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Generalized Common Proximal Points in Intuitionistic Fuzzy Metric Spaces
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ABSTRACT: This manuscript studies specific criteria for real-valued functions J, S : (0,1] — R for the existence
of the best proximal point of generalized IF(g, j)-iterative mappings within the framework of intuitionistic
fuzzy metric space. After, employ intuitionistic fuzzy versions of (S, J) K-type proximal contraction and fuzzy
(S, J)- Hardy Rogers (HR)-type to investigate common best proximal (Cbp) points in intuitionistic fuzzy
metric spaces with non-trivial example.
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1. Introduction

The field of fixed point (FP) theory emerges as a captivating domain of inquiry, particularly focusing
on methods for solving non-linear equations. Discussions within FP theory delve into diverse strategies for
determining solutions. Despite thorough exploration, instances arise where a unique solution is elusive.
Addressing such challenges often entails utilizing best proximity point theorems, which have been subject
to various generalizations by numerous researchers, proving pivotal in deriving approximate optimal
solutions.

A significant milestone occurred in 1968 when Kannan [17] introduced a novel type of contraction
for discontinuous mappings, leading to several breakthroughs in FP results. This innovation provided
researchers with an alternative approach to tackle FP problems. Subsequent advancements, such as the
iterative Kannan—Mier-type contractions introduced by Karapinar [18], further solidified the foundation.
Rus—Reich—Ciric-type contractions were established using simulation functions, along with Hardy—Rogers-
type(HR-type) contractions, as referenced [18]-[21].

Altun et al. [2,3] contributed significant insights into best proximity point consequences for proximal
contractions, extending these results to interpolative proximal contractions. Shazad et al. [28] presented
results regarding Cbp points, while Deep and Betra [5] introduced additional findings in this area. The
investigation expanded into proximal F-contraction, where Mondal and Dey [22] established results on
Cbp points in complete MS. Shayanpour and Nematizadeh [26] made notable contributions within the
realm of complete FMS, subsequently refined by Zhou et al. [33].

The theory of intuitionistic fuzzy set was initiated by Atanassov[4] and after that Alaca et al.[l]
characterized the idea of intuitionistic FM-space. Saleem et al. [31] provided integral equation solutions
utilizing IFb metric spaces. Nazam et al. [23] investigated generalized interpolative contractions, whereas
Hussain et al. [16] delved into FPs in FMS. The analytical exploration of fractional delay differential
equations was the primary focus of Naseem et al. [24]. For more important related ideas and detailed
concepts, we refer to [6]-[15].
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2. Preliminaries

Definition 2.1 [26] Let (Z,A, ) be an FMS and C,D C Z. Consider

A(é7 ﬁ? g) = sup A(717727 5)7 S > 0.
’)’166,726[3

Then the distance between C' and D is called fuzzy distance.

Definition 2.2 [26] Let (Z, A, *) be an FMS, C,DC Z, and U,G : C — D be two mappings. A point
v € C is called a Cbp point of the mappings U and G, if
A(,U7,€) = A(C, D, &) = Aly,Gv,9).

Definition 2.3 [26] Let (Z, A, %) be an FMS, C,DCZ, andU,G: C — D be two mappings are said to
be commute prozimally if

A(fyla U’)/a g) = A(év ba E) = A(W?a G’Y? g)v Vg > 07
then Uy, = Gy1, where v,v1,72 € C.
Definition 2.4 [26] Let (Z,A,x) be an FMS, C,D C Z, and U,G : C — D be the mappings then U

dominate G proximally if B o B
A, Uh1,€) = A(C, D, §) = A(br, Gha, §),

A(12,Uh1,€) = A(C, D, €) = A(ba, Gha, §),
VE>0. If, 3o’ €(0,1) such that,

A(ryla V2, Oélf) > A(bh b27 §)7

where v1,Y2,b1,b2 and hy, he € C.

Definition 2.5 [33] Let L represent the collection of pairs (J,S), where J and S are functions defined
on (0,1] = R and satisfy the specified properties outlined below:

(1) S(v) > J(v) for any v € (0,1);

(2) J is non-decreasing;

(3) lim,_,p- inf S(y) > limy_,p— inf J(vy) for any 0 < T~ < 1;
(4) if v €(0,1) is s.t S(y) > J(1) then v = 1.

Lemma 2.1 [25] Suppose J : (0,1] — R. Then the below conditions are mutually equivalent:

(I) For any e € (0,1), limg_, — inf J(&) > —o0,

(II) infg. . J(§) > —00 V€, where 0 < e < 1,
(III) lim,, 00 J(&n) = —00 implies that lim, o &, = 1.
3. Main Results
Definition 3.1 ([13]) Let (Z,A,V, o) be an IFMS and C,D C Z. Consider

A(é7ﬁ7g) = Snup ) A(71a727£)7
v1€C,v2€D

V<é7ﬁ7§):1_ sup V<’717’y27§)7 £>0
11 €C,y2€D

Then the distance between C' and D is called intuitionistic fuzzy distance.
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Definition 3.2 ([13]) Let (Z,A,V,%,0) be an IFMS and C,D C Z. The following sets defined by us:

Cob = {71 € é = Y2 € ﬁ s.t. V €> O,A(’h,’m,@ :A(évbvg)}a
bo = {’72 S lo) = S é s.t. Vg> O,A(’yl,’}/g,g) ZA(é,f),g)},
él = {’Yl € é = Y2 € ﬁ s.t. V g> 07V(’Ylary2vg) :V(é’vb7g)}v
b1 = {’72 S lo) = Y€ é s.t. Vg> O,V(’yl,’}/g,g) ZV(é,f),g)}

Definition 3.3 ([13]) Let (Z,A,V,*,0) be an IFMS, C,DC Z, and U,G : C — D be two mappings.
A point v € C is called a Cbp point of the mappings U and G, if

A(y,Uv,8) Ay, G, ),
V(v,Un,§) =V(y,Gv,§).

Definition 3.4 ([13]) Let (Z,A,V,x*,0) be an IFMS, C,DCZ, and U,G : C — D be two mappings
are said to be commute proximally if

A(’717 UP)/a g)
V(717 U~, g) = V(é7 575) =
= G717 where Y7172 € é

=A(C,D,§) =
=V(C,D,¢)

= A(C, D, &) = A(72,G7, ),

V(727G77E)3 v E> Oa

then U~ys

Definition 3.5 ([13]) Let (Z,A,V,x*,0) be an IFMS, C,DC Z, and U,G : C — D be two mappings
then U is to dominate G prozimally if

A(m1,Uh,§) = A(C, D, §) = A(by, Ghy, §),

A(y2,Uh1,€) = A(C, D, §) = A(bz, Ghy, §)
and B oo

V(71,Uh1,§) = V(C, D, §) = V(b1,Ghy, ),

V(y2,Uh1,€) = V(C, D, §) = V(by, Ghy, §),

V &> 0, then 3 o € (0,1) such that,
A(’Yb’y%alg) > A(blvb%f_)v and V(’yla’mva/g) < V(blvb%g)a
where v1,Y2,b1,b2 and hy, he € C.

Definition 3.6 Let (Z,A,V,x,0) be a IFMS. The mappings U, G : C = D are called fuzzy (S, J)-K-type
prozimal contractions if

A(y1, Guy, &) = A(C, D, ) = A(é1, Uug, §)
A(y2,Gug, &) = A(C, D, €) = A(é2, Uus, ) (3.1)
J(A(v1,72,€)) > S((A(éb’71,5))&(&@2,72,5))1_0/)
and
V(y1,Guy,€) = V(C, D, &) = V(é1,Uuy, €)
V(y2, Gus, §) = V(C, D, &) = V(&, Uug, £) (3.2)

J(Vr,72,6) < S((V(Er,72,) (V(ea,72,6)' ),

A Y1, Y2, €1, €2, U1, U2 € C.
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_ —u—n] _
Example 3.1 Let (Z,A,V,*,0) be a complete IFMS with A(u,n,§) = e~ ¢ and V(u,n,&) = 1 —
—lu—mn]

e ¢ . Let D={1,3,57,911} and C = {0,2,4,6,8,10}. Define mappings G,U : C — D as

U0)=3,U(2)=5,U4)=7U(6)=3,U(8) =9,U(10) = 11,
G(0)=3,G(2)=1,G(4) =9,G(6) =7,G(8) = 5,G(10) = 11.
Also, A(C,D,E) = e_%o and V(C,D,é) =1- e_o%, Co=C=0Cy, Dy =D = Dy . Then clearly
G(Cp) C Dy, U(Cy) C Dy, G(Cy) € D1, U(Cy) C Dy.
Define the functions S, J : (0,1] = (—o0, 00) by

)

_ L ifo<é<
50-{5% 1esi”

L ¢ . .
J(€) = {lnf TO<C<l 40.62.1) = A(C.D,&) =AM U2,1),
1 ifé&é=1

Since, G' and U are intuitionistic fuzzy (S, J)- K-type proximal in IFMS. Let 71 = 0, 72 = 8, & = 4,
6o =6,u; =2, us =4, and £ = 1.

A(8,G4,1) = A(C, D, €) = A(6,U4,1)
and

V(8,G4,1) =V(C,D,§) = V(6,U4,1),

V(0,G2,1) =V(C,D, &) =V(4,U2,1).

Then, there exists a number A = 0.2 such that

A0172:28) = (A1, 71,8)% * (A(E2,72,8)' )
A(0,8,(0.2)1) > ((A(4,2,1))% . (A(G,S,l))é)

and

V1,72, A6) < S((V(éb%f))a/ o V(ea, 72, 1)1_a/)
V(0,8, (0.2)1) < S((V(4,2, 1))% o V(6,8, 1)%).

This leads to a contradiction. Therefore, G and U do not exhibit the properties of a fuzzy K-type
proximal.

Lemma 3.1 ([13]) The mappings U,G : C — D satisfying Equations (5.1-3.2). Assume {vn} is a
sequence such that

lim A(vn, Ynt1,€) =1, and lim V(y,, Ynt1,§) = 0 for any € > 0.
n—oo n—roo

If the functions S, J : (0,1] — R with

limsup S(€) < J(e+), and lim (1 —supS(§)) > J(e+).
E—et et

Then {v,} is a Cauchy sequence.

Theorem 3.1 Let C,_D C (Z,A,V,%,0) is a complete IFMS such that D is AC w.r.tC. Also, assume
that limg_, o A(v1,72,€) = 1, limg_, o V(71,72,§) = 0 and Cy, Dy, C1, Dy # 0. Let G,U : C' — D satisfy
the following circumstance:
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(i) U dominates G and is intuitionistic fuzzy (S, J)- K-type proximal;
(i) G and U are compact proximal and continue;
(iii) J is a non-decreasing and limg ., S(€) > J(e+) for any € > 0;
(iv) G(Co) C Dy, G(Co) CU(Cy) and G(Cy) C Dy, G(Cy) CU(CY).
Then, U and G have a unique u € C st

A(u,Uu,§) = A(C,D,§) and A(u,Gu,§) = A(C, D, ),
also,

V(u,Uu,€) = V(C,D,€) and V(u,Gu,§) =V(C,D,¢).

Proof: Let ug € Cy,Cy. Since G(Co) € U(Co) and G(Cy) C U(Cy) then, 3 an element uy € Co, Cy such
that
GUO = Uul.

Also, 3 an element ug € é’o, Cy such that
Gu1 = U’LLQ.

This process of iteration we get a sequence {u,} € CD’O, Cy such that
Guny_1 = Uuy,,Vn € N.
Similarly, 3 an element v, in é’o, é’l such that
A(yn, Gun, &) = A(C, D, &) and V(7,, Gun, §) = V(C, D, §).

Further, choosing u, and ~, s.t

At Gunt),§) = AC, D, &) = Alyn, Ulunta),§),

(77L7Gun’§):A(é7b7£) _A(’Yn 1 ( )7 )

and
V(vn+1, Gluntr), ) (C D,€) = V(. Uluni1), ),

V(’Yn,G’Uq“f) = ( ) (’Ynth(un)ag)'
Therefore,

A(’Yn, Guna g) = A(éa f)’ g) = A('Yn—l, U('U;n), 5)7
V(’Vna Guy, f_) = V(éa E, f_) = V(’Yn—la U(un)v g)

If, 3 some n € N s.t v, = y—1, then from Equation (3.3), v is a Cbp point of G and U. On the other
side, if yn—1 # VYo V¥ n €N then,

A(’Yn+17 G(unJrl)’ g) = A<CD’7 lo)v 5) = A(’yna ( ) g)

A(’YnaG(un)vg) = A(évbvg) = A(’Yn—la (un 1) )

(3.3)

and

V(’Vn+17G(un+1)vg) :V(éaﬁag) :V(PYTL»U( n), )a

V(n, Glun), &) = V(C, D, €) = V(yu-1,U (n-1), ).
Thus, from Equation (3.1-3.2) we have,

JAn41,7n:€)) 2 S((A(%H,%’@)a/ (A(%%_l,g))l—a') and

~ o, ~ , (3.4)
VOnt1s7: ) < 8 (V01,70 0) (Vs 31,81 ),



6 V. GUPTA AND N. SHARMA

V "Yn—lau?y 7717’Yn_—0—1,un+1 € é
Since, S(§) >

J(&), by using Equation (3.4) we get,

(A Cm41,7:8) > T (A G417 (A, 1a-1,)' )

and

J(V(fyn-l‘lv’}/'mg)) < J((V(’yn-i-lv’}/nag))a/ (V(’Yna’}/n—lag))l_a/).

Now, using the property of J we have,

A('Yn-‘rla Tns >\§_) >

and B
V(7n+1 y Yns )‘6) <
This implies that

(A(Yn+15Vn /\g))lia

and

(V(’yn+17 Yns Ag))l_

Let A(’YnnLl,'Vna g) = Hn: V(’YnJrl, Tns f_)

(A(’Yn-ﬁ-la Tns g))a

(V(P)/nJrh'Yny g))u

’

,(A(7na Tn—1, E))lfa

/

(V(m n-1,9) 7.

’

> (A Y1, )

’

< (V(/an Yn—1, g))l—a .

— !/
=11, we have,

J(L) = 8 (M) (A=) > 7 (L) (An-)'™))

and

J(T,) < 8 () (am,

)) < g () ()t

Therefore {I1,,} is non-decreasing and converges to I1 > 1. For this using Equation (3.4) we have,

J(e+) = lim J(

n—oo n—oo

Similarly, 11, < II),_,.
IT' = 0 we have,

J(e+) = lim J(IT,

n—roo n—roo

I,) > lim 5((nn)a’(nn_1)1ﬂ’) > lim inf S(t).

t—TI+

Therefore {II,,} is non increasing and it converges to II' < 1.

') < lim S(( e (1, 1)1—a’) < lim infS().

t—IIt+

which comes contradicts to condition (iii). Hence, 11 =1, and II' =0 and

lim A(’Vna Yn+1, g) =
n— 00

1 and lim V(v Yni1,€) = 0.
n—oo

From Lemma (5.1) and by condition (iii), {7} is a Cauchy sequence. ) )
Also, (Z,A,V,x,0) is a complete IFMS and C C Z. Since, G(Cy) C Dy,G(Cy1) C Dy 3 an element v* in

C' such that
n11_>1r010 A(vn,v") =0 and nh_}rréo V(Yn,v*) = 1.
Moreover,
A(Y, G(un), €) = A(Y* Y, €) % A(Yn, G(un), ),
A", U (un), 7) > AV, Y, €) * Avn, U(U,n),g
and

<V, 80
<V

(Vs &) ©

We show that
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Therefore, ~ . _ .
A, U(un),§) = A(Y", D,§) and A(v*,G(un),§) — A(Y", D,§) and

V(v*, U(un), &) — V(v*,lc),g) and V(v*,G(uy), &) — V(’y*,lo),g) as n — oo.

As G and U are compact prozimal, Uv* and Gy* are same. Further D is AC w.r.t é', 3 a sub-sequence
{U(ung)} of {U(un)} and {G(un,)} of {G(un)} such that

U(ung)—>é*€f) and G(uné)—>é*el°) as & — oo.

Now,

A", Gun), &) = MC, D, &) and A (&, Uy, &) = AC (3.5)

&) =V(C,D,&) and V (&, Uuy,,€) = V(C, D, €). (3.6)
We get’ —_ o o — - o o —
A", v, &) =A(C,D,¢&) and V(e*,v*, &) =V(C, D,¢).
Since, 4* € Co,C1, s0 G(y*) € G(Co) € Do, G(v*) € G(C1) € D1, U(y") € U(Co) € Do, U(y*) €
(Cl) - D1 then, 3 x € CO and ' € C; such that

T G07).€) = T, G1"),€) = J(C.D.€) o
J(y,U(),8) = J(z, U("),€) = J(C, D,€)
and
IO, 6(67),8) = I, Gr"), §) = J(C, D,¢), 59
Ty, U(),€) = J(@,U(y"),€) = J(C, D, §).
Now, by considering Equations (3.7-3.8) and (3.1-3.2) we have,
(A" 2,8) 2 S(A0", 2,0 A, 2,6 ),
> S(A(y",2,8) > A(v", 2, §)
and B )
J (V(y,a',9)) ( a6V (e, ),
S(V(y*,2',€)) < V(v",2',€).
We know that J is a non-decreasing functzon, we get
Ay 2,d'€) > A(Y", 2, 8) > Ay, 2,€),
V(y*,a',a'€) < V(v*,2',€) > V(v", 2/, ).
This implies v* and x,x’ are same. Therefore, from Equation (3.3) we have
A, U(),€) = A(C,D,&) = A(v",G(7"),€)
and - o -
V", U(),€) =V(C,D,&) =V(v",G(v"), ).
This shows that the v* is a Cbp point of U and G.
O

Corollary 3.1 Let C,DC (Z,A,V,%,0) be a complete IFMS such that D is AC w.r.t C Suppose that
limg, o A(v1,72,6) = 1, limg_, o V(y1,72,€) = 0 and Cy, Do, C1, Dy # 0. Let G,U : C'— D be mappings
satisfying the following circumstance:
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(i) U dominates G and I Fg j - K-type provimal;
(i) G and U are compact prozimal and continues;

(iii) J is non-decreasing and {J(£n)} and {S(&,)} are convergent sequences s.t

(iv) G(Co) C Dy, G(Co) CU(Cy) and G(Cy) C Dy, G(Cy) CU(CY).
Then, U and G have a unique u € C st
Au,Uu,§) = A(é,ﬁ,é), Au,Gu, &) = A(é,f),é) and
V(u,Uu,&) = V(C,D,€),  V(u,Gu,§) = V(C,D,8).

Definition 3.7 Let C, D C (Z,A,Q,*,0). The mappings U : C = D andG:C — D are called IF(S,J)-
HR'’s type proximal contraction if

A( ) (évbag) = A(élaUulag)
A(’Y%G &) = (C D L&) = A(é2, Uug, ) (3.9)
T(A(1,72,€)) < S((A(e1,82,6)* (A(e1,71,8)” (A(e2,72,8))” '

(A(E1,72, €)% A(E2,m1, )17 =)
v 717’-}/2?é17é23u17u2 S é

Example 3.2 Let (Z, A, Q, %,¢) be a complete IFMS. In addition to Example (3.1), the mappings G and
U are IF(S,J)-HR-type proximal in IFMS. If we take, A = 0.2, o’ = 0.01, 8" = 0.02,+" = 0.03,0’ = 0.04,
then G and U are not intuitionistic fuzzy HR-type proximal.

Theorem 3.2 Let C,p C (Z,A,V, x,0) is a complete IFMS such that D is AC w.r.t C’ Also, assume
that limg_, . A(71,72,§) = 1, and limg_, . V(71,72,§) =0. Let G : C — D and U : C — D, satisfied the
following conditions:

(i) U dominates G and IF gy - HR-type provimal;
(i) G and U are compact prozimal and continuous;
(ii) J is non-decreasing function and limsupg_,_, S(€) < J(e) for any e > 0;
(iv) G(Co) C Dy and G(Cy) € U(Cy) also G(Cy) C Dy and G(Cy) c U(Cy) where Cy, Dy, Cy, Dy # 0.
Then, U and G have a unique element u € C such that
Au,Uu) = A(C,D) and A(u,Gu) = A(C, D),
V(u,Uu) =V(C,D) and V(u,Gu)=V(C,D).

Proof: Letug € Co'o7 Cy. Since G(é’o) C U(é’o) and G(él) - U(él) then 3, an element uy € 607 Cy such
that
GUQ = Uul.

Also, we have G(Cp) C U(Co) and G(Cy) C U(C4), 3 an element uy € Cy such that
Gu1 = U’ILQ.
This process of iteration we get a sequence {u,} C CO’O such that

Gup_1 =Uuy,Vn € N



GENERALIZED COMMON PROXIMAL POINTS IN INTUITIONISTIC FUZzZY METRIC SPACES
Since G(Cy) C Dy and G(Cy) C Dy, 3 an element ~, € Co, Cy such that
A(’Yna Gunv g) = A(éa b: g) and V(V”? Gun’ g) = V(év lo)v g)

Further, choice of u, and v, we have,

A(Yn+1, Gungr), ) A(é7ba£) = A(’Ymgumg)a

A(Yn, Ulung1), g (éa ﬁa g) = A(Vn-1,U(un), g)
and o -

V(ynt1, Glungt), ) V(C, D, &) = V(vn, Gun,§),

V(, Ultn41),€) = V(C, D, &) = V(yn-1,U(un), §).
Also,

A(Yn, Gun, &) = A(C, D) = A(yn_1,U(un),€), and
V(’Yna Gum g) = V(é’ ﬁ) = V(’Yn—la U(un)7 g)

(3.10)

If, 3 some n € N such that v, = Yyn—1, then by Equation (3.10), we get 7y, is a Cbp point of G and U.

Conversely, if Yn—1 # Yn, V n € N, then from Equation (3.10) we have,
A(7n+1aG(un+l)7§_) = A(Cﬂ’vlojvg) = A(’YTMU( n)v€)7
A(’anG(un)vg) :A(CD’,D,E) = (7% 1,U(Un 1)7 )

and
V(’YTL+17 G(Un-‘rl)a f) = V(Oa D, 5) = V(F)/'VH U(Un), )’
V(n, Glun),§) = V(C, D, €) = V(3-1,U(un-1). ).
Thus, from Equation (5.10), we have

/

J(A(%Hﬁn,f)) ZS((A(’YT“V"*ME))O{ (A(7n>7n+17 )B/ (A('}’n 177717 )’YI
(A(%’%’@)y (A(m-1, Y1, ))1 e 5l>

ZS((A(’anﬁ)/nflvg))a (A(’Yn,q/n%»la )Bl (A Tn—1:Vn>& ))’Y

(A('}/n 17’7n+1a )) =8 )a

J (V<7n+177nag)) < S(( (Yn> V-1, )) (V(7n77n+1, )5/ (V(’Yn_l,'ymg))’y/
(V f)/na’yn, ) (V I ))1 o' —B'—' 5’)
S S( (V(’Ym% 17 )) (V(Fyn>'7n+1, )B/ (V(’Yn 1777“6))7/

(V(¥n=1,Yn+1, 7))1—04 e _5/)

Y Y15 U Yros Y15 Ungr € C. In Equation (3.11-3.12), using S(€) > J(€) ¥V £ > 0, we get,

T (A0ms19:8) > T (A6 11, 8)* (Alms1, 7 8)”

(A(¥ns1, 705 6))” (A(%,MML5)1_(1'—5/—7'_5/) )

(3.11)

(3.12)
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and

’

I Vms1:7:9) < I (VO m-1,6) " (Vnr1,7.6)”

(V('VnJrla Tns g))w’ (V('ynfl7 ~yn+1,g)lfa'f,8'77’7§’) )

Thus, J is a non-decreasing function and we have

’ ’

A(Vn-{-ly'}/n,g) > ((A(’yna’yn—lag))a (A(7n+177n7 )5

((A(’YTL 1 ’YnJrl

A 7”-‘1—177717 v

)
laﬂ'yél))
3)

’ ’

A(’Yn+17'7n75) > ((A(an}’nfhg))a (A('Vn+1a’7nv )6 "

(
3)
(A(vns1, €
9)

1—a'—p’ —
(A1, Y0, DAy Y1, € )

)

A(’YnJrlv’)/nag) > (A(’Ynfla'}’n,g))liﬁ -8 (A(’Ynfl,’yn,g))lia/i&,

and

V(7n+177na§_) < ((V('Vna’)/n—lag))a (V(7n+177n7 )ﬁ V(¥nt1, € "

( )
(VOn1,ms1,8) 7 5/))
/ X )

)

V(’Yn+17'7n75) < <(V('7na7n—17g))a (V(’Yn-i-la')/na ),6 "

V rYTL-‘rla,YTH
1—a’—p' N
(V1,70 OV s Y1, € ),
= =\ 1—p" =" =8’ -\ 1—a’ =&’
V(ynt1,7n:8) < (V('Ynfla%ug)) (V('Ynfla’Ynyf)) .

This implies that

1—a'—¢§'

A(7n+177n,7£_) > (A(’Yn—la’}/vug))liﬂ,i’/ié/ (A(%—h%,g))

and
1—a'—¢'

_ _ 17/8/7 /75/ _
V('Vn+17'7na£) < (V(%flﬁmf)) K (V(%flﬁmf))
Let I, = A(Ynt1,Vn, &) and I, = V(Yna1,m, &), we have

J(M,) > 8 () =7 =70 (11, = s (1, ) P ) )

and
J(I,) < 8 (I, ) =777 ) < () T ) )

Suppose that 11, > 11,1 and I, < II/,_, for somen > 1. Since J is non-decreasing, then by (5.13-3.14),
we get,
(IL) > (H—0)' ™7 7770 (1) 777

and
)1_6/_7/_6/ (H/ )1—(1,—6/
n .

This is not possible. Hence, we obtain 1L, > ,,_q, II,, < TI},_; ¥ n > 1. Thus, it converges to some
element I1 > 1 and IT' < 0. We show that I1 = 1,II' = 0. On the contrary, let II > 1 and II' < 0, from
Equation (3.13-3.1/) we have,

(Ir,) < (1T,

n—1

J(€) = lim J(IL,) > lim S((Hn_l)l_ﬂ/“’/—‘s/ (Hn)l‘“"‘s') > lim inf S(t)

n—00 n—00 t—TI+
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and
o TRV 1_a'_5') o
J(eT) = nhﬁrréo(]( )<nlgrr;05(( 1) (I1,) < tEIrIIlerfS(t)'
This comes contraction to condition (iii), hence II = 1,II' = 0 and lim, o0 A(Yn, Yns1,&) = 1 and

limy, o0 V(9n, Ynt1,€) = 0. By Lemma (5.1) and condmon (i), {n} is a Cauchy sequence.
Since (Z,A,V,%,0) is a complete IFMS and C,D C Z. Since G(Co) C Dy, G(Cl) C D1, 3 an element
~y* e C D such that lim,,_ o A(Vn, 75, €) =1, and lim, 0 V(v,,7*,€) = 0.

Moreover, ~ B ~
A(7*7 G(un)v ) > A(ly*v’)/nag) : A(7na G(un)v ),
V(’Y*v G(“”)? 5) < V(’Y*v Tns 6_) : A(’Yn’ G(un)v _)'
Also,
A(Y, U(un),€) 2 AO, ) - Ay, U(un)),
V(Y U(un), &) < VO, 70) - V(9m, Uun)).
Therefore,

A(Y,U(un), &) = Ay, D,€) and A(y*,G(un),&) = A(Y", D, ),
V(v U(un), &) = V(v*,D,€) and V(v*,G(uy),&) = V(v*, D,€).

As G and U are compact prozimal, U~v* and G~v* are same. Since D is AC w.r.t é’, 3 a sub-sequence
Ul(un,) of U(uy) and G(un,) of G(uy) such that U(un,) — € and G(uy,,) — €* as & — co. Therefore,

- > (3.13)
and
A\ é*,G Un s 77 :VC,D,i,
(.Gl ) = V(. D.) 511
V(e Ulung), §) = V(C, D, ),
Taking, & — oo in Equations (3.13-3.1/) we have,
A(E*,7",€) = A(C, D, &) and V(&*,v",€) = V(C, D, §). (3.15)

Since, v* € OCO'O, Co'l,o so G(v*) € G(Cy) C Dy, G(v*) € G(C1) C Dy and 3z € Cy and 2 € Cy. Similarly,
U(v*) € U(Cy) C Dy such that

AW, G(Y"),€) = A(C,D,§) = A(Y", U(v"),9),

A@,G(r"), &) = AC, D, &) = A, U, ©), (3.16)
V", G(v"),&) =V(C,D, &) =V(y*,U(v"),$),
V(@',G(7*),€) =V(C,D,§) = V(z/,U(v"),£),

Now, bearing in mind Equations (3.15), (3.16), from (3.11), we get,
J (A", 2,8) = S ((A(y, 2, A(, 2,87 ) = S(A(",2,8)) > Ay, 2,8),

J(V(y*,2",) < S (V(y", 2, V("% ) < S(V(v',a',€)) < V(v",2",€).

Since J is a non-decreasing function, we have,
A(y',z,d/€) > A(Y",2,8) > Ay, 2,€),

V(v*, 2, a'€) < V(v*,2',§) < V(v*, 2, §).



12 V. GUuPTA AND N. SHARMA

This implies v* and x,x’ are same. Finally, from Equation (3.12-3.13) we get,

A(y, UMW), € = A(C, D, &) = A(v*,G(v"), ),

V(v U(v*),€) = V(C, D,&) = V(v",G(v"), &).
This shows that the point v* is a Cbp point of the pair of mappings G and U. O

Corollary 3.2 Let C,D C (Z,A,V,x,0) such that D s AC w.rt C. Also, assume thal
limg_, o A(71,72,6) = 1 and limg_, V(71,72,§) = 0. Let G : C — D and U : C — D satisfy the
following circumstances:

(i) U dominates G and IF g, j- HR-type proxzimal;
(i) G and U are compact and continuous;

(iii) J is non-decreasing and J(&,) and S(&,) are convergent sequences such that lim, o J(&n) =
limy, 00 S(&n), then limy, o0 & = 1;

(iv) G(Co) C Dy and G(Cy) C U(Cy) also G(Cy) C Dy and G(Cy) C U(Cy) where Cy, Dy, Cy, Dy # 0.
Then, U and G have a unique element u € C' such that
A(u,Uu, &) = AC,D,§), Au,Gu,&) = A(C, D, §),
V(u,Uu, &) =V(C,D,§), V(u,Gu,§) =V(C,D,E).

4. List of Abberivations

Cbp —common best proximity
HR —Hardy Rogers
K-type — Kannan -type
FMS —fuzzy metric space
IFMS —intuitionistic fuzzy metric space
MIFMS — modified intuitionistic fuzzy metric space
IF(;s) — intuitionistic fuzzy (.J, S)
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