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On a Class of Anisotropic Elliptic Equations with Hardy Potential and Homogeneous
Neumann Boundary Conditions

Ayoub El hafiane∗, Abderrazak Kassidi, Ali El Mfadel and M’hamed Elomari

abstract: We study a class of anisotropic nonlinear elliptic problems involving a Hardy potential and
subject to homogeneous Neumann boundary conditions. The differential operator under consideration is of
the Leray-Lions anisotropic type. By employing Berkovits’ topological degree theory, combined with the
properties of anisotropic Sobolev spaces and the abstract Hammerstein equation, we establish the existence
of weak solutions to the problem under investigation.
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1. Introduction and assumptions

In this paper, we consider D ⊂ RN (N ≥ 2) be a bounded open subset with a Lipschitz boundary, and
pi := {p1, p2, . . . pN} such that pi ∈]2,∞[. Using the topological degree theory introduced by Berkovits
in [8], we establish, under some suitable assumptions, the existence of weak solutions to the following
nonlinear elliptic problem

−
N∑
i=1

∂iκi(τ, w,∇w)−Θ
|w|p0−2w

|τ |p0
+ Γ|w|p0−2w = λA(τ, w,∇w) in D,

N∑
i=1

κi(τ, w,∇w)ηi = 0 on ∂D,
(1.1)

where λ is a non-negative real parameter, ηi denotes the outer unit normal derivative, and p0 = max{pi :
i = 1, . . . , N}. The functions κi are Carathéodory functions respecting these conditions

(κ1)

N∑
i=1

κi(τ, s, ζ) ζi ≥ ϱ

N∑
i=1

|ζi|pi .

(κ2) |κi(τ, s, ζ)| ≤ µ
(
|ζi|pi−1 + |s|pi−1 +mi(τ)

)
, for each i = 1, . . . , N.

(κ3) (κi(τ, s, ζ)− κi(τ, s, ζ
′))(ζi − ζ ′i) > 0 for each i = 1, . . . , N.

where ζ, ζ ′ ∈ RN , (ζ ̸= ζ ′), s ∈ R, ϱ, µ are positive constants and mi(τ) ∈ Lp′
i(D) is a positive function

such that p′i =
pi

pi − 1
. In addition, A is the Carathéodory function satisfies a growth condition for all

ζ = (ζ1, . . . , ζN ) ∈ RN , for all s ∈ R, and a.e τ ∈ D. Specifically:
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(A1) there exists a positive real number C such that

|A(τ, s, ζ)| ≤ C
( N∑

i=1

|ζi|
pi
p′0 + |ρ(τ)|+ |s|p0−1

)
,

with ρ(τ) ∈ Lp′
i(D).

By utilizing Berkovits’ topological degree for (S+)-type operators as presented in [8], along with
the theory of anisotropic Sobolev spaces, we establish the existence of a weak solution for the given
problem. The construction of a topological degree for continuous mappings on a bounded domain of Rn

was initiated by Brouwer [10]. Among various examples, we refer the reader to classical works for further
insights. [6,16,2,3,14,22,23,24] For additional details. Anisotropic problems, which can become critical
in certain regions of the domain, have recently been studied in [7,19]. In these cases, the right-hand
side has low regularity, belonging, for example, to L1. Additionally, Lions’ concentration-compactness
principle for critical problems has been extended to the anisotropic setting in [12]. Lastly, the connection
between different notions of weak solutions and their regularity has been recently analyzed in [18] for
non-homogeneous equations involving the p(τ)-Laplacian operator. In recent years, several authors have
investigated problems involving the so-called Hardy potential. For instance, Porzio [20] has studied the
following quasilinear elliptic problem.In [1], the influence of the Hardy potential on the existence and
nonexistence of solutions has been emphasized. Specifically, Abdellaoui et al. [1] studied the following
nonlinear elliptic equation: {

−∆u± |∇u|2 = λ
u

|x|2
+ f in D,

u = 0 on ∂D,

The paper is structured as follows. In Section 2, we present the basic notation, definitions, key properties,
and the functional framework. Section 3 introduces Berkovits’ degree theory and its generalization from
[8]. Finally, in the last section, we establish preliminary lemmas and prove the main result of the paper.

2. Preliminaries

In this part, we first recall some necessary results which will be used in the next part, we present
some properties on the theory of topological degree and anisotropic space.
Consider D ⊂ RN (N ∈ [2; +∞[) bounded open subset in with smooth boundary and let pi ∈ ]2;+∞[ for
any i = 1, . . . , N , p− = min {p1, . . . , pN}. We denote ∂i =

∂
∂τi

.
The anisotropic Sobolev space is given by

W 1,p⃗(D) = {w ∈ Lp0(D), ∂iw ∈ Lpi(D) for i = 1, 2, . . . , N}

is a Banach space we associate it with the norm

∥w∥ = ∥w∥Lp0 (D) +

N∑
i=1

∥∂iw∥Lpi (D) .

In what follows, introducing certain categories of mappings. Subsequently, consider X real, separable,
reflexive Banach space, and X ∗ be its dual space with dual pairing ⟨ · , · ⟩ and given a nonempty set
D of X , D and ∂D will denote the closure and the boundary of D in X , strong (weak) convergence is
represented by the notation → (⇀) respectively.
Let us recall the Hardy inequality∫

D

| u(x) |p

| x |p
dx ≤ 1

H

∫
D
| ∇u(x) |p dx

where D is open set in Rn containing the origin and H is the best constant in the inclusion of W 1,p
0 (D)

in Lp(D) with weight | x |−p In particular, when D is a ball,H = (n−p
p )p
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Remark 1 [13,23] Thanks to the Sobolev embedding theorem and the continuous embedding W 1,p⃗(D) ↪→
W 1,p−

(D), it follows that the embedding W 1,p⃗(D) ↪→ Lp−
(D) is compact.

Definition 1 Let Y is a real Banach space and L is an operator defined : D ⊆ X → Y where.

i) if L takes any bounded set into a bounded set, then L is bounded.

ii) L is compact, if it is continuous and the image of any bounded set is relatively compact.

iii) demicontinuous, if for any sequence (ϑk)k∈N ⊂ D, ϑk converge strongly to ϑ implies L(ϑk) converge
weakly to L(ϑ).

Definition 2 Let L : D ⊂ X → X ∗ be a mapping.

i) quasimonotone, if for each (ϑk)k∈N ⊂ D with ϑk converge weakly to ϑ, we have
lim sup
n→∞

⟨Lϑk, ϑk − ϑ⟩ ≥ 0.

ii) If for each (ϑk) ⊂ D with ϑk converge weakly to ϑ and lim sup
n→∞

⟨Lϑk, ϑk − ϑ⟩ ≤ 0, we have

ϑk converge strongly to ϑ, then L is of condition (S+).

Definition 3 Consider T : D1 ⊂ X into X ∗ be a bounded operator such that D ⊂ D1. For each L :
D ⊂ X → X , we say that

i) If for any (ϑk)k∈N ⊂ D with ϑk converge weakly to ϑ, σk := Tϑk ⇀ σ and lim sup
k→∞

⟨Lϑk, σk−σ⟩ ≤ 0,

we have ϑk converge strongly to ϑ, then L satisfies condition (S+)T .

ii) L has the property (QM)T If for any sequence (Vk) ⊂ D with ϑk converge weakly to ϑ,
σk := Tϑk ⇀ σ, we have lim sup

k→∞
⟨Lϑk, σ − σk⟩ ≥ 0.

Now, we consider Θ be the union of all open bounded sets in X . For each D ⊂ X , we take the following
classes of operators:

ℜ1(D) := {L : D → X ∗ : L is of condition (S+), bounded and demicontinuous },
ℜT,B(D) := {L : D → X : L is of condition (S+)T demicontinuous and bounded },
ℜT (D) := {L : D → X : L is of condition (S+)T and demicontinuous},
ℜB(X ) := {L ∈ ℜT,B(E) : T ∈ ℜ1(E), E ∈ Θ }.

during this document. T ∈ ℜ1(E) is said an essential inner map to L.

Lemma 1 [8, Lemmas 2.2 and 2.4], Let T ∈ ℜ1(E) be continuous, where E is a bounded open set in a
real reflexive Banach space X , I denotes the identity operator and S : DS ⊂ X ∗ → X be demicontinuous
such that T (E) ⊂ DS . Then the following assertions are completely correct:

i) S is quasimonotone then I + S ◦ T ∈ ℜT (E),

ii) S is of condition (S+) then S ◦ T ∈ ℜT (E).

Definition 4 Suppose that E is bounded open subset of a real reflexive Banach space,
consider S,L ∈ ℜT (E) and X ,T ∈ ℜ1(E) be continuous. The affine homotopy A : [0, 1]×E → X defined
by

A(t, w) := tSw + (1− t)Lw for (t, w) ∈ [0, 1]× E

Remark 2 [8] The previously mentioned affine homotopy conforms to the class (S+)T .

We are now presenting the Berkovits topological degree for ℜB(X ) for further information see [8,22,14].
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Theorem 1 A unique function degree exists

δ :
{
(H, E , k) | E ∈ Θ, T ∈ ℜ1(E), H ∈ ℜT,B(E), k ̸∈ F (∂E)

}
−→ Z

which verifies the properties listed below

1. For all k in E, we have δ(I, E , k) = 1 (Normalization property).

2. If δ(H, E , k) ̸= 0, then the equation Hw = k has a solution in E, ( Existence property ).

3. If h: [0, 1] → X is a continuous map in X such that k(t) ̸∈ A(t, ∂E) for all 0 ≤ t ≤ 1 and A :
[0, 1]× E → X is a bounded admissible affine homotopy with a common continuous essential inner
map, then the value of δ(A(t, ·), E , k(t)) is constant for all 0 ≤ t ≤ 1 ( Homotopy invariance
property).

3. Notions of solution

In this part, we define what constitutes a weak solution for the Problem (1.1) and present a few
helpful lemmas and techniques to support proofs of existence findings.

Definition 5 w is a weak solution of (1.1) (it is a measurable function), if w ∈ W 1,p⃗(D). Then, using
integration by parts, then we have

N∑
i=1

∫
D
κi(τ, w,∇w)∂iϑdτ −Θ

∫
D

|w|p0−2w

|τ |p0
ϑ dτ + Γ

∫
D
|w|p0−2wϑdτ = λ

∫
D
A(τ, w,∇w)ϑdτ,

for all ϑ ∈W 1,p⃗(D).

Lemma 2 [5] Let h ∈ Lri(D) and let a sequence (hn)n∈N ⊂ Lri(D) such that

∥hn∥ri ≤ C, 1 < ri <∞,

for all i = 1, . . . , N . If hn(τ) → h(τ) almost everywhere in D, then

hn ⇀ h weakly in Lri(D) for any i = 1, . . . , N.

We will defined the nonlinear operator B in W 1,p⃗(D) into its dual by

⟨Bw, ϑ⟩ =
N∑
i=1

∫
D
κi(τ, w,∇w)∂iϑ dτ −Θ

∫
D

|w|p0−2w

|τ |p0
ϑ dτ + Γ

∫
D
|w|p0−2wϑdτ, for all ϑ in W 1,p⃗(D).

Lemma 3 Under the conditions (κ1)− (κ3). Then,

(1) B is coercive, continuous and bounded,

(2) B is of class (S+).

Proof 1 We start by demonstrate that B is an operator bounded.
We consider w, v ∈W 1,p⃗(D), We decompose B into three components:

⟨Bw, ϑ⟩ = ⟨B1w, ϑ⟩+ ⟨B2w, ϑ⟩+ ⟨B3w, ϑ⟩,

where

⟨B1w, ϑ⟩ =
N∑
i=1

∫
D
κi(τ, w,∇w)∂iϑ dτ,

⟨B2w, ϑ⟩ = −Θ

∫
D

|w|p0−2w

|τ |p0
ϑ dτ,
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⟨B3w, ϑ⟩ = Γ

∫
D
|w|p0−2wϑdτ.

with the help of inequality the Hölder’s and we have

⟨Bw, ϑ⟩ ≤ C

N∑
i=1

(∫
D
|κi(τ, w,∇w)|p

′
idτ
) 1

p′
i

(∫
D
|∂iϑ|pidτ

) 1
pi

+Θ

∫
D

|w|p0−1

|τ |p0
ϑ dτ + Γ

∫
D
|w|p0−2wϑdτ.

Step 1: Bound for B1.

⟨B1w, ϑ⟩ ≤ C1

N∑
i=1

(∫
D
|∂iϑ|pidτ

)1/pi

≤ C1

N∑
i=1

∥∂iϑ∥Lpi

≤ C1 ∥ϑ∥ .

Thus B1 is bounded.
Step 2: Bound for B2.

For the Hardy term,

Θ

∫
D

|w|p0−1

|τ |p0
|ϑ| dτ ≤ Θ

∥∥∥∥ |w|p0−1

|τ |p0

∥∥∥∥
Lp0/(p0−1)

∥ϑ∥Lp0 .

Since ∥w∥Lp0 ≤ C1M , we have
∥w∥p0−1

Lp0 ≤ (C1M)p0−1.

The function 1
|τ |p0 is locally bounded, and

∥ϑ∥Lp0 ≤ C1∥ϑ∥
≤ C1.

Thus,

Θ

∫
D

|w|p0−1

|τ |p0
|ϑ| dτ ≤ Θ(C1M)p0−1C1

∥∥∥∥ 1

|τ |p0

∥∥∥∥
Lp0/(p0−1)

.

This is bounded by a constant depending on M .
Step 3: Bound for B3.
For the new term,

Γ

∫
D
|w|p0−1|ϑ| dτ ≤ Γ∥w∥p0−1

Lp0 ∥ϑ∥Lp0

≤ Γ(C1M)p0−1C1∥ϑ∥
≤ ΓC2

1M
p0−1.

This is also bounded by a constant depending on M .
We obtain that B is bounded.

Second, we demonstrate B is coercive.
To prove coercivity, we show that

⟨Bw,w⟩
∥w∥

→ +∞ as ∥w∥ → +∞.
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Compute

⟨Bw,w⟩ =
N∑
i=1

∫
D
κi(τ, w,∇w)∂iw dτ −Θ

∫
D

|w|p0

|τ |p0
dτ + Γ

∫
D
|w|p0 dτ.

By condition (κ1),
N∑
i=1

κi(τ, w,∇w)∂iw ≥ ϱ

N∑
i=1

|∂iw|pi ,

thus

N∑
i=1

∫
D
κi(τ, w,∇w)∂iw dτ ≥ ϱ

N∑
i=1

∫
D
|∂iw|pi dτ

= ϱ

N∑
i=1

∥∂iw∥pi

Lpi .

By the Hardy inequality, ∫
D

|w|p0

|τ |p0
dτ ≤ 1

H

∫
D
|∇w|p0 dτ,

There exists a constant C > 0 such that∫
D
|∇w|p0 dτ ≤ C

N∑
i=1

∫
D
|∂iw|pi dτ,

due to the embedding W 1,p⃗(D) ↪→W 1,p0(D). Thus,

Θ

∫
D

|w|p0

|τ |p0
dτ ≤ ΘC

H

N∑
i=1

∫
D
|∂iw|pi dτ

=
ΘC

H

N∑
i=1

∥∂iw∥pi

Lpi .

Such that

Γ

∫
D
|w|p0 dτ = Γ∥w∥p0

Lp0 .

Combine terms

⟨Bw,w⟩ ≥ ϱ

N∑
i=1

∥∂iw∥pi

Lpi −
ΘC

H

N∑
i=1

∥∂iw∥pi

Lpi + Γ∥w∥p0

Lp0 .

=

(
ϱ− ΘC

H

) N∑
i=1

∥∂iw∥pi

Lpi + Γ∥w∥p0

Lp0 .

Then

⟨Bw,w⟩
∥w∥

≥

(
ϱ− ΘC

H

) N∑
i=1

∥∂iw∥pi

Lpi + Γ∥w∥p0

Lp0

∥w∥Lp0 +

N∑
i=1

∥∂iw∥Lpi

.

We consider two cases, as ∥w∥ = ∥w∥Lp0 +

N∑
i=1

∥∂iw∥Lpi → +∞.

- Case 1: ∥w∥Lp0 → +∞.
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Suppose ∥w∥Lp0 → +∞. The numerator includes Γ∥w∥p0

Lp0 , where p0 > 2, by the embedding
W 1,p⃗(D) ↪→ Lp0(D),

∥w∥Lp0 ≤ C1∥w∥,

and
N∑
i=1

∥∂iw∥Lpi ≤ ∥w∥.

Thus, the denominator is bounded by (C1 +N)∥w∥Lp0 .

Γ∥w∥p0

Lp0

∥w∥Lp0 +

N∑
i=1

∥∂iw∥Lpi

≥
Γ∥w∥p0

Lp0

(C1 +N)∥w∥Lp0

=
Γ

C1 +N
∥w∥p0−1

Lp0 .

Since p0 − 1 > 1, this term tends to +∞ as ∥w∥Lp0 → +∞.

- Case 2:

N∑
i=1

∥∂iw∥Lpi → +∞.

Suppose

N∑
i=1

∥∂iw∥Lpi → +∞. The numerator includes

N∑
i=1

∥∂iw∥pi

Lpi , where pi > 2.

Let β = ϱ− ΘC
H . Even if β ≤ 0, the term Γ∥w∥p0

Lp0 is non-negative. Since ∥w∥Lp0 ≤ C1

N∑
i=1

∥∂iw∥Lpi (by

Sobolev embeddings). Thus

N∑
i=1

∥∂iw∥pi

Lpi

∥w∥Lp0 +

N∑
i=1

∥∂iw∥Lpi

≥

N∑
i=1

∥∂iw∥pi

Lpi

(C1 + 1)

N∑
i=1

∥∂iw∥Lpi

≥ 1

C1 + 1

N∑
i=1

∥∂iw∥pi−1
Lpi .

Since pi − 1 > 1, this tends to +∞.

In both cases, the ratio
⟨Bw,w⟩
∥w∥

→ +∞, we deduce that B is coercive.

Then B is an operator coercive.
Next, we prove that B is continuous, we consider wn → w in W 1,p⃗(D). Then wn → w in Lp0(D) and
∂iwn → ∂iw in Lpi(D).
This implies the existence of a subsequence (wk) of (wn) and gi, h ∈ Lpi(D) (two measurable functions)
with the condition that

wk(τ) → w(τ) in Lp0(D) and |wk(τ)| ≤ h(τ),

∂iwk(τ) → ∂iw(τ) in L
pi(D) and |∂iwk(τ)| ≤ |gi(τ)| for any i = 1, . . . , N,

for almost everywhere τ ∈ D and all k ∈ N, we infer

κi(τ, wk,∇wk) → κi(τ, w,∇w) a. e. τ ∈ D (3.1)

According to (κ2), we have∣∣∣κi(τ, wk,∇wk)
∣∣∣ ≤ µ(|h(τ)|p0−1 +mi(τ) + |gi(τ)|pi−1), for each i = 1, . . . , N.
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Given that
(
|gi(τ)|pi−1 + |h(τ)|p0−1 +mi(τ)

)
∈ Lp′

i(D), for each i = 1, . . . , N .
Using the (3.1), for all i = 1, . . . , N , we have∫

D
|κi(τ, wk,∇wk)− κi(τ, w,∇w)|p

′
idτ −→ 0.

According to the dominated convergence theorem we have, for all i = 1, . . . , N , then

κi(τ, wk,∇wk) → κi(τ, w,∇w) in Lp′
i(D).

|wk|p0−2wk

|τ |p0
→ |w|p0−2w

|τ |p0
in Lp′

0(D).

Consider the term Γ
∫
D |wj |p0−2wjϑ dτ.

As before, wj → w in Lp0(D) implies |wj |p0−2wj → |w|p0−2w in Lp0/(p0−1)(D). Since ϑ ∈ Lp0(D), we
have

|wj |p0−2wjϑ→ |w|p0−2wϑ in L1(D),

by Hölder’s inequality. Thus, ∫
D
|wj |p0−2wjϑ dτ →

∫
D
|w|p0−2wϑdτ,

Consequently, we have ⟨Bwn, ϑ⟩ converges to ⟨Bw, ϑ⟩, for any ϑ ∈W 1,p⃗(D) then B is continuous.

To prove that B satisfies condition (S+), assume that {wj} ⊂W 1,p⃗(D) is a sequence such that

wj ⇀ w weakly in W 1,p⃗(D),

and
lim sup
j→∞

⟨Bwj , wj − w⟩ ≤ 0.

We need to show that wj → w strongly in W 1,p⃗(D).

⟨Bwj , wj −w⟩ =
N∑
i=1

∫
D
κi(τ, wj ,∇wj)∂i(wj −w) dτ −Θ

∫
D

|wj |p0−2wj

|τ |p0 (wj −w) dτ +Γ

∫
D
|wj |p0−2wj(wj −w) dτ.

Since wj ⇀ w weakly in W 1,p⃗(D), the compact embedding W 1,p⃗(D) ↪→ Lp0(D) (see Remark 1 )
implies

wj → w strongly in Lp0(D).

For the Hardy term:

Θ

∫
D

|wj |p0−2wj

|τ |p0
(wj − w) dτ.

Since wj → w in Lp0(D), the map w 7→ |w|p0−2w is continuous, so

|wj |p0−2wj → |w|p0−2w in Lp0/(p0−1)(D).

Thus,
|wj |p0−2wj

|τ |p0 → |w|p0−2w
|τ |p0 in Lp0/(p0−1)(D), and since wj − w → 0 in Lp0(D),

Θ

∫
D

|wj |p0−2wj

|τ |p0
(wj − w) dτ → 0.

For the term:

Γ

∫
D
|wj |p0−2wj(wj − w) dτ.
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Similarly, |wj |p0−2wj → |w|p0−2w in Lp0/(p0−1)(D), and

Γ

∫
D
|wj |p0−2wj(wj − w) dτ → 0.

From the assumption lim sup
j→∞

⟨Bwj , wj − w⟩ ≤ 0, and since the second and third terms converge to

zero, we have

lim sup
j→∞

N∑
i=1

∫
D
κi(τ, wj ,∇wj)∂i(wj − w) dτ ≤ 0.

We need to show that ∇wj → ∇w strongly in Lpi(D). Assume for contradiction, that ∇wj does not
converge to ∇w. By condition (κ3), the operator defined by κi is strictly monotone. Since wj → w in
Lp0(D). For the term

N∑
i=1

∫
D
(κi(τ, wj ,∇wj)− κi(τ, wj ,∇w)) ∂i(wj − w) dτ

is positive unless ∇wj = ∇w. Since wj ⇀ w, we use the monotonicity to deduce that the limsup condition
forces ∇wj → ∇w in measure, and by the boundedness of {wj}, we conclude ∂iwj → ∂iw in Lpi(D).

Since wj → w in Lp0(D) and ∂iwj → ∂iw in Lpi(D), we have

∥wj − w∥ = ∥wj − w∥Lp0 +

N∑
i=1

∥∂iwj − ∂iw∥Lpi → 0.

Thus, wj → w strongly in W 1,p⃗(D), and B satisfies condition (S+).

Lemma 4 Under the condition (A1) holds. Then M : W 1,p⃗(D) →
(
W 1,p⃗(D)

)∗
is an operator given by

the expression

⟨Mw, v⟩ = −
∫
D
λA(τ, w,∇w)v dτ, for any w, v ∈W 1,p⃗(D)

is compact.

Proof 2 The proof is structured in two parts.
First step:

Let ψ :W 1,p⃗(D) → Lp′
0(D) be the operator established by

ψw(τ) := −A(τ, w(τ),∇w(τ)), for all w ∈W 1,p⃗(D).

We next show that ψ is well-defined, sends bounded set into bounded sets (that is, ψ is a bounded opera-
tor), and it is continuous.

∥ψw∥p
′
0

p′ ≤
∫
D
λp

′
0 |A(τ, w,∇w)|p

′
0dτ

≤ (Cλ)p
′
0

(∫
D
|ρ(τ)|p

′
0 + |w|(p0−1)p′

0 +

N∑
i=1

|∂iw|pidτ
)

≤ (Cλ)p
′
0

∫
D
|ρ(τ)|p

′
0dτ + (Cλ)p

′
0

(∫
D
|w|p0dτ +

N∑
i=1

∫
D
|∂iw|pidτ

)
≤ (Cλ)p

′
0

∫
D
|ρ(τ)|p

′
0dτ + (Cλ)p

′
0∥w∥p

+
−

≤ Cmx∥w∥pm ,
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where

pm =

{
p− if ∥ ∂iv ∥≤ 1,

p0 if ∥ ∂iv ∥> 1,

and Cmx = max((Cλ)p
′
0∥ρ(τ)∥p′

0 , (Cλ)p
′
0), (ρ(τ) is positive function in Lp′

i(D)).
Hence, ψ is an operator bounded.
To prove that ψ is an operator continuous, let wk → w in W 1,p⃗(D). Consequently, we have wk → w in
Lp0(D) and ∂iwk → ∂iw in Lpi(D) for all i = 1, . . . , N .

Consider any subsequence (wkl
) of (wk)k∈N, which we will still denote by (wk) for simplicity. By

standard arguments, there exist functions v ∈ Lp0(D) and ϖi ∈ Lpi(D) for i = 1, . . . , N , such that for a
further subsequence, also denoted by (wk), the following inequalities hold

|wk(τ)| ≤ v(τ) and |∂iwk(τ)| ≤ ϖi(τ), for almost everywhere τ ∈ D, i = 1, . . . , N.

By the assumption (A1), we then have

A (τ, wk,∇wk) ≤ C

(
|ρ(τ)|+ |w(τ)|p0−1 +

n∑
i=1

|∂iw(τ)|pi

)
∈ Lp0(D).

Additionally, the sequence satisfies

|A (τ, wk,∇wk)−A (τ, w,∇w)|p
′
0 → 0 a.e. in D.

Thus, we obtain by Lebesgue Theorem∫
D
|A (τ, wk, ∂iwk)−A(τ, w, ∂iw)|p

′
0 dτ → 0, as k → ∞.

Since this holds for any subsequence of (wk), we prove that ψ is continuous.
Second step:
M is compact, observe that M = I∗ ◦ψ+ I∗ ◦ ϕ and I :W 1,p⃗(D) → Lp0(D) is compact, where I∗ is the
adjoint operator I∗ : Lp′

0(D) →
(
W 1,p⃗(D)

)∗
is additionally compact. Thus, the compositions I∗ ◦ ϕ and

I∗ ◦ ψ from W 1,p⃗(D) →
(
W 1,p⃗(D)

)∗
are compact. Hence, we conclude that M is compact.

4. Principal results

We investigate the existence of weak solution to the problem (1.1), relying on the recent Berkovits
topological degree theory in anisotropic spaces.

Theorem 2 Under the conditions (κ1) − (κ3) and (A1). Then, our problem has a weak solution w in
W 1,p⃗(D), according to definition 5

Proof 3 Consider w ∈W 1,p⃗(D), the problem (1.1) has a weak solution w if and only if

Bw = −Mw. (4.1)

Following Lemma 4, M is an operator bounded, continuous and quasimonotone. According to Lemma
3 B is an operator strictly monotone. Additionally, observe by Applying the Minty-Browder Theorem 2.6
(see [24]), it exists an operator G := B−1:

(
W 1,p⃗(D)

)∗ →W 1,p⃗(D) is satisfies condition (S+), continuous
and bounded.
Therefore, (4.1) is equivalent to solve the following Hammerstein equation :

Gϑ = w and M◦Gϑ+ ϑ = 0. (4.2)

To determine solutions to equations (4.2), we will apply the Berkovits topological degree presented in the
second section. To achieve this, we start by demonstrating that the set

Υ :=
{
ϑ ∈

(
W 1,p⃗(D)

)∗
: ϑ+ tM◦Gϑ = 0 for any 0 ≤ t ≤ 1

}
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is bounded. Indeed, let ϑ ∈ Υ and take w := Gϑ. Thanks to (κ1), (A1), Jensen’s inequality, the
compact embedding (W 1,p⃗(D) ↪→↪→ Lp0(D)), the continuous imbedding(W 1,−→p ↪→W 1,p0) and the Young’s
inequality, then

∥Gϑ∥p
+
− =

(
∥w∥p0

+

N∑
i=1

∥∂iw∥pi

)p+
− ≤ 2p

+
−−1

[( ∫
D
|w|p0 dτ

) p
+
−

p0
+
( N∑

i=1

(∫
D
| ∂iw |pi dτ

) 1
pi
)p+

−
]

≤ 2p
+
−−1

[ ∫
D
|w|p0 dτ + C

N∑
i=1

∫
D
| ∂iw |pi dτ

]
≤ Cm

[ ∫
D
|w|p0 dτ +

1

ϱ

N∑
i=1

∫
D
κi(τ, w,∇w)∂iwdτ

]
≤ Cm

[ ∫
D
|w|p0dτ +

1

ϱ

(
⟨Bw,w⟩+Θ

∫
D

|w|p0

|τ |p0
dτ + Γ

∫
D
|w|p0dτ

)]
≤ Cm

(
(Γ + 1)

∫
D
|w|p0 dτ +

1

ϱ

(
⟨ϑ,Gv⟩+Θ

∫
D

|w|p0

|τ |p0
dτ
))

≤ Cm

(
(Γ + 1)

∫
D
|w|p0dτ + Ch

∫
D
|∇w|p0dτ +

t

ϱ

(
|⟨M ◦Gv,Gv⟩|

)
≤ Cm

(
C ′

h∥w∥
p0

W 1,p0
+
t

ϱ

∫
D
|A(τ, w,∇w)|wdτ

)
≤ Cm

(
C ′

h∥w∥p
+
− +

tΓ

ϱ

∫
D
|w|pidτ +

t

ϱ
Cp′

∫
D
|A(τ, w,∇w)|p

′
idτ +

t

ϱ
Cp

∫
D
|w|pidτ

≤ C2∥w∥p
+
− + C2∥w∥pi/p

′
i

≤ Cs

(
∥Gv∥p

+
− + ∥Gv∥p

+
−−1

)
,

where Cm = max(2p
+
−−1, C).

Hence, we have that
{
Gϑ | ϑ ∈ Υ

}
is bounded. Given that the operator M is bounded, from (4.2), it is

obvious that the set G in
(
W 1,p⃗(D)

)∗
is bounded. Therefore, there exists a positive constant K knowing

that
∥ϑ∥(

W 1,p⃗(D)
)∗ < K for all ϑ ∈ Υ.

As a result, we find that

tM◦Gϑ+ ϑ ̸= 0 for each ϑ ∈ ∂BK(0) and every 0 ≤ t ≤ 1.

By Lemma 1, we deduct

M◦G+ I ∈ ℜT (BK(0)) and I = B ◦G ∈ ℜT (BK(0)).

Then G, M and I tow operators bounded, M◦G+ I is bounded. It follows that

I +M◦G ∈ ℜT,B(BK(0)) and I ∈ ℜT,B(BK(0)).

Let an affine homotopy A : [0, 1]×BK(0) → (W 1,p⃗(D))∗ defined by

A(t, ϑ) := ϑ+ tM◦Gv for (t, ϑ) ∈ [0, 1]×BK(0).

according Theorem 1, we have

δ(I +M◦G,BK(0), 0) = δ(I, BK(0), 0) = 1.

As a result, there is a point ϑ ∈ BK(0) Knowing that

ϑ+M◦Gv = 0.

which affirms that w = Gϑ is a weak solution of (1.1).
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6. J. P. Garćıa Azorero, and I. Peral Alonso, Existence and nonuniqueness for the p-Laplacian, Communications in Partial
Differential Equations 12.12 (1987): 126-202.

7. H. Ayadi and F. Mokhtari, Anisotropic elliptic equations with variable exponents and degenerate coercivity. Electronic
Journal of Differential Equations 2018 43(2018), 1-23.

8. J. Berkovits, Extension of the Leray–Schauder degree for abstract Hammerstein type mappings. Journal of Differential
Equations, 2007, vol. 234, no 1, p. 289-310.

9. L. Boccardo, F. Murat, J.-P. Puel, Existence of bounded solution for nonlinear elliptic unilateral problems. Ann. Mat.
Pura Appl. 152(1988); 183-196.

10. F. E. Browder, Fixed point theory and nonlinear problems, Bull. Amer. Math. Soc. (N.S.), 9 (1983), 1-39.

11. Carl S, Le VK, Motreanu D. Nonsmooth variational problems and their inequalities: comparison principles and appli-
cations. Springer monographs in mathematics. New York: Springer; 2007.

12. N. Eddine, M. Ragusa and D. Repovs, On the concentration compactness principle for anisotropic variable exponent
Sobolev space and applications. Fractional Calculus and Applied Analysis 27 (2024), 725-756.

13. Edmunds, D. E., Evans, W. D. (1987). Spectral theory and differential operators. Oxford.

14. H. El Hammar, C. Allalou, S. Melliani and A. Kassidi, Existence results for a parabolic problem of Kirchhoff type via
topological degree. Advanced Mathematical Models and Applications, 8(2023).

15. Hammou MA, Azroul E, Lahmi B. Topological degree methods for a strongly nonlinear p(x)-elliptic problem. Rev
Colomb Mat. 2019;53(1):27–39.

16. I.S. Kim, A topological degree and applications to elliptic problems with discontinuous nonlinearity, J. Nonlinear Sci.
Appl. 10, 612-624 (2017).

17. D. Motreanu, V. V. Motreanu and N. Papageorgiou, Topological and variational methods with applications to nonlinear
boundary value problems. Vol. 1. No. 7. New York: Springer, 2014.

18. P. Ochoa and F. Valverde, Equivalence and regularity of weak and viscosity solutions for the anisotropic p(x)−Laplacian.
To appear in Nonlinear Differential Equations and Applications.

19. A. Ourraoui, and M. Ragusa, An Existence Result for a Class of p(x)-Anisotropic Type Equations. Symmetry 13,
(2021), 1-12.

20. M.M. Porzio : On some quasilinear elliptic equations involving Hardy potential. Rend. di Mat. Ser. VII, Roma 27,
277–297 (2007)

21. G.G. dos Santos, G.M. Figueiredo, and L.S. Tavares, Sub super solution method for nonlocal systems involving the
p(x)−Laplacian operator, Electron. J. Differ. Equ. 2020 (2020), no. 25, 1–19.

22. G. Zineddaine, A. Sabiry, S. Melliani and A. Kassidi, On a discontinuous nonlinear elliptic problem of nonlocal-type
with Neumann boundary condition. J Elliptic Parabol Equ 10, 19–38.

23. G. Zineddaine, A. Sabiry, S. Melliani and A. Kassidi, Anisotropic obstacle Neumann problems in weighted Sobolev
spaces and variable exponent, Journal of Applied Analysis, 2024.

24. E. Zeider, Nonlinear Functional Analysis and its Applications, II\B : Nonlinear Monotone Operators, Springer, New
York, 1990.

Ayoub El hafiane,

Laboratory of Applied Mathematics and Scientific Computing,

Sultan Moulay Slimane University, Beni Mellal,

Morocco.

E-mail address: ayoub.elhafiane@usms.ma



On a Class of Anisotropic Elliptic Equations 13

and

Abderrazak Kassidi,

Laboratory of Applied Mathematics and Scientific Computing,

Sultan Moulay Slimane University, Beni Mellal,

Morocco.

E-mail address: abderrazakassidi@gmail.com

and

Ali El Mfadel,

Laboratory of Applied Mathematics and Scientific Computing,

Sultan Moulay Slimane University, Beni Mellal,

Morocco.

E-mail address: a.elmfadel@usms.ma

and

M’hamed Elomari,

Laboratory of Applied Mathematics and Scientific Computing,

Sultan Moulay Slimane University, Beni Mellal,

Morocco.

E-mail address: m.elomari@usms.ma


	Introduction and assumptions
	Preliminaries
	Notions of solution
	Principal results

