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Mathematical Model of a COVID-19 Transmission in Jordan

Abdullah Abu-Rqayiq and Haneen Alayed

ABSTRACT: This paper examines the spread of the Covid-19 pandemic in Jordan, a country in the Middle
East. The first recorded case dates back to March 2, 2020. During the pandemic, Jordan implemented various
strategies to manage the pandemic, including lockdowns, social distancing, and school closures. In this study,
we develop a fractional-order mathematical model to investigate the dynamics of the pandemic. The model
is analyzed both qualitatively and numerically. Qualitatively, it reveals two equilibrium points: the Covid-19
free equilibrium and the Covid-19 endemic equilibrium. The local asymptotic stability of these equilibrium
points is explored, showing a dependence on the basic reproduction number Rg. Data from the Covid-19
dashboard of the Jordanian Ministry of Health is used to validate our model. Numerical simulations provide
several typical solution paths with biological explanations.
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1. Introduction

In March 2020, the world faced a global pandemic for the first time in a century, claiming millions of
lives. On March 11, 2020, the World Health Organization (WHO) declared COVID-19 a pandemic as it
spread worldwide rapidly following a logistic growth pattern [1]. The virus that causes COVID-19, known
as severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2), spreads quickly through close contact
between people. The ongoing COVID-19 pandemic spreads more efficiently than influenza but not as
efficiently as highly contagious diseases like measles. Another complicating factor is that asymptomatic
patients can still spread the virus. According to the Centers for Disease Control and Prevention (CDC),
common symptoms include fever, chills, coughing, shortness of breath, and sore throat, among others [2].

As infected populations and death tolls continued to increase rapidly, governments around the world
tried to control the pandemic by reducing close contact between people. The measures included closing
public places, schools, colleges, universities, restaurants, and playgrounds. Due to the lack of proper viral
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medicine or vaccine, strategies such as travel bans from highly infected areas, social distancing, lockdown
policies, isolation of infected individuals, self-quarantine of exposed individuals, mandatory use of face
masks, and strictly following all social-conscious and prevention strategies were widely used to contain
the virus.

Mathematical models are essential tools for analyzing and discussing infectious diseases. They aid in
studying the dynamic behavior of the disease, predicting the number of cases, and determining disease
transmission by finding the basic reproduction number. Additionally, they assist in deciding the best
preventive measures for the situation. Many researchers have discussed COVID-19 mathematically with
different models. For example, Hassan et al. conducted a prediction model analysis to determine the
status of COVID-19 at the county levels in Texas [3]. Alzahrani et al. presented four prediction models to
forecast the daily numbers of COVID-19 infections in Saudi Arabia [4], while Alboaneen et al. provided
two models to predict the number of cases in the same region [5].

The presence of patients with asymptomatics has led investigators to focus on including this class
of patients in their studies of COVID-19 [6,7]. Kim et al. [6] determined the spread of asymptomatic
cases in South Korea. In their study, they found that 19% of the infected individuals with COVID-19
were asymptomatic. These results suggest applying social distancing and other restrictions to prevent the
transmission of the disease through these individuals. Aljishi et al. [7] described the spread of COVID-19
at the epicenter of its spread in Saudi Arabia. The effectiveness and impact of social distancing in limiting
the spread of COVID-19 were analyzed by researchers such as Al-Tuwairki and Al-Harbi [8],

On February 27, Jordan banned non-Jordanian travelers from high-risk countries from entering the
country. The first COVID-19 case was reported on March 2, involving a national who had arrived from
Italy. In the same week, Jordan began quarantining arrivals from selected European countries. By March
15, 12 new cases were reported, prompting the government to impose further restrictions. All educational
institutions, tourism sites, cafes, and restaurants were ordered to close, and all arriving passengers were
treated as suspected cases and immediately quarantined [9].

On March 2, 2020, the Jordanian government reported the first case of coronavirus in Jordan for a
person who returned from Italy. [wikipedia] From March 3 to March 14, there were no new reported
cases of Covid-19 in Jordan. On March 15, the government announced 12 new cases bringing the total
number of positive cases to 13. On mARH 16, the number of confirmed cases rose to 29 cases. After
that, the new cases were confirmed daily and by March 21, the total number of the confirmed cases was
99 including one recovery case. For the rest of March of the year 2020 the number of cases continued to
rise and quarantine was applied to the confirmed cases. The total of the confirmed cases by the end of
March was 274 cases and 4 new recoveries with a total of 30 confirmed recovered cases in Jordan.

By March 18, Jordan had implemented a series of stringent measures: travel between governorates was
prohibited, all flights were suspended, borders were closed, public transportation was halted, commercial
complexes were shut down, non-emergency medical services were suspended, and both public and private
sectors were closed. A stay-at-home policy was enforced, and public, social, and religious events were
prohibited. The government declared a national lockdown, a state of emergency, and imposed a curfew,
mandating the wearing of face masks in public places, including cars.

During the initial days of the curfew, a complete nationwide lockdown was enforced, preventing
people from leaving their homes. The citizens were later allowed five specific days to move around
and walk, with neighborhood grocery stores allowed to open between 10 AM and 6 PM. Driving was
not allowed, and movement between administrative geographic boundaries was only permitted under
emergency circumstances.

The number of newly reported COVID-19 cases in Jordan fluctuated between three and 42 daily cases,
with an average of 15 cases per day. As of May 1, 2020, the total number of reported cases was 459,
including eight deaths. The cases appeared to have clustered among persons within the same family,
and a limited number of cases have been identified to be of unknown origin. The test was carried out
randomly, regardless of symptoms, within each of the 12 Jordanian governorates, and a limited number
of cases have been identified using this approach. In early May 2020, the number of local cases reached
zero for about 10 days.

In April, 2020, the number of confirmed cases increased daily and by the end of April the total number
of recoveries was 453 confirmed cases and the total number of confirmed recoveries was 364 cases. In
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August 2020, the restrictions were gradually eased, but confirmed cases continued to occur on a daily
basis [1,9].

In November 2020, the pandemic hit the country strike. The number of confirmed cases rose dramat-
ically and Jordan, the country that professionally responded to the pandemic, became the Arab country
with the highest number of deaths related to Covid-19 per capita.

COVID-19 in Jordan
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Figure 1: Number of Confirmed Cases and Deaths on a Logarithmic Scale [9].

Jordan’s comprehensive response, characterized by stringent border controls and extensive testing,
adhered to global best practices, leading to lower case and death rates compared to developed nations.
The successful vaccination campaign, which notably ensured equitable access for refugees, significantly
reduced mortality and achieved herd immunity against severe outcomes. However, the pandemic also
exposed weaknesses in research and healthcare infrastructure, underscoring the urgent need for investment
in virology and healthcare capacity. For more information on how to improve pandemic preparedness
read [10]. Figure 1 presents the reported COVID-19 cases and deaths in Jordan on a logarithmic scale,
spanning April 2020 to April 2023. The solid blue line shows cumulative confirmed cases, while the
solid red line shows cumulative deaths. Dotted lines represent daily new cases and deaths (7-day moving
average). This visualization highlights the major waves of infection and the overall impact of the pandemic
in Jordan.

To properly understand the situation, it was essential to simulate the COVID-19 epidemic curve in
Jordan, particularly for those with mild symptoms. This simulation could significantly improve public
health response planning and future expectations. Furthermore, it would advance our understanding of
COVID-19 in developing countries and the impact of widely supported public health measures in Jordan.
The research aimed to mathematically simulate the COVID-19 outbreak in Jordan and investigate the
transmission of COVID-19 in Jordan.

The development of mathematical models for COVID-19 has been a crucial aspect in understanding
and managing the pandemic. These models range from simple compartmental models, such as the
SIR (Susceptible-Infectious-Recovered) model, to more complex models that incorporate various factors
such as age structure, spatial distribution, and intervention strategies. Among these, fractional-order
models have gained attention for their ability to capture the memory and hereditary properties of the
disease dynamics. Fractional-order models use derivatives of noninteger orders, providing a more accurate
representation of real-world phenomena compared to integer-order models. These models have been
particularly useful in describing the spread of COVID-19 and predicting the impact of different control
measures. Applying a fractional derivative approach is very powerful in presenting the memory of the
derivatives and the previous states of the model’s compartments. The fractional approach was applied
to COVID-19 models for prediction and studying the dynamics. For example, Shaikh et al. [11] applied
a fractional derivative approach to simulate the potential transmission dynamics of COVID-19 in India,
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Zhang et al. [12] studied the Covid-19 epidemic with isolated class. Examples of other references that
use a fractional derivative approach for studying COVID-19 are [13,20].

In this paper, we formulate a fractional-order model to describe the transmission of COVID-19 in
Jordan. Our model includes four compartments: susceptible, asymptomatically infected, symptomatically
infected, and recovered individuals. The analysis of this model aims to study the dynamics of the outbreak
in Jordan, which is crucial for current and future planning and the implementation of control measures.
In addition, it helps to estimate key parameters such as the basic reproduction number, which indicates
how easily the virus spreads. Understanding these parameters is essential to assess the potential impact
of the virus and the effectiveness of control measures.

The rest of the article is organized as follows. Section 2 presents a summary of important preliminaries
for fractional derivatives. In Section 3, we formulate the model and prove that it is well posed. In
Section 4,we demonstrate the qualitative analysis, including the equilibrium points, basic and control
reproduction numbers, and the local stability of the equilibrium points. In Section 5, we provide a
sensitivity and numerical analysis, including the fitting of the model to the COVID-19 cases in Jordan
and the estimation of the model parameters. Furthermore, we present numerical simulations that were
conducted to confirm the results of the qualitative analysis and investigate the sensitivity analysis for the
control reproduction number. Section 6 provides a general discussion, and Section 7 presents a conclusion
of the paper.

2. Preliminaries

Fractional calculus, a field that extends classical derivatives and integrals to fractional orders, has
a rich history dating back to Leibniz’s inquiries in 1695. This branch of applied mathematics deals
with real-world phenomena modeled by non-integer-order derivatives and has been gaining increasing
attention globally. Fractional calculus provides a more accurate representation of complex systems and
processes that exhibit memory and hereditary properties, which are often observed in various scientific
and engineering applications [21].

Over the years, several types of fractional derivatives have been developed, each with unique character-
istics and applications. These include the Caputo, Riemann—Liouville, Katugampola, Caputo—Fabrizio,
and Atangana—Baleanu derivatives. The Caputo derivative, for instance, is widely used in modeling
physical and engineering processes due to its ability to handle initial conditions in a manner similar
to classical integer-order derivatives. The Riemann-Liouville derivative, on the other hand, is often
employed in theoretical studies and mathematical formulations.

The Katugampola derivative introduces a generalized approach that unifies various fractional deriva-
tives, while the Caputo—Fabrizio derivative is known for its non-singular kernel, making it suitable for
modeling processes with smooth transitions. The Atangana—Baleanu derivative, with its non-local and
non-singular kernel, has been particularly effective in capturing the complex dynamics of systems with
long-range interactions and memory effects [22].

The applications of fractional calculus are vast and diverse, spanning fields such as physics, engi-
neering, biology, finance, and control theory. In physics, fractional calculus is used to model anomalous
diffusion and viscoelastic materials. In engineering, it helps in the design of control systems and signal
processing. In biology, fractional models are employed to describe the dynamics of biological systems
and population growth. In finance, fractional calculus is used to model market behavior and option pric-
ing. Control theory benefits from fractional calculus in the development of robust and adaptive control
strategies.

This section contains some preliminary definitions of fractional calculus and the associated notation.
We first give the definition of fractional order integration and fractional order [21].

Definition 2.1 Let L' = L'[a,b] be the class of Lebesque integrable functions on [a,b], a < b < co. The
fractional integral of order v € RT of the function f(t),t >0 (f : Rt — R) is defined by

u_i ! _Su—l s)ds
Iy = ) /a (t—19)"""f(s)ds,t >0, (2.1)

where I'(.) is the Gamma function.
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The fractional derivative of order @ € (n — 1,mn) of the function f(t) is defined in several ways, the
most common ones are:

(i) Riemann-Liouville fractional derivative:
Take the fractional integral of order (n — «) and then apply the n'" derivative

D f(t) = DAI¢ (2.2)

a n—a?

n
where D} = ;t—n,n =1,2,..

(ii) Caputo’s fractional derivative:
Start with a n'? derivative of the function, then take a fractional integral of order (n — )

DEf(t) = I2_ DEf(t)n=1,2,.. (2.3)
We notice that the definition of the time-fractional derivative of a function f(t) at ¢ = t,, involves an
integration and calculating time-fractional derivative that requires all the past history, that is, all the
values of f(t) from t =0 to t = t,,. Caputo’s definition, which is a modification of the Riemann-Liouville
definition, has the advantage of dealing properly with initial value problems and it solves the problem of
the derivative of constants.

Definition 2.2 (The Mittag-Leffler functions) Two parametric Mittag-Leffler functions are repre-

sented by the series.
k

o0 P
E = _— R
169 kgzor(ak+5),a,ﬁ>0,a,ﬂe ,z€C

For more properties and applications of fractional derivatives and integrals, see for example [21] and
[24].

3. Mathematical Model

Mathematical models do not offer a definitive cure for infectious diseases; rather, they serve as invalu-
able tools to simulate various scenarios and dynamics, assess resilience, and devise effective detection and
control strategies. These models help in understanding the potential outcomes of different interventions
and guide policymakers in making informed decisions. Timely and appropriate interventions are crucial
for mitigating the social impact of diseases by controlling their spread. Numerous mathematical models
have been proposed in the literature to understand and predict the spread of infectious diseases. The pri-
mary objectives of these models are to flatten the infection curve, reduce mortality rates, and ultimately
improve public health outcomes. By simulating different intervention strategies, these models can help
identify the most effective measures to contain outbreaks and minimize their impact on society [23].

Mathematical modeling plays a pivotal role in understanding and predicting the spread of COVID-19.
Various types of mathematical models can be employed to simulate the spread of the virus, including
compartmental models, network models, and agent-based models. Compartmental models, such as the
SIR (Susceptible-Infectious-Recovered) and SEIR (Susceptible-Exposed-Infectious-Recovered) models, di-
vide the population into different compartments based on disease status and use differential equations
to describe the transitions between these compartments. Network models, on the other hand, represent
individuals as nodes in a network and simulate the spread of the virus through connections between
nodes, capturing the heterogeneity of contact patterns. Agent-based models simulate the actions and
interactions of individual agents, allowing for a more detailed representation of the population and the
spread of the virus.

By leveraging these different modeling approaches, researchers can gain a comprehensive understand-
ing of the dynamics of COVID-19 and evaluate the effectiveness of various intervention strategies. This
knowledge is crucial for developing targeted and effective public health measures to control the spread of
the virus and mitigate its impact on society.

Compartmental models divide the population into different compartments, such as susceptible, in-
fected, and recovered individuals, and use mathematical equations to describe the flow of individuals
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between these compartments. These models can be used to estimate the basic reproduction number R

of the virus, which is a measure of how easily it spreads, and to predict the size and timing of outbreaks.
Network models take into account the social interactions between individuals and can be used to

simulate the spread of the virus in specific populations, such as schools, hospitals, or households.

Agent-based models simulate the behavior of individual agents, such as individuals or households,
and their interactions with each other. These models can be used to study the impact of different inter-
ventions, such as social distancing or masking, on the spread of the virus.

In this study, we consider an SEIR-modified model with a combined compartment for exposed and
asymptomatic individuals, which reduces the number of parameters in the model. The model divides the
size of the population of Jordan, N, into four compartments: susceptible S(t), asymptomatically infected
I,(t), symptomatically infected I,(t), and recovered individuals R(t) at time ¢ per day unit. Where,
susceptible individuals are those who are not yet infected, asymptomatically infected individuals are those
who have been infected but with no symptoms, symptomatically infected individuals (with symptoms),
and recovered individuals are those who have been infected and then removed from the disease due to
recovery or death. We denote by A the natural birth rate, 5; and s are disease transmission rates
of susceptible individuals with asymptomatically and symptomatically ones, respectively, which may
cause the transmission of the infection, ¢ is the transition rate from I, to I, compartments, 1 and uo
are the natural death rate and disease (due to Covid-19) death rate and § is the recovery rate. Note
that the parameters {1, and (391 represent the force of virus infection. We assume that individuals
in the asymptomatic compartment can transmit the disease more than individuals in the symptomatic
compartment, that is, 8 > 1. The model is described by the following system of nonlinear fractional
ordinary differential equations:

DS = A — (Bl + Pols + p11)S

Dil, = (Bila + B2ls)S — (0 + v+ p1)la
D{ls = oly — (v + p1 + p2) s

DR =~I, +vIs — R,

(3.1)

where Djf* is the Caputo fractional derivative and 0 < oo < 1. The initial values assumed in the model
(3.1) are:

S(0) > 0,1,(0) > 0,15(0) > 0,and R(0) >0
In the next Theorem, we prove that the positive invariant domain of system (3.1) is

A
D:{(Sa[aals,R) ERiOSNS E}’

where N =S+ 1,4+ I, + R.
This is a biologically meaningful range of variables. Figure 2 shows the compartmental diagram for
model (3.1).

Theorem 3.1 Considering model (3.1) assumptions, all solutions of the system are positive and bounded
i the tnvariance region with nonnegative initial conditions in the region

A
D:{(SuIa7[s>R) ERiOSNS E}

Proof: First, we show that all solutions are positive. Let (S(0), 1,(0), I;(0), R(0)) € D. We have

DIS(t) = A >0,

DI, (t) = B2Is()S(t) > 0,
I,(t) = oI, > 0,
t R(t) = y(La(t) + Ls(t)) = 0.
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Figure 2: Compartmental diagram for the model

Table 1: Pameters’ Description

Parameter Description Value Unit Source
N Total population in Jordan ~ 10.806 x 105 individual [9]
A Birth rate 395 individual x day=! [9]
o Transition rate from I, to I, 0.167 day™? Estimated
ol Recovery rate 0.5 day~? Estimated
51 Transmission rate by I, 1.059 x 1077 individual x day~" Estimated
Bo Transmission rate by I 0.0554 x 10~7  individual x day~™" Estimated
1 Natural death rate 3.6529 x 10~° day~? [9]
2 Death rate due to Covid-19  1.2907 x 10~2 day~? [9]

Thus, for ¢ > 0 all positive solutions remain positive. Next, combining all equations of (3.1), we get
D? :AfugfsfplNgAf,ulN,

where N = S + I, + I, + R. Using the integrating factor technique for the above fractional differential
inequality, we get

A By,

N(t) < N(0)Eq(—p1t®) + m
1
Where Eo(t) = > 1oy Wkﬂ) is the Mittag Leffler function.
Thus,
A
limsup < —. (3.2)
t— o0 M1

Hence, all solutions of model (3.1) are bounded and non-negative for all ¢ > 0. Therefore, the domain D
is positively invariant. O

Next, we prove the existence and uniquness for the solution to the system (3.1).
Lemma 3.1 Consider the system { Dx(t) = g(t,x),to > 0, with initial condition x (to) = x¢,, where,

a € (0,1],g : [to,00) x Q — R,Q C Clty,00), if local Lipschitz condition is satisfied by g(t,x) with
respect to x, then there exists a unique solution on [tg,00) X €.

Theorem 3.2 (Existence and Uniqueness) For any time t, the solution of system (3.1) will exist and
the solution will be unique.
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Proof: Consider the region € x [tg, ], where
Q={(51.,I;,R) € R*, S, 1,1, R € C'[tg, 00) A||S||, | alls | Zs]l, | R]| < M} and 7y <oo.
Let K(S) =A- (ﬁlla + Bals + ,ul)Sv

[ K (S1) = K (S2)|| = [[A = (B1la + Bols + p1)S1 — A+ (Bila + B2ls + p1) Sz,
= [1811a(S2 = 1) + B2Ls(S2 — 1) + (S2 — S1)pall
< Bl Lall[[S2 = Sull + B2 [ sl 152 = Sull + pa [[S2 = Sl
= (B1[Mall + B2 sl + pa) 152 = Sul
< (B1+ Ba+ pa) M ||S2 — Sif|.
Thus,
1K (S1) = K (S2)I| < (81 + B2 + p) M [|S2 — Si|
Therefore, K (.5) satisfies Lipschitz condition.
Let L(S) = (Bila + B215)S — (0 +7 + 1) Lo,
L (Le) = L) | = 1By + BaI)S = (0 47+ i)y — (Buly + BoL)S + (047 + )]
818 (Lay — Los) + (0 47+ )Ly — L)
< B IS Mo, — Lyl + (0471 ) Mo — o]
< B+ 45+ ) Moy ~ |
< (BiM 4o+ + 1) Loy — Lo |-
Thus,
1L (Tay) = L (Tap)I| < (BrM + 0+ + p1) [[ Loy — La, ||
Therefore, L(S) satisfies Lipschitz condition.

Let N(1q,) = oly — (v + p1 + p2)1s,

IN (Is,) = N (L)l = (0o = (v + p1 + p2)Ls, — 0la + (7 + 1 + p12) L, |
< (v +p A+ p2) (IN (Is,) = N (Ls,) |
Thus,
IN (Is;) = N ()l < (v + pa + p2) [N (Ls,) = N (L)
Therefore, N(S) satisfies Lipschitz condition.

Let P(R) = vI, +vIs — R,

[P (R1) = P (Ry)|l = 710 +vIs = pi Ry — yIo — vIs + 1 Ra|
= [lp1(R2 — Ry)]|,
< [(R1 — Re|
Since p; < 1. Therefore, P(R) satisfies the Lipschitz condition.
Let, Fi = (B1+ B+ ) M, Fo = (M + 0+~ + 1), Fs = (v + p1 + p2), Fy = ps.
Also, let F' = max {F}, Fy, F3, Fy}. Therefore,
[ K (51) = K (S2)| < F[[S1 = S
HL (Ial) —L (Iaz)” <F ||Ia1 - Iaz”
HN(IS1) - N(ISz)H <F ||IS1 - 182”
P (R1) — P (R2)|| < F'[|Ry — Ryl

For F <1, K(S),L(I,),N(I;), and P(R) are contraction mappings.
Therefore, according to the Banach fixed point Theorem, the solution to system (3.1) exists and is unique.
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4. Equilibria and Stability

In this section, we describe the qualitative behavior of the model (3.1). We determine equilibrium
points and the basic reproduction number. We also investigate the local and global stability of the
equilibrium points.

4.1. Equilibrium Points and basic reproduction number
To Find the equilibrium points of the model (3.1), we set fractional derivatives equal to zero.
DgS =0, D¢, =0, DI, =0, and DFR = 0,
and we write,
A — (Bl + Bals + p11)S = 0,
(Bila + P215)S — (0 + 7+ p1)la =0,

oly — (v +p1+p2)ls =0,
I, +vIs — 1R =0.
The analytic solution of system (3.1) yields two equilibrium points in the domain D: The Covid-19 free

disease equilibrium point (DFE) Ey = (ﬁ, 0,0,0) that always exists and typically occurs when assuming
that I, = 0 and I, = 0, and the Covid-19 endemic equilibrium point Ex = (S*, I¥ I, R*), where

) a’ S
A
O —
H1Ro
* ARO
ICL = b
Ro(o+v+p1)+1
I* o AO’RO
T Ro(o+y+p) (Y p2) + (v )’
R — YARo(y + p1 + p2 + o))

p (v + 1+ p2)(Ro(o+v+p1) +1)

Here, Ry = ABy(p14pe+y)+AB20

TR e remr—_ The endemic equilibrium point E* exists only if Ry > 1.

Basic Reproduction Number:
The basic reproduction number denoted R, can be considered as the number of secondary cases of
infection generated from a single virus in a population where all tumor cells are susceptible to infection.

Applying the Next Generation Method [25]. Let P = (S, I,, I5, R), then model (3.1) can be rewritten as
P’ = F(P) — V(P), where the matrices F' and V represent respective new infection and transition, and

they are given by
F(P) = ( 51050 5205'0 ) 7

and

~ o+ +m 0
V(P)< -0 7+M1+M2)

Therefore, the V=1 matrix is

- —1 0
V—l(p) — U+Y7+M 1
(o+y+p1)(pitre+y)  vHuitpz

Thus, the next-generation matrix FV 1! is
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- B1(y+p1+p2)So+B20S0 8250
FV-YP) = (o+y+u1) (v +Hpi+pz) YHp1tpe
: . _ —1\ _ Bi(y+mi+p2)So+B20S50
Hence, the basic production number Ry = p(FV 1) = CRETEwT

4.2. Local Stability Analysis

We employ the linearization method [26] to investigate the stability of the equilibrium points of Model
(3.1).

Theorem 4.1 For the system (3.1), the Covid-19 free equilibrium point Eq is locally asymptotically stable
if Ro < 1, and unstable otherwise.

Proof:
The Jacobian matrix evaluated at the Covid-19 free equilibrium point is given by
—H1 —B150 —B250 0
0 81So — (0 + v+ 1) B2S0 0
J(Ep) =
(Eo) 0 o —(vt+urt+p2) O
0 Y v —
By solving the characteristic equation |J(Ey) — AI| = 0, we obtain four eigenvalues as follows: Ay = —pyq,
A2 =180 — (0 + 7+ p1),, —(v+ w1 + p2), and Ay = —pug.
PA) =N +a1X +az =0, (4.1)
where
ay :U+2'y+u1+2u1+,u2) — 5150,
and

az = (v + p1 + p2) (o + v+ p1 — B1So) — B20So

~ By A+ p2)So + B2080
(0 + 7+ )y + p1 + p2)
= (047 +pm)(y+m+p2)(1l = Ro)
Using Routh-Hurwitz criteria [26], the roots of equation (4.1) are negative if a; > 0 and as > 0. This

happens when Ry < 1. It is obvious that as > 0 if Rg < 1. However, it is not obvious that a; > 0. To
show this, Rg < 1 implies that

= (o +7+p)(y+ p1 + p2)(1

B1 (2 + p1 + p2) So + B2050

<1
(0 +71 +p1) (2 + 1+ p2)
S S
B1So n B20S0 <1
o+v+pm o (o4+y 4 pa) (2 o+ ope)
oS
/3150-5-762 0 <o+v+
Yo + p1 + p2
B20S0
— < (c+m + — 1S
T ot (0 +71+ 1) — B1So
B20S
ﬁ‘F(’}Q‘FHl +p2) < (o+7v1 4 u) + (v2 + g1+ p2) — S1.S0
Which implies that, 0 < 72%:7;?“2 + (y2 4+ p1 + p2) < ag. Thus, a; > 0 and the Routh-Hurwitz criterion

for polynomials implies that the DFE is stable.

If Rg > 1, then as < 0. Thus, P(0) = B < 0. Again, P(\) — oo as A — oo. Since P()) is a
continuous function of A, hence by Bolzano’s theorem on continuous function we have P ();) = 0 for
some A; > 0. Therefore, at least one eigenvalue of the Jacobian matrix is positive. Hence, DFE point is
unstable equilibrium point [3]. O
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Theorem 4.2 For the system (3.1), the Covid-19 endemic equilibrium point Ex is locally asymptotically
stable if Ry > 1, and unstable otherwise.

Proof: The Jacobian matrix evaluated at E* is given by

—(BuIy + B2If) — 1) —B1 —B2 0
J(E*) = Bl 4 Bal} Br— (0 +~+ ) B2 0
0 o —(y+m+p2) O

0 Y Y —1

Solving the characteristic equation |J(E* — AI| = 0 yields Ay = p1 which is negative, and the remaining
eigenvalues are the roots of the equation

N+ a1 A% 4 ag\ +az =0, (4.2)
where

ay =0 + 2y +3p1 + po + Pl + Bl — S S”
ay = =241 — 2ua i1 — 0Bl — 2p1 Bol} 4 211 1 S* — 2041 — 3y — 3uT + 515”4 Brpe
—S*—oy—opz — v — Yo — 2 pa — Brpady — Bapodl — i
ag = —pryol; — iy’ Iy — 2B0ymly — Boyo Ly — By’ IT — 2Boym IS + BiymS* — o — 72
—ypa = Bropdy — By — Baopn It — Popi I + BrpiS™ — opuf — yuf — p — Bropsl;—
VBipaly — Brpspioly — Baopoly — Boyualy — Baprpiol + Bru1paS™ — opipio — ypafi2 — pafo
— B1B20S*I; — B305°I;.

We use the Routh-Hurwitz criteria to determine the sign of the remaining eigenvalues. The first eigenvalue
is negative, then the system will be locally asymptotically stable if other 3 eigenvalues are all negative
or their real parts are negative. The other three eigenvalues will be negative or will have negative real
parts if the Routh-Hurwitz criterion is satisfied. From Routh-Hurwitz criterion, we can say that the EE
point is stable if a; > 0, ag > 0 and ajay > az. Therefore the EE jwhich exists if Ry > 1, is locally
asymptotically stable. O

5. Numerical Analysis

In this section, we fit model (3.1) to the actual data of Covid-19 cases in Jordan and estimates the
parameters that make it compatible with reality. We provide sensitivity analysis of the model, and then
we provide a numerical analysis with simulations.

5.1. Sensitivity Analysis

Here, we conduct a sensitivity analysis on our model to determine parameters that have a high impact
on the threshold R and should be targeted by intervention strategies. this analysis allows us to measure
the relative change in a variable when a parameter changes. However, sensitivity has the drawback that
it does not give the change of quantity R relative to the size of the quantity. To address this problem,
the elasticity of the reproduction number Ry can be used and defined as follows

&p _ORo p.
Ro 8]? Ro’

where p is a parameter [25]. The magnitude of the elasticity indices generally depends on the parameter
values found in the expression of Ry.

In our analysis of the sensitivity of the basic reproductive number Ry, we evaluated the impact of
various parameters on Ry. The parameters analyzed included are A, 81, 82,7, p1, th2, and o. Our findings
indicate that A and p; are the most influential parameters, with sensitivity indices of 1 and —1, as shown
in Table 2, respectively. This implies that a 1% increase in A will result in a 1% increase in R, while a 1%
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increase in p1 will lead to a 1% decrease in Rq. Similarly, 81 has a significant positive influence, with a
sensitivity index of 0.9830, indicating that a 1% increase in 3; will cause R to increase by approximately
0.9832%. Conversely, v and ¢ have negative sensitivity indices of —0.9845 and —0.2340, respectively,
suggesting that a 1% increase in ~ will decrease Rg by 0.9840%, and a 1% increase in o will decrease
Ro by 0.2340%. The parameters B2 and ps have relatively smaller influences, with sensitivity indices of
0.0167 and —0.0004, respectively. These results highlight the critical parameters that should be targeted
in interventions to control the spread of infectious diseases.

The models indicate that the most critical parameters are 8 and v, with sensitivity indices of 0.9830

Parameter Sensitivity Analysis

0.8 r

06

0.4 F

02

Sensitivity index
o

-0.2

-04r

-06

08 r

A a Y B1 B2 pl 2
Parameter

Figure 3: Bar chart shows sensitivity index for each parameter

and —0.9845, respectively. Figure 3 displays a bar chart of sensitivity indices for key model parameters
affecting the basic reproduction number Ry. Parameters such as the birth rate (A), transmission rates
(B1and Bs), recovery rate (), and death rates (u; and ps) are shown. The chart illustrates which pa-
rameters most strongly influence R, guiding intervention strategies. Controlling the outbreak effectively
could involve managing these parameters. Since 1 represents the transmission rate from the susceptible
(S) to the asymptomatic infected (I,,) class through contact with I, individuals, reducing contact between
asymptomatic individuals and the general population is crucial. One proven measure is the uniform use
of face masks by all populations, which significantly reduces contact between classes and, consequently,
disease transmission. Additionally, if doctors can develop an effective antiviral medication to improve
the recovery rate, it could serve as another effective method to control the disease.

The rate of change of Rg with respect to one parameter at a time is given as follows:
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ORo _ Ay +m+p2) + Bao 50
oA (o +y+ p)(y + g+ p2) ’
Ry A N
B mlo+vy+m) " 7
8R0 _ Ao >
By palo+y+p)(y+p+p2)
ORo _ Alo+v+2u1) 581 Boo ABso
=——= + ] - <0,
o pi(o+y+p) v+ tpe (Yt pe)? oy )y + o+ op2)?
ORo Bao A
Dy v+ )@y )
ORo _ BruiA _ BaoA <0
Iy pilo+y+m)3?  (o+y+p? 7
R A

T Ty o e R U

The above equations show that Ry decreases when 1, 2, and « increase. In contrast, R increases when
A, B1, B2, and o increase.
Now we compute the elasticity index of E%O with respect to the model parameter p.

b, =G0 =,
° 0N Ry

eh _ ORo b1 By +pa +p2)

Ro 9Bt Ro  Bi(y+ pa + p2) + P20’
852 _ BR()& _ ,820'

Ro 0By Ro Pr(y+ 1 + p2) + oo’
gm _ IRom _ i oty )+ (At pe)(2m o +7)
Ro ™ Our Ro  Bi(y+ pa + p2) + P20 (0 4+ p1)(y + p1 + p2) ’
gl — ORo M2 _ B1pz _ M2

Ro ™ Ous Ro  Bi(y+pa + p2) + P20 v+ pa + po’

g1 _9Ro v _ Py o2y 2 A )

Ro™ 9y Ro Bilo+y+m)+ B0 (0 +7+ )y +p1+ p2)’

- IRy o o5 o
&5, = - -

807270 Br(y+p1 + p2) + oo g1 +o+7y

The mathematical model (3.1) describes the dynamics of Covid-19 and is validated by fitting the
model with existing pandemic data. We use data from the official Jordanian Ministry of Health website
[9]. We consider the active cases of Covid-19 from March 2,2020, to December 31, 2020, where at this time
interval the Jordanian government applied different levels of lockdown, social distancing, and vaccination.
These different levels of action have been applied almost since the early cases were recorded. Therefore,
we did not incorporate those parameters that can describe the government’s actions since the measures
can vary widely during the pandemic times. For instance, the Jordanian government applied lockdown
on some days and allowed for one day weekly with no lockdown, then it changes the times of lockdown
as the pandemic curve changed. Vaccinations also varied hugely as most of the population hesitated to
take them at the beginning, but then it started to grow. Social distancing also was not luckier as people
changed their attitudes about Covid-19 hugely during the pandemic. Therefore, we did not incorporate
those parameters in order to introduce a more general and more accurate model that can describe the
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Table 2: Sensitivity index for Ry with respect to the parameters P of model (3.1)

Parameter P Value Sensitivity index 57720
A 395 1
o 0.167 -0.2340
ol 0.5 -0.9845
b1 1.059 x 1077 0.9830
o 0.0554 x 10~7 0.0167
H1 3.6529 x 1075 -1
o 1.2907 x 1072 -0.0004
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Figure 4: Scatter plot that shows the distribution of COVID-19 cases in 2020
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Figure 5: The chart shows the recorded cases from October 21, 2020, to November 23, 2020
The maximum number of recorded daily cases was recorded on November 18 and it was 7933 cases.

pandemic mathematically. It is worth mentioning that this is the first complete mathematical-based
study on Covid-19 in Jordan.

5.2. Model Fitting and Estimation of Parameters

We estimate the parameters of model (3.1) to validate it with the actual data of Covid-19 infected
cases in Jordan. We use the available data on the COVID-19 database of the Jordan Ministry of Health
to validate our model. We consider the active cases of COVID-19 from March 2, 2020, till December
31, 2020. Figur 5 illustrates the daily recorded cases and deaths in Jordan from October 21, 2020, to
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November 23, 2020. The top panel shows daily cases, with a peak of 7,933 cases on November 18. The
bottom panel shows daily deaths, reflecting the severity of the pandemic during this period. We estimate
the parameters: (i, 2, o, and A as given in Table 1, which is similar to those in [3] and [8]. The
remaining parameters are obtained from the Jordanian Ministry of Health [9].

The natural death rate, u, is estimated as follows:

= s = 36529 x 107" per day.
A

Since N(t) =~ ﬁ, Assuming that the population in the absence of disease is N(0) = W we estimate
the birth rate A = 395. Here N(0) = 10, 806,000, the total Jordan population in 2019. Figure 4 provides
a scatter plot showing the distribution of COVID-19 cases in Jordan during 2020. The plot visualizes the
daily case counts, highlighting the initial outbreak and subsequent waves throughout the year.

The incubation period (the transition rate from I, to I) is the period of disease development that
represents the transition rate from asymptomatically infected to infected compartment. In Jordan, this
period is estimated to be 6 days. Hence, we need the parameter o to have a value of é or 0.167.

5.3. Numerical Simulations

We perform simulations for model (3.1) with different initial values. We aim to show the consistency
between the numerical solutions and the qualitative analysis discussed in this paper. The values of the
initial conditions are chosen from the set: Q = {(S,I,,Is,R) :0< S+ 1, + I+ R <1}.

In this numerical analysis, we employ the Caputo-fractional derivative to demonstrate the dependency
of solutions on all preceding states. We select three appropriate values for the order of the fractional
derivative: o = 1, which corresponds to the conventional first derivative, and @ = 0.9 and o = 0.8, to
illustrate the inherent memory effect of the fractional derivative.

To solve the system of fractional differential equations numerically, we use Matlab. The code used
in the simulations implements the predictor-corrector method proposed by Diethelm and Freed in [27],
with the stability properties of this method discussed in [28]. The model parameters are chosen to satisfy
the stability conditions for each equilibrium in the qualitative analysis. The numerical simulations reveal
that the solution curves approach Fy if Rg < 1 and E* if Rg > 1.

Let us first re-scale the state variables in the model. Let
S=S8N,I,=I,N,I, =I,N,R=RN

Substituting this in model (3.1) and removing the bars over variables we get:

A
DYS = p — (B1la + 52-@);5 — S

A
DtaIa = (61111 + BQIS);S - (U + Y + Ml)Ia
1

DIy =0l — (v + p+ p2)ls
DgR:’YIa"_’YIs_/JflR

Here, we have used N = % We solve the system numerically using the following initial conditions:
S(0) = 0.8,1,(0) = 0.1,15(0) = 0.05, R(0) = 0.01

The initial conditions are chosen from the set Q = {(S,I,,Is,R) : 0 < S+ I, + I, + R < 1}. The
parameters are chosen to satisfy the stability conditions for each equilibrium point.

To perform the numerical simulations, we chose the following values for the parameters of model
(3.1). Let A = 395,0 = 0.167,y = 3.2772 x 1071, 31 = 1.059 % 1077, By = 0.0554 % 10~7, yuy = 0.04, and
iz = 1.2907 x 1072, Here, Ry = 0.002 < 1. In this case, the solution curves of the module will approach
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the COVID-19 free equilibrium point Ey = (1,0,0,0). This can be observed in Figure 6, which shows the
stability of the equilibrium point. Note that here we increased the value of the parameter p; to obtain
stable solutions.

Then, we increase the parameters p; and $;. So, the parameter values are: A = 395,06 = 0.167,v =
0.7,81 = 1.059 * 1074, By = 0.0554 * 10~7, i1 = 0.04, and po = 1.089 * 107°. Here, Ry = 1.956 > 1. In
this case, the solution curves approach the endemic equilibrium point

E* = (0.502985,0.03774518,0.0165672, 0.43116).

This is shown in Figure 7.
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Figure 6: Dynamics of the model with initial values S = 0.8, I, = 0.1, I, = 0.05, and R = 0.01 and for
appropriate values of «. This figure shows that F is asymptotically stable for Ry < 1.

From the above numerical analysis, we conclude that the numerical results agree with the qualitative
results.

6. Discussion

The COVID-19 pandemic, declared in March 2020, marked the most significant global public health
crisis since the 1918 influenza outbreak. Like many countries, Jordan responded with a combination
of swift policy interventions and evolving social behaviors. The first case in Jordan was reported on
March 2, 2020, and in the weeks that followed, the country implemented aggressive non-pharmaceutical
interventions (NPIs), including curfews, school closures, travel bans, and public gathering restrictions.
These actions had a visible impact on the progression of the disease, but as the year progressed, the
epidemic curve in Jordan experienced multiple phases, including a prolonged plateau and a sharp rise
in the fall of 2020. To understand and simulate such complex behavior, mathematical models became
essential tools in guiding public health policy and forecasting future trends [29].

In this study, we developed and analyzed a fractional-order S1,1s R model to simulate the dynamics of
COVID-19 transmission in Jordan. The model incorporates the Caputo fractional derivative, which allows
the system to capture memory effects—representing the influence of prior states on current dynamics.
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Figure 7: Dynamics of the model with initial values S = 0.8, I, = 0.1, I, = 0.05, and R = 0.01 and for
appropriate values of o. This figure shows that E* is asymptotically stable for Ry > 1.

This is especially important in modeling infectious diseases, where the transmission dynamics are not
only a function of the present moment but also shaped by past exposures, delayed policy responses,
and behavioral adaptation. Our numerical simulations with varying values of the fractional order «
demonstrated that smaller o values correspond to slower epidemic dynamics, which is consistent with the
idea of lingering effects from prior states. Conversely, when « approaches 1, the system behaves more like
a traditional integer-order model, with faster transmission and recovery dynamics. These results show
that the fractional model provides a more realistic and flexible framework for modeling real-world disease
dynamics, particularly in a context like Jordan, where public response and policy measures shifted over
time.

The sensitivity analysis further revealed key parameters that most significantly affect the basic repro-
duction number R, which governs whether an epidemic grows or dies out. Among these, the natural
birth rate A and the natural death rate u; had the strongest influence, with sensitivity indices of +1
and —1 respectively. This means that small changes in these demographic rates directly impact Rg in
a proportional way. More notably, the transmission rate from asymptomatic individuals §; emerged
as a critical driver of disease spread—approximately five times more impactful than the corresponding
rate from symptomatic individuals 2. This finding reflects one of the most important characteristics of
COVID-19: its capacity to spread silently through individuals who do not display symptoms but remain
infectious. In practical terms, this insight emphasizes the importance of interventions that can curb
hidden transmission, such as mass testing, mask mandates, and improved ventilation.

Another key parameter in the model is the recovery rate v, which was shown to significantly suppress
the reproduction number. An increase in -y, whether through clinical care improvements, pharmaceu-
tical interventions, or effective vaccination campaigns, has a nearly one-to-one negative impact on Ry.
This suggests that even modest improvements in patient recovery speed can have meaningful effects on
disease containment. The numerical simulations aligned with these conclusions: when the parameter
set produces Ry < 1, the system tends toward a disease-free equilibrium, while scenarios with Ry > 1
exhibit convergence toward an endemic state. Additionally, changes in the fractional order « influence
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how quickly these equilibrium states are approached. For example, higher o values accelerate the decline
in active cases, indicating a faster rate of recovery and shorter epidemic duration, while lower « values
reflect persistent, drawn-out dynamics.

While the model successfully captures key aspects of COVID-19 spread in Jordan, it does make certain
simplifying assumptions. For example, it does not explicitly model vaccination, even though vaccination
campaigns began in Jordan in late 2020. Similarly, we did not include age stratification, geographic
heterogeneity, or contact networks—all of which can affect transmission patterns. These limitations were
intentional in order to preserve the mathematical tractability and clarity of the fractional model. However,
they also present opportunities for future research. Extending the model to include vaccination, waning
immunity, and spatial mobility would further increase its relevance and predictive power, particularly as
new variants continue to emerge and influence transmission dynamics.

This study offers a significant contribution by applying a fractional-order differential approach to
simulate COVID-19 transmission in Jordan and studying the Covid-19 dynamics. The combination of
theoretical analysis, parameter sensitivity, and numerical validation based on real-world data provides a
rigorous foundation for understanding the spread of infectious diseases in a dynamic social context. It
also demonstrates the value of fractional models for capturing complex temporal dependencies that are
often overlooked in traditional epidemiological models. As such, this work not only contributes to the
literature on COVID-19 modeling but also provides a framework that can be adapted to future outbreaks
and different geographic settings.

7. conclusion

Our fractional derivative SI,I;R model was successfully applied to model the COVID-19 pandemic
in Jordan. The fractional derivative helps to capture the memory of the state, making the model more
realistic. The model can describe the dynamics of the coronavirus in Jordan and predict peaks outside
the time window used to describe the basic dynamics. The use of the fractional derivative shows how
the solution is continuously dependent on all previous states. The model was validated by using the data
from the COVID-19 dashboard of the Jordanian Ministry of Health spanning March 2, 2020 to December
31, 2020. In addition, the numerical experiments performed using the model showed the consistency of
the numerical solutions with the qualitative analysis. Under the conditions described in Theorem 1 and
Theorem 2, and considering the appropriate parameter values, it is evident that the disease-free case can
be attained in a real scenario. Local analysis proved that stability can be established for different values
of the basic reproduction number, namely Ry < 1 and Ry > 1, and the fractional COVID-19 system
preserves stability in both steady states.
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