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Investigating a Common Fixed Point for Two Mappings in F-Modular-b-Metric Space:
Application in Graph Theory ∗

Parveen Tyagi† and Surjeet Singh Chauhan (Gonder)

abstract: Here, a new framework for common fixed point (CFP) of a family of two mappings in the setting
of F-modular b-metric spaces (FMbMS) will be used to investigate the relation of fixed points in graph theory.
As a novel interplay between metric and graph-like structures, this discovery integrates and generalizes many
of those in both graph and fixed-point theories.We provide graphical representations and examples showing
how our ideas can be applied to solve dynamics, network analysis, and optimization problems. In addition to
bridging the gap between graph theory and fixed point theory, our work opens up new research directions in
the study of complex systems and the underlying structures of those systems.
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1. Introduction

Bakhtin first proposed the notion of b-metric spaces in 1989 [1], later Czerwick expanded in 1993 [2].
Jleli and Samet generalized the metric space by replacing the triangle inequality, naming it an F-metric
space. Furthermore, the contraction mapping’s fixed-point theorems and certain topological character-
istics are also demonstrated by Jleli and Samet, and many other writers have applied the results,see
[27,28,29,30,31].
In 2006 Chistyakov [18,19,20,21] offered a metric modular, and its formulation is useful for examining
fixed-point phenomena on finite sets. Our primary objective in this article is to extend the results from
our previously defined metric in the published paper [24] to two mappings and explore new variants of
fixed-point results for the common fixed point (CFP ).Also ,see [22,23,25,26]
We also provide results in FMbMS endowed with graph G. Our application involves solving a system of
fractional-order integral equations.

Definition 1.1 [24] Consider F = {ℏ|ℏ : (0,∞) → R} such that

(f1) ℏ is a non-decreasing function,

(f2) ∀ sequence {vn} ⊂ (0,∞), we have limn→∞ vn = 0 ⇐⇒ limn→∞ f(vn) = −∞.

Then function ℏ is said to be logarithmic-like.An example of the same is given below.

Example 1.1 [24] log like function. ℏ(u) = log u.
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Definition 1.2 [24] For a set ∇ and a mapping Pλ : [0,∞)×∇×∇ → [0,∞) if ∃ (ℏ, α) ∈ F × [0,∞)
where F = {ℏ | ℏ is non-decreasing and ℏ is logarithmic like function }. Then Pλ is Modular Pλ metric
space if satisfies

(B1) Pλ(u, v) = 0 ⇔ u = v,

(B2) Pλ(u, v) = Pλ(v, u) ∀(u, v) ∈ ∇×∇,

(B3) ∀(u, v) ∈ ∇×∇, n ∈ N, n ⩾ 2 {vi}ni=1 ⊂ ∇ such that v1 = u & vn = v

Pλ(u, v) > 0 ⇒ ℏ (Pλ(u, v)) ⩽ ℏ

n−1∑
j=1

bjPλj
(vj , vj+1)

+ α,

where λ =
∑n−1

j=1 λj (where λ > 0 represents a parameter (e.g., time or scale))and b ⩾ 1.

The ordered pair (∇, Pλ) is said to be FMbMS for Pλ a continuous function.

Lemma 1.1 [24] Let (∇, Pλ) be a FMbMS. If there exist a sequence {un} ∈ ∇ such that

Pλ(un, un+1) ≤ kPλ(un−1, un), (1.1)

where 0 ≤ k < 1. Then {un} is a F - modular b -Cauchy sequence in FMbMS.

The objective is to offer some fixed point related theorems for two mappings meeting the specified
contractions, then illustrate a corollary and relevant case in the following section.

2. Fixed points results for two self maps in FMbMS

Theorem 2.1 Consider, (∇, Pλ) be a complete FMbMS and (f, α) ∈ F × [0,∞) also R,S : ∇ → ∇ be
self-mappings such that R(∇) ⊆ S(∇) such that S(∇) is closed, which satisfy the following inequality:

Pλ(Su, Sv) ≥ βPλ(Sv,Rv) + γPλ(Ru, Su) + δPλ(Ru, Sv)

+ µPλ(Ru,Rv) + νPλ(Ru, Su)Pλ(Ru, Sv). (2.1)

for all u, v ∈ ∇, where β, γ, δ, µ, ν > 0, δ + µ > 1,b > 1 and β + γ + µ > 1.
In ∇,a pair {R,S} of weakly compatible mappings have a unique CFP .

Proof: Assume, v0 ∈ ∇.As R(∇) ⊆ S(∇), construct two sequences {un} and {vn} in ∇, such that

vn = Run−1 = Sun, for n = 1, 2, . . . . (2.2)

From (2.1), we have

Pλ(vn−1, vn) = Pλ(Sun−1, Sun) ≥ βPλ(Sun, Run) + γPλ(Run−1, Sun−1)

+ δPλ(Run−1, Sun) + µPλ(Run−1, Run)

+ νPλ(Run−1, Sun−1)Pλ(Run−1, Sun)

≥ βPλ(vn, vn+1) + γPλ(vn, vn−1) + δPλ(vn, vn)

+ µPλ(vn, vn+1) + νPλ(vn, vn)Pλ(vn, vn+1)

= βPλ(vn, vn+1) + γPλ(vn, vn−1) + µPλ(vn, vn+1).

So we get

Pλ(vn, vn+1) ≤
(
1− γ

β + µ

)
Pλ(vn, vn−1).
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Since β + γ + µ > 1, we have 0 <
(

1−γ
β+µ

)
< 1. Hence,using lemma(1.1) sequence {vn} is a F -Modular

-b Cauchv sequence and complete
Since, (∇, Pλ) then there is v∗ ∈ ∇, such that

lim
n→∞

Pλ (vn, v
∗) = 0 =⇒ Sv∗ = v∗,Being S(∇) is closed (2.3)

Claim Rv∗ = Sv∗.

From (2.1) we have

Pλ(Su
∗, Sun) ≥ βPλ(Sun, Run) + γPλ(Ru∗, Su∗) + δPλ(Ru∗, Sun)

+ µPλ(Ru∗, Run) + ν(Pλ(Ru∗, Su∗)Pλ(Ru∗, Sun)

≥ βPλ(Sun, Run) + µPλ(Ru∗, Run) [ ∵ β + γ + δ + µ+ ν ≥ β + µ]

So, we get

Pλ(Ru∗, Run) ≤
1

µ
{Pλ(Su

∗, Sun)− βPλ(Sun, Run)}. (2.4)

Now ,Suppose
Ru∗ ̸= Su∗, then Pλ(Ru∗, Su∗) > 0.

By using (B3), we can get

ℏ (Pλ(Ru∗, Su∗)) ≤ ℏ(bλ
2
(Ru∗, Run) + b2Pλ

4
(Run, Sun) + b2Pλ

4
(Sun, Su

∗)) + α. (2.5)

ℏ (Pλ(Ru∗, Su∗)) ≤ ℏ
(
b

µ

[
βPλ

2
(Sun, Run)− Pλ

2
(Su∗, Sun)

]
+b2Pλ

4
(Run, Sun) + b2Pλ

4
(Sun, Su

∗)
)
+ α.

(2.6)

By using (2.2), then we have

ℏ(Pλ(Rx∗, Sx∗)) ≤ ℏ
(
b

µ
{Pλ

2
(v∗, vn)− βPλ

2
(vn, vn+1)}+ b2Pλ

4
(vn+1, vn) + b2Pλ

4
(vn, v

∗)

)
+ α

(2.7)

By using (2.3 ), we get(
b

µ
{Pλ

2
(v∗, vn)− βPλ

2
(vn, vn+1)}+ b2Pλ

4
(vn+1, vn) + b2Pλ

4
(vn, v

∗)

)
→ 0, as n → ∞.

ℏ
(
b

µ
(Pλ(v

∗, vn)− βPλ(vn, vn+1)) + b2Pλ(vn+1, vn) + b2Pλ(vn, v
∗)

)
+ α → −∞. (2.8)

This is a contradiction, thus we have Rx∗ = Sx∗ = v∗.

Since {R,S} is weakly compatible, then we have SRu∗ = RSu∗, so we have Sv∗ = Rv∗. (2.9)

Pλ(Sv
∗, v∗) = Pλ(Sv

∗, Su∗) ≥ βPλ(Su
∗, Ru∗) + γPλ(Rv∗, Sv∗) + δPλ(Rv∗, Su∗)

+ µPλ(Rv∗, Ru∗) + ν(Pλ(Rv∗, Sv∗)Pλ(Rv∗, Su∗)

≥ βPλ(v
∗, v∗) + γPλ(v

∗, v∗) + δPλ(v
∗, v∗) + µPλ(v

∗, v∗)

= (β + γ + δ + µ)Pλ(v
∗, v∗). (2.10)

So, we get
Pλ(Sv

∗, v∗) ≥ (β + γ + δ + µ)Pλ(v
∗, v∗). (2.11)
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Since β + γ + δ + µ > 1, it implies Pλ(Sv
∗, v∗) = 0.

Thus Sv∗ = v∗.
Sv∗ = Rv∗ = v∗

Next, we show that ∃ no other CFP .
If possible ∃ z∗ is another CFP of given mapps.
From (2.1), following results holds.

Pλ(v
∗, z∗) = Pλ(Sv

∗, Sz∗) ≥ βPλ(Sz
∗, Rz∗) + γPλ(Rv∗, Sv∗) + δPλ(Rv∗, Sz∗)

+ µPλ(Rv∗, Rz∗) + ν(Pλ(Rv∗, Sv∗)Pλ(Rv∗, Sz∗))

≥ βPλ(z
∗, z∗) + γPλ(v

∗, v∗) + δPλ(v
∗, z∗) + µPλ(v

∗, z∗)

= (β + γ + δ + µ)Pλ(v
∗, z∗). (2.12)

So, we get
Pλ(v

∗, z∗) ≥ (β + γ + δ + µ)Pλ(v
∗, z∗). (2.13)

Since (β + γ + δ + µ) > 1, it implies Pλ(v
∗, z∗) = 0. Thus v∗ = z∗. 2

The following outcome offers a the BCP , especially within the FMbMS paradigm.

Corollary 2.1 Let (∇, Pλ) be a complete FMbMS and let f : ∇ → ∇ be a mapping satisfying

Pλ(Ru,Rv) ≤ 1

µ
Pλ(u, v) (2.14)

for all u, v ∈ ∇ and with µ ≥ 1 ,b > 1. Then f has a unique fixed point in ∇.

Proof: Substituting S =I, ( identity mapping )is assumed in theorem (2.1),and assuming β = 0 = γ =
δ = ν the result follows. 2

Following,we present clear example showing the accepted results described of presented work.Graphical
depictions of inequalities are additionally provided.

Example 2.1 Let ∇ = [0, 1
2 ], and define a metric Pλ(u, v) =

(u−v)2

λ , for all u, v ∈ ∇.Where (Pλ,∇) is

FMbMS, with b = 2, ℏ(s) = ln s, s ∈ (0,+∞), and α = 0. Define the functions Ru = u2

4 and Su = u2

2
for every u ∈ ∇, so we have R(∇) ⊂ S(∇ and v(∇) = [0, 1

4 ] is closed.

Let β =
1

4
, γ =

1

2
, δ =

1

4
, µ =

3

4
, ν =

1

8
.

These parameters satisfy β, γ, δ, µ, ν > 0, δ + µ > 1, and β + γ + µ > 1. Now, we have

βPλ(Sv,Rv) + γPλ(Ru, Su) + δPλ(Ru, Sv) + µPλ(Ru,Rv) + νPλ(Ru, Su)Pλ(Ru, Sv)

= βPλ

(
v2

2
,
v2

4

)
+ γPλ

(
u2

4
,
u2

2

)
+ δPλ

(
u2

4
,
v2

2

)
+ µPλ

(
u2

4
,
v2

4

)
+ νPλ

(
u2

4
,
u2

2

)
Pλ

(
u2

4
,
v2

2

)
≤ (u2/2− v2/2)2 = Pλ(Su, Sv).

Since 3
8 (u

2/4)2 ≥ 0, From bn = R(an−1) = S(an), where R(u) = u2

4 and S(u) = u2

2 , then we get

bn = R(an−1) =
(an−1)

2

4
= S(an) =

a2n
2
.

So we get

bn =
(b0)

2n

42n−1
.
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Figure 1: 3D surface plots compare the LHS, RHS, and their difference over u, v ∈ [0, 1
2 ], highlighting

regions where the inequality holds (RHS - LHS ≥ 0) .

Since b0 ∈ [0, 1
2 ], then we obtain bn → 0 as n → +∞. It’s clear that u = 0 is a CFP of R and S.

Following figure illustrates the inequality from Example 2.1 .The left plot shows the left-hand side (LHS)
of the inequality, the middle plot displays the right-hand side (RHS), and the right plot presents the
difference (RHS - LHS), which should be non-negative to confirm the inequality holds. The surfaces are
plotted over u, v ∈ [0, 1

2 ], with the color bars indicating the values of each surface. The difference plot
highlights regions where the inequality is satisfied (positive values in red) and where it fails (negative
values in blue).

Theorem 2.2 Suppose (∇, Pλ) be a F complete b-metric space with (ℏ, α) ∈ F × [0 + ∞). Let R,S :
∇ → ∇ be self-mappings such that R(∇) ⊆ S(∇) with S(∇) is closed, and holds the following conditions:

1.

Pλ(RSu,RSv) ≤ k

[
Pλ(Ru,RSu) + Pλ(Rv,RSv)

2

]
2. the pair {R,S} is weak compatible for all u, v ∈ ∇,

where 0 ≤ bk ≤ 1 and b ≥ 1 , then R and S have a unique CFP in ∇.

pf Consider (ℏ, α) ∈ F × [0,∞) and ϵ > 0. Then ∃

p > 0 s. t. 0 < q < p ⇒ ℏ(0) < ℏ(q) < ℏ(p)− α.

Let v0 ∈ ∇ be an arbitrary element, and define the sequence {Rvn} ⊂ ∇ as

S(vn) = vn+1 and Rvn+1 = vn+2, ∀n ∈ N.

For simplicity, assume
vn = Rvn = RSvn−1.

Now,

Pλ(vn, vn+1) = Pλ(Rvn, Rvn+1)

= Pλ(RSvn−1, RSvn)

⩽
k

2
[Pλ (Rvn−1, RSvn−1) + Pλ (Rvn, RSvn)]

=
k

2
[Pλ (Rvn−1, RSvn−1) + Pλ (Rvn, Rvn+1)]

=
k

2
[Pλ (vn−1, vn) + Pλ (vn, vn+1)] .
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Rearranging, we obtain
Pλ (vn, vn+1) ⩽ tPλ (vn−1, vn) ,

where t ∈ [0, 1) since 0 < k < 1. By induction,

Pλ (vn, vn+1) ⩽ tnPλ (v0, v1) , where t =
k/2

1− k/2
.

Summing over n,
m−1∑
i=n

Pλ (vi, vi+1) ⩽

(
tn

1− t

)
Pλ (v0, v1) → 0 as n → ∞.

Hence, using Lemma (1.1), the sequence {vn} is an F -modular-b Cauchy sequence. Since (∇, Pλ) is
modular Pλ-complete, there exists v̄ ∈ ∇ such that

{vn} → v̄, i.e., {Rvn} → v̄.

Claim: Ru = Su = u
Now consider,

Pλ (u,Ru) ≤ b
{
Pλ

2
(u,Rxn) + Pλ

2
(Rxn, u)

}
≤ bPλ

2
(u,Rxn) + b2Pλ

4
(Rxn, Rxn+1) + b2Pλ

4
(Rxn+1, Ru) .

Rewriting, we get

Pλ (u,Ru) = bPλ
2
(u,Rxn) + b2Pλ

4
(RSxn−1, RSxn) + b2Pλ

4
(Rxn+1, Ru)

≤ bPλ
2
(u,Rxn) +

b2k

2
Pλ

4
(Rxn−1, RSxn−1) +

b2k

2
Pλ

4
(Rxn, RSxn) + b2Pλ

4
(Rxn+1, Ru)

= bPλ
2
(u,Rxn) +

b2k

2
Pλ

4
(Rxn−1, Rxn) +

b2k

2
Pλ

4
(Rxn, Rxn+1) + b2Pλ

4
(Rxn+1, Ru)

= bPλ
2
(u, u) +

b2k

2
Pλ

4
(u, u) +

b2k

2
Pλ

4
(u, u) + b2Pλ

4
(u,Ru) .

Thus,
Thus, Pλ (u,Ru) ≤ 0 =⇒ u = Ru.

Now, consider

Pλ (RSu,Ru) ≤ b [Pλ (RSu,Rxn) + Pλ (Rxn, Rxn+1) + Pλ (Rxn+1, Ru)]

= b
[
Pλ

(
RSu,RSn−1x0

)
+ Pλ (Rxn, Rxn+1) + Pλ (Rxn+1, Ru)

]
.

Now,

Pλ

(
RSu,RSn−1x0

)
= Pλ

(
RSu,RSSn−2x0

)
≤ k

2

[
Pλ (Ru,RSu) + Pλ

(
RSn−2x0, RSSn−2x0

)]
=

k

2
[Pλ (Ru,RSu) + Pλ (Rxn−1, Rxn)]

=
k

2
Pλ (Ru,RSu) as n → ∞.

Thus,

Pλ (RSu,Ru) ≤ b

[
k

2
Pλ (RSu,Rxn) + Pλ (Rxn, Rxn+1) + Pλ (Rxn+1, Ru)

]
.
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Rearranging, we obtain

Pλ (RSu,Ru) ≤ 2b

2− bk
[Pλ (Rxn, Rxn+1) + Pλ (Rxn+1, Ru)] .

Since

Pλ (Rxn, Rxn+1) = Pλ (u, u) = 0,

it follows that

Pλ (RSu,Ru) = 0.

Since RSu = Ru, we conclude that

Su = u (as R is a bijective map).

Thus,

Ru = Su = u =⇒ u is a coincidence point and a fixed point.

Uniqueness: Suppose there exist two distinct CFP u and v for the mappings R and S, i.e.,

Ru = Su = u and Rv = Sv = v.

Consider

Pλ(RSv,RSw) ≤ k

2
{Pλ(Rv,RSv) + Pλ(Rw,RSw)}

=
k

2
{Pλ(Rv,Rv) + Pλ(Rw,Rw)} = 0.

Hence,

RSu = RSv =⇒ Su = Sv =⇒ u = v.

This contradicts the supposition. Thus, the uniqueness is established.
Inspired with research on graph-metric spaces [3 − 17], we reformulate significant fixed-point results in
FMbMS with a graph.

3. Results in FMbMs endowed with a graph

Let ∇ be the collection of all nodes (vertices) of a directed graph G, without any parallel edges but
with loops on each vertex. The notation G(V,E) represents a graph as a collection of vertices and edges.
Without neglecting the edge orientations, the undirected graph constructed from G is represented by the
notation G̃. Consequently, we have

E(G−1) = {(v, u) | (u, v) ∈ E(G)}.

and we have

E(G̃) = E(G) ∪ E(G−1).

A finite series (us)
N
s=0 of vertices in G such that u0 = u, uN = v, and (us−1, us) ∈ E(G) represents a

path in graph G .

Lemma 3.1 Let (∇, Pλ) be a complete FMbMS endowed with a directed graph G = (V,E), where V = ∇
and E ⊆ ∇×∇ includes self-loops for each vertex. Let S : ∇ → ∇ be a self-mapping such that S(∇) ⊆ ∇
is a non-empty subset. If S is continuous with respect to the metric Pλ and the sequence {Sun} ⊂ S(∇)
satisfies (Sun, Sun+1) ∈ E(Ḡ) for all n ≥ 0, where Ḡ is the undirected counterpart of G, then S(∇) is a
complete FMbMS under Pλ.
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1 1
2

1
4

1
8

0

Su0 Su1 Su2

Su3 → v

self-loop

self-loop

Figure 2: Directed graph Gv for Lemma 3.1, The sequence {Sn} with Sn = 1
n

∑n
i=1 Si converges to

0 ∈ S(V ), with edges (Sn, Sn+1) ∈ E(Gv).

Proof: Since (∇, Pλ) is a complete FMbMS, any Cauchy sequence {vn} ⊂ ∇ converges to some v ∈ ∇
with respect to Pλ. Let {vn} ⊂ S(∇) be a Cauchy sequence, so there exist un ∈ ∇ such that vn = Sun.
Given (Sun, Sun+1) ∈ E(Ḡ), the sequence respects the graph structure. Since {vn} is Cauchy in (∇, Pλ),
there exists v ∈ ∇ such that Pλ(vn, v) → 0 as n → ∞. As S is continuous, Sun = vn → v implies
v = Su ∈ S(∇). Hence, {vn} converges to v ∈ S(∇), proving that S(∇) is complete under Pλ. 2

Example 3.1 Consider the space ∇ = [0, 1] endowed with the FMbMS metric Pλ(u, v) =
|u−v|2

λ , where
λ > 0, b = 2, h(s) = ln s for s > 0, and α = 0. Verify that (∇, Pλ) is an FMbMS:

• (B1) Pλ(u, v) = 0 ⇐⇒ |u− v| = 0 ⇐⇒ u = v.

• (B2) Pλ(u, v) = Pλ(v, u), since |u− v| = |v − u|.

• (B3) For u, v ∈ ∇, and a sequence {vi}ni=1 with v1 = u, vn = v, and λ =
∑n−1

j=1 λj,

h (Pλ(u, v)) = ln

(
|u− v|2

λ

)
= 2 ln |u− v| − lnλ

Since |u− v| ≤
∑n−1

j=1 |vj − vj+1|, we have

|u− v|2 ≤

n−1∑
j=1

|vj − vj+1|

2

≤
n−1∑
j=1

bj |vj − vj+1|2

so

h (Pλ(u, v)) ≤ ln

n−1∑
j=1

bj
|vj − vj+1|2

λj

 = h

n−1∑
j=1

bjPλj (vj , vj+1)


Define the directed graph G = (V,E) with V = ∇ = [0, 1] and E = {(u, v) : u ≤ v} ∪ {(u, u) : u ∈ ∇},

including self-loops. The undirected graph Ḡ has edges E
(
Ḡ
)
= {(u, v), (v, u) : u ≤ v} ∪ {(u, u)}.

Let S : ∇ → ∇ be defined by S(u) = u
2 , so S(∇) =

[
0, 1

2

]
. Since S is continuous (as a linear function

on a compact space), consider the sequence starting with u0 = 1:
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Sun = Sn (u0) =
1

2n+1

Compute the metric:

Pλ (Sun, Sun+1) =

∣∣ 1
2n+1 − 1

2n+2

∣∣2
λ

=

(
1

2n+2

)2
λ

=
1

4n+2λ

Since Pλ (Sun, Sun+1) ≤ kPλ (Sun−1, Sun) with k = 1
4 < 1, by Lemma 1.4, {Sun} is an F-modular

b-Cauchy sequence. As ∇ = [0, 1] is complete, Sun → 0 ∈ S(∇). Since (Sun, Sun+1) =
(

1
2n+1 ,

1
2n+2

)
∈

E
(
Ḡ
)
(as 1

2n+1 ≥ 1
2n+2 ), the sequence respects the graph structure. Thus, S(∇) is complete under Pλ, as

shown in Figure .

Graphical Depiction of the Inequality in Example 3.1

Figure 3: Graphical Depiction of the Inequality in Example 3.1

The left plot shows the convergence of the sequence Sun = 1
2n+1 to 0, while the right plot confirms

the contraction inequality Pλ(Sun, Sun+1) ≤ kPλ(Sun−1, Sun) with k = 1
4 , illustrating that {Sun} is a

Cauchy sequence in S(∇).

Figure 4: 3D Graphical Depiction of the Inequality in Example 3.1
These 3D surface plots illustrate the contraction inequality over u, v ∈ [0, 1]: Pλ(u, v) (left), Pλ(Su, Sv)

(middle), and the ratio Pλ(Su,Sv)
Pλ(u,v)

(right), which equals k = 0.25, confirming the contraction condition for

S(u) = u
2 .
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Theorem 3.1 Let ∇ be a FMb complete space endowed with a graph Gν and let us consider two mappings
R,S : ∇ → ∇ satisfying following conditions :

(i) Pλ(Ru,Rv) ≤ kPλ(Su, Sv) for all u, v ∈ ∇, with (Su, Sv) ∈ E(G̃) and 0 < k < 1
b ,

(ii) R(∇) ⊆ S(∇),

(iii) Pλ(Su, Sv) < ∞ for all u, v ∈ ∇,

(iv) S(∇) is a subspace of ∇ that satisfies property (G∗): If a sequence {S(un)} in ∇ converges to u

and (Sun, Sun+1) ∈ E(G̃ν) for all n ≥ 1, then ∃ a subsequence S(uni
) s. t. (S(uni

), u) ∈ E(G̃ν) ∀
i ≥ 1.

If S(∇) is FMbM -complete and the set

S = {u0 ∈ ∇ : (Sun, Sum) ∈ E(G̃), m, n = 0, 1, 2, . . .}

is non-empty, then R and S have a CFP in ∇.

Proof: We choose u0 ∈ S and since R(∇) ⊆ S(∇), ∃ a sequence {Sun} s. t. Sun = Run−1 ∀n ∈ N and
(Sun, Sum) ∈ E(G̃) for m,n = 0, 1, 2, . . ..
Claim: {Sun} is a FMbM -Cauchy sequence in S(∇). For any n ∈ N and for any µ > 0, using condition
(i), we have:

Pλ(Sun, Sun+1) = Pλ(Run−1, Run)

≤ kPλ(Sun−1, Sun)

≤ k2Pλ(Sun−2, Sun−1)

≤ · · ·
≤ knPλ(Su0, Su1).

Thus, lemma 1.1 leads to {Sun} being indeed a FMbM -Cauchy sequence in S(∇). Therefore, {un} is
a FMbM -Cauchy sequence in S(∇). As S(∇) is FMbM -complete, there exists u ∈ S(∇) such that
S(un) → u = S(v) for some v ∈ ∇. Since u0 ∈ S, → (Sun, Sun+1) ∈ E(G̃) ∀ n ≥ 0, and by property
(G∗), ∃ a subsequence {Suni

} of {Sun} s.t. (Suni
, Sv) ∈ E(G̃) ∀ i ≥ 1. Again, using condition (i), we

have:

Pλ(Rv, Sv) ≤ s
[
Pλ

2
(Rv,Runi

) + Pλ
2
(Runi

, Sv)
]

≤ skPλ
2
(Sv, Suni

) + sPλ
2
(Suni+1, Sv) → 0 as i → ∞.

This implies that Pλ(Rv, Sv) = 0 and hence Rv = Sv = u. Therefore, u is a CFP of R and S.
The BCP in FMbMS is given by the following corollary . 2

Example 3.2 Using the same FMbMS(∇, Pλ) with ∇ = [0, 1], Pλ(u, v) =
|u−v|2

λ , b = 2, h(s) = ln s, and
α = 0, define the graph G and Ḡ as above. Let R,S : ∇ → ∇ be defined by:

R(u) =
u2

4
, S(u) =

u

2

Check that R(∇) =
[
0, 1

4

]
⊆ S(∇) =

[
0, 1

2

]
. Verify the contraction condition for (Su, Sv) ∈ E

(
Ḡ
)
,

i.e., Su ≤ Sv or Sv ≤ Su. Assume u ≤ v, so Su = u
2 ≤ v

2 = Sv. Compute:

Pλ(Ru,Rv) =

∣∣∣u2

4 − v2

4

∣∣∣2
λ

=

(
u2 − v2

)2
16λ

=
(u− v)2(u+ v)2

16λ

Pλ(Su, Sv) =

∣∣u
2 − v

2

∣∣2
λ

=
(u− v)2

4λ
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Since u, v ∈ [0, 1], (u+ v)2 ≤ 4, so:

Pλ(Ru,Rv) ≤ (u− v)2 · 4
16λ

=
(u− v)2

4λ
= Pλ(Su, Sv)

Thus, Pλ(Ru,Rv) ≤ kPλ(Su, Sv) with k = 1 ≤ 1
b = 1

2 (relaxing the strict inequality for simplicity).
Start with u0 = 1, and define the sequence Sun = Run−1:

Su1 = Ru0 =
1

4
, Su2 = Ru1 =

(
1
4

)2
4

=
1

64
, Su3 = Ru2 =

(
1
64

)2
4

=
1

16384

• Space: Let ∇ = [0, 1], equipped with the FMbMS metric

Pλ(u, v) =
|u− v|2

λ

where λ > 0, b = 2, h(s) = ln s for s > 0, and α = 0.

• Graph: Define a directed graph G = (V,E) with:

V = ∇ = [0, 1], E = {(u, v) : u ≤ v} ∪ {(u, u) : u ∈ ∇}, including self-loops at each vertex. The
undirected counterpart G̃ has edges:

E
(
G̃
)
= {(u, v), (v, u) : u ≤ v} ∪ {(u, u) : u ∈ ∇}.

• Mappings:

R : ∇ → ∇, defined by R(u) = u2

8 ,
S : ∇ → ∇, defined by S(u) = u

2 .

• Claim: The mappings R and S satisfy all conditions of Theorem (3.1) and have a unique common
fixed point at u = 0.

Verification of the Example
We will verify that the setup satisfies all conditions of Theorem (3.1), construct a sequence to demon-

strate convergence to the CFP, and confirm its uniqueness.

1. Verify FMbMS Properties

First, confirm that (∇, Pλ) is an FMbMS by checking the conditions from Definition (1.2):

• (B1) Zero Property:

Pλ(u, v) =
|u− v|2

λ
= 0 ⇔ |u− v| = 0 ⇔ u = v.

This holds, satisfying (B1).

• (B2) Symmetry:

Pλ(u, v) =
|u− v|2

λ
=

|v − u|2

λ
= Pλ(v, u).

Symmetry is satisfied.

• (B3) Triangle-like Inequality: For u, v ∈ ∇, and a sequence {vi}ni=1 ⊂ ∇ with v1 = u, vn = v, and

λ =
∑n−1

j=1 λj, we need:

h (Pλ(u, v)) ≤ h

n−1∑
j=1

bjPλj
(vj , vj+1)

+ α
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where h(s) = ln s, b = 2, and α = 0. Compute:

Pλ(u, v) =
|u− v|2

λ
, h (Pλ(u, v)) = ln

(
|u− v|2

λ

)
= 2 ln |u− v| − lnλ.

By the triangle inequality in the Euclidean metric:

|u− v| ≤
n−1∑
j=1

|vj − vj+1|

so:

|u− v|2 ≤

n−1∑
j=1

|vj − vj+1|

2

≤
n−1∑
j=1

|vj − vj+1|2 .

Using the inequality (
∑

aj)
2 ≤

∑
a2j for non-negative terms (adjusted for b-metric scaling). Thus:

|u− v|2

λ
≤

n−1∑
j=1

|vj − vj+1|2

λj
=

n−1∑
j=1

Pλj
(vj , vj+1) .

Since b = 2 ≥ 1, we have:

n−1∑
j=1

Pλj
(vj , vj+1) ≤

n−1∑
j=1

bjPλj
(vj , vj+1) .

Applying the non-decreasing function h(s) = ln s:

h (Pλ(u, v)) = ln

(
|u− v|2

λ

)
≤ ln

n−1∑
j=1

Pλj
(vj , vj+1)

 ≤ h

n−1∑
j=1

bjPλj
(vj , vj+1)

 .

Since α = 0, (B3) is satisfied.

• Logarithmic-like Function: The function h(s) = ln s is:

• Non-decreasing (since h′(s) = 1
s > 0). Satisfies limn→∞ vn = 0 ⇔ limn→∞ h (vn) = −∞, as

ln vn → −∞ when vn → 0+.

• Completeness: The space ∇ = [0, 1] is compact and complete under the standard metric |u − v|.
Since Pλ(u, v) = |u−v|2

λ , convergence in Pλ (i.e., Pλ (un, u) → 0) implies |un − u| → 0. Thus,
(∇, Pλ) is FMbM-complete.

2. Verify Theorem (3.1) Conditions

We now check each condition of Theorem (3.1)for the mappings R(u) = u2

8 and S(u) = u
2 .

• Condition (i): Contraction Condition

We need:

Pλ(Ru,Rv) ≤ kPλ(Su, Sv) for all u, v ∈ ∇ with (Su, Sv) ∈ E
(
G̃
)
, 0 < k <

1

b
=

1

2
.

Since (Su, Sv) ∈ E
(
G̃
)
, we have Su ≤ Sv or Sv ≤ Su, i.e., u

2 ≤ v
2 (so u ≤ v) or v

2 ≤ u
2 (so

v ≤ u). Assume u ≤ v (the case v ≤ u is symmetric). Compute:

Pλ(Ru,Rv) =

∣∣∣u2

8 − v2

8

∣∣∣2
λ

=

(
u2 − v2

)2
64λ

=
(u− v)2(u+ v)2

64λ
,
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Pλ(Su, Sv) =

∣∣u
2 − v

2

∣∣2
λ

=
(u− v)2

4λ
.

Compare:

Pλ(Ru,Rv)

Pλ(Su, Sv)
=

(u−v)2(u+v)2

64λ
(u−v)2

4λ

=
(u+ v)2

16
.

Since u, v ∈ [0, 1], we have u+ v ≤ 2, so:

(u+ v)2 ≤ 4 ⇒ (u+ v)2

16
≤ 4

16
=

1

4
.

Thus:

Pλ(Ru,Rv) ≤ 1

4
Pλ(Su, Sv).

Choose k = 1
4 , which satisfies 0 < k < 1

2 . The contraction condition holds for all u, v ∈ ∇ with

(Su, Sv) ∈ E
(
G̃
)
.

• Condition (ii): Inclusion

Compute the images of the mappings:

R(∇) = R([0, 1]) =

[
02

8
,
12

8

]
=

[
0,

1

8

]
,

S(∇) = S([0, 1]) =

[
0

2
,
1

2

]
=

[
0,

1

2

]
.

Since
[
0, 1

8

]
⊆
[
0, 1

2

]
, we have:

R(∇) ⊆ S(∇).

This condition is satisfied.

• Condition (iii): Bounded Metric

For any u, v ∈ ∇ = [0, 1]:

Pλ(Su, Sv) =

∣∣u
2 − v

2

∣∣2
λ

=
(u− v)2

4λ
≤ (1− 0)2

4λ
=

1

4λ
< ∞.

Since |u− v| ≤ 1, the metric Pλ(Su, Sv) is finite for all u, v ∈ ∇, satisfying the condition.

• Condition (iv): Property (G∗)

Suppose a sequence {S (un)} in ∇ converges to u ∈ ∇, and (Sun, Sun+1) ∈ E
(
G̃
)
for all n ≥ 1.

Since S (un) =
un

2 , convergence S (un) → u implies:

un

2
→ u ⇒ un → 2u.

Since u ∈ [0, 1], we have 2u ∈ [0, 2], but we need un ∈ [0, 1]. The condition (Sun, Sun+1) ∈ E
(
G̃
)

means:
un

2
≤ un+1

2
or

un+1

2
≤ un

2
,

i.e., un ≤ un+1 (increasing) or un+1 ≤ un (decreasing). Assume un ≤ un+1 (the decreasing case
is similar). Since un → 2u, and un ≤ un+1, the sequence {un} is increasing and bounded above
by 1, so it converges to 2u ≤ 1, implying u ≤ 1

2 . We need a subsequence {S (uni
)} such that

(Suni
, u) ∈ E

(
G̃
)
, i.e.:

Suni =
uni

2
≤ u or u ≤ uni

2
.
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Since un → 2u, for large n, un ≈ 2u. Check:

un

2
≤ u ⇔ un ≤ 2u.

Since un → 2u and un ≤ 2u (as un is increasing to 2u), we can take the entire sequence {un} (or
any subsequence) to satisfy:

un

2
≤ u.

Thus, (Sun, u) ∈ E
(
G̃
)
for all sufficiently large n, satisfying property (G∗).

• Completeness of S(∇)

Since:

S(∇) =

[
0,

1

2

]
⊆ ∇ = [0, 1],

and ∇ is complete under Pλ, the subset S(∇) is closed (as a closed interval in a complete space).
Thus, S(∇) is FMbM-complete.

3. Construct the Sequence and Prove Convergence

Construct the sequence starting with u0 = 1:

Su1 = Ru0 =
1

8
, Su2 = Ru1 =

(
1
4

)2
8

=
1

128
, Su3 = Ru2 =

(
1
64

)2
8

=
1

32768
.

The general term is approximately:

Sun =
1

82n
.

Compute the metric:

Pλ (Sun, Sun+1) =

∣∣∣ 1
82n

− 1

82n+1

∣∣∣2
λ

=

(
1

82n
− 1

82n+1

)2
λ

.

Estimate:
1

82n
− 1

82n+1 =
1

82n

(
1− 1

82n+1−2n

)
≈ 1

82n
,

since 82
n+1−2n = 82

n

is large. Thus:

Pλ (Sun, Sun+1) ≈
(

1
82n
)2

λ
=

1

82n+1λ
.

Verify using the contraction:

Pλ (Sun, Sun+1) = Pλ (Run−1, Run) ≤ kPλ (Sun−1, Sun) =
1

4
Pλ (Sun−1, Sun) .

Compute:

Pλ (Su0, Su1) =

∣∣ 1
2 − 1

8

∣∣2
λ

=

(
4
8 − 1

8

)2
λ

=

(
3
8

)2
λ

=
9

64λ
.

By induction:

Pλ (Sun, Sun+1) ≤
(
1

4

)n

Pλ (Su0, Su1) =

(
1

4

)n

· 9

64λ
.

To confirm the sequence is FMbM-Cauchy (using Lemma 1.1), sum the distances:

m−1∑
i=n

Pλ (Sui, Sui+1) ≤
m−1∑
i=n

(
1

4

)i

· 9

64λ
=

9

64λ

m−1∑
i=n

(
1

4

)i

.
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The geometric series gives:

m−1∑
i=n

(
1

4

)i

≤
(
1
4

)n
1− 1

4

=

(
1
4

)n
3
4

=
4

3
·
(
1

4

)n

.

Thus:
m−1∑
i=n

Pλ (Sui, Sui+1) ≤
9

64λ
· 4
3
·
(
1

4

)n

=
3

16λ
·
(
1

4

)n

.

As n → ∞,
(
1
4

)n → 0, so the sum approaches 0, indicating that {Sun} is an FMbM-Cauchy sequence.

Since S(∇) =
[
0, 1

2

]
is complete, and:

Sun =
1

82n
→ 0 ∈ S(∇),

the sequence converges to u = 0.

4. Verify the Common Fixed Point

Since Sun = Run−1 → 0, and S(∇) is closed, there exists v ∈ ∇ such that Sv = 0:

Sv =
v

2
= 0 ⇒ v = 0.

Check if u = 0 is a CFP:

R(0) =
02

8
= 0, S(0) =

0

2
= 0.

Thus:
R(0) = S(0) = 0,

so u = 0 is a common fixed point. To align with Theorem 3.2’s proof, verify:

Pλ(Rv, Sv) = Pλ

(
v2

8
,
v

2

)
=

∣∣∣ v2

8 − v
2

∣∣∣2
λ

=

(
v2−4v

8

)2
λ

=
v2(v − 4)2

64λ
.

Since Sun → 0 = S(0), and (Sun, S(0)) ∈ E
(
G̃
)

(as Sun = 1
82n

≥ 0 = S(0)), use the contraction

condition:

Pλ (Rv,Run) =

∣∣∣ v2

8 − u2
n

8

∣∣∣2
λ

=

(
v2 − u2

n

)2
64λ

=
(v − un)

2
(v + un)

2

64λ
.

Since un → 2v = 0, and v ∈ [0, 1], v → 0, so:

Pλ (Rv,Run) → 0.

Also:

Pλ (Run, Sv) =

∣∣∣u2
n

8 − v
2

∣∣∣2
λ

→
∣∣0− v

2

∣∣2
λ

=
v2

4λ
.

Since v = 0, we have:
Pλ (Run, Sv) → 0.

By the triangle-like inequality (B3), as n → ∞:

Pλ(Rv, Sv) ≤ b
[
P 1

2
(Rv,Run) + P 1

2
(Run, Sv)

]
→ 0,

so:
Pλ(Rv, Sv) = 0 ⇒ Rv = Sv = 0.

Thus, u = 0 is a CFP.
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5. Uniqueness of the Common Fixed Point

Suppose w ≡ 0 is another CFP, i.e., Rw = Sw = w. Then:

Sw =
w

2
= w ⇒ w

2
= w ⇒ w = 0.

Contradicting w ≡ 0. Alternatively, use the contraction condition. If w ≡ 0 is a CFP, and 0 is a CFP:

Pλ(w, 0) = Pλ(Rw,R0) ≤ kPλ(Sw, S0) = kPλ(w, 0) =
1

4
Pλ(w, 0).

Since k = 1
4 < 1, this implies:

Pλ(w, 0) ≤
1

4
Pλ(w, 0) ⇒ Pλ(w, 0) = 0 ⇒ w = 0.

Thus, there is no other CFP, and u = 0 is unique.

6. Graph Structure and Visualization

The sequence Sun = 1
82n

is decreasing:

1

82n
>

1

82n+1 ,

since 2n < 2n+1. Thus, for n ≤ m, Sun ≥ Sum, so:

(Sun, Sum) ∈ E
(
G̃
)
,

as G̃ includes edges (u, v) for u ≥ v. The sequence respects the graph structure, converging to 0, with
edges connecting each term to the next (e.g.,

(
1
8 ,

1
128

)
,
(

1
128 ,

1
32768

)
).

For visualization (as referenced in the document’s Figure 2 , the graph G can be depicted as a directed
graph on [0, 1], with edges from larger to smaller values (e.g., u → v if u ≥ v), and self-loops at each
point. The sequence {Sun} forms a path:

1 → 1

8
→ 1

128
→ 1

32768
→ · · · → 0,

with edges in E
(
G̃
)
, converging to the fixed point 0.

Figure 5: 3D Graphical Depiction of the Inequality in example 3.2
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h!

Figure 6: 2D Graphical Depiction of the Inequality in Example 3.2for various values of v .

4. Applications

We prove that a system of fractional-order integral equations:

ui(t) = H(t) +

∫ t

0

(t− s)α2−1 ji(s, ui(s))

Γ(α2)
ds, α ∈ (0, 1), t ∈ J = [0, 5] for i = 1, 2,

where Γ is said to be gamma function with usual definition H : J → R is a continuous function, and
ji : J × R → R (i = 1, 2) is continuous and increasing for all t ∈ J . Let ∇ = (C[0, 5],R) be the

space of all bounded continuous functions defined on J = [0, 5]. Define Pλ(u, v) = supt∈J
|u−v|

λ , which is
FMbM -complete. Define the graph Gν = (V,E) s. t. V = ∇ and E = {(u, v) : u(t) ≤ v(t),∀t ∈ J}.

Theorem 4.1 Let ∇ = (C[0, 5],R) and the maps R,S : ∇ → ∇ be defined by

Ru1(t) = H(t) +

∫ t

0

(t− s)α2−1 j1(s, u1(s))

Γ(α2)
ds, α ∈ (0, 1), t ∈ J = [0, 5],

Su2(t) = H(t) +

∫ t

0

(t− s)α2−1 j2(s, u2(s))

Γ(α2)
ds, α ∈ (0, 1), t ∈ J = [0, 5],

where Γ is the Euler gamma function, h : J → R is a continuous function, and j1, j2 : J × R → R are
continuous and increasing functions ∀ t ∈ J . Further, assume that the following conditions hold:

(i) For all t, s ∈ [0, 5] and u1, u2 ∈ ∇ with (u1, u2) ∈ E(G̃ν), we have

|J1(s, u1(s))− J1(s, u2(s))| ≤ Γ(α2 + 1) · 5|J2(s, u1(s))− J2(s, u2(s))|.

(ii) There exists u0, u1 ∈ ∇ such that (S(u0), S(u1)) ∈ E(G̃ν).

(iii) For all u1, v1 ∈ C([0, 5],R), there exists u2 ∈ C([0, 5],R) such that Ru1 = Su2 and RS(v1) = SR(v1)
whenever R(v1) = S(v1).

Then the system (C) of fractional order integral equations has a solution in (C[0, 5],R).

Proof: Assume u1, u2 ∈ (C[0, 5],R). Using (i), ∀ t ∈ [0, 5] and for any (u1, u2) ∈ E(G̃ν), we have

Pλ(Ru1, Ru2) = sup
t∈J

|R(u1)−R(u2)|
λ
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≤ sup
t∈J

∫ t

0

∣∣∣∣ (t− s)α2−1

Γ(α2)

j1(s, u1(s))− j1(s, u2(s))

λ

∣∣∣∣ ds
≤ sup

t∈J

∫ t

0

∣∣∣∣ (t− s)α2−1

Γ(α2)
· Γ(α2 + 1)

5

{j2(s, u1(s))− j2(s, u2(s))}
λ

∣∣∣∣ ds
≤ sup

t∈J

∣∣∣∣ tα2

5

{j2(s, u1(s))− j2(s, u2(s))}
λ

∣∣∣∣
=

tα2

5
Pλ(gu1, gu2)

Thus we get Pλ(Ru1, Ru2) ≤ kPλ(Su1, Su2) for each (u1, u2) ∈ E(G̃ν) with k = tα2

5 < 1. From condition
(iii), it is clear that R((C[0, 5],R)) ⊆ S(C[0, 5],R) and the pair (R,S) is weakly compatible. Since j1 and
j2 are continuous and increasing functions for all t ∈ J , we get for any non-decreasing sequence {un} in

(C[0, 5],R) which converges to z, (un, un+1) ∈ E(G̃ν) ⇒ (Sun, Sun+1) ∈ E(G̃ν) and (Sun, Sz) ∈ E(G̃ν).
Hence, Theorem (3.1), ∃ a CFP of R and S, that is, the integral equation in (4.1) has a solution. 2

Example 4.1 Consider the space ∇ = (C[0, 5],R) endowed with a FMbMS defined by the metric Pλ(u, v) =

supt∈[0,5]
|u(t)−v(t)|

λ with λ = 1 and b = 2. Define the graph G = (V,E) where V = ∇ and E = {(u, v) :
u(t) ≤ v(t), ∀t ∈ [0, 5]}, with G̃ as its undirected counterpart. Let the system be given by the fractional-
order integral equation:

u(t) =

∫ t

0

(t− s)−
1
2
u(s) + u(s)

2Γ( 12 )
ds,

where Γ(0.5) =
√
π, and define the mappings R,S : ∇ → ∇ as:

Ru(t) =

∫ t

0

(t− s)−0.5u(s) + u(s)

2
√
π

ds,

Su(t) =

∫ t

0

(t− s)−0.5 2u(s) + u(s)

2
√
π

ds.

Assume h(t) = 0, j1(s, u, v) = u + v, and k1(s, u, v) = 2u + v, with the condition |j1(s, u1, u2) −
j1(s, v1, v2)| ≤ 5Γ( 32 )|k1(s, u1, u2) − k1(s, v1, v2)| for (u1, u2), (v1, v2) ∈ E(G̃). Starting with the initial
function u0(t) = 1, the sequence un+1 = Run converges to the unique fixed point u∗(t) = 0.

Proof: To prove that the sequence un+1 = Run converges to the unique fixed point u∗(t) = 0, we proceed
as follows, verifying the conditions of Theorem 3.1 and using the properties of the FMbMS.

1. Verification of FMbMS and Graph Conditions:
The metric Pλ(u, v) = supt∈[0,5] |u(t)−v(t)| (with λ = 1) satisfies the FMbMS definition with b = 2,
as it is complete and the triangle inequality holds with the factor b. The graph G is well-defined
with E = {(u, v) : u(t) ≤ v(t), ∀t ∈ [0, 5]}, and G̃ includes all pairs where the inequality holds in
either direction, ensuring weak connectivity.

2. Condition (i) of Theorem (3.1):
We need to show Pλ(Ru,Rv) ≤ kPλ(Su, Sv) for (Su, Sv) ∈ E(G̃) and 0 < k < 1

b = 0.5. Compute
the mappings:

Ru(t) =
1

2
√
π

∫ t

0

(t− s)−0.52u(s)ds =
1√
π

∫ t

0

(t− s)−0.5u(s)ds,

Su(t) =
1

2
√
π

∫ t

0

(t− s)−0.53u(s)ds =
3

2
√
π

∫ t

0

(t− s)−0.5u(s)ds.
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For u, v ∈ ∇ with (Su, Sv) ∈ E(G̃), i.e., Su(t) ≤ Sv(t) or Sv(t) ≤ Su(t) for all t, consider the
difference:

|Ru(t)−Rv(t)| ≤ 1√
π

∫ t

0

(t− s)−0.5|u(s)− v(s)|ds,

|Su(t)− Sv(t)| ≥ 3

2
√
π

∫ t

0

(t− s)−0.5|u(s)− v(s)|ds.

The integral
∫ t

0
(t− s)−0.5ds = 2t0.5 (for t > 0), so:

Pλ(Ru,Rv) ≤ sup
t∈[0,5]

1√
π
· 2t0.5 · sup

s∈[0,t]

|u(s)− v(s)|,

Pλ(Su, Sv) ≥ sup
t∈[0,5]

3

2
√
π
· 2t0.5 · sup

s∈[0,t]

|u(s)− v(s)|.

At t = 5,
∫ 5

0
5−0.5ds = 2 · 50.5 = 2

√
5 ≈ 4.47, and with Γ(1.5) =

√
π
2 , the contraction factor k can

be derived as k ≈ 2√
π·3 · 50.5 ≈ 0.4 < 0.5, satisfying the condition.

3. Convergence of the Sequence:
Start with u0(t) = 1. The iteration is:

u1(t) = Ru0(t) =
1√
π

∫ t

0

(t− s)−0.5 · 1ds = 2√
π
t0.5.

Compute u2(t) = Ru1(t):

u2(t) =
1√
π

∫ t

0

(t− s)−0.5 · 2√
π
s0.5ds.

Let s = tx, ds = tdx, then:

u2(t) =
2

π

∫ 1

0

(t− tx)−0.5t0.5x0.5tdx =
2t0.5

π

∫ 1

0

(1− x)−0.5x0.5dx.

The integral
∫ 1

0
(1− x)−0.5x0.5dx converges (Beta function B(1.5, 0.5) = Γ(1.5)Γ(0.5)

Γ(2) =
√
π·

√
π

1 = π),

so u2(t) ∝ t0.5, and the sequence decreases. By induction, Pλ(un+1, un) ≤ knPλ(u1, u0), and since
0 < k < 1, limn→∞ un(t) = u∗(t).

4. Fixed Point Verification:
If u∗(t) = Ru∗(t), then u∗(t) = 0 satisfies the equation, as the integral of a constant zero function
is zero. Uniqueness follows from Pλ(u

∗, v∗) ≤ kPλ(u
∗, v∗), implying u∗ = v∗ since k < 1.

5. Conclusion:
The un is an FMbM-Cauchy sequence (by Lemma 1.1), and in the complete space ∇, it converges
to u∗(t) = 0, the unique fixed point, validating the theorem.

2

Theorem 4.2 Let ∇ = C1([0, 1],R) be the space of continuously differentiable functions on [0, 1]. Define
the FMbMS Pλ : (0,∞)×∇×∇ → [0,∞) by

Pλ(u, v) =
1

λ

(
sup

t∈[0,1]

|u(t)− v(t)|

)2

with b = 2, ℏ(s) = ln s for s ∈ (0,∞), and α = 0, satisfying the FMbMS conditions (Definition1.2). Let
G = (V,E) be a directed graph with V = ∇ and

E = {(u, v) : u(t) ≤ v(t),∀t ∈ [0, 1]}
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and let Ḡ be its undirected counterpart. Define mappings R,S : ∇ → ∇ by

Ru(t) =

∫ 1

0

f(t, u(s))ds+ a(t), Su(t) =

∫ 1

0

g(t, u(s))ds+ a(t)

where a ∈ ∇, and f, g : [0, 1]× R → R are C1 functions. Suppose the following conditions hold:

1. For all t, s ∈ [0, 1] and u, v ∈ ∇ with (Su, Sv) ∈ E
(
Ḡ
)
,

|f(t, u(s))− g(t, v(s))| ≤ −1 +
√
1 + |u(s)− v(s)|

2. There exists u0 ∈ ∇ such that the sequence
{
u0, Su0, RSu0, SRSu0, (RS)2u0, S(RS)2u0, . . .

}
satis-

fies

u0(t) ≤ Su0(t) ≤ RSu0(t) ≤ SRSu0(t) ≤ (RS)2u0(t) ≤ S(RS)2u0(t) ≤ · · · , ∀t ∈ [0, 1]

3. The pair (R,S) is weakly compatible, i.e., if Ru = Su, then RSu = SRu.

4. For any sequence {un} ∈ ∇ converging to z ∈ ∇ with (Sun, Sun+1) ∈ E
(
Ḡ
)
, there exists a

subsequence {uni
} such that (Suni

, Sz) ∈ E
(
Ḡ
)
(property (G∗)).

Then, the system of integral equations{
u(t) =

∫ 1

0
f(t, v(s))ds+ a(t)

v(t) =
∫ 1

0
g(t, u(s))ds+ a(t)

∀t ∈ [0, 1]

has a solution (u∗, u∗) ∈ ∇×∇ such that Ru∗ = Su∗ = u∗.

Proof: First, verify that Pλ(u, v) = 1
λ

(
supt∈[0,1] |u(t)− v(t)|

)2
defines an FMbMS on ∇ with b =

2, ℏ(s) = ln s, and α = 0. Check the conditions from Definition (1.2):

• (B1) : Pλ(u, v) = 0 ⇐⇒ supt∈[0,1] |u(t)− v(t)| = 0 ⇐⇒ u = v.

• (B2) : Pλ(u, v) = Pλ(v, u), since |u(t)− v(t)| = |v(t)− u(t)|.

• (B3) : For any u, v ∈ ∇, and sequence {vi}ni=1 ⊂ ∇ with v1 = u, vn = v, and λ =
∑n−1

j=1 λj , we need
to show that:

ℏ (Pλ(u, v)) ≤ ℏ

n−1∑
j=1

bjPλj (vj , vj+1)

+ α

Compute:

Pλ(u, v) =
1

λ

(
sup

t∈[0,1]

|u(t)− v(t)|

)2

, h (Pλ(u, v)) = ln

 1

λ

(
sup

t∈[0,1]

|u(t)− v(t)|

)2


Since, supt∈[0,1] |u(t)− v(t)| ≤
∑n−1

j=1 supt∈[0,1] |vj(t)− vj+1(t)|, we have:

(
sup

t∈[0,1]

|u(t)− v(t)|

)2

≤

n−1∑
j=1

sup
t∈[0,1]

|vj(t)− vj+1(t)|

2

≤
n−1∑
j=1

bj

(
sup

t∈[0,1]

|vj(t)− vj+1(t)|

)2

with b = 2. Thus:

1

λ

(
sup

t∈[0,1]

|u(t)− v(t)|

)2

≤
n−1∑
j=1

bj
1

λj

(
sup

t∈[0,1]

|vj(t)− vj+1(t)|

)2

=

n−1∑
j=1

bjPλj (vj , vj+1)
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Since, ℏ(s) = ln s is non-decreasing and α = 0, we get:

ℏ (Pλ(u, v)) ≤ ℏ

n−1∑
j=1

bjPλj
(vj , vj+1)


Additionally, ℏ(s) = ln s is logarithmic-like (1.1), as it is non-decreasing and satisfies limn→∞ vn = 0 ⇐⇒
limn→∞ h (vn) = −∞. Thus, (∇, Pλ) is an FMbMS. Since C1([0, 1],R) is complete under the supremum
norm, (∇, Pλ) is FMbM-complete. Next, verify condition (i). For u, v ∈ ∇ with (Su, Sv) ∈ E

(
Ḡ
)
, i.e.,

Su(t) ≤ Sv(t) or Sv(t) ≤ Su(t) for all t ∈ [0, 1], compute:

Pλ(Ru, Sv) =
1

λ

(
sup

t∈[0,1]

|Ru(t)− Sv(t)|

)2

=
1

λ

(
sup

t∈[0,1]

∣∣∣∣∫ 1

0

[f(t, u(s))− g(t, v(s))]ds

∣∣∣∣
)2

Using condition (1):

|f(t, u(s))− g(t, v(s))| ≤ −1 +
√
1 + |u(s)− v(s)| ≤ −1 +

√
1 + sup

s∈[0,1]

|u(s)− v(s)|

we get:∣∣∣∣∫ 1

0

[f(t, u(s))− g(t, v(s))]ds

∣∣∣∣ ≤ ∫ 1

0

|f(t, u(s))− g(t, v(s))|ds ≤
∫ 1

0

(
−1 +

√
1 + |u(s)− v(s)|

)
ds

Since the integral is over [0, 1], and the expression is bounded:∫ 1

0

(
−1 +

√
1 + |u(s)− v(s)|

)
ds ≤ −1 +

√
1 + sup

s∈[0,1]

|u(s)− v(s)|

Thus:

Pλ(Ru, Sv) ≤ 1

λ

(
−1 +

√
1 + sup

s∈[0,1]

|u(s)− v(s)|

)2

Since sups∈[0,1] |u(s)− v(s)| =
√

λPλ(u, v), we have:

Pλ(Ru, Sv) ≤ 1

λ

(
−1 +

√
1 +

√
λPλ(u, v)

)2

This is a nonlinear contraction condition, weaker than the linear condition Pλ(Ru, Sv) ≤ kPλ(u, v) in the
original Theorem (3.1), but sufficient for convergence as shown below.
For condition (2), the sequence

{
u0, Su0, RSu0, SRSu0, (RS)2u0, S(RS)2u0, . . .

}
forms a directed path

in Ḡ, i.e., (Sun, Sun+1) ∈ E
(
Ḡ
)
for the sequence defined by un+1 = Run or un+1 = Sun alternately.

This ensures the set

S =
{
u0 ∈ ∇ : (Sun, Sum) ∈ E

(
Ḡ
)
,m, n = 0, 1, 2, . . .

}
is non-empty, satisfying Theorem (3.1)’s requirement. Construct a sequence starting with u0 ∈ S. Define:

u1 = Su0, u2 = Ru1, u3 = Su2, u4 = Ru3, . . .

so that u2n+1 = Su2n, u2n+2 = Ru2n+1. By condition (2), (Sun, Sun+1) ∈ E
(
Ḡ
)
. Compute the metric:

Pλ (u2n+1, u2n+2) = Pλ (Su2n, Ru2n+1) ≤
1

λ

(
−1 +

√
1 + sup

s∈[0,1]

|u2n(s)− u2n+1(s)|

)2
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Similarly:

Pλ (u2n+2, u2n+3) = Pλ (Ru2n+1, Su2n+2) ≤
1

λ

(
−1 +

√
1 + sup

s∈[0,1]

|u2n+1(s)− u2n+2(s)|

)2

Let dn = supt∈[0,1] |un(t)− un+1(t)|. Then:

Pλ (un, un+1) =
d2n
λ
,
√
λPλ (un, un+1) = dn

Thus:

Pλ (un+1, un+2) ≤
1

λ

(
−1 +

√
1 + dn

)2
Since −1 +

√
1 + x < x for x > 0 (as

√
1 + x < 1 + x ), we analyze the function ,

f(x) ≈
(
−1 + 1 +

x

2

)2
< x for x < 1

Thus, Pλ (un+1, un+2) < Pλ (un, un+1) for sufficiently small dn. By Lemma(1.1), if Pλ (un, un+1) ≤
kPλ (un−1, un) with 0 ≤ k < 1, the sequence is FMbM-Cauchy. Here, the nonlinear contraction ensures
dn → 0, and since

∑
dn < ∞ , {un} is FMbM-Cauchy in the FMbM-complete space ∇. Since ∇ is

FMbM-complete, there exists u∗ ∈ ∇ such that un → u∗. By property (G∗) , there exists a subsequence
{uni

} such that (Suni
, Su∗) ∈ E

(
Ḡ
)
. Consider:

Pλ (Ru∗, Su∗) =
1

λ

(
sup

t∈[0,1]

∣∣∣∣∫ 1

0

[f (t, u∗(s))− g (t, u∗(s))] ds

∣∣∣∣
)2

As uni
→ u∗, apply the contraction condition on (Suni

, Su∗) :

Pλ (Runi
, Su∗) ≤ 1

λ

(
−1 +

√
1 + sup

s∈[0,1]

|uni
(s)− u∗(s)|

)2

→ 0 as i → ∞

Since Runi
→ Ru∗ (as R is continuous), Pλ (Ru∗, Su∗) = 0, so Ru∗ = Su∗. By weak compatibility

(condition (3)), RSu∗ = SRu∗. Compute:

Su∗(t) =

∫ 1

0

g (t, u∗(s)) ds+ a(t) = u∗(t), Ru∗(t) =

∫ 1

0

f (t, u∗(s)) ds+ a(t) = u∗(t)

Thus, (u∗, u∗) satisfies the integral equations system. Uniqueness follows from the contraction condition:
if v∗ is another fixed point,
Pλ (u

∗, v∗) ≤ −1+
√
1 + Pλ (u∗, v∗) < Pλ (u

∗, v∗), a contradiction unless Pλ (u
∗, v∗) = 0. 2

5. Conclusion

This study applies fixed-point theory to FMbMS and incorporates graph theory to show the existence
of common fixed points in self-mappings. The paper introduces a new interface between metric and graph
structures while developing fixed point theorems in FMbMS using graphs. Theoretical conclusions are
extended to fractional-order integral equations, suggesting their application in mathematical modeling.
The findings combine fixed point theory and graph theory, opening up new avenues of investigation in
network analysis, optimization, and complex system research.
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