Bol. Soc. Paran. Mat. (3s.) v. 2025 (43) : 1-13.
©SPM - E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.77819

On a Class of Anisotropic Elliptic Equations with Hardy Potential and Homogeneous
Neumann Boundary Conditions

Ayoub El hafiane*, Abderrazak Kassidi, Ali El Mfadel and M’hamed Elomari

ABSTRACT: We study a class of anisotropic nonlinear elliptic problems involving a Hardy potential and
subject to homogeneous Neumann boundary conditions. The differential operator under consideration is of
the Leray-Lions anisotropic type. By employing Berkovits’ topological degree theory, combined with the
properties of anisotropic Sobolev spaces and the abstract Hammerstein equation, we establish the existence
of weak solutions to the problem under investigation.
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1. Introduction and assumptions

In this paper, we consider D C RY (N > 2) be a bounded open subset with a Lipschitz boundary, and
pi := {p1,D2,...pNn} such that p; €]2,00[. Using the topological degree theory introduced by Berkovits
in [8], we establish, under some suitable assumptions, the existence of weak solutions to the following
nonlinear elliptic problem

-2

ol [w[Pe~ 2w 9 .
- Zaﬂﬁ(ﬂw»vw) - @W + Tw|P°*w = MA(7,w,Vw) in D,
— T
N (1.1)
Z ki(T,w, Vw)n; =0 on 0D,
i=1

where )\ is a non-negative real parameter, n; denotes the outer unit normal derivative, and pg = max{p; :

i=1,...,N}. The functions &; are Carathéodory functions respecting these conditions
N N

(K1) Zﬂi(TﬂSvC)Cﬁ' ZQZKi P
i=1 i=1

(K2) |k (7,8, Q)| §M(|Ci|pi_1+|S|p"_1+mi(7')), for eachi=1,...,N.

(K3) (Hi(T,S,C)_K/i(T,S,C/))(Ci—Cl() >0 for each i = 17"'5N'

where ¢, € RN, (¢ # (), s €R, p, p are positive constants and m; (1) € LPi (D) is a positive function

%

such that p, = In addition, A is the Carathéodory function satisfies a growth condition for all

7
¢=(C1,-.-,¢n) €RY for all s € R, and a.e T € D. Specifically:
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(A1) there exists a positive real number C such that

N i
[Alr, 5,01 < (D211 + [o(r)] + s,

i=1
with p(7) € L (D).

By utilizing Berkovits’ topological degree for (Sy)-type operators as presented in [8], along with
the theory of anisotropic Sobolev spaces, we establish the existence of a weak solution for the given
problem. The construction of a topological degree for continuous mappings on a bounded domain of R"™
was initiated by Brouwer [10]. Among various examples, we refer the reader to classical works for further
insights. [6,16,2,3,14,22,23,24] For additional details. Anisotropic problems, which can become critical
in certain regions of the domain, have recently been studied in [7,19]. In these cases, the right-hand
side has low regularity, belonging, for example, to L'. Additionally, Lions’ concentration-compactness
principle for critical problems has been extended to the anisotropic setting in [12]. Lastly, the connection
between different notions of weak solutions and their regularity has been recently analyzed in [18] for
non-homogeneous equations involving the p(7)-Laplacian operator. In recent years, several authors have
investigated problems involving the so-called Hardy potential. For instance, Porzio [20] has studied the
following quasilinear elliptic problem.In [1], the influence of the Hardy potential on the existence and
nonexistence of solutions has been emphasized. Specifically, Abdellaoui et al. [1] studied the following
nonlinear elliptic equation:

|z[?

—Aut|VuP=A—2 +f inD,
u=20 on 0D,

The paper is structured as follows. In Section 2, we present the basic notation, definitions, key properties,
and the functional framework. Section 3 introduces Berkovits’ degree theory and its generalization from
[8]. Finally, in the last section, we establish preliminary lemmas and prove the main result of the paper.

2. Preliminaries

In this part, we first recall some necessary results which will be used in the next part, we present
some properties on the theory of topological degree and anisotropic space.
Consider D C RY (N € [2;+o0[) bounded open subset in with smooth boundary and let p; € ]2; +oo[ for
any i=1,...,N, p_ =min{py,...,pn}. We denote 9; = aiﬂ_.
The anisotropic Sobolev space is given by

WYP(D) = {w € LP(D), d;w € LPi(D) for i =1,2,...,N}

is a Banach space we associate it with the norm

N
lwll = llw]lro ) + > 10wl s () -

i=1

In what follows, introducing certain categories of mappings. Subsequently, consider X’ real, separable,
reflexive Banach space, and X* be its dual space with dual pairing (-, -) and given a nonempty set
D of X, D and dD will denote the closure and the boundary of D in X, strong (weak) convergence is
represented by the notation — (—) respectively.

Let us recall the Hardy inequality

| u(z) [P 1/
——dax < — Vu(z) |P dz
T HDI () |

where D is open set in R™ containing the origin and H is the best constant in the inclusion of WO1 (D)
in LP(D) with weight | 2 |77 In particular, when D is a ball, H = (*22)?
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Remark 1 [13,23] Thanks to the Sobolev embedding theorem and the continuous embedding W'P (D) —
WLP™ (D), it follows that the embedding W1 P(D) — LP (D) is compact.

Definition 1 Let Y is a real Banach space and L is an operator defined : D C X — Y where.
i) if L takes any bounded set into a bounded set, then L is bounded.
it) L is compact, if it is continuous and the image of any bounded set is relatively compact.

iit) demicontinuous, if for any sequence (9 )keny C D, 9% converge strongly to ¥ implies L(J)) converge
weakly to L(V).

Definition 2 Let L:D C X — X™* be a mapping.

i) quasimonotone, if for each (Vy)ren C D with 9y converge weakly to ¥, we have
lim sup(LIk, J — ) > 0.

n— oo

it) If for each (V) C D with 9 converge weakly to ¥ and limsup(LVy,d; — ¥) < 0, we have

n— oo

9k converge strongly to 9, then L is of condition (Sy).

Definition 3 Consider T : Dy C X into X* be a bounded operator such that D C Dyi. For each L :
DCX — X, we say that

i) If for any (k) ken C D with ¥y converge weakly to 9, oy := TV, — o and limsup(LI, or—0) <0,
k—o0
we have 9y converge strongly to 9, then L satisfies condition (S4)71.

it) L has the property (QM)r If for any sequence (Vi) C D with ¥y, converge weakly to ¥,

oy := TV, — o, we have limsup(LYy, o — o) > 0.
k—o0

Now, we consider © be the union of all open bounded sets in X. For each D C X, we take the following
classes of operators:

R (D) :={L:D— X*: Lis of condition (S), bounded and demicontinuous },
Rr (D) :={L:D— X : Lis of condition (S;)r demicontinuous and bounded },
Rr (D) :={L:D — X : Lis of condition (S;+)r and demicontinuous},

Re(X) :={LeRrp(E): TeR(E),E€0 }

during this document. T € R;(E) is said an essential inner map to L.

Lemma 1 [8, Lemmas 2.2 and 2.4], Let T € R1(E) be continuous, where E is a bounded open set in a
real reflexive Banach space X, I denotes the identity operator and S : Ds C X* — X be demicontinuous
such that T(E) C Ds. Then the following assertions are completely correct:

i) S is quasimonotone then T+ SoT € Rr(E),
ii) S is of condition (S4) then SoT € Ry (E).

Definition 4 Suppose that E is bounded open subset of a real reflexive Banach space,
consider S, L € Ry (E) and X, T € R1(E) be continuous. The affine homotopy A : [0,1] x E — X defined

by
Alt, w) =tSw+ (1 —t)Lw  for (¢, w)€[0,]]xFE
Remark 2 [8] The previously mentioned affine homotopy conforms to the class (Sy)r.

We are now presenting the Berkovits topological degree for R (X)) for further information see [8,22,14].
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Theorem 1 A unique function degree exists
§:{(H,E.k)|E€O, TERIE), HeERrp(E), kg FOE)} — Z
which verifies the properties listed below
1. For all k in &, we have 6(Z,E,k) =1 (Normalization property).
2. If 6(H,E, k) # 0, then the equation Hw = k has a solution in £, ( Existence property ).

8. If h: [0,1] — X is a continuous map in X such that k(t) ¢ A(t,08) for all 0 <t < 1 and A :
[0,1] x € = X is a bounded admissible affine homotopy with a common continuous essential inner
map, then the value of 0(A(t,-),E,k(t)) is constant for all 0 < t < 1 ( Homotopy invariance

property).
3. Notions of solution

In this part, we define what constitutes a weak solution for the Problem (1.1) and present a few
helpful lemmas and techniques to support proofs of existence findings.

Definition 5 w is a weak solution of (1.1) (it is a measurable function), if w € WYP(D). Then, using
integration by parts, then we have

Z/merw@ﬂdT @/ [

for ally € WHP(D).

|P0 2w

W Y ar —|—F/ |w|Po™ 211)19d7'—)\/ A(r, w, Vw)ddr,

Lemma 2 [5] Let h € L™ (D) and let a sequence (hyp)nen C L™ (D) such that

([P

<O 1< <oo,
foralli=1,...,N. If hp(1) = h(7) almost everywhere in D, then
hn, = h weakly in L™ (D) for anyi=1,...,N.

We will defined the nonlinear operator B in W'7(D) into its dual by

al |w|Po—2w _
(Bw,0) =Y [ ki(r,w, Vw)diddr —© | *———ddr+T [ |w[" *wddr, for all & in W"P(D).
, p [T D

Lemma 3 Under the conditions (k1) — (kg). Then,
(1) B is coercive, continuous and bounded,
(2) B is of class (S4).

Proof 1 We start by demonstrate that B is an operator bounded.
We consider w,v € WYP(D), We decompose B into three components:

(Bw, ) = (Byw,¥) + (Baw, ¥) + (Bsw, 9},

where

N
(Biw,9) = Z/ ki(T,w, Vw)0;9 dr,
— Jp

po—2
(Byw, ¥) :—@/ w70y g,
D

|7-|[)g
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(Bsw, 9) :r/ Jw[Po~2wd dr.
D

with the help of inequality the Hoélder’s and we have

N a
(7w, p; »] 0
(Bw,wgC;(/DM(TwVwﬂ dr) (/D| 9

Step 1: Bound for B;.

Pi g )p% |w|p°’1 Po—2
7)) +0O ddr+T [ |w| widr.
p |T[Po D

|7

(Biw,v) < Cy

-

( /D D0 d’T) 1/pi

< Cr Y |00 Lo

i=1

<9

i=1

Thus By is bounded.
Step 2: Bound for B,.
For the Hardy term,

po—1 po—1
@/ ol |19d7'§6H|w| 9] Lo
p |T[Po IT[Po | oo/ o)
Since ||w||pro < C1 M, we have
[l < (CrMyPet.
The function ﬁ 1s locally bounded, and
[0l Lo < Cal9]
< (.
Thus,
|wlPo~ 1 1
@/ |19| dT S @(ClM)p07 Cl .
p |T|P IT1P0 || Loo/o-1)

This is bounded by a constant depending on M.
Step 3: Bound for Bs.
For the new term,

r / ol [9] dr < D]/ 9] oo
D
<T(CiM)P~1Cy |||
<TCFMPo~t,

This is also bounded by a constant depending on M.
We obtain that B is bounded.

Second, we demonstrate B is coercive.
To prove coercivity, we show that

(Bw, w)

— 400 as |w| — +oo.
[[w]|
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Compute

N
|w‘170
(Bw,w) = / Ki(T, w, Vw)d,w dr — @/ dr+T [ |w|" dr.
; D D |T‘p° D

By condition (x1),

N
> il
=1

=1

thus
N N
Z/ ki (T, w, Vw) 0w dT > QZ/ |O;w|P dr
i=1/D i=17P
By the Hardy inequality,
Po ]_
[w] dr < —/ |[Vw|Pe dr,
p |T[Po H Jp
There exists a constant C' > 0 such that
N
/ [Vw|Po dr < C’Z/ |O;w|P? d,
D —Jp
due to the embedding W1?(D) < W1Po(D). Thus,
Po N
o) ‘w| dTS %Z/ |alw Pi dr
p [T[P H —~Jp
N
ecC v
= Z [0iw|| 7o, -
i=1
Such that
[ ol dr =Tl
Combine terms v
(Bw,w) > 0 ||0swl|Fi, — Z [0iwl|7e, + Tl[w]| 7%, -

i=1

(. eC\ v
7Q Hz':l

Ire + TlwlZo-

Then
N
G)C) .
0= = ) D 10w, + Tllw]F5,
<Bw7w> > ( H i=1
wl ~ N
[wllzeo + ) 10| o
i=1
N
We consider two cases, as ||w]| = ||w| Lro + Z |O;w|| Lrs — +o0.

i=1
- Case 1: ||w||pro — +00.
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Suppose ||w|pro — 4o00. The numerator includes I'|w||7%,, where py > 2, by the embedding
W1H(D) < Lro(D),
[wllzro < Chljwll;

and
N
> loiwl Le: < fJuwll.
i=1

Thus, the denominator is bounded by (Cy + N)||w]| zro -

FH“’| LPo L lwl|75 LPo
- (C1 + N)Hw”LPO
[[wllzeo +Z [[Osw]| Lr:
i=1

r

— po—1
el
Since pg — 1 > 1, this term tends to +oo as ||w||Lre — +00.
N
- Case 2: Z |0;w]| i — +00.
i=1
N N
Suppose Z |O;w| Lrs — +o0. The numerator includes Z 0w}, , where p; > 2.
i=1 =1
2 (3 N
Let 8 = o — S¢. Even if 8 < 0, the term T'||w||}}, is non-negative. Since [|w||zro < Cy Z |0;w]| Le: (by
i=1

Sobolev embeddings). Thus

ZI ZI

N
l|wl| Lro +Zuaiw||m,; (Cr+ 1)) [10sw] Lo

i=1 =1
N

> 120

=1

Since p; — 1 > 1, this tends to +oo.

{Bw, w)
el ||

Then B is an operator coercive.
Next, we prove that B is continuous, we consider w,, — w in W?(D). Then w, — w in LP°(D) and
Oiw, — O;w in LPi(D).
This implies the existence of a subsequence (wy) of (wy) and g;, h € LP(D) (two measurable functions)
with the condition that

In both cases, the ratio — 400, we deduce that B is coercive.

wi(T) = w(r) in LP°(D) and |wg(7)| < h(7),
Oiwg (1) = ;w(r) in LPH(D) and |0;wr(7)| < |gi(7)| for any i =1,..., N,

for almost everywhere 7 € D and all k € N, we infer
ki (T, wg, Vwg) = ki (T, w, Vw) a.e.T€D (3.1)

According to (k2), we have

#i (T, wi, Vwg) | < p(JR(T) PP~ + mi(7) + |gi(T) [P 1), foreachi=1,...,N.
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Given that ([g;(7)[P" + [h(T)[Po~! 4+ my(7)) € LPi(D), for each i =1,...,N.
Using the (3.1), for all i =1,..., N, we have

/ |k; (1, wi, Vwy,) — Ksi(T,w7Vw)|pédT — 0.
D

According to the dominated convergence theorem we have, for all ¢ = 1,..., N, then
ki (T, Wi, Vwg,) — k(T w, Vw) in L (D).
Po—2 po—2 ,
el Zwe o™ Tw ),
|7—|p0 |7—|Z70

Consider the term ' [ [w; [P0~ 2w;9 dr.
As before, w; — w in LP°(D) implies |w;[Po~2w; — |w[Po~2w in LPo/(Po=1(D). Since ¥ € LP°(D), we
have
Jw;[Po"2w;9 — |w|Po~2wd  in L'(D),

by Hoélder’s inequality. Thus,
/ lw; [Po~2w; 9 dr —>/ Jw[Po 2w dr,
D D
Consequently, we have (Bw,, ) converges to (Bw,v), for any ¥ € W1#(D) then B is continuous.

To prove that B satisfies condition (S.), assume that {w;} C W1P(D) is a sequence such that
w; —w  weakly in WHP(D),

and
lim sup(Bw;, w; — w) < 0.
Jj—oo

We need to show that w; — w strongly in W1#(D).

|w; [P~ w; (

N
(Bwj,w; —w) :Z/ Ki(T,wj, Vw;)0i(w; —w) dr — © —w)d‘r—i—F/ [w;|P° 2w (w; — w) dr.
D D

b |TIPe
Since w; — w weakly in W1P(D), the compact embedding W'?(D) — LP°(D) (see Remark 1 )
implies
w; = w strongly in LP°(D).

For the Hardy term:
|w; [P0~ 2w;

S) (w; —w)dr.

p [P

Since w; — w in LP°(D), the map w — |w[P°~2w is continuous, so

Jw;|Po~2w; — |wPo~%w  in LPo/ (o= (D),

|P0—2,,. Po—2 . _ . .
Thus, |w]‘|7|p0 e ‘w||'r|1’0 Y in LPo/(Po=1) (D), and since w; —w — 0 in LPo (D),
w;[Po~2w;
) l i ij—w)d7—>0.
|7-|p0

For the term:

F/ Jw; PO 2w, (w; — w) dr.
D
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Similarly, |w;|[Po~2w; — |w|Po~2w in LPo/(Po=1) (D), and
F/’; \wj|p“*2wj(wj - ’UJ) dr — 0.

From the assumption limsup(Bwj,w; — w) < 0, and since the second and third terms converge to
j—oo
zero, we have
N

limsupZ/ ki(T, wj, Vw;)0i(w; —w)dr < 0.
D

We need to show that Vw; — Vw strongly in LP*(D). Assume for contradiction, that Vw; does not
converge to Vw. By condition (k3), the operator defined by k; is strictly monotone. Since w; — w in
LPo(D). For the term

N
Z/D (ki(T,w;, Vw;) — ki(T,w;, Vw)) 0;(w; — w) dr
i=1

is positive unless Vw; = Vw. Since w; — w, we use the monotonicity to deduce that the limsup condition
forces Vw; — Vw in measure, and by the boundedness of {w;}, we conclude 0;w; — 0;w in LPi(D).
Since w; — w in LP° (D) and d;w; — 0;w in LP* (D), we have

N
lw; — wl| = [[w; — wllLee + Y 10sw; — dw]|Lr: — 0.
i=1
Thus, w; — w strongly in W?(D), and B satisfies condition (Sy.).

Lemma 4 Under the condition (A1) holds. Then M : WHP(D) — (Wl’ﬁ(D))* is an operator given by
the expression

(Mw, v) = —/ M(T, w, Vw)v dr, for any w, v € WHP(D)
D
18 compact.

Proof 2 The proof is structured in two parts.
First step:
Let ¢ : WHP(D) — LPo(D) be the operator established by

Yw(r) := —A(T,w(r), Vw(r)), for all we Wl’ﬁ(D).

We next show that v is well-defined, sends bounded set into bounded sets (that is, ¥ is a bounded opera-
tor), and it is continuous.

(R g/DAp6|A(T,w,Vw)|p6dT

N
< (@ ( [ 1P+ % 4 Y josupar)
P i=1

N
<ot [ lophar s exp( [ uprar+ 3 [ o)
P b i=17D

< (€% [ [o(Poar + @7 ul”
D

< Crnz[|w]|P™,
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where

N A L
" po if ||Ow][>1,

and Cp = maz((CA)Po || p(1)||Po, (CA)Po), (p(T) is positive function in LPi(D)).
Hence, 1 is an operator bounded.
To prove that ) is an operator continuous, let wy — w in WHP(D). Consequently, we have wy, — w in
LPo(D) and d;wy, — Oyw in LPi (D) for alli=1,...,N.

Consider any subsequence (wg,) of (wk)ken, which we will still denote by (wy) for simplicity. By
standard arguments, there exist functions v € LP°(D) and w; € LPi(D) fori=1,...,N, such that for a
further subsequence, also denoted by (wy,), the following inequalities hold

lwe(7)] < wv(r) and |Qwr(T)| < wi(T), for almost everywhere T € D,i=1,..., N.

By the assumption (Ay), we then have

A (7, w, Vwg) < C <|p(7’)| + |w(T)|Po~t 4+ Z |O;w(T) pi) € LP(D).

Additionally, the sequence satisfies
|A (7, w, Vwyg) — A (T, w, Vw)|p6 —0 a.e inD.

Thus, we obtain by Lebesgue Theorem
/ |A (1, wg, Oywy) — A(T, w,@iw)|p6 dr —0, ask — oo.
D

Since this holds for any subsequence of (wy), we prove that 1 is continuous.

Second step:

M is compact, observe that M = T* o1p +T* o0 ¢ and I : WHP(D) — LP(D) is compact, where T* is the
adjoint operator T* : LPo (D) — (Wl’ﬁ(D))* is additionally compact. Thus, the compositions T* o ¢ and
T* op from WHP(D) — (Wl’ﬁ(D))* are compact. Hence, we conclude that M is compact.

4. Principal results

We investigate the existence of weak solution to the problem (1.1), relying on the recent Berkovits
topological degree theory in anisotropic spaces.

Theorem 2 Under the conditions (k1) — (k3) and (Ay). Then, our problem has a weak solution w in
WLYP(D), according to definition 5

Proof 3 Consider w € WYP(D), the problem (1.1) has a weak solution w if and only if
Bw = —Muw. (4.1)

Following Lemma 4, M is an operator bounded, continuous and quasimonotone. According to Lemma
8 B is an operator strictly monotone. Additionally, observe by Applying the Minty-Browder Theorem 2.6
(see [2/]), it exists an operator G := B~1: (Wl’ﬁ(D))* — WULP(D) is satisfies condition (S), continuous
and bounded.
Therefore, (4.1) is equivalent to solve the following Hammerstein equation :

Gd=w and MoGUV+V¥=0. (4.2)

To determine solutions to equations (4.2), we will apply the Berkovits topological degree presented in the
second section. To achieve this, we start by demonstrating that the set

T::{ﬁe(Wl’ﬁ(D))*: V+tMoGI=0 forany 0<t<1}
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is bounded. Indeed, let ¥ € Y and take w := GUY. Thanks to (k1), (A1), Jensen’s inequality, the
compact embedding (WYP(D) s LPo(D)), the continuous Z‘mbeddmg(ﬂ/l’? — WLPo) and the Young’s

iequality, then
16O = (Jlewllpo +§N] ; pi)pt < 2pt—1{(/D P dr) ™ + (ENJ (/ | O [P dr )
i=1 i=1

N
+
< op -1 / w|Podr + C / O;w
Az g A
N
/|w|P0 d7+12/ /<;Z-(T7w,Vw)8iwdT}

@\ﬂ

1+
n

)]

pi dT:|

<O /|w|”0d7+ ({(Bw, w) +9/ o} —dr +r/ |w|p0d7')}

ol
|
< (41 /|w\P°dT+ ((9, Gv) +@/ o™ ~dr))
(
(

<Cn((T+1 /|w\p°d7+0h/ |Vw|Podr + — (|<Mon Gv)|)

< Con(Chllullon, + 5 [ |A<r,w,w>|wdr)

Con(Ciltol?” + 5 [

< czuwnpf + Cy |7/
< Cy (|Gl + |G~ 1,

Pidr

Pidr + C /|ATwVw)|pldT+ C’/|w

where C,, = maz(2pt*1,C’).
Hence, we have that {G19 | 9 € T} is bounded. Given that the operator M is bounded, from (4.2), it is

obvious that the set G in (Wl’ﬁ(D))* is bounded. Therefore, there exists a positive constant IKC knowing
that
H19||(W11ﬁ(p))* <K for ally e Y.

As a result, we find that
tMoGI+9#0  for each ¥ € OBxc(0) and every 0<t<1.
By Lemma 1, we deduct
MoG+7TeRp(Bx(0)) and Z=DBoG e Rp(Bx(0)).

Then G, M and T tow operators bounded, M o G + I is bounded. It follows that

T+ MoGeRrp(B(0)) and I € Ry p(Bx(0)).
Let an affine homotopy A : [0,1] x Bx(0) — (WYP(D))* defined by

A(t,9) ;=9 +tMoGu  for (t,9) € [0,1] x Bx(0).

according Theorem 1, we have
(T + Mo G, Bg(0),0) = 6(Z, Be(0),0) = 1.
As a result, there is a point ¥ € Bx(0) Knowing that
Y4+ MoGuv=0.
which affirms that w = GY is a weak solution of (1.1).
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