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On the Existence and Uniqueness of Solutions for a i)-Caputo Fractional Boundary Value
Problem with Fractional Boundary Conditions
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ABSTRACT: The main purpose of the present work is the investigation of the existence and uniqueness
of solutions to an implicit nonlinear boundary value problem of fractional differential equations involving
1p—Caputo fractional derivative and subject to fractional boundary conditions. The results of existence and
uniqueness are proved thanks to Banach and Scheafer’s fixed point theorems. Finally, we present appurtenant
examples to illustrate the obtained results.
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1. Introduction

Fractional calculus [12,15] is an extension of classical calculus that allows integration and differentia-
tion to arbitrary, non-integer orders. The origins of fractional calculus trace back to a letter from Leibniz
in 1695, in which he posed the idea of a half-order derivative. Although initially considered a mathemat-
ical curiosity, the theory has steadily matured, especially during the 19*" and 20" centuries through the
contributions of Liouville, Riemann, Caputo, and others, and found extensive applications across various
scientific disciplines including Physics, Mechanics, Bioengineering, and related sciences [8,13]. In recent
years, the development of generalized fractional operators has greatly enriched the field by introducing
more flexible and adaptive modeling tools [5,9,10,11,17].

The ¢—Caputo fractional derivative was first introduced by R. Almeida [2], it extends the classical
Caputo derivative by inserting a suitable function that modulates the differential operator. This general-
ization not only retains the advantages of the classical Caputo derivative such as the use of integer-order
initial conditions, but also introduces additional complaisance in modeling real world problems where the
underlying time scale or medium is non-uniform. More details on fractional differential equations with
1—Caputo fractional derivatives can be found in [4,3,7,14] and the references therein.

In [1], Mohamed et al. investigated existence and uniqueness results of the following boundary value
problem

ODPy(t) = f(t, (1)), [ab]
Li“( )=yk, k=01 —2, 0" () =,

where: CDS;w is the ¥-Caputo fractional derivative of order n —1 < a <n, n €N, n > 2, y*k 4, € R,

f €C([a,b] x R,R) is a continuous function and y € C"~([a, b]).
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In [16], the authors carried out the following boundary value problem of fractional differential equation:

CDXu(t) = f(t,ul(t), teJ=1[0,1]
u(0) = '(0) = 0, “Dg " u(1) =0, DG u(1) =0,

where “D?, is the 1-Caputo fractional derivative of order 3 < a <4 and f:J x [0,00) = R is a
given continuous function. They used fixed point theorems to investigate the existence and uniqueness
of the solution to the above problem.

Inspired by the above works, we intend to extend the results established in [1,16]. More accurately,
we are concerned with the existence and uniqueness of solutions of the following nonlinear fractional
differential equation with i-Caputo fractional derivative and subject to a fractional boundary condition
at the endpoint b:

CDS—;—wU(t) = F(t,’U(t),C Dgﬁv(t)), t € J=la,b,

(1.1)
vl[f](a) =wvg, k=0,1,...,n—2, Cij:pU(b) = vy,

where: CDs;w represents the ¢-Caputo fractional derivative of order & € (n—1,n),n € N, n > 2 © Df f/’ is

the 1-Caputo fractional derivative of order 0 < 8 < a — (n — 1), wvi,vp € X, F € C(J x X%, X) is a

continuous function and (X, ||. ||) is a Banach space. v € C"1(7, X) such that CDgf’bv exists and is
continuous.
Our formulation permits boundary conditions that depend on the fractional derivative CDf jrw, resulting

in non-trivial analytical complications. To the best of our knowledge, no prior work has addressed the
existence of solutions of the fractional boundary problem (1.1) dealing with such a fractional condition.

The rest of the paper is structured as follows: Section 2 is devoted to the necessary definitions and
auxiliary lemmas. In section 3, we derive the exact solution formula for the proposed problem and
establish existence and uniqueness results via Banach and Scheafer’s fixed point theorems. Finally, in
Section 4 we provide concrete examples demonstrating the applicability of our results.

2. Preliminaries

Let J = [a,b], ¥ € C"(J,R) a strictly increasing function with ¢’(¢) # 0 and (X, ||.||) be a given
Banach space. In what follows, we state key definitions, notations and fundamental results regarding
—fractional integrals and derivatives that will be utilized all over this article.

Definition 2.1 [/] The left-sided )— Riemann-Liouville fractional integral of order a € (n —1,n), n €

N* of an integrable function u: J — X is given by

70 &/w — (s)* Lu(s)ds, te T,

where T'(«) is the Gamma function.

Definition 2.2 [//The left-sided 1 — Riemann-Liouville fractional derivative of order o € (n—1,n), n €
N* of an integrable function u: J — X 1is given by

a,) 1 i " n—ao,)
o u(t) = (W(t) dt) 77 u(t), te J.

Definition 2.3 [/] Let u € C"(J,X). The left-sided v»— Caputo fractional derivative of order o of the
function u is given by
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IfueC™(J) and a ¢ N, then

“Diut =27 (s ) ute)

— ; ¢ /(s — (s nfozflu[k] s) ds
= Fora [ Y Ow0 vy ds

Remark 2.1 If « = n, then
a, k
D ult) = ulf (1),

We recall the following useful lemmas:

Lemma 2.1 [}] Let « >0 and u : J — X. The following holds:

1. IfueC(J,X), then CD“’¢Iu’w t)=u(t), teJ,
2. IfuelC*(J,X), then

ne1 06,
T2 D) = ult) - 3 D (1) - (@), =[] +1,

k!
k=0

8 (T () = (T ), ted, k=0,1,.n—1.

Lemma 2.2 [2] Let o, >0 and u:J — X. Then, for every t € J, we have
LI W) - (@) = 55 (1) — (@),
2. ODRI (1) — (@)’ = w2 (1) — (@)’

3. DY (p(t) — () =0, Vk=0,1,...,n— 1, n=[a] + 1,

4. IHVIP u(t) = 07 V().
3. Main results

In the present section, we investigate the existence and uniqueness of solutions for the fractional
boundary value problem (1.1) using appropriate fixed point theorems. In the following auxiliary lemma,
we establish the equivalence between the basic version of problem (1.1) and a certain fractional integral
equation.

Lemma 3.1 Let a« € (n—1,n), n>2, o€ C(J,X) and ¢ € C™(J,R) a strictly increasing function
with ' (t) # 0. A function v € C"1(J, X) is a solution to the boundary value problem

CDYYu(t) =a(t), teJ,
o) = v, k=0,1,...,n -2, (3.1)
EDXYu) ) =v, 0<B<a—(n—1),

if and only if v possesses the following representation:

n— _ a k—p
(- Sy o)
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Proof: Performing the ¥»—Riemann-Liouville operator I;ﬁb to both sides of the fractional differential
equation and using Lemma 2.1, we obtain

n—1
v(t) =) k—‘“w(t) — (@) + I3 o (1), (33)
k=0
= o er(0(8) = (e)) + L) = 5(a))? ot G (000) = (a)
+i / W () () — ()" (s) ds
From the initial conditions Ui[f] (a) =vg, k=0,1,...,n— 2, we obtain at once

c,=vk, k=0,1,...,n—2.
The remaining constant ¢, _1 is determined by the boundary condition
CDf;wv(b) = . (3.4)
Applying Cfo/’ to both sides of (3.3), we obtain
n—1 &
DIYu(t) = v DI (W) +ODIYTNY o (t).
k=0 ’

It follows from Lemma 2.2 that

cpge (vt _ o)~ ey

k! , k>,
T(k+1-0) -
so at t = b, we get
_ k _ k—pB
cpgy (WOV@FY) GOV
“ k! b I'k+1-7)
In regard to the integral term, we use the semigroup property:
CDT o) = T Volt) = o / V() W6(E) — (5)™ "o (s) ds.
Hence, at t = b, we have
ORI a(b) = Tio(b) = / V() (WB) — 6(5)* P (s) ds.
Substituting into the boundary condition (3.4), we find
- k—pB b) — n—1-p8
Z —¥(a)) tenq (1(b) — ¥(a)) _|_I;x+—ﬂywa(b) = vy,

k+1—5) I'(n—p)

k=

and accordingly

Y R = ST R0 Ly P )
w1 = ( Z My “)) @) - w7

Finally, substituting the value of ¢,_; in equation (3.3) we obtain (3.2).
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Conversely, if the function v satisfies equation (3.2), then

opoyy <W> —0, k=0,1,...,n—1.

Thanks to Lemma 2.2, we get
CDNVIEY o (t) = o),

SO
CDYYu(t) = o(t).

We need ultimately to check the initial and boundary conditions of (3.1). It’s easy
to see that .
1 i (w(t) — w(a))m ’ _ la if k= m,
W (t) dt m! t=a | 0, ifk<m.
So, we obtain at once

(1/}1@ 4 ) (W W) - !w<a>>k

For k =n — 1, the term involving ¢, _; does not affect the initial conditions, so

(i) (2

For the integral term, thanks to Lemma 2.1, we have

>|t—azvka k=0,1,...,n—2.

1 d g o, a—k,p
(i) @O0l =T o], =0

Next, let us prove that Cfo/’U(b) = vp. By Lemma 2.2, we have

- w(a))’“) (¥(b) — ()"

c s (W) 3 B B
Da+ ( k! |t:b_ F(k+1fﬂ) ) k—071,...7n 2.

For k =n — 1, we have

o ppo (WO =B@)" 1Y | _ () = dla)" P
i (M) o =

On the other hand, one has
CDEY I o)1), = TP o).

a

Substituting into the boundary condition (3.4), with the constant ¢,_;, we find

n—2 B a k—p
cnger(b) — ; Uk (w]gb() 77[}( ))

E+1-7)
n—2 o a k—pB
+ <Ub - ;Uk (wéb& +1§(—))ﬂ) - Ingﬂ’wU(b))

D= 5) (0(0) = $(a)" 7
F(n = 5) ($(8) — {a)—7

= Up.

+ I o (b)

Therefore, v satisfies (3.1). O

Next, we establish the existence and uniqueness of solution to problem (1.1) by applying Banach fixed
point theorem. We have



6

Theorem 3.1

If

and

where
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Assume F : J x X x X — X is continuous and there exist £1,0y > 0 such that

[ F(t, 21, 22) — F(t,v1,v2)|| < by [|zr — 1] + L2 |22 — v, (3.5)
zi,v; € X, 1 =1,2.

l + 1y < %, (3.6)
Ao ((b) —Y(a)™ <1, (3.7)
1 L(n—p5)

A, =

Ta+D)  (n—D)T(a—g+1)

then problem (1.1) has a unique solution on J.

Proof: According to Lemma 3.1, a function v € C"7'(J,X) is a solution to the problem (1.1) if it

satisfies
n—2
o(t) = Y- () — v(a)*
k=0
1 ‘ / oa— (o3
g L YO0 — 0 P (s, 0(s).C Do) ds
n—2
B U RREO) A — Oyt
+ (Ub 2 U, NCESE) o7V F(b,u(b),” DosPu(b))
L L= B)W(D) ~ ()"
(n = D!(p(b) — ¢(a))" =78
Let E be the space of all functions v € C"1(J, X) such that C’DZ‘J’er € C(J,X), endowed with the
norm:
lvll = sup o(®)| + sup | D v
teg teg
It is not hard to conclude that (E, ||.||z) is a Banach space.
Set

]:U(t) = F(tav(t)ac ’ngrwv(t))a

n—2 B a i
Yo,y = vp — Z Uk (¢£‘b() P(a))*
k=1

k+1-p8) °
I(n-B)
Co = (n—1)"
n—2 t
To(t) = 3 S0~ v@) + gy [ V00 ~ 00 Fols) ds
k=0 a
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Let us show that T maps E into itself. Indeed, consider first v € C" (7, X). It is not hard to check
that Tv € C"~1(J, X). On the other hand, thanks to Lemma 2.1 and Lemma 2.2, we have

D Tu(t) Zuk DY ((w() ,f(a))k) + DI F(®)

D§+¢((1/’(t)—¢(a))" 1 o
(1(b) — p(a))n—1-P Lot

ybﬂ/}Cﬂ Cmoth ~ . o
T s P - v@)
= Fu(t).

- Cp (b) (3.9)

Since F' is continuous on J, then CDZZ’?‘IU €eC(J,X).

Next, we prove that ¥ is a contraction on E. Indeed, let v1,vy € E, then

[Tor(t) — Toa(B)]| < ﬁ/@ V' (8)(W(t) = ()" [ Fur (8) = Fua(5)] ds
Cs

( t a—pFB—1
 Fam B 00) — nlﬁ/w v()*”
< [ Fon(s) w(swds

Thanks to assumption (3.5), we obtain

1 ! / a—1
[For(t) = Tua(B)]] < @/a () (W (8) = ()" (€r [Jva(s) — va(s)]]

445 HCDZ‘jrwvl( ) -¢ ’DZ‘jrwvg H) ds
T T e [ o) — v
x (131 [01(8) = va(s)] +eg H%ﬁ 1(5) =€ DV (s H) ds

< W (élfgg |v1(t) — v2(t)]|

+€2§gg Hcngrwm (t) ¢ D:inQ(t) H)
N Cﬂégbj - f%))“ <£1tsgp 1 () — va(0)]

+€2tsgg HCDS; v (t) =¢ D(‘f;wvz(t)H)

< Aally + L)) -~ V()"
 (sup on(6) = oo + sup D0, “un(o)])

Hence,
[For(t) = Toa (D)l < Aalls + L) (9 (b) — P(a))® [lvr — vl -
It follows from assumptions (3.6) and (3.7) that

1
sup ||Tv — Tusl| < 3 |Tv1 — Tus|| 5 - (3.10)
teJ
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Furthermore, from assumption (3.5) and equality (3.9), we have

Hcp;ﬁ%v (t) =€ DY Tuy(t)

< b llos(8) = v @) + £ | “DP i () = D a1

< (0 ) (sup Jon(0) = a0l -+ sup D501 () = D 0a(0)] )
By assumption (3.6), we obtain
1
sup H%gﬁsvl(t) _c Dgﬁzw(t)” <Gl =l (3.11)
te

Combining (3.10) and (3.11), we get
1Tv1 = Tz < [lv1 — vl

which shows that ¥ is a contraction mapping. We conclude by Banach fixed point theorem, that T has
a unique fixed point v € E which is the unique solution to problem (1.1). O

The next result is based on Scheafer’s fixed point theorem. We have

Theorem 3.2 Assume F : Jx X xX — X is continuous and there exist three positive constantsn, v and
6 such that

1E(E 2z, xo)| <+l + 0zl €T, 1,20 € X, (3.12)

and
M1+ Aa((b) —¢(a))”) <1 (3.13)

where M = max(n,vy+6), A, and Cg are defined above.

Then problem (1.1) has at least one solution in the space E.

Proof: Let T : E — E be the operator defined by (3.8). We proceed in several steps.

Step 1: Let us show that ¥ is continuous. Let (v, )nen be a sequence in E such that v,, — v in E, as
n — oo. Then, for every n =0,1,..., and t € J, we have

1 ! / a—1
[Ton(t) = Tu(®)] < @/a () () = 9(8)* 7 | Fu, (5) = Fuls)l ds

Cs  (v() - A
T T —5) @) — b)) ﬁ/ (s —(s))

X | o (5) — Fuls)] ds
(1 | / W (8)(W(t) — P(s))* L ds
Co(6(t) — (a))™!

W) — da)n1F

X ﬁ/ W () ((b) — (s))* P ds

<[ Fo. () = Fo (O

+ 1 F0, () = £ O

Thus
Sup [Tvn = Tv|| < Aa(¥(b) — ¥(a)® | Fo, () = Fo(Il s
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In addition, using (3.9), we get

sup | DT (1)~ DT | < 1 () = FO-

Since F' is continuous, then the right-hand sides of the above inequalities tend to zero, as n — oo,
and so,

|[Fvn — Zv||p — 0, as n — oo,
which means that ¥ is continuous.

Step 2: Let us show that ¥ maps bounded subsets of E into uniformly bounded subsets of E. Indeed,

Let p > 0, and set
By={veE, |vllg<p}.

We need to prove that, for all v € B,, there exists p’ > 0, such that ||Tv||; < p'. Indeed, for every t € J
and v € B, we have

500 < Z el i [ V00 - v s
—blaNB [P
+ Cﬁ(ﬁfﬁ - ;f)( 2 / V()W) ~ b)) I Fo(s)] ds

+ Vo0l Ca(w(b) — ¥ (a))”.

Thanks to assumption (3.12), we get

|70 < Z Lol ) — oy
+ W (n F oyl + 6 HCD;‘;%(t)H)
+ C/}(E/f’_); ﬁ(f)))‘“ (TH-WHU(??)H s Hcp;ﬁwv(t)H)
+WMmmm<w ¥(a))?
< Z ||Uk|| —p(a))k + @0) —9(a))* (n+ (v + ) ]l )

INa+1)

Cﬂ(d)(b) P(a))”

T TTe-p+1)

1+ (v +0) lvll ) + 1Vl Co(w(b) — v(a))”.

< Jlowll || (1(b) = 9(a))*
< Z : (a))k+WM(||UHE+1)
CBW@) P(a))”

L Py

M(|[v]l g +1) + [ Vol Ca(wh(b) — 1(a))”.

Hence

sup [70(9)| < Z L0l ) — a)) + ll Cotw) — vl (315)

+ M(p + DAa(h(b) = ()
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Moreover, from (3.9) and assumption (3.12), we have
e
<ttt ||+6H%2‘f ol

<t (0-+0) (sup o)) + sup [ 220 )
teJ teJ

< M(|jvl|g +1).
Hence
sup H%jﬁ%(t)“ < M(p+1). (3.16)
teJ
From (3.15) and (3.16), we have
o]l < Z 1ol — @)+ 9 Cotwh) — vl

+ M(p + D [1+ Aa(y(b) — ¥(a)?].

The right-hand side of this inequality is independent of ¢ and v. Hence, there exists

_ Z Lokl ) — @) + 1900 Co(0(0) — 0(@))?

+ M(p + 1)1+ Aa((b) —9(a))?],

satisfying
ITo] < 0,

which means that T(B,) is uniformly bounded.

Step 3: Let us show that T maps bounded subsets of E into equicontinuous subsets in E. Define
the function w : (0,00)\ {1} — R by

(a) = 1, if a>1,
wla) = -1, if0<a<1.

For every ti, t € J, t1 <tp and v € B,, we have

||vk||

[Tu(ts) — Tu(t ||<Z (t2) — ¥(a)* — (¥(t1) — ¥(a))*

1 ) o

| * () (lts) — ()1 (5)ds

— [T W@t - b)) F(s)ds

b8 ) — ) - ) - 9@

(U(b) — p(a))n=1=F
Cs

COREC)
e | YO0 v P IR s

+

i [(W(t2) = ¥()" ™ = (1(tr) — ¥(a)" ]
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Using assumption (3.12), we obtain

< 3 Lol fsea) — e - i) - v

k=0
+m(0) T [(0(t2) = 9(a)" — (0ltz) = 6(0))" — (9(r) = (o))
bl G ) )yt - (i) )

(¥(b) — Y(a))"—1-F
n CsM(p+1)(¥(b) — ¢(a))* "
T(a—B+1)

[(¥(t2) = (@)™ " = ((tr) —w(a))" ']
Also, for every ty € J, t1 <ty we have
|“Psr st = DeTotta) | = 17, (t2) = Fut)] -
In consequence, we obtain
1T0(ta) — Tu(t)]| + HCDZ‘jrva(tl) _c DgﬁsU(tg)H -0,

as t; — to independent of v. Therefore, T(B,) is equicontinuous in E. As a consequence of steps 1 to 3
with Arzela-Ascoli theorem, we conclude that ¥ is a completely continuous operator.

Step 4: Let us show that the set
©={veFE:v=p%v, pe(0,1)}.

is bounded. Indeed, let v € © and p € (0,1), be such that v = pTv. From step 2, for all t € J we have

50l < 3 o) — i) + 194,01 o 00) — (@)
k=0

+M(|[vllg + 1)1+ Aa(e(b) — (a))®).
Since p € (0,1) then v < Tw. Hence,

lvlle < 1%vllg

n—2
22 W0l (0) — i) + 194,01 G (00) — (@)’
=0

+ M1+ o] g) (1 + A ((b) — ¥(a)®)

from which we get
SRz Wl (b) — 4p(a))k + | Vol Co(w(b) — 1(a))? + M (1 + Au(h(b) — $(a))®)
1= M1+ AL (0(0) — v(a)?) ’

which means that © is bounded. By virtue of Scheafer’s fixed point theorem, ¥ has at least one fixed
point v € E which is, the solution of the boundary value problem (1.1). O

Il g <

4. TIllustrative examples

In this section, we give two concrete examples to illustrate our results.
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Example 4.1 Consider the following fractional boundary problem

1 JIn(t+1)
In(t+1 —sin(v(t)) + D2 v(t)
Cp Mty (1) = 10 o 0+ . te0,2]
(0] _ (1] _
Uln(t+1)(0) =3 Uln(t+1)(0) = 16>

2 In(t
CDSJ;l (f+1)U(2) 3

- 107

In this example, we have

2<a=g<3(n:3), B=2ca—tm—1)=2 (X, 1) = ® ), $() =n(t+1), t€0,2]

5

l\:JM—l

The function F s given by

-5 sin(z) + v

F(t,z,v) =2 T , (t,z,v) €[0,2] x RxR.

It is obvious that F is continuous and, for all x1,x2,v1,v2 € R and t € [0, 1], we have

1 _: 1 1 1
= sin(x1) + v — 55 sin(zg) — v
|F(t,z1,v1) — F(t,x9,09)| = | X2 (z1) + 5 ll—i—tl?O (z2) — 502

1
0 |sin(z1) — sin(z2)| 4+ = |U1 — U]

IN

— |1 — 2| + = |U1 — V2|.
10 ! 2 5 ! 2

Hence, conditions (3.5) and (3.6) are satisfied with {1 = {5, ly = £, and

b+ L L —|—1 3 < L
TP T 05 10 2
FEasy computations show that
1 I'(2.6)

A (p(b) —9(a)® = <r(2.5 ) + (25— 047 1>> (In(3))% ~0.79214 < 1.

So, condition (3.7) is also satisfied. Hence, all of the assumptions of Theorem 3.1 are satisfied, we
conclude that the boundary value problem (4.1) has at least one solution on the interval [0, 2].

Our second example is the following:

Example 4.2 Consider the following fractional boundary problem
241
5+ 5u(t) + 10 D02+ v(t)
et + [oDE o)

0 1 2
v (0) = 3 v 0) = fh. vy (0) = 3

7
Do) =

, telo,1]

(4.2)

241
cpin o) = &,

In this example, we have

1<a:g<2(n:4), BB cam (=1 =2 (X ) = (B]), v(t) = £ +1, t € [0,1].

10

N | =
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The function F is given by

1 3 1
5 T 202+ 1V

F(t,z,v) = pa—

, (t,z,v) €[0,1] x R x R.

As we see, the function F is continuous and, for all x,v € R and t € [0, 1], we have

1 3 1
5T 207t 10Y

e+ Jv|

1 3 1
F(t = <|-+ — —
F(t,,0)] ‘5+20x+1ov

< & o fel 4 55 ol
- 20 10"

Hence, condition (3.12) is satisfied withn = 3, v = S and § = &

50 i5- On the other hand, for these values
of m,v and §, we have

1 3 1 1
M =max(z, 55+ 75) = 1

and

hﬂl+Ad¢@%wM@P):i(l+(rgi1)+C$fggﬂ>q2—U;>mO2%90<L

Hence, condition (3.13) holds too. Actually, the hypotheses of theorem 3.2 are fulfilled, we therefore
conclude that problem (4.2) has at least one solution on the interval [0, 1].
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