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On the Existence and Uniqueness of Solutions for a ψ-Caputo Fractional Boundary Value
Problem with Fractional Boundary Conditions
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abstract: The main purpose of the present work is the investigation of the existence and uniqueness
of solutions to an implicit nonlinear boundary value problem of fractional differential equations involving
ψ−Caputo fractional derivative and subject to fractional boundary conditions. The results of existence and
uniqueness are proved thanks to Banach and Scheafer’s fixed point theorems. Finally, we present appurtenant
examples to illustrate the obtained results.
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1. Introduction

Fractional calculus [12,15] is an extension of classical calculus that allows integration and differentia-
tion to arbitrary, non-integer orders. The origins of fractional calculus trace back to a letter from Leibniz
in 1695, in which he posed the idea of a half-order derivative. Although initially considered a mathemat-
ical curiosity, the theory has steadily matured, especially during the 19th and 20th centuries through the
contributions of Liouville, Riemann, Caputo, and others, and found extensive applications across various
scientific disciplines including Physics, Mechanics, Bioengineering, and related sciences [8,13]. In recent
years, the development of generalized fractional operators has greatly enriched the field by introducing
more flexible and adaptive modeling tools [5,9,10,11,17].

The ψ−Caputo fractional derivative was first introduced by R. Almeida [2], it extends the classical
Caputo derivative by inserting a suitable function that modulates the differential operator. This general-
ization not only retains the advantages of the classical Caputo derivative such as the use of integer-order
initial conditions, but also introduces additional complaisance in modeling real world problems where the
underlying time scale or medium is non-uniform. More details on fractional differential equations with
ψ−Caputo fractional derivatives can be found in [4,3,7,14] and the references therein.

In [1], Mohamed et al. investigated existence and uniqueness results of the following boundary value
problem {

CDα,ψ
a+ y(t) = f(t, y(t)), t ∈ [a, b],

y
[k]
ψ (a) = yka , k = 0, 1, . . . , n− 2, y

[n−1]
ψ (b) = yb,

where: CDα,ψ
a+ is the ψ-Caputo fractional derivative of order n− 1 < α < n, n ∈ N, n ≥ 2, yka , yb ∈ R,

f ∈ C([a, b]× R,R) is a continuous function and y ∈ Cn−1([a, b]).
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In [16], the authors carried out the following boundary value problem of fractional differential equation:{
CDα,ψ

0+ u(t) = f(t, u(t)), t ∈ J = [0, 1]

u(0) = u′(0) = 0, CDα−1,ψ
0+ u(1) = 0, CDα−2,ψ

0+ u(1) = 0,

where CDα
a+ is the ψ-Caputo fractional derivative of order 3 < α ≤ 4 and f : J × [0,∞) → R is a

given continuous function. They used fixed point theorems to investigate the existence and uniqueness
of the solution to the above problem.

Inspired by the above works, we intend to extend the results established in [1,16]. More accurately,
we are concerned with the existence and uniqueness of solutions of the following nonlinear fractional
differential equation with ψ-Caputo fractional derivative and subject to a fractional boundary condition
at the endpoint b: 

CDα,ψ
a+ υ(t) = F (t, υ(t),C Dα,ψ

a+ υ(t)), t ∈ J=[a, b],

υ
[k]
ψ (a) = υk, k = 0, 1, . . . , n− 2, CDβ,ψ

a+ υ(b) = υb,
(1.1)

where: CDα,ψ
a+ represents the ψ-Caputo fractional derivative of order α ∈ (n−1, n), n ∈ N, n ≥ 2 ,C Dβ,ψ

a+ is
the ψ-Caputo fractional derivative of order 0 < β < α − (n − 1), υk, υb ∈ X, F ∈ C(J × X2, X) is a

continuous function and (X, ∥. ∥) is a Banach space. υ ∈ Cn−1(J , X) such that CDα,ψ
a+ υ exists and is

continuous.
Our formulation permits boundary conditions that depend on the fractional derivative CDβ,ψ

a+ , resulting
in non-trivial analytical complications. To the best of our knowledge, no prior work has addressed the
existence of solutions of the fractional boundary problem (1.1) dealing with such a fractional condition.

The rest of the paper is structured as follows: Section 2 is devoted to the necessary definitions and
auxiliary lemmas. In section 3, we derive the exact solution formula for the proposed problem and
establish existence and uniqueness results via Banach and Scheafer’s fixed point theorems. Finally, in
Section 4 we provide concrete examples demonstrating the applicability of our results.

2. Preliminaries

Let J = [a, b], ψ ∈ Cn(J ,R) a strictly increasing function with ψ′(t) ̸= 0 and (X, ∥.∥) be a given
Banach space. In what follows, we state key definitions, notations and fundamental results regarding
ψ−fractional integrals and derivatives that will be utilized all over this article.

Definition 2.1 [4] The left-sided ψ−Riemann-Liouville fractional integral of order α ∈ (n− 1, n), n ∈
N∗ of an integrable function u : J → X is given by

Iα,ψa+ u(t) =
1

Γ(α)

∫ t

a

ψ′(s)(ψ(t)− ψ(s))α−1u(s) ds, t ∈ J ,

where Γ(α) is the Gamma function.

Definition 2.2 [4]The left-sided ψ−Riemann-Liouville fractional derivative of order α ∈ (n−1, n), n ∈
N∗ of an integrable function u : J → X is given by

Dα,ψ
a+ u(t) =

(
1

ψ′(t)

d

dt

)n
In−α,ψa+ u(t) , t ∈ J .

Definition 2.3 [4] Let u ∈ Cn(J , X). The left-sided ψ−Caputo fractional derivative of order α of the
function u is given by

CDα,ψ
a+ u(t) = Dα,ψ

a+

[
u(t)−

n−1∑
k=0

u
[k]
ψ (a)

k!
(ψ(t)− ψ(a))k

]
,

where u
[k]
ψ (t) =

(
1

ψ′(t)
d
dt

)k
u(t).
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If u ∈ Cn(J ) and α /∈ N, then

CDα,ψ
a+ u(t) = In−α,ψa+

(
1

ψ′(t)

d

dt

)n
u(t)

=
1

Γ(n− α)

∫ t

a

ψ′(s)(ψ(t)− ψ(s))n−α−1u
[k]
ψ (s) ds.

Remark 2.1 If α = n, then
CDα,ψ

a+ u(t) = u
[k]
ψ (t).

We recall the following useful lemmas:

Lemma 2.1 [4] Let α > 0 and u : J → X. The following holds:

1. If u ∈ C(J , X), then CDα,ψ
a+ Iα,ψa+ u(t) = u(t), t ∈ J ,

2. If u ∈ Cn(J , X), then

Iα,ψa+
CDα,ψ

a+ u(t) = u(t)−
n−1∑
k=0

u
[k]
ψ (a)

k!
(ψ(t)− ψ(a))k, n = [α] + 1,

3. (Iα,ψa+ u)
[k]
ψ (t) = (Iα−k,ψa+ u)(t), t ∈ J , k = 0, 1, ...n− 1.

Lemma 2.2 [2] Let α, β > 0 and u : J → X. Then, for every t ∈ J , we have

1. Iα,ψa+ (ψ(t)− ψ(a))β−1 = Γ(β)
Γ(α+β) (ψ(t)− ψ(a))α+β−1,

2. CDα,ψ
a+ (ψ(t)− ψ(a))β−1 = Γ(β)

Γ(β−α) (ψ(t)− ψ(a))β−α−1,

3. CDα,ψ
a+ (ψ(t)− ψ(a))k = 0, ∀k = 0, 1, . . . , n− 1, n = [α] + 1,

4. Iα,ψa+ Iβ,ψa+ u(t) = Iα+β,ψa+ u(t).

3. Main results

In the present section, we investigate the existence and uniqueness of solutions for the fractional
boundary value problem (1.1) using appropriate fixed point theorems. In the following auxiliary lemma,
we establish the equivalence between the basic version of problem (1.1) and a certain fractional integral
equation.

Lemma 3.1 Let α ∈ (n − 1, n), n ≥ 2, σ ∈ C(J , X) and ψ ∈ Cn(J ,R) a strictly increasing function
with ψ′(t) ̸= 0. A function υ ∈ Cn−1(J , X) is a solution to the boundary value problem

CDα,ψ
a+ υ(t) = σ(t), t ∈ J ,

υ
[k]
ψ (a) = υk, k = 0, 1, . . . , n− 2,

(CDβ,ψ
a+ υ)(b) = υb, 0 < β < α− (n− 1),

(3.1)

if and only if υ possesses the following representation:

υ(t) =

n−2∑
k=0

υk
k!

(ψ(t)− ψ(a))k + Iα,ψa+ σ(t) +
Γ(n− β)

(n− 1)!

(ψ(t)− ψ(a))n−1

(ψ(b)− ψ(a))n−1−β (3.2)

×

(
υb −

n−2∑
k=1

υk
(ψ(b)− ψ(a))k−β

Γ(k + 1− β)
− Iα−β,ψa+ σ(b)

)
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Proof: Performing the ψ−Riemann-Liouville operator Iα,ψa+ to both sides of the fractional differential
equation and using Lemma 2.1, we obtain

υ(t) =

n−1∑
k=0

ck
k!
(ψ(t)− ψ(a))k + Iα,ψa+ σ(t), (3.3)

= c0 + c1(ψ(t)− ψ(a)) +
c2
2!
(ψ(t)− ψ(a))2 + ...+

cn−1

(n− 1)!
(ψ(t)− ψ(a))n−1

+
1

Γ(α)

∫ t

a

ψ′(s)(ψ(t)− ψ(s))α−1σ(s) ds

From the initial conditions υ
[k]
ψ (a) = υk, k = 0, 1, . . . , n− 2, we obtain at once

ck = υk, k = 0, 1, . . . , n− 2.

The remaining constant cn−1 is determined by the boundary condition

CDβ,ψ
a+ υ(b) = υb. (3.4)

Applying CDβ,ψ
a+ to both sides of (3.3), we obtain

CDβ,ψ
a+ υ(t) =

n−1∑
k=0

υk · CDβ,ψ
a+

(
(ψ(t)− ψ(a))k

k!

)
+ CDβ,ψ

a+ Iα,ψa+ σ(t).

It follows from Lemma 2.2 that

CDβ,ψ
a+

(
(ψ(t)− ψ(a))k

k!

)
=


0, k = 0,
(ψ(t)− ψ(a))k−β

Γ(k + 1− β)
, k ≥ 1,

so at t = b, we get

CDβ,ψ
a+

(
(ψ(t)− ψ(a))k

k!

) ∣∣∣∣
t=b

=
(ψ(b)− ψ(a))k−β

Γ(k + 1− β)
, k ≥ 1.

In regard to the integral term, we use the semigroup property:

CDβ,ψ
a+ Iα,ψa+ σ(t) = Iα−β,ψa+ σ(t) =

1

Γ(α− β)

∫ t

a

ψ′(s)(ψ(t)− ψ(s))α−β−1σ(s) ds.

Hence, at t = b, we have

CDβ,ψ
a+ Iα,ψa+ σ(b) = Iα−β,ψa+ σ(b) =

1

Γ(α− β)

∫ b

a

ψ′(s)(ψ(b)− ψ(s))α−β−1σ(s) ds.

Substituting into the boundary condition (3.4), we find

n−2∑
k=1

υk
(ψ(b)− ψ(a))k−β

Γ(k + 1− β)
+ cn−1

(ψ(b)− ψ(a))n−1−β

Γ(n− β)
+ Iα−β,ψa+ σ(b) = υb,

and accordingly

cn−1 =

(
υb −

n−2∑
k=1

υk
(ψ(b)− ψ(a))k−β

Γ(k + 1− β)
− Iα−β,ψa+ σ(b)

)
Γ(n− β)

(ψ(b)− ψ(a))n−1−β .

Finally, substituting the value of cn−1 in equation (3.3) we obtain (3.2).
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Conversely, if the function υ satisfies equation (3.2), then

CDα,ψ
a+

(
(ψ(t)− ψ(a))k

k!

)
= 0, k = 0, 1, . . . , n− 1.

Thanks to Lemma 2.2, we get
CDα,ψ

a+ Iα,ψa+ σ(t) = σ(t),

so
CDα,ψ

a+ υ(t) = σ(t).

We need ultimately to check the initial and boundary conditions of (3.1). It’s easy
to see that (

1

ψ′(t)

d

dt

)k (
(ψ(t)− ψ(a))m

m!

) ∣∣
t=a

=

{
1, if k = m,
0, if k < m.

So, we obtain at once(
1

ψ′(t)

d

dt

)k (
υk

(ψ(t)− ψ(a))k

k!

) ∣∣
t=a

= υk, k = 0, 1, . . . , n− 2.

For k = n− 1, the term involving cn−1 does not affect the initial conditions, so(
1

ψ′(t)

d

dt

)k (
(ψ(t)− ψ(a))n−1

(n− 1)!

) ∣∣
t=a

= 0.

For the integral term, thanks to Lemma 2.1, we have(
1

ψ′(t)

d

dt

)k
(Iα,ψa+ σ)(t)

∣∣
t=a

= Iα−k,ψa+ σ(t)
∣∣
t=a

= 0.

Next, let us prove that CDβ,ψ
a+ υ(b) = υb. By Lemma 2.2, we have

CDβ,ψ
a+

(
(ψ(t)− ψ(a))k

k!

) ∣∣
t=b

=
(ψ(b)− ψ(a))k−β

Γ(k + 1− β)
, k = 0, 1, . . . , n− 2.

For k = n− 1, we have

CDβ,ψ
a+

(
(ψ(t)− ψ(a))n−1

(n− 1)!

) ∣∣
t=b

=
(ψ(b)− ψ(a))n−1−β

Γ(n− β)
.

On the other hand, one has
CDβ,ψ

a+ (Iα,ψa+ σ)(t)
∣∣
t=b

= Iα−β,ψa+ σ(b).

Substituting into the boundary condition (3.4), with the constant cn−1, we find

CDβ,ψ
a+ υ(b) =

n−2∑
k=1

υk
(ψ(b)− ψ(a))k−β

Γ(k + 1− β)

+

(
υb −

n−2∑
k=1

υk
(ψ(b)− ψ(a))k−β

Γ(k + 1− β)
− Iα−β,ψa+ σ(b)

)

× Γ(n− β)

Γ(n− β)

(ψ(b)− ψ(a))n−1−β

(ψ(b)− ψ(a))n−1−β + Iα−β,ψa+ σ(b)

= υb.

Therefore, υ satisfies (3.1). 2

Next, we establish the existence and uniqueness of solution to problem (1.1) by applying Banach fixed
point theorem. We have
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Theorem 3.1 Assume F : J ×X ×X → X is continuous and there exist ℓ1, ℓ2 > 0 such that

∥F (t, x1, x2)− F (t, υ1, υ2)∥ ≤ ℓ1 ∥x1 − υ1∥+ ℓ2 ∥x2 − υ2∥ , (3.5)

xi, υi ∈ X, i = 1, 2.

If

ℓ1 + ℓ2 <
1

2
, (3.6)

and
Aα(ψ(b)− ψ(a))α < 1, (3.7)

where

Aα =
1

Γ(α+ 1)
+

Γ(n− β)

(n− 1)!Γ(α− β + 1)
,

then problem (1.1) has a unique solution on J .

Proof: According to Lemma 3.1, a function υ ∈ Cn−1(J , X) is a solution to the problem (1.1) if it
satisfies

υ(t) =

n−2∑
k=0

υk
k!

(ψ(t)− ψ(a))k

+
1

Γ(α)

∫ t

a

ψ′(s)(ψ(t)− ψ(s))α−1F (s, υ(s),C Dα,ψ
a+ υ(s)) ds

+

(
υb −

n−2∑
k=1

υk
(ψ(b)− ψ(a))k−β

Γ(k + 1− β)
− Iα−β,ψa+ F (b, υ(b),C Dα,ψ

a+ υ(b))

)

× Γ(n− β)(ψ(t)− ψ(a))n−1

(n− 1)!(ψ(b)− ψ(a))n−1−β .

Let E be the space of all functions υ ∈ Cn−1(J , X) such that CDα,ψ
a+ υ ∈ C(J , X), endowed with the

norm:
∥υ∥E = sup

t∈J
∥υ(t)∥+ sup

t∈J

∥∥∥CDα,ψ
a+ υ(t)

∥∥∥ .
It is not hard to conclude that (E, ∥.∥E) is a Banach space.

Set

Fυ(t) = F (t, υ(t),C Dα,ψ
a+ υ(t)),

Yb,ψ = υb −
n−2∑
k=1

υk
(ψ(b)− ψ(a))k−β

Γ(k + 1− β)
,

Cβ =
Γ(n− β)

(n− 1)!
,

and define the operator T : E → E by

Tυ(t) =

n−2∑
k=0

υk
k!

(ψ(t)− ψ(a))k +
1

Γ(α)

∫ t

a

ψ′(s)(ψ(t)− ψ(s))α−1Fυ(s) ds

− Cβ

Γ(α− β)

(ψ(t)− ψ(a))n−1

(ψ(b)− ψ(a))n−1−β

∫ b

a

ψ′(s)(ψ(b)− ψ(s))α−β−1Fυ(s) (3.8)

+ Yb,ψCβ
(ψ(t)− ψ(a))n−1

(ψ(b)− ψ(a))n−1−β .
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Let us show that T maps E into itself. Indeed, consider first υ ∈ Cn−1(J , X). It is not hard to check
that Tυ ∈ Cn−1(J , X). On the other hand, thanks to Lemma 2.1 and Lemma 2.2, we have

CDα,ψ
a+ Tυ(t) =

n−2∑
k=0

υk
CDα,ψ

a+

(
(ψ(t)− ψ(a))k

k!

)
+ CDα,ψ

a+ Iα,ψa+ Fυ(t)

−Cβ

CDα,ψ
a+ ((ψ(t)− ψ(a))n−1)

(ψ(b)− ψ(a))n−1−β Iα−β,ψa+ Fυ(b) (3.9)

+
Yb,ψCβ

(ψ(b)− ψ(a))n−1−β
CDα,ψ

a+ ((ψ(t)− ψ(a))n−1)

= Fυ(t).

Since F is continuous on J , then CDα,ψ
a+ Tυ ∈ C(J , X).

Next, we prove that T is a contraction on E. Indeed, let υ1, υ2 ∈ E, then

∥Tυ1(t)− Tυ2(t)∥ ≤ 1

Γ(α)

∫ t

a

ψ′(s)(ψ(t)− ψ(s))α−1 ∥Fυ1(s)−Fυ2(s)∥ ds

+
Cβ

Γ(α− β)

(ψ(t)− ψ(a))n−1

(ψ(b)− ψ(a))n−1−β

∫ b

a

ψ′(s)(ψ(b)− ψ(s))α−β−1

× ∥Fυ1(s)−Fυ2(s)∥ ds.

Thanks to assumption (3.5), we obtain

∥Tυ1(t)− Tυ2(t)∥ ≤ 1

Γ(α)

∫ t

a

ψ′(s)(ψ(t)− ψ(s))α−1 (ℓ1 ∥υ1(s)− υ2(s)∥

+ℓ2

∥∥∥CDα,ψ
a+ υ1(s)−C Dα,ψ

a+ υ2(s)
∥∥∥) ds

+
Cβ

Γ(α− β)

(ψ(t)− ψ(a))n−1

(ψ(b)− ψ(a))n−1−β

∫ b

a

ψ′(s)(ψ(b)− ψ(s))α−β−1

×
(
ℓ1 ∥υ1(s)− υ2(s)∥+ ℓ2

∥∥∥CDα,ψ
a+ υ1(s)−C Dα,ψ

a+ υ2(s)
∥∥∥) ds

≤ (ψ(b)− ψ(a))α

Γ(α+ 1)

(
ℓ1sup
t∈J

∥υ1(t)− υ2(t)∥

+ℓ2sup
t∈J

∥∥∥CDα,ψ
a+ υ1(t)−C Dα,ψ

a+ υ2(t)
∥∥∥)

+
Cβ(ψ(b)− ψ(a))α

Γ(α− β + 1)

(
ℓ1sup
t∈J

∥υ1(t)− υ2(t)∥

+ℓ2sup
t∈J

∥∥∥CDα,ψ
a+ υ1(t)−C Dα,ψ

a+ υ2(t)
∥∥∥)

≤ Aα(ℓ1 + ℓ2)(ψ(b)− ψ(a))α

×
(
sup
t∈J

∥υ1(t)− υ2(t)∥+ sup
t∈J

∥∥∥CDα,ψ
a+ υ1(t)−C Dα,ψ

a+ υ2(t)
∥∥∥)

Hence,
∥Tυ1(t)− Tυ2(t)∥ ≤ Aα(ℓ1 + ℓ2)(ψ(b)− ψ(a))α ∥υ1 − υ2∥E .

It follows from assumptions (3.6) and (3.7) that

sup
t∈J

∥Tυ1 − Tυ2∥ <
1

2
∥Tυ1 − Tυ2∥E . (3.10)
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Furthermore, from assumption (3.5) and equality (3.9), we have∥∥∥CDα,ψ
a+ Tυ1(t)−C Dα,ψ

a+ Tυ2(t)
∥∥∥

≤ ℓ1 ∥υ1(t)− υ2(t)∥+ ℓ2

∥∥∥CDα,ψ
a+ υ1(t)−C Dα,ψ

a+ υ2(t)
∥∥∥

≤ (ℓ1 + ℓ2)

(
sup
t∈J

∥υ1(t)− υ2(t)∥+ sup
t∈J

∥∥∥CDα,ψ
a+ υ1(t)−C Dα,ψ

a+ υ2(t)
∥∥∥) .

By assumption (3.6), we obtain

sup
t∈J

∥∥∥CDα,ψ
a+ Tυ1(t)−C Dα,ψ

a+ Tυ2(t)
∥∥∥ < 1

2
∥υ1 − υ2∥E . (3.11)

Combining (3.10) and (3.11), we get

∥Tυ1 − Tυ2∥E < ∥υ1 − υ2∥E ,

which shows that T is a contraction mapping. We conclude by Banach fixed point theorem, that T has
a unique fixed point υ ∈ E which is the unique solution to problem (1.1). 2

The next result is based on Scheafer’s fixed point theorem. We have

Theorem 3.2 Assume F : J ×X×X → X is continuous and there exist three positive constants η, γ and
δ such that

∥F (t, x1, x2)∥ ≤ η + γ ∥x1∥+ δ ∥x2∥ , t ∈ J , x1, x2 ∈ X, (3.12)

and

M(1 +Aα(ψ(b)− ψ(a))α) < 1 (3.13)

where M = max(η, γ + δ), Aα and Cβ are defined above.

Then problem (1.1) has at least one solution in the space E.

Proof: Let T : E → E be the operator defined by (3.8). We proceed in several steps.

Step 1: Let us show that T is continuous. Let (υn)n∈N be a sequence in E such that υn → υ in E, as
n→ ∞. Then, for every n = 0, 1, ..., and t ∈ J , we have

∥Tυn(t)− Tυ(t)∥ ≤ 1

Γ(α)

∫ t

a

ψ′(s)(ψ(t)− ψ(s))α−1 ∥Fυn(s)−Fυ(s)∥ ds

+
Cβ

Γ(α− β)

(ψ(t)− ψ(a))n−1

(ψ(b)− ψ(a))n−1−β

∫ b

a

ψ′(s)(ψ(b)− ψ(s))α−β−1

× ∥Fυn(s)−Fυ(s)∥ ds

≤ ∥Fυn(.)−Fυ(.)∥
1

Γ(α)

∫ t

a

ψ′(s)(ψ(t)− ψ(s))α−1 ds

+ ∥Fυn(.)−Fυ(.)∥
Cβ(ψ(t)− ψ(a))n−1

(ψ(b)− ψ(a))n−1−β .

× 1

Γ(α− β)

∫ b

a

ψ′(s)(ψ(b)− ψ(s))α−β−1 ds

Thus

sup
t∈J

∥Tυn − Tυ∥ ≤ Aα(ψ(b)− ψ(a))α ∥Fυn(.)−Fυ(.)∥ ,
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In addition, using (3.9), we get

sup
t∈J

∥∥∥CDα,ψ
a+ Tυn(t)−C Dα,ψ

a+ Tυ(t)
∥∥∥ ≤ ∥Fυn(.)−Fυ(.)∥ .

Since F is continuous, then the right-hand sides of the above inequalities tend to zero, as n → ∞,
and so,

∥Tυn − Tυ∥E → 0, as n→ ∞,

which means that T is continuous.

Step 2: Let us show that T maps bounded subsets of E into uniformly bounded subsets of E. Indeed,

Let ρ > 0, and set

Bρ = {υ ∈ E , ∥υ∥E ≤ ρ} .

We need to prove that, for all υ ∈ Bρ, there exists ρ′ > 0, such that ∥Tυ∥E ≤ ρ′. Indeed, for every t ∈ J
and υ ∈ Bρ, we have

∥Tυ(t)∥ ≤
n−2∑
k=0

∥υk∥
k!

(ψ(t)− ψ(a))k +
1

Γ(α)

∫ t

a

ψ′(s)(ψ(t)− ψ(s))α−1 ∥Fυ(s)∥ ds

+
Cβ(ψ(b)− ψ(a))β

Γ(α− β)

∫ b

a

ψ′(s)(ψ(b)− ψ(s))α−β−1 ∥Fυ(s)∥ ds

+ ∥Yb,ψ∥Cβ(ψ(b)− ψ(a))β .

Thanks to assumption (3.12), we get

∥Tυ(t)∥ ≤
n−2∑
k=0

∥υk∥
k!

(ψ(b)− ψ(a))k

+
(ψ(b)− ψ(a))α

Γ(α+ 1)

(
η + γ ∥υ(t)∥+ δ

∥∥∥CDα,ψ
a+ υ(t)

∥∥∥)
+

Cβ(ψ(b)− ψ(a))α

Γ(α− β + 1)

(
η + γ ∥υ(t)∥+ δ

∥∥∥CDα,ψ
a+ υ(t)

∥∥∥)
+ ∥Yb,ψ∥Cβ(ψ(b)− ψ(a))β

≤
n−2∑
k=0

∥υk∥
k!

(ψ(b)− ψ(a))k +
(ψ(b)− ψ(a))α

Γ(α+ 1)
(η + (γ + δ) ∥υ∥E)

+
Cβ(ψ(b)− ψ(a))α

Γ(α− β + 1)
(η + (γ + δ) ∥υ∥E) + ∥Yb,ψ∥Cβ(ψ(b)− ψ(a))β .

≤
n−2∑
k=0

∥υk∥
k!

(ψ(b)− ψ(a))k +
(ψ(b)− ψ(a))α

Γ(α+ 1)
M(∥υ∥E + 1)

+
Cβ(ψ(b)− ψ(a))α

Γ(α− β + 1)
M(∥υ∥E + 1) + ∥Yb,ψ∥Cβ(ψ(b)− ψ(a))β .

Hence

sup
t∈J

∥Tυ(t)∥ ≤
n−2∑
k=0

∥υk∥
k!

(ψ(b)− ψ(a))k + ∥Yb,ψ∥Cβ(ψ(b)− ψ(a))β (3.15)

+M(ρ+ 1)Aα(ψ(b)− ψ(a))α.
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Moreover, from (3.9) and assumption (3.12), we have∥∥∥CDα,ψ
a+ Tυ(t)

∥∥∥ =
∥∥∥F (t, υ(t),C Dα,ψ

a+ υ(t))
∥∥∥

≤ η + γ ∥υ(t)∥+ δ
∥∥∥CDα,ψ

a+ υ(t)
∥∥∥

≤ η + (γ + δ)

(
sup
t∈J

∥υ(t)∥+ sup
t∈J

∥∥∥CDα,ψ
a+ υ(t)

∥∥∥)
≤ M(∥υ∥E + 1).

Hence

sup
t∈J

∥∥∥CDα,ψ
a+ Tυ(t)

∥∥∥ ≤ M(ρ+ 1). (3.16)

From (3.15) and (3.16), we have

∥Tυ∥E ≤
n−2∑
k=0

∥υk∥
k!

(ψ(b)− ψ(a))k + ∥Yb,ψ∥Cβ(ψ(b)− ψ(a))β

+M(ρ+ 1) [1 +Aα(ψ(b)− ψ(a))α] .

The right-hand side of this inequality is independent of t and υ. Hence, there exists

ρ′ =

n−2∑
k=0

∥υk∥
k!

(ψ(b)− ψ(a))k + ∥Yb,ψ∥Cβ(ψ(b)− ψ(a))β

+M(ρ+ 1) [1 +Aα(ψ(b)− ψ(a))α] ,

satisfying

∥Tυ∥ ≤ ρ′,

which means that T(Bρ) is uniformly bounded.

Step 3: Let us show that T maps bounded subsets of E into equicontinuous subsets in E. Define
the function ϖ : (0,∞)\ {1} → R by

ϖ(α) =

{
1, if α > 1,
−1, if 0 < α < 1.

For every t1, t2 ∈ J , t1 < t2 and υ ∈ Bρ, we have

∥Tυ(t2)− Tυ(t1)∥ ≤
n−2∑
k=0

∥υk∥
k!

(ψ(t2)− ψ(a))k − (ψ(t1)− ψ(a))k

+
1

Γ(α)

∥∥∥∥∫ t2

a

ψ′(s)(ψ(t2)− ψ(s))α−1Fυ(s)ds

−
∫ t1

a

ψ′(s)(ψ(t1)− ψ(s))α−1Fυ(s)ds
∥∥∥∥

+
∥Yb,ψ∥Cβ

(ψ(b)− ψ(a))n−1−β

[
ψ(t2)− ψ(a))n−1 − (ψ(t1)− ψ(a))n−1

]
+

Cβ

(ψ(b)− ψ(a))n−1−β

[
(ψ(t2)− ψ(a))n−1 − (ψ(t1)− ψ(a))n−1

]
× 1

Γ(α− β)

∫ b

a

ψ′(s)(ψ(b)− ψ(s))α−β−1 ∥Fυ(s)∥ ds.
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Using assumption (3.12), we obtain

∥Tυ(t2)− Tυ(t1)∥

≤
n−2∑
k=0

∥υk∥
k!

[
(ψ(t2)− ψ(a))k − (ψ(t1)− ψ(a))k

]
+ϖ(α)

M(ρ+ 1)

Γ(α+ 1)
[(ψ(t2)− ψ(a))α − (ψ(t2)− ψ(t1))

α − (ψ(t1)− ψ(a))α]

+
∥Yb,ψ∥Cβ

(ψ(b)− ψ(a))n−1−β (ψ(t2)− ψ(a))n−1 − (ψ(t1)− ψ(a))n−1

+
CβM(ρ+ 1)(ψ(b)− ψ(a))α−n+1

Γ(α− β + 1)

[
(ψ(t2)− ψ(a))n−1 − (ψ(t1)− ψ(a))n−1

]
.

Also, for every t2 ∈ J , t1 < t2 we have∥∥∥CDα,ψ
a+ Tυ(t1)−C Dα,ψ

a+ Tυ(t2)
∥∥∥ = ∥Fυ(t2)−Fυ(t1)∥ .

In consequence, we obtain

∥Tυ(t2)− Tυ(t1)∥+
∥∥∥CDα,ψ

a+ Tυ(t1)−C Dα,ψ
a+ Tυ(t2)

∥∥∥→ 0,

as t1 → t2 independent of υ. Therefore, T(Bρ) is equicontinuous in E. As a consequence of steps 1 to 3
with Arzelà-Ascoli theorem, we conclude that T is a completely continuous operator.

Step 4: Let us show that the set

Θ = {υ ∈ E : υ = µTυ, µ ∈ (0, 1)} .

is bounded. Indeed, let υ ∈ Θ and µ ∈ (0, 1), be such that υ = µTυ. From step 2, for all t ∈ J we have

∥Tυ∥E ≤
n−2∑
k=0

∥υk∥
k!

(ψ(b)− ψ(a))k + ∥Yb,ψ∥Cβ(ψ(b)− ψ(a))β

+M(∥υ∥E + 1)(1 +Aα(ψ(b)− ψ(a))α).

Since µ ∈ (0, 1) then υ < Tυ. Hence,

∥υ∥E < ∥Tυ∥E

≤
n−2∑
k=0

∥υk∥
k!

(ψ(b)− ψ(a))k + ∥Yb,ψ∥Cβ(ψ(b)− ψ(a))β

+M(1 + ∥υ∥E)(1 +Aα(ψ(b)− ψ(a))α)

from which we get

∥υ∥E ≤
∑n−2
k=0

∥υk∥
k! (ψ(b)− ψ(a))k + ∥Yb,ψ∥Cβ(ψ(b)− ψ(a))β +M(1 +Aα(ψ(b)− ψ(a))α)

1−M(1 +Aα(ψ(b)− ψ(a))α)
,

which means that Θ is bounded. By virtue of Scheafer’s fixed point theorem, T has at least one fixed
point υ ∈ E which is, the solution of the boundary value problem (1.1). 2

4. Illustrative examples

In this section, we give two concrete examples to illustrate our results.
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Example 4.1 Consider the following fractional boundary problem
CD

5
2 ,ln(t+1)

0+ υ(t) =
1
10 sin(υ(t)) +

1
5

C
D

5
2 ,ln(t+1)

0+ υ(t)

1 + t2
, t ∈ [0, 2]

υ
[0]
ln(t+1)(0) =

1
5 , υ

[1]
ln(t+1)(0) =

1
10 ,

CD
2
5 ,ln(t+1)

0+ υ(2) = 3
10 ,

(4.1)

In this example, we have

2 < α =
5

2
< 3 (n = 3), β =

2

5
< α− (n− 1) =

1

2
, (X, ∥.∥) = (R, |.|), ψ(t) = ln(t+ 1), t ∈ [0, 2].

The function F is given by

F (t, x, υ) =
1
10 sin(x) +

1
5υ

1 + t2
, (t, x, υ) ∈ [0, 2]× R× R.

It is obvious that F is continuous and, for all x1, x2, υ1, υ2 ∈ R and t ∈ [0, 1], we have

|F (t, x1, υ1)− F (t, x2, υ2)| =
∣∣∣∣ 1
10 sin(x1) +

1
5υ1 −

1
10 sin(x2)−

1
5υ2

1 + t2

∣∣∣∣
≤ 1

10
|sin(x1)− sin(x2)|+

1

5
|υ1 − υ2|

≤ 1

10
|x1 − x2|+

1

5
|υ1 − υ2| .

Hence, conditions (3.5) and (3.6) are satisfied with ℓ1 = 1
10 , ℓ2 = 1

5 , and

ℓ1 + ℓ2 =
1

10
+

1

5
=

3

10
<

1

2
.

Easy computations show that

Aα(ψ(b)− ψ(a))α =

(
1

Γ(2.5 + 1)
+

Γ(2.6)

2!Γ(2.5− 0.4 + 1)

)
(ln(3))

5
2 ≈ 0.792 14 < 1.

So, condition (3.7) is also satisfied. Hence, all of the assumptions of Theorem 3.1 are satisfied, we
conclude that the boundary value problem (4.1) has at least one solution on the interval [0, 2].

Our second example is the following:

Example 4.2 Consider the following fractional boundary problem

CD
7
2 ,t

2+1

0+ υ(t) =
1
5 + 3

20υ(t) +
1
10

C
D

7
2 ,t

2+1

0+ υ(t)

et +
∣∣∣CD 7

2 ,t
2+1

0+ υ(t)
∣∣∣ , t ∈ [0, 1]

υ
[0]
t2+1(0) =

1
2 , υ

[1]
t2+1(0) =

3
10 , υ

[2]
t2+1(0) =

1
5

CD
3
10 ,t

2+1

0+ υ(1) = 7
10 ,

(4.2)

In this example, we have

1 < α =
7

2
< 2 (n = 4), β =

3

10
< α− (n− 1) =

1

2
, (X, ∥.∥) = (R, |.|), ψ(t) = t2 + 1, t ∈ [0, 1].
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The function F is given by

F (t, x, υ) =
1
5 + 3

20x+ 1
10υ

et + |υ|
, (t, x, υ) ∈ [0, 1]× R× R.

As we see, the function F is continuous and, for all x, υ ∈ R and t ∈ [0, 1], we have

|F (t, x, υ)| =
∣∣∣∣ 15 + 3

20x+ 1
10υ

et + |υ|

∣∣∣∣ ≤ ∣∣∣∣15 +
3

20
x+

1

10
υ

∣∣∣∣ ≤ 1

5
+

3

20
|x|+ 1

10
|υ| .

Hence, condition (3.12) is satisfied with η = 1
5 , γ = 3

20 and δ = 1
10 . On the other hand, for these values

of η, γ and δ, we have

M = max(
1

5
,
3

20
+

1

10
) =

1

4

and

M(1 +Aα(ψ(b)− ψ(a))α) =
1

4

(
1 +

(
1

Γ( 72 + 1)
+

Γ(3.7)

(3)!Γ(4.2)

)
× (2− 1)

7
2

)
≈ 0.293 90 < 1.

Hence, condition (3.13) holds too. Actually, the hypotheses of theorem 3.2 are fulfilled, we therefore
conclude that problem (4.2) has at least one solution on the interval [0, 1].
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