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Dynamical Analysis and Optimal Control Strategies of a General Reaction-Diffusion
Waterborne Pathogen Model

S. Boutayeb™ and A. Abta

ABSTRACT: This paper investigates the global stability analysis and optimal control strategies of a re-
action—diffusion waterborne pathogen model with a general incidence rate, incorporating both direct and
indirect transmission pathways. First, we establish the well-posedness of solutions for the model. Then, we
analyze the threshold dynamics in terms of the basic reproduction number Ry: the disease-free equilibrium
is globally asymptotically stable if Rg < 1, while the endemic equilibrium is globally asymptotically stable if
Ro > 1. The model is subsequently extended by introducing control intervention strategies such as vaccina-
tion, treatment, and water purification, with the aim of minimizing disease spread at the lowest possible cost.
We further prove the existence of an optimal control. Finally, we derive the first-order necessary conditions
for optimality and characterize the optimal controls in terms of the state and adjoint variables. Numerical
simulations are performed to confirm and illustrate the different theoretical results.

Key Words: Waterbone pathogen, reaction-diffusion equation, strong solution, optimal control, non-
linear incidences.
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1. Introduction

According to the WHO, about 1.1 billion people lack reliable water access, and nearly 700,000 chil-
dren die annually from diarrheal diseases linked to poor sanitation. Waterborne illnesses such as cholera,
hepatitis A and E, giardiasis, cryptosporidiosis, and rotavirus remain significant health threats, particu-
larly in developing regions where clean water and sanitation are inadequate. These diseases are primarily
driven by unsafe water sources, poor hygiene, and limited access to basic sanitation.

While interventions like vaccination, water purification, and treatment can effectively reduce trans-
mission, affordability and resource limitations often hinder implementation in vulnerable communities.
Optimal control theory provides a framework for identifying strategies that minimize both disease spread
and intervention costs.

Mathematical models are widely used to study the spread and control of waterborne diseases [7,8,11].
Tien and Earn [26] extended the SIR model by adding a compartment W (t) to represent pathogen
concentration, capturing both direct and waterborne transmission. Since then, several recent studies
have explored these dynamics using ordinary differential equation models [2,24,25]. Taking into account
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the influence of spatial factors, the dynamical properties of reaction—diffusion models with direct and
indirect transmission have attracted some interests, see [2,26,28,29]. In 2018 and motivating by the
works of [28,29], J. Zhou et al. [30] investigate the following generalized model:

0S = diAS+A— S —SFW) - Se(I), inQr,

ol = d3AI — (u3+y)I+Sf(W)+ Sg(I), inQr, (1.1)
oW = dyAW 4+ ad — EW, in Qr, ’
8tR = d5AR—,U,4R+"/I, n QT,

with the homogeneous Neumann boundary conditions (no flux of the quantity across the boundary) and
assuming some geneneralized under some realistic assumptions (A4;)-(As), see section 2.1.

In actuality, diseases have a latent phase in which persons who are exposed to an infectious person get
infected but are unable to transmit the disease. The SEIR model, first presented by Hethcote [13], is
created by adding a latent compartment (E) in this context, see, for example, [1,4,14,15,16]. Taking all
these factors into account and inspired by previous studies, this paper considers a generalized pathogen
model SEIWR, with five compartments, to investigate the dynamics and control of waterborne diseases,
see (2.1). In this paper, we establish the well-posedness of (2.1) and we establish its dynamical behavior
of the solution, such as the existence of equilibria and the global stability with respect to the basic re-
production number Ry.

Recently, considering the spatial factor, the optimal control problem of spatiotemporal models is ad-
dressed in [3] and [5] as well as [10] for tumor-immune interactions governed by a reaction-diffusion
system and the references cited therein.

In this study, three control strategies are explored for the SEIWR model, see (2.4): one concern
the susceptible individuals by involving a control u; using vaccination, social distancing, or quarantine
measures to limit contact between susceptible and infected individuals, another based on a treatment
protocol usy for the infected individuals I to enhance recovery, and the third as a water purification or a
pathogen-suppressing drugs us to reduce the pathogen concentration W from the water to make it safe
for drinking or other uses, which aimed to minimize the density of susceptible and infected individuals
while minimizing the costs associated with the control strategies.

This paper’s structure is set up as follows. Section 2 is devoted to the dynamic analysis of the investigated
model. We outline the issue formulation of the dynamic model in Section 2.1 The purpose of subsection 2.2
is to show the well-posedness of the investigated system (2.1). In subsection 2.3, we study the dynamical
behavior of (2.1), such as the existence of equilibria and global stability of the disease free equilibrium and
the endemic equilibrium. Finally, in subsection 2.4, we present some numerical simulations to support
the stability results.

In Section 3, optimal control strategies are proposed. We establish some uniform estimates for the strong
solution for the controlled system (2.4) in subsection 3.1. Furthermore in Section 3.2, the existence of an
optimal control is proven and the required first-order optimality conditions are derived. Finally, Section
3.3 provides numerical simulations to confirm the proposed optimal control strategies.

2. Dynamical model
2.1. Problem formulation

In this work, let @ C R™, n = 1,2,3, be a bounded domain with smooth boundary 0{2. We define
Qr = (0,T) x Q for any fixed T € (0,00) and X := (0,T) x 9Q. We denote by 9, the directional
derivative along the outward unit normal vector v on 9f2. Building on our previous discussions, We
consider temporal and spatial factors, latency, as well as nonlinear incidence rates. We consider the



DYNAMICAL ANALYSIS AND OPTIMAL CONTROL STRATEGIES 3

reaction-diffusion SEW IR model governed by the following five equations:

S = dAS+A— S —SFW)—SgI), inQr,
HE = dAE—(p2+0)E+Sf(W)+Sg(I), inQr,
(‘3tl = dgAI — (/,63 + ) + ’y)I + O'EJ7 in QT; (21)
BtW = d4AW—§W—|—O&I, in QT,
atR = d5AR* ,u4R+’yI, in QT,

subject to the homogeneous Neumann boundary conditions:
0,8S=0,F=0,1 =0,R=0, on X, (2.2)

and for z € Q)
S(0,2) = So(z), E(0,x) = Eg(x), 1(0,2) = Ip(z), R(0,z) = Ro(x). (2.3)

Moreover, based on biological reasons, we assume that the initial conditions of the system (2.4) satisfy
So(xz) >0, Eo(x) > 0,Iy(x) > 0,Re(z) >0, on .

In this framework, the densities corresponding to susceptible, exposed, infected, recovered individuals and
pathogen concentration at a specific time ¢ and spatial position x are represented by S(t¢, x), E(t,x), I(t, ),
R(t,z) and W (¢, ), respectively.

The parameter A represents the recruitment rate of the population, o describes the transition rate from
the latent phase E to the infected phase I. The pathogen shedding rate from infected individuals into
the water compartment is «. Finally, parameter ¢ describes the decay rate of pathogen in the water. §
refers to the death rate induced by the disease, and ~ signifies the natural recovery rate after infection.
Moreover, for k =1,...,4, u; signifies the natural death rates for the categories of susceptible, exposed,
infected and recovered individuals, while for £k = 1,...,5, di is the diffusion rate correspond to any
compartment. Lastly, Sf(W) and Sg(I) are defined as the nonlinear incidence rates.

In [30], the diffusive SIWR model is presented and the well-posedness is demonstrated and the analytic
stability is established, under the following realistic assumptions (A4;)-(Asg) :

(A;): Functions f and g : Ry — Ry are continuously differentiable, f(0) = ¢g(0) = 0 and f(W), g(I) > 0,
for W, I > 0;

(A2): f/(W),¢'(I) >0 and f"(W),¢"(I) <0, for W, I > 0.

Biologically, assumptions (A;) and (A3) mean that the disease transmission rates are monotonically in-
creasing, but subject to saturation effects. It is clear that this form of functions includes the common
incidence functions such as f(W) = ﬂlH% and g(I) = pol, where B1, B2, K > 0.

In this work, we implement optimal control strategies while aiming to minimize the resources allocated
to disease control. A key aspect of this paper is that it does not concentrate on any particular disease.
Instead, it introduces a general approach to tackling this category of optimization problems. Further-
more, we did not introduce a control law in the compartment of exposed individuals due to the difficulty
in identifying these individuals in reality, as the symptoms of the disease in this group are not visible.
The dynamics of the controlled system are represented by

XS = diAS+A— (u +uy)S — SF(W) = Sg(I), in Qr,
OWE = dAE— (ug+0)E+ Sf(W)+ Sg(I), in Qr,
6,5[ = dgAI - (,[143 + 1) + Y + Ug)] + ('J'E‘7 in QT; (24)
oW = dyAW — (€4 us)W + al, in Qr,
R = d5AR—M4R+U13+ (’7+U2)I, in Qr,

subject to the same homogeneous Neumann boundary conditions (2.2) and initial conditions (2.3), with
0, W =0 and W(0,2) = Wy(z) > 0.

Our objective is to minimize the density of susceptible and infected individuals as well as the costs
associated with the control strategies. This can be represented as the optimization of the objective of
the following weighted objective (or cost) functional
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T
J(u) = / / k1 S(t,x) + koI (t, ) dx dt + lyui(t, ) do + lous(t, ©) + lsu3(t, x) dz, (2.5)
0o Ja

where the positive constants k1, ko, l1, I3 and I3 serve as weights that indicate the relative importance of
each term in the objective functional, (S, E, I, W, R) is the solution to (2.4) satisfying the corresponding
initial and Neumann boundary conditions, and (u1,uz) lies within the set of admissible controls

3
Upg = {u = (u1,ug,u3) € {LQ(QT)} 0 <y <u™® <1,ae inQr, Vi= 1,3}. (2.6)

In this study, we consider a bounded domain Q C R™, with a boundary 02 that is sufficiently smooth.
Moreover, to simplify the notation, we will use C to represent a general positive constant, which may
vary from one expression to another. We define F(t,y) := (Fi(t,y), Fa(t,y), F5(t,y), Fu(t,y), F5(t,y))"
in Qr by

Fi(ty) = A= (1 +un)yr — yif(ya) — v19(ys),

Fy(t,y) = —(p2 + 0)y2 + y1.f (ya) + y19(ys),

F3(t,y) = —(u3 + 0 + 7 + u2)ys + oya, (2.7)
Fy(t,y) = —(§ + us)ya + ays,

F5(t,y) = —pays + wiyr + (v + u2)ys.

For the uncontrolled model (2.1), that is when u = 0, we denote to F(t,y) by FY(t,y).

Taking into account the latent compartment E, who have exposed to the infection but not yet capable
of transmitting the diseases. Our framework will be the same as [30] by considering the same hypothesis
(A1)-(A2) and using the same arguments. Next, we show that our generalized SEIWR model of the
SIWR model admits a unique global non-negative solution.

2.2. Well-posedness of the epidemic model

In this section, we will show that the uncontrolled system (2.1) with the conditions (2.2) — (2.3) is

well posed in a biological sence, that is the existence and uniqueness of a non negativity solution. For
this purpose, we introduce the following notations.
Let X := C (Q,R*) be the Banach space with the supremum form || - ||x and define X := C (Q,R%).
Assume that T;(t) : C(Q,R) — C(Q,R) are the Cj is the semigroups associated with d;A — «;, subject
to the Neumann boundary condition, respectively for i« = 1,...,5, with a1 = p1, aa = (u2 + o),
az = (u3 +6+7), ag = € and a5 = py. It is obvious that for any ¢ € C(€,R),t > 0, one has for
i=1,...,5

ﬂ@w@:eﬂﬁérmw»wme

where T'; is the Green functions associated with d; A subject to the Neumann boundary condition and
it is well known that T;(¢) : C(£,R) — C(Q,R) is compact and strongly positive, see [19], [18, Cor.4]
and [23]. Reformulating the system (2.1), the solution y(x,t) = (S(=,t), E(z,t),I(z,t), W(z,t), R(x,t))
can be written as ,
o t) = T(Opla) + [ T~ F(ylz,9)ds
0

where T'(t) = diag (T1(t), Ta(t), T5(t), T4(t), T5(t)). With these notations and discussion, we can prove
the following existence result.

Theorem 2.1 For any initial value p € X, the model (2.1) admits a unique non-negative global solution
y=(S,E,I,W,R).

Proof: By a standard argument. For any ¢ € X and h > 0, we have
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)
)
o(x) + hF(p)(z) = § @3(x) + hopa(x)
)
)

Using that ¢ € X and the continuity of the functions f and g, it is easy to see that for h small enough
lim dist hF%(p),X,) =0
Jim dist (o +hF0 (), X4)

From [18, Cor.4], we know that system (2.1) has a unique mild solution y(-,¢, ) on [0, 7) with y(-,0,¢) =
¢ and y(-, t,¢) € X4 for ¢ € [0,7), for some 7 < +00.

For the globality of the solution, it is sufficient to establish boundedness of y(-, ¢, ¢) on [0, 7). In fact, we
show that is uniformly bounded with resp to 7.

To this end, it is well known that |T;(¢)|| < Me it ¢ >0, for i = 1,...,5, see [17] and [20], see also
[23]. From the first equation of (2.1), we get

3tS S dlAS+ A— ulS, inQ—,—.

By the comparaison principle,

S(t,ﬁf) < Sl(tam)v

where S (t, z) is the system’s solution

0S1 = d1AS) — St + A, inQ-,

S1(0,.) = S°,
6,,S1 = 0, OnaQ.
That is ,
Sl(t7$) = Tl(t)SO + / Tl(t — S)A ds.
0
Then .
191 (t, @) || oo () < Mie #1180 e (o) +AM1/ e mt=9) gs
0
AM
= M[|8%| Lo (o) + —— := M}
Therefore
S(t,2) < M, inQ, (2.8)
Now define,

N(t) = / (S(t,z) + E(t,x) + I(t,x) + W(t,z)) dx
Q
By differentiating N(¢) and applying the Neumann boundary conditions, we obtain

ON _ [
at = Jo
< AIQ| — aN(b),

A= S —poE — (pz +v)I)dz

where || is the measure of Q and a = min{p1, 2, 5 + v} The comparison principle implies

N(t) < N(0)e~at

A|Q
+ %(1 —e ), Vtelo,T].
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This proves that N(¢) is bounded, and as a result, there exists M4 > 0 such that
/ I(t,x)dx < M) and / E(t,z)dz < M5, Vte|0,7]. (2.9)
Q Q
Similarly, from the second equation of (2.1), one can write
¢
E(t,z) = To(t)E°(z) + / To(t — s)[Sf(W) + Sg(I)]ds, inQ-,
0

where {T5(t) }1>0 is the semigroup generated by B = da A — a9, with the homogeneous Neumann Boundary
conditions and it is well known that it possess a green function I (¢, z,y) satisfies,

oo
F2(t7 Zz, y) = Z e)\ntgpn(x)@n(y)v
n=1

where ), is the eigenvalue corresponding to the eigenfunction ¢,, () uniformly bounded in € with A\; =
—ag and A\; > Ay > ... > )\, >...and ), decreases like —n?, see [12]. That is

o0
Ih(t,z,y) = k1 ZeA"t < koe ' t> 0,2,y € Q,

n=1

where k1 and ko are positive constants. Then
t
B(t.) = To(O)Ew) + [ [ Tult — 5.0, )SFOV) + Sg(D))(5 ) dyds
0 JQ
t
< Maem Y| E%|| oo + HQM{f/(O)/ 670‘2“78)/ W (s,y) dyds
0 Q

t
—|—/$2M{g'(0)/ e_(“(t_s)/](s,y) dyds
Q

0
Ko My M3 (f'(0) + ¢'(0))
(&%)

< Ma||E°|| Lo () + = M.

Here we use (2.8), (2.9) and the Assumptions (A;)-(Az2) and . Using a similar argument as for S, and
based on the third equation in (2.1) along with the maximum principle, we get for any € Q and ¢ € [0, 7]

t
I(t,z) < Mze™ *|I°)| poo (o) + Mg/ e 35 E(x, 5)ds
0

O'MgMé’

< MSHIOHLOO(Q) + =: Ms,

where ag := uz +v > 0.
Similarly as in above, from the fourth equation in (2.1) and denote a4 := —¢&, we get also for any x € Q
and t € [0, 7]

t
W(t,z) < Mye " |W| 1o () + M4/ e~ =)0 (x,5)) ds
0

!/
alM;

< My|WO|poe ) + My =: Mj.

o7}

Finally, similarly from the fifth equation, we obtain there exists a constant M5 > such that for any x € Q
and ¢ € [0, 7]
R(t,z) < M.

Consequently, the local solution y(+, ¢, ) is uniformly bounded in @, with respect to 7. O
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2.3. Dynamical behavior of the epidemic model

2.3.1. Existence of equilibrium points. In this subsection, we will discuss the existence of spatially ho-
mogeneous steady for the uncontrolled system (2.1)—(2.3). These steady states correspond to solutions
that do not depend on time, and thus must satisfy the following system of coupled partial differential

equations:
—d1AS(x) = A—uS(x) - S(@)f(W(z)) - S(x)g(I(z)),
~dAE(@) = —(jz+0)B() + S@)f(W(2)) + S(x)g(I(x)),
_dBAI(m) = _(/~L3 +0+ ’7) ( ) + O'E(SU) (2 10)
—dg AW (z) = —EW +al, ’
—dsAR(z) = —pwR+~I,
2,S=0,F = 9,I=0,W=09,R=0, on 99.

In this work, we limit our analysis to spatially homogeneous steady states. Under this assumption,
any non-negative solution of the following system of coupled algebraic equations represents a spatially
homogeneous steady state P* = (S*, E*, I*, W* R*) of the uncontrolled system described by equations

(2.1)-(2.3):

A—nS* = S f(W")+S7g(I"),
STfW*) +Sg(I") = (n2 +0)E7,
(s +6+I* = oE* (2.11)
W™ = al*,
paR* = 7

By analyzing the system of algebraic equations presented above and defining the basic reproduction
number

A o . %4
Ro= o v (SO H0).

we obtain the following result.
Theorem 2.2 The uncontrolled system (2.1)-(2.3) has always the disease-free equilibriuma unique disease-

free equilibrium Py = (Sp,0,0,0,0), where Sy = ﬁ If the basic reproduction number Ro > 1, the uncon-
trolled system (2.1)-(2.3) admits a unique endemic equilibrium, denoted by P* = (S*, E*, I*,W* R*).

Proof: It is Obvious that the model (5.1) has always the disease-free equilibrium Py = (Sp,0, 0,0, 0).
From the first, third, fourth, and fifth equations, we have:

A )
S = - o R e D SR S )
p+ f(W*) +g(I*) o 3 Ha
By substituting these into the second equation, we obtain h(I) = 0, where

h(I) == - ( (gI) " <f (2&) +g<1>) (o o) UBEOE)

It is clear that h(+00) = —oo and h(0) = 0. Moreover, given that h'(0) > 0, it follows that the equation
h(I) = 0 has at least one positive solution, which we denote by I*, where

W) =2 (£0)-F+50) = (o) 2
= (nto) 20T Ry 1y 0

This leads to Ro > 1. Consequently, equation (2.11) admits at least one positive solution satisfying the
following relations

A

w1+ f (?I*) + g(I") o Ha
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We now proceed to demonstrate the uniqueness of the endemic equilibrium. Note that
@ «
111 (f’ (I> Z +9’(I)>
)
W(I)=A- § § _(u2+0).m_

(11 (1) +g<z>)2 7
v an PENE) 0 (e (51) o)

" oere)) " sz enn)

From hypothesis (A4z), it follows that hA”(I) < 0 for every I > 0, which implies that the function h is
strictly concave on the positive real axis. Let us suppose, for the sake of contradiction, that the equation
h(I) = 0 admits at least two distinct positive solutions. this would imply the existence of a point I* > 0
such that satisfies h”(I*) = 0, which contradicts the strict concavity of h on the positive real axis.
Therefore, the endemic equilibrium is unique. O

and

2.3.2. Global stability. In this subsection, we investigate the global asymptotic stability of two equilibria
based on the value of the basic reproduction number Ry. By constructing suitable Lyapunov functions, we
show that the disease-free equilibrium is globally asymptotically stable when Ry < 1, while the endemic
equilibrium becomes globally asymptotically stable when Ry > 1.

Theorem 2.3 If Ry < 1, then the disease-free equilibrium Py of the uncontrolled system (2.1)-(2.3) is
globally asymptotically stable.

Proof: We consider the following Lyapunov function

L(t):/QKS 50—501n<;)>>+15+(“2;”)1+f/§;)gfow dr (2.12)

The time derivative of L; along the trajectories of the uncontrollable system (2.1)-(2.3) is given by:

d S
Gro= [ l (1- %) @as -+ 8- s - s70v) - sy(0)

+ (d2AE — (up + 0)E + Sf(W) + Sg(1))

hot o (2.13)
+ g

(dsAT — (3 +0+~)I + oF)

"(0).S,
4+ L10% (AW — W + o) | dx
§Ro
Leveraging the divergence theorem and the Neumann boundary conditions, we can deduce:
dL(t) _ _ Ivs)® 2 _ d3(ps +0) > daf'(0)So 2
i - /Q{ Do gy~ IVE| 22w - D% v
_ at§ /
i BB sy 4 gty - e OHA) fg(%)fo(al—§W) da
2 /
= [{-as R - apopye - 22ty 2TO5 gy
“ a ’ 2.14
(S - 50)? FOF+dONS s, (2.14)
e +So(f(V2V)+g(I)) - o I+ R, (alfgW)}dm
_ _ IVS|[® o ds(u2+o0) da f'(0)
- | { -Gt~ aive 2o - A% v

=S g (M SO gy (100 T Ly,
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Using the assumptions (A;)-(Az), the functions

W — F(W) and [ +— 9(1)

w 1

. As a consequence, we obtain:

~

are decreasing on (0, +00

w I
fr) < f/(0) and 9tl) < 4'(0), forall W,I>0.
w I
Therefore, we have
dL(t) B Ivs|® > da(p2+0) 2 daf'(0)So 2
T~ [{-asSZE - agvep - B2 toygpe - 205 gy

(S — Soy? (2.15)

_MlT + Sog/(O)] <1 — Ri()) + Sof’(O)W <1 - %0) }dm

Since Ry < 1, it follows that %ﬁt) <0, for all t > 0. Moreover, from the previous expression, we have

dL(t
% =0 ifandonlyif S(t)=Sy, E()=0, I(t)=0, and W(t)=0.

Therefore, the largest invariant set contained in
dL

{(S,E,I,W,R)‘ = = }

the set
Dy = {(S,E,I,W,R)

S:SO,E:O,I:O,W=O}.
Therefore, by LaSalle’s Invariance Principle and using the restriction of the last equation to D;, we

conclude that Py = (Sp,0,0,0,0) is globally asymptotically stable when Ry < 1.
O

Theorem 2.4 If Ry > 1, the endemic equilibrium P* of the uncontrolled system (2.1)-(2.3) is globally
asymptotically stable.

Proof: Let us consider the following Lyapunov function

L(t) = Ly (t) + La(2),

Ll(t)z/Q{S—S -8 ln(S*)—i-E E*—-FE ln(E*>]da:

b= [ [#52 (1 () 510 (e ()]

By calculating the time derivatives of L; and Lo along the solution of the system, we obtain

where

and

delt(t) _ /Q (1 _ %) (L AS + A — S — SFW) — Sg(I))
(1B @A o+ 5500) + 5900
and dLs(t) {(M) (1 - ﬁ) (dsAI = (uz + 6+ )] + 0E)
dt o 1

Q
+% (1 - WW> (da AW — W +od)] dz
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By applying the divergence theorem, the Neumann boundary conditions, and (2.11), we can derive

a { g IVSIE L IVEIP  ds(pe o) IV daST W) L VWP
dt Q 1 . 2 2 E2 o 12 al* W2
02 o (g i) e (- 20)
E*N (e oy (STW) B . e Sg(D)
+ (17 = S*f(W™) S IWT) E—) +S*g(1 )(S*g(l* -

o[- 0) (3 —50)+ (o) (2 = )] oo (- 50) (5= 52) o

2 E I 2 * *
S e O . AP P vl (U P
Q

s s e Fov) I;(W) i s* W2E*Sf(w)
+p1S* 2—§—§ +S*f(W™) |:<1_ W ) (f(W*) - W*) +5_§_W

IE*  WI*  W+f(W)
I'E Ig(I*)}
IE*  I+g(I)

I*E W*I Wf(W*)} L S Kl - g(}*)) (g([) I ) va_ Z* B E‘E;fgg((li))

9 ) \gr) 17

Assuming (A1)-(Az). If Rp > 1, we obtain that

%ng, for all t > 0.

Moreover, from the previous expression, we have

%t):o ifand only if S(t) = 5%, E()=E", I(t)=1I" and W(t)=W"

Therefore, the largest invariant set contained in

dL
{(S,E,I,W,R) == o}

the set
Dy = {(S,E,I,W,R)‘S:S*, E=FE"T1=1I" W:W*}.

Therefore, by LaSalle’s Invariance Principle and using the restriction of the last equation to Do, we
conclude that P* = (S*, E*, I*, W*, R*) is globally asymptotically stable when Rq > 1.
O

2.4. Numerical simulations illustrating the stability results

In this subsection, we present a set of numerical simulations that aim to validate and illustrate the
theoretical findings. We adopt the simplifying assumptions f(W) = By W and ¢g(I) = ;1. Under these
conditions, the system of equations (2.1)—(2.3) takes the following reduced form:

0,8 — BLAS+A— S — BwSW — BiSI, in Qr,
O F = doAE — (u2 +0)E + Bw SW + B;51, in Qr,

6tI = dgAI - (,U,3 + 1) +’}/)I + O‘la7 in QT,

8tW = d4AW - fW + Oé], in QT, (2 16)
&R = d5AR*,LL4R+’)/I, in QT, ’
0,5 — O,E=0,0=0,W =0,R=0, on N,

S(O7$,y) = So(x,y),E(O,x,y) = Eo(x,y)7

I(O,aﬁ,y,O) = Io(x,y)7W(0,x,y) = Wo(x,y),R(O,m,y) = RO(-T7y)> on ().

For the numerical implementation, we consider a two-dimensional spatial domain 2 = [0, 1] x [0, 1] and
set di = dy = d3 = d4y = ds = 0.2. Under these assumptions, system (2.16) is supplemented with the
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following initial conditions:

S(0,z,y) = |cos(3mx) cos(3my)| > 0, I1(0, z,y) = |sin(27z) sin(27y)| > 0,
(z,y) € 0,1] x [0,1].
W (0, z,y) = |sin(27z) sin(27)| > 0, R(0,z,y) = |sin(27x) sin(27y)| > 0,
(2.17)

To numerically solve system (2.16), we discretize each of its equations using a finite difference approach.
In particular, we employ the Crank—Nicolson method [9], which is widely used for solving parabolic
partial differential equations.This scheme is second-order accurate in both time and space, and it is
unconditionally stable.
In what follows, we briefly outline the implementation of the Crank—Nicolson method as applied to our
model. To this end, we begin by discretizing the spatial domain = [0,1] x [0,1] and the temporal
interval [0,t¢] using uniform grids, as described below.

x; = (1 — 1) Az, i1=1,2,..., Nz + 1, WhEI‘GAZE::i’
Na

1
yi = —1) Ay, j=1,2,...,N, +1, where Ay i= ——,
Yy
ty = (k— 1) At, k=1,2,...,N; +1, WhereAt::]tV—f,
t

Therefore, using discretization, we can describe S(z,y,t) as Sffj (t=1,--- ,Np+1l,j=1,--- ,Ny+1,, j =
1,--+ Ny + 1), E(z,y,t) as Elkj(z =1,--- ,Ny+1, j=1,--- ,Ny+1,, j=1,--- N+ 1), I(z,y,t) as
IF(i=1,- \No+1,j=1,--- Ny+1, j=1,- N+ 1) W(x,y,t)as W5(i=1,--- Ny +1, j=
1,---,Ny,+1,, j=1,--- N, + 1) and R(x,y,t) as Rﬁj(i =1, ,N,+1, 5=1,--- Ny + 1,k =
1,---, Ny + 1), respectively. In addition, we can discretize the system (2.16) as follows:

Sirt =S5 _ Sy = 250 + 574 n Sty — 258 + Sty
At 2 Aq? Ag?
di [ S 280 + SEL L S¥je1 =258 + 580
2 Ay? Ay?
A = Si; = Bw SEWE — BiSE Y,
By Bl da [ BN, 2B+ B i Bfy = 2B + By,
At 2 Az? Az?
k k k
dy | Eifi - 2ER + B . Efj1—2Bf; + Ef
2 Ay? Ay?
S S ot
i — 1 _ds J 155, 2L + I n Iy =205 + 1
At 2 Az? Az?
k k k
ds [ L5 -2 + I n I =218 + I (2.18)
2 Ay? Ay?
+oEf; — (us + 6 + )15,
k k k k k
Wi =W _ da WL —2WE WL, Wk, — 2w W
At 2 Az? Az?
k+1 k+1 k+1 k k k
dy Wi —2W0 T + Wi, n Wi —2Wi; + Wi
2 Ay? Ay?
+alf; — W
k k k k k
RiJ'—Ri;,  _ ds [REN, 2R+ R L Riy1,; — 2R, + Ry
At 2 Az? Ax?
k+1 k+1 k+1 k k k
ds R;71 — 2R + R, n Ry ;41 — 2R ; + Ri ;1
2 Ay? Ay?

+yIE; — naRE ;.

To incorporate the Neumann boundary conditions from problem (2.16) into the numerical scheme, we
use the central difference method. Applying this approximation at the boundaries, along with the use of
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equations (2.16), leads to a numerically stable recursive scheme.

In the following examples, all parameter values are taken from practical studies [26,21], which model
the spread of cholera and other waterborne diseases. Furthermore, To numerically illustrate the global
stability of equilibrium points, we modify the initial conditions of system (2.16). We perturb the initial
conditions of system (2.16). Specifically, we begin with the analysis of the disease-free equilibrium Py. By
setting the parameters as follows: 3 = po = puz = pg = 0.02, A = 0.02, « = 0.04, Bw = f; = 0.1072, 0 =
0.4, £ =0.0333, v = 0.25, and 6 = 0.25, the basic reproduction number is computed as Ry = 0.4322, which
satisfies Ry < 1. Based on Theorem 2.3, the disease-free equilibrium point Py = (1,0,0,0,0) is globally
asymptotically stable. As a consequence, regardless of the initial distributions of the susceptible, exposed,
infected, recovered populations, and the concentration of pathogens in the environment, the system
evolves toward a state in which only susceptible individuals persist. This result confirms that, under the
given parameters, the infection cannot sustain itself and eventually disappears from the population (see
Figure 1).

WGt

Figure 1: The spatiotemporal solution was obtained by numerically integrating system (2.1) subject
to the boundary conditions (2.2) and initial conditions (2.3), with a basic reproduction number Ry =
0.4322 < 1.

By setting A = 0.2 and £ = 0.333, while keeping the other parameters fixed, we obtain Rg = 2.1992.
According to the theorem 2.4, the equilibrium point P* = (4.5469, 0.2595, 0.1997, 0.0240, 2.4967) is
asymptotically stable. This result indicates that the disease becomes endemic in the population (see
Figure 2).

WGl

Figure 2: The spatiotemporal solution was obtained by numerically integrating system (2.1) subject
to the boundary conditions (2.2) and initial conditions (2.3), with a basic reproduction number Ry =
2.1992 > 1.
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3. Optimal control strategies
For the Hilbert space H = [L?(2)]°, let the initial value of the state variable y = (y1,¥2, ¥3,Y4,¥5) | =
(S,E, I,W,R)T be yo = (So, Eo, Iy, , Wo, Ro) and let the linear operator A : D(A) C H — H satisfy
Ay = (dAy1, daAys, d3sAys, dyAys, dsAys) T, Yy € D(A) (3.1)
with
D(A) = {y € [H*()]°: 51 = Opy2 = Oy3 = Oys = Opyys =0 ondN}. (3.2)
Recall that A is a dissipative operator in the Hilbert space H, since for each y € D(A), the following
holds:
(y, Ay) = =1 |Vl 720) — d2l Vy2lT2(0) — dsllVusllie (o) — dallVyallF2i) — dslVillZ2(0y,

which is clear non-negative.

It is well known that A generates a Cp-semigroup of contractions in the Hilbert space H, see [27].
Moreover from [27, Lemma 1.6.1], , we can infer that operator A is self-adjoint in the Hilbert space H.
Accordingly, the initial-boundary value problem (2.4) can be rewritten as the following abstract Cauchy
problem

y(0) = yo, inQ.

3.1. Existence and uniform estimates on the solution

P { Oy = Ay + F(t,y), nQr

In order to demonstrate the existence and uniqueness of the strong solution to the problem (P), let’s
review the following result, see [6, Prop.1.2, p.175], see also [19,27]. We denote by W12([0,T], H) the
space of all absolutely continuous functions y : [0, T] — H satisfying d,y € L*([0,T], H).

Theorem 3.1 [/6], Proposition 1.2, Chapter IV], see also [19,27]
Let X be a Banach space, A : D(A) C X — X be the infinitesimal generator of a Cy—semigroup of
contractions {S(t)}i>0 in X, and F : [0,T] x X — X be a function measurable with respect to t and
Lipschitz continuous with respect to y € X uniformly for t € [0,T)

i. If yo € X, then the problem (P) admits a unique mild (global) solution y € C([0,T]; X) and
¢
o)) = SO+ [ St-)F(s(s)ds, Ve 0]
0

it. If X is a Hilbert space, A is dissipative and self-adjoint in X and yo € D(A), then the mild solution
is in fact a strong solution. Moreover, y € W12(0,T, X) N L?(0,T,D(A)).

Theorem 3.2 (Existence of the solution of the controlled system) Let Q C R”, forn = 1,2,3,
be a bounded domain with a sufficiently smooth boundary 92, and let T € (0,4+00) be fizred. Suppose
that the assumptions (A1) and (As) hold, and that the initial condition yo = (So, Eo, Io, Wo, Ro) €
D(A), defined by (3.2), satisfies So, Eo, Lo, Wo, Rg > 0 in . For each control u € U,q, the state system
(2.4) has a unique strong solution y = (S, E,I,W,R) € [W'2(0,T, L*()) N L*(Qr) N L*(0,T, H(2))
NL>(0,T, H1(2)) N LOO(QT)]s, where S, E, I, W, R > 0 in Q. Additionally, there exists a constant C >
0, independent of both the control u and the corresponding state variable y, such that

10eyill Loo (@2 + 1Will L2 (0,7, 12 (02)) + 1Will o< 0,7, 17 (92)) + Wil L (@) < € (3.3)
fori=1,...,5.
Proof: The main idea here, is to apply Thm.3.1, we have see in section 3 that A is dissipative, self adjoint

and generates a Cp—semigroup of contractions in H. However, it is clear that the Lipschitz continuity
condition with respect to y € H uniformly with respect to ¢t € [0,T] does not necessarily hold for the
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function F. But with the use of a truncation function technique, Thm.3.1, can be applied. We divided
the proof into the subsequent tree steeps.

Steep 1: Solutions of the truncated problem (PM).

Following an idea of [43], for a sufficiently large constant M > 0, we define

M, if yi(t,z) > M,
y{\/[(tﬂc) =<yt x), if  |yi(t,z)| < M, (3.4)
— M, if yi(t,x)] < —M.

for (t,z) € Q7. Analogously, we define F™(¢,z) and yM(t,x) for i = 1,...,5. Therefore the problem
(2.4) can be expressed as the truncated abstract Cauchy problem can be transformed into the following
truncated problem

dpy™ = Ay™ + FM(t,9M), t € [0,T] (P
yM(0) =¢°, inQ.

Clearly, function FM (¢, y™) turns into Lipschitz continuous in y with respect to ¢t € [0, 7]. Consequently,

Thm.3.1 guarantees that the problem (P**!) admits a unique strong solution

yM e [Wh2(0,T, L*(Q)) N L2(0, T, H*(Q))°. (3.5)

Step 2: Bounedness of y™ in Q7. In order to show that y™ € [L™(Qr)]’, we denote
GM .= maX{HF(-,yM)H[Loc(QT)]% Hyo||[L2([0,T],H2(Q))]5} and Y1M = y{w*GMt*Hy?”LOO(Q) for (t,r) € Qr.
It is clear that Y™ satisfies the system

YM = di AYM 4+ FM (¢, yM)y —GM ¢ € [0,T) 56)
VM (0) = 4 = (14}l 1= (o), n Q. .
Using Thm.3.1, we conclude that (3.6) possesses a unique strong solution
t
YM(8) = S () (Y)Y — 92l ~ (o) +/O Si(t — s)[F{ (s, Y{") — GM] ds. (3.7)

Here, {S1(t)}i>0 refers to the Cp—semigroup that is generated by the operator A; : D(A;) C L*(Q) —
L?(Q) which is defined by

Avyr = diAyr, D(A) = {y1 € H*(Q) : 9,51 = 0 on IN}. (3.8)

Since Y — [|[yf]|L=() < 0 and FM (., YM) — GM <0, then (3.7) gives Y (t,2) <0, for (¢, z) € Q7.
That is
y{w(t’x) <Gut+ Hy?HLm(Q)a v(tﬂ‘r) € QT (39)

Similarly, let Z{ =y} + Gt + [|yf]| L= (@), for (t,2) € Qr and we define the problem

{ 02 = di AZY + FM (1, 21 ) + GM t € [0, T] (3.10)

Z1(0) = y° = |91l L= @), in Q.
Obviously, as for Y™ we obtain that (3.10) possess a unique strong solution ZM (¢, x) > 0 for (¢,7) € Q.
This means that
yi' (tx) > —(Gut + [l =), V(t2) € Qr. (3.11)
Together (3.9) with (3.11) leads to
1! (t,2)] < Gt + [y |~ ) < C(M),  ¥(t,z) € Qr. (3.12)

where C(M) is a constant that does not depend on the control u. This implies that y?/ € L°(Qr). Like
the proof of (3.12), we can infer from the equations of y2!, y2 yM and y} that

ly (t,2)] < Gt + |97 || L= o) < C(M), Y(t,z) € Qr. (3.13)
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for all « = 2,...,4. Consequently,
y™ e [L2(Qr)]. (3.14)

Step 3: Global solvablity, Validity of y € L°(0,7, H*(2)) and the estimate (3.3).
First of all, we show that y is a local solution of (2.4) defined in some Q. For fixed M > 2(|°|;1 (a5,
there exists 7 €]0, T’ such that

GuT + Hyoll[Loo(Q)]S < M. (3.15)

This together with (3.12) and (3.13) implies that
M (t, @) < M, V(tz)€ Q. (3.16)

From the troncature form, we get that ™ = y in Q,. That is y™ is a local solution of (2.4) in Q.
Furthermore, we have shown the non-negativity of the solutions, see Thm.2.1, we can deduce immediately
the nonnegativity of y™.

To infer the globality of the solution and (3.3), boundedness of y* in @, with respect to .

By following the same proof as it done for the globality in Thm. 2.1, the uniform boundedness of the
local solution y is clear.

In the end, we show that y € L®(0,T, H'(2)) and the estimate (3.3). Using the green formula, for
i=1,...,5, we derive from (2.4) and (2.7) that

t t t t t
/ / |0y | dads + d; / |Ay;|?dxds + d; / |Vyi|? deds = / / F?(s,y) dxds + d; / |V |? dxds.
0 Jo 0 0 0 Jo 0 (3.17)

On account of y° € H2(Q), y; € L*(0,T, H*>(Q)) N L>°(Q7) and the uniform boundeness of y; as well as
the assumptions (A1) — (A2), we obtain from (3.17) that y; € L>(0,T, H*(2)) and

10cyill Lo (@r) + llWillL2 (0,1, m2(2)) + 1¥ill Lo (0,7, 11 (2)) + Wil Lo (@) < €, (3.18)

for i =1,...,5, where the constant C' > 0 is independent of the control w. O

3.2. Existence of optimal control and optimality conditions

Theorem 3.3 (Existence of the optimal control) Under the assumptions of Theorem 3.2. The func-
tional (2.5) possesses at least one optimal control u* € Uuq. That is a solution of the control problem

Ju*) = inf J(u) (3.19)

uEUqq

Proof: From Thm.3.2, we know that for every u € Uyq (which is clearly non empty), a unique non-
negative strong solution to the system (2.4) exists, then inf, ey, , J(u) is finite. Let {uy, }, be a minimizing
sequence such that

lim J(u")= inf J(u),

n—+00 u€Uad

where y" = (y7, 9%, ...,y?) is the solution of system (2.4) corresponding to the control u™ = (uy, ul, u})

forn=1,2,...
That is

S = di Ay + A — (1 +uf )yt —y1' f(yy) —vi9(ys), in Qr,, (3.20a)

Qys = doAyy — (p2 +0)yy + i f(ys) + yi'9(y3), in Qr, (3.20Db)

Oyy = dsAyy — (us + 0+ +uy)ys +oys, in Qr, (3.20¢)

Ay = daDyy — (& +ug)yy + oy, in Qr, (3.20d)

Orys = dsAyy — pays +uyyy + (v +uy)l, in Qr, (3.20¢)

Oyt = Oyyy = Oyys = dyyy = dyyy =0, onYr, (3.20f)

y1'(0,z) = y3 (0, x) :yg(o,x) =4 (0,) :yg(o,x) =0, on 2. (3.20g)
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Again by Thm.3.2, we have the estimate (3.3) which yields there exists C' > 0 such that

10eyi" | Loe (@r) + 19 | 20,7, 52 (02) + 197 | Lo (0, 111 (2)) + 19 [ L0 (@) < Cs (3:21)
for i =1,...,5. Then, a subsequence can be extracted and similarly denoted by a y* such that
Oy — Owyf weakly in L*(Qr) and Ay — Ay} weakly in L?(Qr) (3.22)
and
yi —y; weakly star in  L*™(Qr) (3.23)

fori =1,...,5. Furthermore, considering the embedding H'(Q) << L?(Q) — L?(2) and taking account
of the compact embedding arguments, see [22], Cor.4], we get

Y — yi strongly in C([0,T], L*(©2)) and strongly in L*(Qr), (3.24)
for i =1,...,5. Furthermore, we can obtain the following convergence results
yr () = vi f(yi)strongly m L*(Qr) and  yT'g(y3) — y7)g(y3) strongly in L*(Qr). (3.25)

Indeed, we decompose

v ful) —ui f(ya) = [y —wilf(us) +wilf(uy) — flyi))

We make use the continuously differentiability of the function f given by (A4;) — (Az), the uniform
convergence (3.24), the uniform boundness of y} in L (Qr) and that yj € L>®(Qr) given by (3.21) and
(3.23). Which implies in one hand | f(y}) — f(¥i)llz2(@r) = 0 as n — +oo and we use y7 € L>(Qr). In
the other hand give the uniform boundness of f(y7) in L>(Qr) and then [|(y7 — y7)f(¥i)llz2(Qr) — O
as n — +o00. Following a similar argument as above, we can immediately derive the second convergence
for (3.25).

Furthermore, since {u"},,>1 C U,q which is clear bounded in L?(Q1). We can then extract a subsequence
from {u"},>1, still denoted by wu,, such that u, — u* weakly in L?(Qr), which along with the weak
closedness (closed and convex) of U, entails u* € U,q. By writing

utyy —uyyr = uy (Y7 — yi) + (uf —ug)yp.
Making use of the convergence (3.24) and the uniform boundness of u™ € L*®(Qr) (since u™ € Uy,q), we
obtain the weakly convergence of uly} to ujy;. Analogously, we derive the weakly convergence of ufy4
to usys and ufy) to uiyj;
Due to (3.24), by taking n — 400 in (3.20) and using the existence and uniqueness of the solution to
(3.20), we conclude that y* is the solution of (2.4) associated to u* € U,q and therefore

J(u*) :/T/ le*(t,m)+k21*(t,m)—|—ll(u*{)2(t,m)+12(u§)2(t7:ﬂ)+lg(u§)2(t,x)dxdt

/ /kls* (t,2) + ko I* (1, x)dmdt—l—hmmf/ /zl W2(E3) + I (W2 (4 7) + by (ul)2(t ) da

'I'L—) o0
= liminf J(u™)
n—-+oo
= inf J
oL, 7
thanks to the weak l.s.c. of the convex functions Cv?. Thus, the proof of Thm.3.3 is complete O

To derive the first-order optimality conditions, firstly, we need to show the Gateaux-Differentiability of
the control-to-state mapping.

G U C[L2Qr)2 — Y CIL¥Qr)P (3.26)

where

Y =W N L*(Qr) N L*(0,T, H*(Q)) N L>(0,T, H'(Q)) N L>(Qr)]’.
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Proposition 3.4 There exists a linear bounded operator G'(u*) such that for any v € [L*(Qr)]? :

G(u* 4 ev) — G(u*)
£

lim ||

e—0

- G/(u*)v||[L2(QT)]5 = 0. (327)

That is the mapping G is Gateauz-differentiable at u*. Moreover, G'(u*)v := z = z(v) = (21(v), 22(v),
23(v), z4(v)) is the solution of the linearized system

Oz = di1Az — [p1 +ui + f(yi) + 9(¥3)]er — vi ' (yi)za — 19 (¥5)zs — yiv1, inQr,

Orz2 = d2Azy — (2 + o)z + [f(y1) + 9(¥3)]21 + Y1 [/ (Yi)za + yi9'(y3)zs, inQr,

Oiz3 = d3Azz — (3 + v +u3)z3 + ozg — Y309, inQr,

O0:24 = dyAzs + azg — (£ + ul)za — yivs, inQr, (3.28)
Oi 25 =dsAzs + uiz + (v 4+ u3)zz — pazs + yivr + yave, inQr,

0,21 =0,20 = 0,23 = 0p24 = 0,25 =0, onXr,

21(0,z) = 29(0,2) = 23(0,2) = 24(0,z) = 25(0,2) =0, on Q2.

Proof: Setting

2€ = G(UE)_G(U) _ (yi_yik’.“’yg_yg)T — (ZT’.“72§)T
€ € €
with y§ := y;(v®) and u® := u* 4 ev. To verify (3.27), we need to establish that v — z is linear bounded

from [L2(Q7)]? to [L?(Q7)]® and satisfies

b

gli% ||Z€ - Z||[L2(QT)]5' (3.29)

On the one side, it is straightforward to verify that 2 = (25,...,2¢) T solves the following equations

>4 _ * £ _ *
0 =i~ [+ 1) + g(o)]sf i TSI U 20085 g gy,
4 3

e\ = * e\~ *
D5 =g — (s + 0)25 + [F(uh) + gwi))2f + i L ?y;Z Uy g%y}) I o,

4 4 3 3
0v25 = d3Az5 — (p3 + 7 +u3)25 + 025 — Y502, in Qr,
O zg = dsAzi + az; — (£ +u3)zi — yivs, in Qr,
O 25 =dsAzs +uizt + (7 +u3)25 — pazs + yivi + y5ve, inQr,
Ozt =025 =0v25 = 0yzf = 0z =0, on X,
21(0,z) = 23(0,7) = 25(0,x) = 25(0,z) = 25(0,2) = 0, on 2.

(3.30)

One can write the system (3.30) as the following abstract Cauchy problem

01 2% = Az + H*2° + B®v,
' (3.31)
25(0) =0
where
A 0 0 0 0 —E 0 0
0 doA O 0 0 0 0 0 V1
A= 0 0 dA 0 0|, B =0 -5 0/|,v=/]v
0 0 0 diA 0 0 0 -3 U3
0 0 0 0 dsA Y5 Y5 0
and
—(p1 + uf +v°) 0 —pi —P5 0
Ve —(p2 +0) 12 P 0
H® = 0 o —(us +v+u3) 0 0
0 0 e —(E+ul) O
uy 0 v+ us 0 —
with

. 9(v5) — 9(y3)
v: = flyr) +9(y3), pl=yi———r—71>" e
: 8 P s — vs — i
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Then from the semigroup arguments we conclude that the problem (3.30) possesses a unique strong
solution defined by

25(t) = /0 S(t— s)H®(s)z°(s) ds +/O S(t —s)B(s)v(s)ds, Vtel[0,T], (3.32)

where {S(¢)}+>0 denotes the Cy—semigroup of contractions in H and A its generator operator. Further-
more, by the uniform boundness of y¢ in [L>°(Q7)]®> with respect to ¢ and that y* € [L>(Q7)]°, see
(3.3) and (3.23), together with the Continuity differentiability, see (A1) — (Az2), we deduce that all the
coefficients of the matrix H¢ and B¢ are uniformly bounded with respect €. Applying the Gronwall’s
inequality, we get there exists C' > 0 which does not depend of € such that

||ZE||[L2(QT)}5 < CHBEUH[Lz(QT)]s < C”'UH[Lz(QT)]f" (3.33)
Then
19 = v liz2@es = el lliz2 @y < eCllvlliL2(@rys-

Hence
yi =y inL*(Qr), ase >0, (3.34)

foralli=1,...,5.
Analogously, the system (3.28) can be written in the following form

Oyz = Az + Hz + Bo,
(3.35)
2(0) =0
where
—yr 0 0
0 0 0
B=|0 —-y;3 O
0 0 -y
yi oys 0
and
—(u1 +ui +v) 0 —p1 —p2 0
v —(p2 + o) p1 p2 0
H= 0 o —(ps + v+ ub) 0 0
0 0 a —(&+uf) 0
ui 0 v+ uj 0 — a4
with

v=f1)+9Wws), pr=vig'(y5) and py=yif (vi)-

Similarly, we deduce that the system (3.35) possesses a unique strong solution which can be expressed
using the corresponding semigroup by

2(t) = /0 S(t—s)H(s)z(s)ds +/0 S(t—s)B(s)uv(s)ds, Vte[0,T], (3.36)

Taking the difference of (3.32) and (3.36), we get for any ¢ € [0, T,

()2 (t) = /0 S(t—s)[HE ()~ H ()= (5) ds+ /0 S(t—s)H (s)[+*(5)—=(s)] ds+ /0 S(t—s)[B=(s)— B(s)]v(s) ds,

Thanks to the convergence in (3.34), the estimate (3.3) and the hypotheses (A1) — (A2), all the coefficients
of the matrix H¢(s) and B¢ tend or equal to the corresponding coefficients of the matrix H and B in
L?(Q7). By applying the Gronwall’s inequality, we deduce

2 — 2z in [L3(Qr)]° ase —0, (3.37)
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which means that the property (3.27) is satisfied.

On the other side, for any fixed u € Uyg, it is straightforward to see that the operator G(u*)v is linear
bounded from [L?(Qr)]? to [L?(Q7)]°. Indeed, the linearity is clear from equations (5.2). As to the
boundedness, we infer from (3.33) that ||z||;z2(0)5 < Cllvlliz2(r)2, We deduce that the mapping G is
Gateaux differentiable at u* € U,q. O

Remark 3.1 By following the same reasoning as in the proof of Thm.3.2. One can obtain that
the system (3.28) admits a unique strong solution in Y = [WH2 N L2(Q7) N L?(0,T, H?(Q)) N
L0, T, H*(R2)) N L>=(Q71)]®; Moreover we show that

[10ezill L (@r) + llzill L2 0,7, m2(0)) + lzill Lo 0,7, 11 (2)) + Nl2ill Lo (@) < € (3.38)
fori=1,...,5.

Now we introduce the following adjoint system as in [6],

~0p =Ap+H p+ D Dr,
p(T) =0,

such that H' and DTare the adjoint matrix associated respectively to H and D, where D and & are
defined by

(3.39)

10 0 0 O k1
0 00 0O 0
D=1]0 0 1 0 0 and k= |ko
0 00 0O 0
0 00 0O 0

We give the following result concerning the solution of the adjoint system (3.39).

Lemma 3.5 Under the hypothesis of Thm.3.2, if (y*,u*) is an optimal pair, the adjoint system (3.39)
admits a unique strong solution p* € [W2(0,T, L*(2)) N L*(Qr) N L*(0,T, H2(Q)) N L>=(0, T, H())
NL=(Qr))” .

Proof: Similar to Thm.3.2, by the change of the variable s = T — t and the change of the functions
qi(s,2) = pi(T — s,x) = p;i(t,x), i =1,...,5. One can easily show the result. O

Now, We are ready to show the following optimality conditions of the control problem (3.19).

Theorem 3.6 (Optimality condition) Given the assumptions of Theorem 3.2, let u* denote an op-
timal control for the functional (2.5), and let y* = (S*, E*,I*,W* R*) be the corresponding vari-
able state. Then, there exists p* = (p},ps,p5, 05, p5) € [WH2(0,T, L*(Q)) N L*(Qr) N L(0, T, H*())
AL (0,T, HY(2)) N L*(Qr)]” such that

OpS* = dAS*+ A~ (p +ui)S* = ST f(W*) — S*g(I7), in Qr,

O E* = doAE — (o +0)E+ S*f(W*) + S*g(I*), mn Qr,

O I* = dsAI*— (us+d+vy+ux)[*+0E", in Qr,

OW* = A AW* — (€ +ul)W* + al*, in Qr,

O R* = dsAR* — pgR* + uiS* + (v + ud)I*, m Qr,

9,5* = O,E* =0, =d,W* = ,R* =0, on T,

S*(0,z) = So(z), E*(0,2) = Eo(z), I*(0,2) = Ip(z), W*(0,2) = Wy(z), R*(0,x) = Ro(z), on L,
(3.40)

=01 = diApi — (1 +ui + f(ya) +9(y3))pt + (fF(vi) + 9(y3))ps + uips + k1, inQr,

—0ip3 = deAp; — (p2 + 0)p5 + op3, inQr,

—Owps = dsAps —yig (y3)pi +yig (y3)ps — (us +y 4+ ud)ps + api + (v +uz)ps + k2, inQr,

-0y = dalpi —yif (yi)pi 4+ yif (yi)ps — (€4 u3)pi, nQr, (3.41)

—Oips = dsAps — usps, inQr,

0,1} = O,p5=0.p5 =0.p; =0.pi =0, onYr.

pi(T,xz) = 0, on Q.



20 S. BOUTAYEB, A. ABTA

Furthermore, the optimal control functions are given by

max

* J—
uik = min{ul ,max((), M)}’

204
uy = min{us"**, max(0, W)}, (3.42)
2
w} = min{uf"**, max(0, YaPa )}
25

Proof: . Let u* be an optimal control and y* the corresponding optimal state. For any given v €
[L2(Q7)]3, consider u® := u* + v € U,q and the corresponding state 3 := y(u®).
One has

J’(u*)(v) = lim M

e—0 £
€ _ % £ %
— lim kl Y1 Y1 4 kQ y3 y3 dxdt
9

e—0 Qr g
e\2 _ *\2 eN2 _ *\2 e\2 __ *)2
4 lim I (ug) (uy) + 1y (u3) (u3) + 1 (u3) (u3) dadt

=0 Jo, € € €

= lirr(l) k125 + koz5 dodt + 2/ Liujvr + laulve + lsuzvs dadt
E—>
QT T

Using (3.37), we know that 2¢ — z in [L?(Q7)]?, for € — 0, then it is clear that

J’(u*)(v) = 0 k121 + kozs dxdt + 2/ l1u>{1}1 + ZQUS/UQ + l3u§1}3 dxdt

T
= / (D&, Dz) (205 + (Lu”, v)r2(a)e dt
0

T
= / <DTDI€,Z>[L2(Q)]5 + <LU*,U>[L2(Q)]3 dt,
0

where
2l 0 0
L=|10 2 0
0 0 23

Using (3.35) and (3.39), we obtain

T
/ (D' Dk, 2)ir2ys = | (=0 — Ap— H ' p, 2)ir2qs
0

=

o\o\ﬂo\o\

<p, 8tz — Az — HZ)[Lz(Q)]s

(P, BU) (L2 ()5

T

(BT p, v)(z2(0)2-

Therefore -
Tw) = [ BT L o (3.43)
0
for all v € [L%(Qr)]3. Since J is Gateaux-differentiable at u* € U,q and Uyq is convex, then

J W) —u") >0, Vo€ U (3.44)
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That is
T
/ <BTp + Lu*,v— u*>L2(Q)3 >0, Yv€&Uyy. (345)
0
Using standard reasoning, varying v it yields u* = —L~'BTp. Since u* € Uyq, we get the following
expression

i (p1 —p5))},

u] = min{u}"**, max(0,
211
uy = min{us"**, max(0, %{m)}, (3.46)
2
uy = min{u5"*”, max(0, Yaba )}
213

3.3. Numerical Results for the optimal control strategies results

In this section, we perform numerical simulations to demonstrate the practical application of the
theoretical results derived in this paper. We present simulations related to the optimality system, en-
compassing the state system (3.40), the dual system (3.41), and the control characterization (3.42). This
formulation treats the optimality system as a two-point boundary value problem, with initial conditions
for the state variables and terminal conditions for the dual system. To solve this system, we developed a
MATLAB code that uses an iterative discrete scheme, converging through a suitable test. Following this,
the optimal control values are updated based on the state and adjoint variable results from the previous
iterations. This iterative process continues until the differences between the current and previous values
of the states, adjoints, and controls are within an acceptable margin of error.

We represent the population’s habitat by a rectangular domain 2 of dimensions 45km x 35km. Within
this spatial setting, we examine two distinct scenarios to simulate the initial emergence of the infection:

e In the first scenario, the infection begins in the region Q; = cell(40, 30), located near the top-right
boundary of Q.

e In the second scenario, the infection originates in Qg = cell(20, 20), corresponding to an area close
to the center of the domain.

At time t = 1, the susceptible population is assumed to be evenly distributed, with 50 individuals
in each 1km x 1km cell, except in the subdomains Q; (for ¢ = 1,2), where 10 infected individuals are
introduced, leaving 40 susceptibles in those areas.

Based on the initial conditions and parameters summarized in Table 1, we analyze the progression of
the infection over a period of 150 days, comparing two scenarios: one without any intervention, and the
other implementing our three control strategies—vaccination (uy), treatment (us), and water disinfection
(u3). The primary objective of this section is to emphasize the effectiveness and relevance of these
strategies in controlling the spread of the epidemic.
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Table 1: Initial Conditions and Parameter Values for the Model.

Notations Value Description
So(z,y) 40 if (x,y) € Q4 or (z,y) € Oy Initial susceptible population
50 if (z,y) ¢ Q1 and (x,y) ¢ Qo
Eo(z,y) 0if (z,y) € Initial exposed population
Iy(z,y) 10 if (z,y) € Qy or (z,y) € O Initial infected population
0 if (.t,’g) ¢ Ql,Qz
Wo(z,y) 0if (z,y) € Initial concentration of pathogens
Ro(z,y) 0if (z,y) € Initial recovered population
diyi=1,---.5 0.6 Diffusion coefficients for the susceptible, exposed, infected,
recovered, and vaccinated populations
A 0.8 Recruitment rate of the population
51 0.1072 Infection rate for susceptible individuals
Bo 0.1072 Infection rate for vaccinated individuals
e 0.04 Rate at which vaccinated individuals develop immunity
o 0.4 Transition rate from the latent phase F to the infected phase I
1) 0.25 Death rate induced by the disease
~ 0.25 Recovery rate after infection
13 0.333 the decay rate of the pathogen in the water
wi fori=1,---,5 0.02 Natural death rates for susceptible, vaccinated, exposed,

infected, and recovered individuals

Figures 3 to 10 show that the simultaneous application of the three control strategies ui, us, and
ug leads to a faster decrease in the number of susceptible, exposed, and infected individuals, as well as
a more rapid increase in the number of recovered individuals, along with a significant reduction in the
concentration of pathogens, compared to scenarios without control or with only one control law. The
numerical results show that the system’s behavior is generally similar whether the infection starts at the
center or in one of the corners of the domain. However, slightly better outcomes are observed when the
infection begins at the center. In this case, the number of infectious and infected individuals is higher
than when the infection starts in a corner.

Overall, we conclude that our control strategies are effective regardless of the initial location of the
infection, with a slight improvement observed when it begins at the center. The combined strategy,
implementing all three controls, proves to be the most effective.

5000 1000 600
2] with ur, uz and u ——— 1] with u, uy and u
|| E]| without control 500 ||| without control
4000 800
400
3000 600
a = = 300
2000 400
—— |5 with us, uz and ug 200
[|S] without control
1000 200 100
0 0 0
0 50 100 150 0 50 100 150 0 50 100 150
Time (days) Time (days) Time (days)

500 7000
——— W] with ur, uz and uy [R] with ur, uz and us
——— ||| without control 6000 | — IIR|| without control

5000

400

__ 300 4000

Wi
[l

200 3000
2000

1000

0 50 100 150 0 50 100 150
Time (days) Time (days)

Figure 3: Dynamics of the different compartments under our three control laws u;, us, and us; and
without control, when the infection starts at the center.
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5000 700 - 400
|[E|| with u;, u, and ug 17| with u, us and ug
600 ||E]| without control ||]] without control
4000
500 300
3000 __ 400 —
2 =l = 200
2000 300
ST with ur, wp and 200 100
1000 |S]| without control
100
0 0 0
0 50 100 150 0 50 100 150 0 50 100 150
Time (days) Time (days) Time (days)
500 7000
——— [W|| with uy, us and ug [[R]| with uy, up and uy
———— |W|| without control 6000 ||[R|| without control
400
5000
__ 300 __ 4000
2 =
= 200 3000
2000
100
1000
0 0
0 50 100 150 50 100 150
Time (days) Time (days)

Figure 4: Dynamics of the different compartments under our three control laws u;, us, and ug; and
without control, when the infection starts at the corner.
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Figure 5: Dynamics of the different compartments under the control law u; only; and in the absence of
control, when the infection starts at the center.
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Figure 6: Dynamics of the different compartments under the control law u; only; and in the absence of
control, when the infection starts at the corner.
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Figure 7: Dynamics of the different compartments under the control law us only; and in the absence of
control, when the infection starts at the center.
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Figure 8: Dynamics of the different compartments under the control law us only; and in the absence of
control, when the infection starts at the corner.
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Figure 9: Dynamics of the different compartments under the control law uz only; and in the absence of

control, when the infection starts at the center.
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Figure 10: Dynamics of the different compartments under the control law u3 only; and in the absence of
control, when the infection starts at the corner.
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