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Certain Subclasses of Bi-Univalent Functions Defined by ¢-Analogue of Ruscheweyh
Differential Operator
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ABSTRACT: In this paper, we find a new subclasses of the function class Y of bi-univalent functions defined
in the open unit disk, which are associated with the g-analogue of Ruscheweyh differential operator and satisfy
some subordination conditions. Furthermore, we find estimates on the Taylor-Maclaurin coefficients |v2| and
|vg| for functions in the new subclasses introduced here.
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1. Introduction

Let A denote the class of analytic functions of the form
du) =u+ Y vl (1.1)
j=2

normalized by the conditions ¢(0) = 0 = ¢’(0) — 1, defined in the open unit disk
U={uelC: Ju <1}

Let M be the subclass of A consisting of function of the form (1) which are also univalent in U. Consider
an analytic function & with positive real part in the unit disk U, £(0) = 1,&(0) > 0 and £ maps U onto a
region starlike with respect to 1 and symmetric with respect to the real axis. In the sequel, it is assumed
that such a function has a series expansion of the form

C(u) =1+ Biu+ Bou® 4+ Bsu® + ..., (By > 0). (1.2)
In particular, for the class of strongly starlike functions of order a(0 < o < 1), the function ¢ is given by

1+u
1—u

C(u):[ ]a:1+2au+2a2u2+~-~ 0<a<l), (1.3)

which gives B; = 2a and By = 2a? and on the other hand, for the class of starlike functions of order

BO<pB <1,

:1+(172B)u

— =1+2(1-Bu+2(1—pBu*+--- (0<B<1), (1.4)

¢(u)
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we have By = By = 2(1 — ).

A function ¢ € A is said to be bi-univalent in U if both 1 and 1 ~' are univalent in U. Let ¥ denote the
class of bi-univalent functions defined in the unit disk U. Since ¢ € 3 has the Maclaurian series given by
(1), a computation shows that its inverse ¢ = 1»~! has the expansion

p(w) = v Hw) = w — asw? + (243 — az)w> 4 - - (1.5)

Several authors have introduced and investigated subclasses of bi-univalent functions and obtained bounds
for the initial coefficients (See [2,3,4,8,11,12,13]).

For 0 < ¢ < 1, the Jackson’s ¢g-derivative of a function ¢ (u) € A is given by ([5]):

P(u) —p(qu) .
Dyib(u) = A—qu o7 w7l (1.6)
¥'(0) for uw=0.
For 9 (u) of the form (1), we have
u) =1+ i[j]qvjuj_l, (1.7)
=2
where )
. 1—¢’ .
thl_q (0<g<lijeN={1,2.1}). (1.8)

Kanas and Raducanu [7] (See also Aldweby and Darus|1]) defined the ¢g-analogue of Ruscheweyh operator
by:

2 +HA=1
u—i—jz: =1, vl (0<g<1;A>0), (1.9)
vhere Ul G = g [1]
v S Ule =g g JEN;
=1 el (1.10)

From (9), we obtain that
R2¢(u) = ¢(u) and Réw(u) = uDgy(u),
and

e +>\ - 1
lim R() = u+ Y o U uju '~ M), (1.11)
j:2

q—1—
where R* is the Ruscheweyh differential operator [10].

2. Bi-Univalent Function Class N'X)(4,()

In this section, we introduce a subclass NS} (6, ¢) of ¥ and find the estimate on the coefficients |v| and
|vs| for the functions in this new subclass, by subordination. Throughout our study, unless otherwise
stated, we let

0<6<1 and 0<gq< L.

Definition 2.1 For 0 < § < 1, a function ¢ € ¥ of the form (1.1) is said to be in the class NZ;‘((S, ),

if the following subordination hold:

quRéw(u) N Dq(quR2‘¢(u))
Ryp(u) Dy(R3e(u))

(1-4) < ¢(u) (2.1)
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and
quR;‘ng(w) N 5Dq (quR;‘gb(w))
Ry p(w) Dy(Ryo(w))

where u,w € U and ¢ is given by (5).

(1-19) < ((w), (2.2)

Note that if A\ = 0 and ¢ — 1~ the class N'S)(6,¢) reduces to class My (o, ), 0 < a < 1and A >0
studied by Xiao-Fei Li and Au-Ping Wang [14].

uwl/(u)
P (u)

ut’(u)
P(u)

studied by the class of Ma and Minda [9] starlike and convex function respectively.

If A\ =1and q — 1~ theclass NZ;‘((S, () satisfying the subordination =< ¢(u) and 14+ =< ¢(u)

If \=1and g — 1~ the class NZ;‘ (6, ¢) reduces to class M, (a, ¢) studied by Jothi Latha and Cynthiya
Margaret Indrani [6].

Lemma 2.1 If a function p € P is given by
p(u) =1+ pru+pu®+--- (uel),
then
lpil <2 (i €N),
where is P is the family of all functions p, analytic in U, for which
p(0)=1 and R(pw)) >0 (uel).

Theorem 2.1 If ¢ given by (1) is in the class N3 (5,(), then

|vg| < BivB (2.3)
1+ a(10) — 118D 3], - 1) - 1+ 62 - DI+ 1
(12— )53 + [1+3((2]y) ~ (B — Ba)(A+ 13002, ~ 1)
and )
Bl Bl
los] < [1+6([3]) — 1] g0 (3], — 1) * ([1+5([2]q) - 1](A+1)q<[2]q—1)> 24

where 0 < § < 1.

Proof: Let ¢ € NZQ(&, ¢) and ¢ € ¥~!. Then there are analytic functions a,b : U — U, with a(0) =
0 = b(0), satisfying
uDy R (u) Dy (uD,RMp(u))
o — = ((a(u)) (2.5)
Ry1p(u) Dq(Rytp(u))

(1-19)
and
U)DqRé\(b(w) D, (WDqR:;\Qb(w))
R3o(w) Dy(R3p(w))
Define the functions p(u) and ¢(u) by

(1-4) — ¢(b(w)). (2.6)

D) = 1+ a(u)

=T 24 ...
1~ a(u) +p1u+ pau” +

and
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1+ b(u) _ 2
or, equivalently,
L p(u) — 1 _ 1 . ﬁ 2
and )
q(u) — 1 1 q71 2
o _ 2 _ 4 o 2.
b(u) dw 12 [qw + (qg 5 U + (2.8)

Then p(u) and ¢(u) are analytic in U with p(0) = 1 = ¢(0). Since a,b : U — U, the functions p(u) and
q(u) have a positive real part in U, |p;| < 2 and |g;| < 2.

Using (18) and (19) in (16) and (17) respectively, we have

PO (o B)er ) o
. (1-9) w%;?(z()w) + 5Dql(;:(l);§f(z()w)) = C(; [«nw + (Q2 - qj)wQ - D (2.10)

In light of (1)-(5), and from (20) and (21), we have

A+ 1)g(A +2),
[2],!

14+ 6122 — DI+ D2(2, - 1>v%}u2 i

L (148120, — DI+ (2] — Duvau + {({1 - 8([3], — 1)) (18], - 1>v3) -

=1+ %Blplu + BBl(p2 - %) + ingﬂ u? 4 -

and
1—[146([24 = DI+ 1)4([2]4 — Dvaw + {(2[1 +6([3], — 1)]W([3]q -1)-
1+ 8283 = DI+ 122~ 1) ) o = [+ 881, — D123l — 1o f? 4

2

1 1 2.1
=1+ 531Q1w + [231((]2 - 51) + 432(1%} w® 4

which yields the following relations:

[+ 6(12)y —~ DI+ Dg([2ly — 1oz = 3 Bimn (211)

A+1),(A+2),
2],!
P

1 1
=-B — 2Ly 4 ZByp? 2.12
5 1(p2 9 )+ 1 2P ( )

= [1+0(217 = DI+ 13([2)g — Doz + [1+8([3]; — 1)) (Blg = Dvs

(14 8((2g ~ DI+ (g~ oo = 3By (213)
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A+1),(A+2),

(20 + a3, - 1 e

(Blg — 1) — [1 4 6(1212 — DA+ 1)2([2l, 1>)v§—

1+ 6(13], - 1>]W([3]q s = 2B — )+ LBk (2.14)
From (22) and (24), it follows that
P1=—q1 (2.15)
and
8[1+4([2] — DA+ D3([2g — )03 = B(p] + a).- (2.16)

From (23), (25) and (27), we obtain

B (p2 + ¢2)

vy = (2.17)
of (1003~ 10 G D3, - 1) = [ (02 - 0+ 1
(2 = 1) B2 + [1-+ (2 - DI(B: - Ba)r+ D3, - 1?
Applying Lemma 2.1 to the coefficients po and g2, we have
|vg| < BivB (2.18)
0+ 831 ~ 1R g, — 1) 1+ 82 - D)3+ 11
([2lg = )BT + [1+5([2],) — 1 (B1 — B2)(A + 1)5([2]g — 1)?].
By substracting (25) from (23) and using (26) and (27), we get
. — B} (v} + ¢7)
P8 +a([2l) — P+ 1)2([2], - 1)?
' i — 219)
A[1+6([3]4 — 1)]#([% —-1)
Applying Lemma 2.1 once again to the coefficients p1,p2, g1 and ¢o, we get
ol = CEEENE)
[1+06([3]q) — 1]#([% -1
+ B 2. (2.20)
[140([2]¢) — A +1)q([2]g — 1)
O

3. Bi-Univalent Function Class .7-'22(,11,()

Definition 3.1 For 0 < u <1, a function ¥ € ¥ of the form (1) is said to be in the class }'EQ(M,C), if
the following subordination hold:

A u
=B R < cw) (5.)
and =
(1= 5 L, RYo(w) < (). 52)

where u,w € U, ¢ is given by (5) and Rg‘z/}(u) is given by (9).
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Theorem 3.1 Let ¢ given by (1) be in the class ]-'Eg(u,g‘). Then

|va] < — BivB (3.3)
\/ 0wl - 1RO D e s 2, - PO DB - B)
and
Bl Bl g
|vs| < + . (3.4)
1+ M([3]q ~1)] (A + 1?;](;!‘ + 2)q <[1 + M([Z]q = DJ(A + 1)q)
Proof: Proceeding as in the proof of Theorem 2.1, we can arrive the following relations:
[+ (2~ DI+ Dgva = 3 Bupn, (35)
14 (il — DI~ 2 (= )+ S, (39)
1+ p([2)y = DI+ 1)gez = 3 Bran, (37)
21+ (8~ )RR — (1 (i, - 1) R D,
“ o (3.8)
=B <Q2 - (121) + %Bﬂ]%
From (36) and (38) it follows that
P1=—q1 (3.9)
and
81+ p([2]g — DI*(A+ 103 = BE(0f + i) (3.10)

From (37), (39) and (41), we obtain

B3
’U% — 1 (p2 + QQ) . (311)

fi s, - 01 CFREED  (y— Ba+ 2, - DPO 12

Applying Lemma 2.1 to the coefficient py and g2, we immediately get the desired estimate on |vs| as
asserted in (34). By subtracting (39) from (37) and using (40) and (41), we get

Bi(p2 — q2) " B} (p? +qi) '
e - OB R, DO

Applying Lemma 2.1 to the coefficients p1, p2, ¢1 and g2, we get the desired estimate on |vs| as asserted
in (35). O

V3 =

(3.12)

4. Conclusion

We considered the g-Analogue of Ruscheweyh differential operator and defined a new subclasses of the
bi-univalent functions in open unit disk. We investigated Taylor-Maclaurin coefficients |va| and |vs| for
functions belonging to this new subclasses and its subclasses and discussed some geometric properties of
these subclasses.



B1-UNIVALENT FUNCTIONS OF RUSCHEWEYH DIFFERENTIAL OPERATOR 7

Acknowledgments

The authors thank the anonymous reviewers for their careful reading of our manuscript and their

many insightful comments and suggestions.

10.
11.

12.
13.

14.

References

Aldweby, H. and Darus, M., Some subordination results on g-analogue of Ruscheweyh differential operator, Abstr.
Appl. Anal., Volume 2014, Article Id: 958563, 6 Pages, (2014).

. Brannan, D. A. and Clunie, J. and Kirwan, W. E., Coefficient estimates for a class of star-like functions, Can. J.

Math., 22, 476-485, (1970).

Brannan, D. A. and Taha, T. S., On some classes of bi-univalent functions, Stud. Univ. Babes-Bolyai, Math., 31(2),
70-77, (1986).

Deniz, E., Certain subclasess of bi-univalent functions satisfying subordinate conditions, Journal of Classical Analysis,
2(1), 49-60, (2013).

Jackson, F. H., XI.—On q-Functions and a certain Difference Operator, Transactions of the Royal Society of Edinburgh,
46(2), 253-281, (1909).

Latha, T. J. and Indrani, S. C. M., Coefficient Estimates for Bi-univalent Ma-Minda Starlike and Convex Functions,
Journal of Emerging Technologies and Innovative Research, 6(6), 68-74, (2019).

Kanas, S. and Raducanu, D., Some class of analytic functions related to conic domains, Math. Slovaca, 64(5), 1183—
1196, (2014).

Lewin, M., On a coefficient problem for bi-univalent functions, Proc. Am. Math. Soc., 18, 63-68, (1967).

Ma, W. and Minda, D., A unified treatment of some special classes of univalent functions, Proceedings of the conference
on complex analysis, held June 19-23, 1992 at the Nankai Institute of Mathematics, Tianjin, China, Cambridge, MA:
International Press, Pages 157-169, (1994).

Ruscheweyh, S., New criteria for univalent functions, Proc. Am. Math. Soc., 49, 109-115, (1975).

Srivastava, H. M., Mishra, A. K. and Gochhayat, P., Certain subclasses of analytic and bi-univalent functions, Appl.
Math. Lett., 23(10), 1188-1192, (2010).

Hayami, T. and Owa, S., Coefficient bounds for bi-univalent functions, Panam. Math. J., 22(4), 15-26, (2012).

Xu. Q-H., Srivastava, H. M. and Li, Z., A certain subclass of analytic and close-to-convex functions, Appl. Math. Lett.,
24(3), 396-401, (2011).

Li, X-F. and Wang, A-P., Two new subclasses of bi-univalent functions, Int. Math. Forum, 7, 1495-1504, (2012).

N. Ravikumar

PG Department of Mathematics

JSS College of Arts, Commerce and Science
Mysuru-570 025, India.

E-mail address: ravisn.kumar@gmail.com

and

M. Madhushree

PG Department of Mathematics

JSS College of Arts, Commerce and Science
Mysuru-570 025, India.

E-mail address: madhumaths89@gmail.com

and

P. Siva Kota Reddy (Corresponding author)
Department of Mathematics

JSS Science and Technology University
Mysuru-570 006, India.

and



8 N. RAVIKUMAR, M. MADHUSHREE AND P. S. K. REDDY

Universidad Bernardo O’Higgins

Facultad de Ingenieria, Ciencia y Tecnologia

Departamento de Formacion y Desarrollo Cientifico en Ingenieria
Av. Viel 1497, Santiago, Chile

E-mail address: pskreddy@jssstuniv.in



	Introduction
	Bi-Univalent Function Class  N q(,)
	Bi-Univalent Function Class  F q(,)
	Conclusion

