Math. 111 (2017) 1647-1660.

24. E. Zeidler, Nonlinear functional analysis and its application, volume 1. Springer, 1986.

Yibour Corentin BASSONON,

L@boratoire de Mathématiques, Informatique et Applications (L@QMIA),
Université Norbert ZONGO, BP 376 Koudougou,

Burkina Faso.

E-mail address: corentinbassonon@gmail.com
and

Arouna OUEDRAOGO,

L@boratoire de Mathématiques, Informatique et Applications (L@MIA),
Université Norbert ZONGO, BP 376 Koudougou,

Burkina Faso.

E-mail address: arounaoued2002@yahoo.fr



	Introduction
	Preliminaries
	Existence of weak solutions
	Galerkin approximations and a priori estimates
	Passage to the limit


