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Unit groups of some multiquadratic number fields
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ABSTRACT: Let g, p and s be three different prime integers such that p = 1 (mod 8), ¢ = 3 (mod 8) and
s = 7 (mod 8) with (%) = (g) = (g) = —1. In this paper we investigate the unit groups of the number

fields of the form Lt = Q(v/2, \/pq, \/DS).
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1. Introduction

One of the central problems in algebraic number theory particularly in the study of unit groups of
number fields, which are deeply connected to many aspects of the theory is the explicit computation of
a fundamental system of units. For quadratic fields, this problem is relatively straightforward. In the
case of certain quartic bicyclic fields, Kubota [13] proposed a method for determining such a system.
Wada [14] later generalized Kubota’s approach by developing an algorithm for computing fundamental
units in arbitrary multiquadratic fields. However, in general, computing the unit group of a number
field especially when the degree exceeds 4 is a difficult task. In several recent works, Azizi, Chems-
Eddin, El Hamam, and Zekhnini carried out explicit computations to determine the unit groups of some
number fields of degrees 8 and 16 (see [3,4,5,6,7,8,9]). All the fields studied in those works are of the
form Q(v/2, /P, /q) and Q(v/2, /P, /@, V), where p and ¢ are two different prime integers and ¢ a
positive odd square-free integer. In [10,11,12]|, El Hamam determined the unit groups of fields of the form
Lt = Q(W2, VP4, +/Ps) and L = Q(Vv?2, VP4, /D5, V—f), where p, ¢, and s are distinct prime numbers
satisfying certain conditions.

In the present work, shall determine the unit group of fields k of degree 8 and 16 of the form
Q(V2, /P4, /DS), where p, ¢, and s are distinct prime numbers satisfy the following conditions p = 1

(mod 8), ¢ =3 (mod 8) and s =7 (mod 8) with (%) =(2)= (%) =-1.

We note that the computation of the unit group of these fields may be very important to deal with
the problem of the 2-class field tower of biquadratic number fields (see for example [1]).

In the rest of this article we use the following notations: let €,, denote the fundamental unit of the

quadratic field Q(y/m), (+) the Legendre Symbol and h(k) (resp. hy(k)) the class number (resp. 2-class

number) of a number field k. Finally, let hy(d) denote the 2-class number of the quadratic field Q(v/d)
and (,, denote a primitive n-th root of unity.

2. Preliminary results

Let us first recall the result stated by Wada [14] to determine a fundamental system of units of a
multiquadratic number field. Let Ky be a multiquadratic number field. Denote by ¢ and 7 two different
generators of the group Gal(Ky/Q), let then Kj, K> and K3 be respectively the invariant subfields of
Ky by o, 7 and o7, and Ek, the unit group of K;. Then the unit group E, of K is generated by the
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elements of each E; and the square roots of elements of the product Fk, Fk, Ex, that are perfect squares
in Ko.

We close this section by stating the following lemmas.
Lemma 2.1. ([2, Lemma 2.4]) Letp =1 (mod 8) and ¢ = 3 (mod 8) be two primes such that (g) =-1.

1. Let x and y be two integers such that e2pq = v + y+/2pq. Then
a. (x —1) is a square in N,
b. /29,4 = y1 + y2v/2pq and 2 = —y? + 2pqy3, for some integers y; and yo.
2. There are two integers v and w such that epq = v +w./pq. Then
a. (v—1) is a square in N,
b. \/2epq = w1 +w2,/Pq and 2 = —w? + pqw3, for some integers wy and ws.
Lemma 2.2. (/7, Lemma 3.1]) Let p=1 (mod 8) and s = 7 (mod 8) be two primes such that (2) = —1.
1. Let © and y be two integers such that eps = x + y,/ps. Then
a. x+ 1 is a square in N,
b. \/2eps = y1 + y2/DPS and 2 = yi — psy3, for some integers y1 and ys.
2. There are two integers a and b such that eops = a + by/2ps. Then
a. a+ 1 1is a square in N,
b. /2e9,5 = b1 + bay/2ps and 2 = b? — 2psb3, for some integers by and by.
Lemma 2.3. ([5, Lemma 5]) Let ¢ = 3 (mod 8) and s =7 (mod 8) be two primes such that (1) = —1.
1. Let x and y be two integers such that e;q = x + y,/5q. Then
a. 2s(x + 1) is a square in N,
b. \/Esq = Y15+ y2\/q and 1 = sy? — quy3, for some integers y, and ys such that y = 2y1yso.
2. There are two integers a and b such that €95 = a + b\/2sq. Then
a. 2s(a+1) is a square in N,

b. \/2e95 = b1v/2s + ba\/q and 2 = 2sb? — qb3, for some integers by and by such that b = bybs.

In the rest of this paper, we compute the unit group of the fields Lt = Q(v/2, \/pq, \/ps), where p, ¢
and s are three different prime integers such that p =1 (mod 8), ¢ =3 (mod 8) and s = 7 (mod 8) with

(B)=®=®=-
3. The Main Result
Now we state our first main Theorem.
Theorem 3.1. Let q, p and s are three different prime integers such that p =1 (mod 8), ¢ =3 (mod 8)
and s =7 (mod 8) with (%) =(2) = (%) = -1. PutLt = Q(V2,/pq, /ps). The group unit of LT is

S S

one of the following:

i. Ep+ = (—1,€2,€5q, \/Epqs \/Eps> /E2ps+ /E2pas /E5qC 25 )»
i. Ep+ = <_17 Esqy\/Epqs\/Epss\/E2pss \/E2pqr \/Esq€25q> \/52\/517(]\/Epsx/€2pq\/52ps>;




UNIT GROUPS OF SOME MULTIQUADRATIC NUMBER FIELDS 3

T O RN TRV e Corri e Y Y Y ey i B
Proof. Consider the following diagram of subfields of L /Q(v/2)

L* = Q(v2,ypq, /Ps)

i

L1 =Q(V?2,/pq) Ly = Q(v2,/ps) Ly = Q(v2,/59)

Q(v2)

Figure 1: Subfields of L*/Q(+/2)
Put Gal(L*/Q) = (01, 02,03), where

o1(vV2) = —Vv2, o1(yp9) = Pq,  01(y/PS) = /Ps,

02(V2) = V2, 0a(yp9) = —/pq,  o2(y/p5) = V/Ps,

0-3(\/?) = \/ia 03(\/17]) = \/p>7 0'3(\/175) = *\/ZT&
By Lemma 2.1, we have

Er, = {€2,\/Zpq> \/E2pq } -

By Lemma 2.2, we have

EL2 = {52; VEps \/52175} .

By Lemma 2.3, we have

EL3 = {62763(]7\/%} °
Thus
ELlELzELB. = <_17€2758q7 \/‘%’ \/EZ’ \/@7 \/@7 m> ’

To find a fundamental system of units of LT, it suffices, as we have said in the beginning of the section,
to find elements & of Ep, Er, Er, which are squares in L*. Put

¢ = €5 'qu ) vgpqc : vgpsd “VE2pq - v52psf *\/Esq€2sq” s

with a,b,¢,de, f,g € {0,1}. We will use norm maps from LT to its biquadratic subextensions. The
computations of these norms are summarized in the following table (see Table 1). Note that the third
line of Table 1, is constructed as follows (we similarly construct the rest of the table):

By Lemma 2.1, we have

\/2epq = w1 +w2y/pg and 2= —w% +pqw§,
V22 = Y1 +y2v/2pq  and 2 = —yF + 2pqy3.

Thus

\/€P01+01 = 'Ul(\/qu)

1402

- 02(y/Epq)

ﬁ
=
=)
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\/5pq1+0102 = qu‘Ul(JZ(\/gpq))

= ]\7
qu1+a1<73 = /Epq - 01(03(/Epq))
= “&pg>
qu1+0203 = \/Epq" 0'2(0'3(\/5%))
-1,
VEpa T = \fE2pg - 01(\/Fapg)
=1.

By Lemmas 2.2 and 2.3 we have

V2eps =y1 +y2y/p5 and 2=y} —psys,
\/2€2ps = b1 +b2y/2ps and 2 = b3 — 2psb3,
VEsa = Y1Vs +y2/q and 1= syi —qu3,
/2625 = b1V25 + by /g and 2 = 2sb3 — gb3.

With the same technique, we full fill the following table:

e gltor | gldoz | 1tos | 140102 | c1+o103 | 140203
€9 -1 €2 €3 -1 -1 €2
VEpa ~€pq -1 €pq 1 ~€pq -1
VEps —Eps Eps 1 —Eps -1 1
\/% 1 -1 E2pq —E2pq 1 -1
\/@ —1 52ps 1 -1 —Egps 1
\/Equsq €sq 1 1 €2sq €2sq €sq€2sq

Table 1: Norms in LT /Q(+/2)

Let us eliminate some forms of ¢2 such that & can not be in L*.

= Let us start by applying the norm Np+ 7, =1+ 02, where Ls = Q(\/?, /Ds). We have

N]L*/Lz (52) - ‘C‘%a -1 (_1)c : egs : (_1)8 ! Egps -1
(_1)C+e : Ega : Egs : ‘Sgps'

Then ¢ = e. Therefore, £2 = &% -5gq “VEpg /Epsd “/€2pq" /Ezpsf - \/€sq€2sq° -
w Consider Ly = Q(y/pq, /P5), we will apply the norm N+ ,z, =1+ 01. We have

NL*/L4(§2) = (=1 'Eig (—epg) (*Eps)d -1 (*1)f “(gqs)?

a+c+d+f 2b c d g
(-1) “€5q " €pg " Eps " Exs:
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Soa+c+d+ f =0 (mod 2). By Lemmas 2.1, 2.2 and 2.3, we have €pg 5%5 - E€¢s, Epg and €p5 are not
squares in Ly, then g = 0 and ¢ = d. Therefore, a = f and &% =5 - €5, -\ /Epg® - \/Eps* * \/E2pg" * \/E2ps"-

w L = Q(\/Pq, v2ps), we will apply the norm Np+,7, =1+ 0103.

Ni+ /L, € = (-n*-1- (—pg) (1) - 1+ (—e2ps)”

c a
qu 521)5'

By Lemmas 2.1 and 2.2, we have g,, and 9,5 are not squares in Lg, then ¢ = a. Therefore, £2 =

65 e vEnr"  VEm" - v/Elmg" - \/Eon

As g4, is not a square in L, then: If a = 0, so b = 0. Hence &2 can take one of the following forms:
* §2 =2 \/Bpq " \/Eps * \/F2pq " /Fps,
x £2 =9 €54 \/Epg " /Eps " \/E2pq ' /Fops-
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