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On the Projective Special Unitary Groups PSUs(q) and the Sum of Element Orders
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ABSTRACT: In this paper, we prove that projective special unitary groups PSUs(q), where ¢ = 2™ and
2

—q+1
ged(3,q+1)
the set of orders of centralizers of p,, —order elements in G where pn, is the largest element in 7(G). In the
following, we shows that, in a special case, these groups can be recognized by using the sum of the group
elements ¥(G) = >__ g o(z) where o(x) denotes the order of z € G.

is a prime number, can be uniquely determined by the even-order components of the group and
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1. Introduction

For a positive integer n, the set of prime divisors of n is denoted by 7(n). Let G be a finite group,
7 (G) be the set of element orders of G and 7(G) denote the set of prime divisors of |G|. We know that
if H is a subgroup with prime index p of finite simple group G, then p is maximal prime p dividing |G|.
We use p,,, to denote the largest element in 7(G) and m,,, (G) to denote the set of orders of centralizers
of py,—order element of G, that is, m, , (G) = {|Cq(x)||z € G, |z| = pm}.

Also, we denote the set of numbers of elements with the same order in G by nse(G) and the sum of
element orders of G is denoted by ¢(G). The prime graph I'(G) of group G is a graph whose vertex set
is 7(G), and two vertices p and ¢ are adjacent if and only if pq € 7.(G). We assume that I'(G) has t(G)
connected components 7y, T, ..., Ty ). We can express |G| as a product of integers myi,ma, ..., myq),
where m(m;) = m; for each 4. The numbers m; are called the order components of G. Write OC(G) for
the set {m1,ma,...,myq} of order components of G. In the case where the order of group G is even,
we always assume that 2 € m; and denote the even-order component of G as m1(G).

Recently, Zhangjia Han et al. proved that Janko simple groups can be characterized uniquely by
the even-order components and ,,  (G), see [18]. Also, in[19], Dongyang He et al. proved that some
of Alternating group by this method can be characterizeczi. In this article, we prove that the simple
£eda D)
by even-order components of the group and 7, (G). For this purpose, ¥(G), the sum of element orders
of group G, is a suitable criterion.

In [7], its proved that if G is a non-cyclic group of order n, then ¥(G) < ¥(C),) where C,, is the
cyclic group of order n. In fact, C, is characterized by ¢(C),) and |C,|. Following this publication, many
studies have been done on the function ¥ (G), for example, see [9,10,11,12,13,14,15,16,17].

We say that the group G is characterized by ¢(G) and |G|, whenever there exist the group H, so that
if (G) = ¢(H) and |G| = |H|, then G = H. Tt is clear that the group G cannot be characterized by
nse(G) if Y(G) = ¢(H) and G 2 H. In other words, if group G is not recognizable by the sum of the
elements, it can be concluded that it is not recognizable by the number of elements of the same rank. In
recent research, some groups have been characterized using this method. Baniasad Azad and Khosravi
showed that simple groups PSL(2,p), where p € {11,13,17,19,23,29,37,61}, are determined by their

projective special unitary groups PSUs(q), ¢ = 2" and is a prime number, is characterizable
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orders and the sum of element orders. Also C. Shao in [8] proved that the simple group PSL(2,2™) with
2™ + 1 prime or 2™ — 1 prime, is characterizable by nse(G) and its order. But Marefat et al. in [11]
proved that the group PSL(2,64) is not characterized by ¢(G). Clearly, this group is not characterized
by nse(G).

We prove the following main theorem:

Main Theorem. Let G be a group and U = PSUs(q) be a groups so that mi(G) = my(U) and
Tp (G) = 7p, (U). Then G = U.

2. Notation and Preliminaries

In this section, we give some useful lemmas which will be used in the proof of the main Theorem.

First, we denote m(G) the set of prime factors of the order of G, p,, stands for the largest element of
m(G) and m,,, (G) represents the set of orders of centralizers of p,,-order elements in G. In the way we
denote |7(G)| the number of prime factors of the order of G and also Aut(G) the automorphism group
of G. Furthermore, Out(G) be a outer automorphism group of G.

Lemma 2.1 [5] Let G be a finite group and m be a positive integer dividing |G|. If L,(G) = {g €
G | g™ =1}, then m | | L, (G)|.

Proof: By, Lemma 2.1, the proof is straightforward. O

Lemma 2.2 An integer n = p{*..pp" is the number of Sylow p-subgroups of a finite solvable group G if
and only if pf* = 1( mod p) fori=1,... k.

i =

Lemma 2.3 [30] Let G be a non-solvable group. Then G has a normal series 1 <H I K <G such that
K/H is a direct product of isomorphic non-abelian simple groups and |G/K| | |Out(K/H)|

Lemma 2.4 [9] Let P € Syl,(G), and assume that P < G and that P is cyclic. Then 9(G) <
Y(P)Y(G/P), with equality if and only if P is central in G.

Lemma 2.5 [25] Let G1, Gy be finite groups, p be a prime number and let a, b be positive integers.
Then the following hold:

1. Y(Gy x G2) = ¢¥(G1) x Y(Ga) if and only if (|G1],|Ge|) = 1(i.e.yp is multiplicative);

2a+1
2. p(pe) = L

3. Y(p®) | Y(p°) if and only if 2a +1]2b+1,
4. (W), v (p*) = (W(p), () = (Y (p®), »(p®)) = 1.

Lemma 2.6 [6] Let G be a Frobenius group of even order with kernel K and complement H. Then

1. t(GQ) =2, n(H) and w(K) are vertex sets of the connected components of T'(G);
2. |H| divides |K| —1;
3. K is nilpotent.

Definition 2.1 A group G is called a 2-Frobenius group if there is a normal series 1 < H < K <G such
that G/H and K are Frobenius groups with kernels K/H and H respectively.

Lemma 2.7 [2] Let G be a 2-Frobenius group of even order. Then
1. t(G) =2, n(H)Un(G/K) =m and n(K/H) = my;
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2. G/K and K/H are cyclic groups satisfying |G/K| divides |Aut(K/H)]|.

Lemma 2.8 [29] Let G be a finite group with t(G) > 2. Then one of the following statements holds:
1. G is a Frobenius group;
2. G is a 2-Frobenius group;

3. G has a normal series 1 <H A K QG such that H and G/K are w1 -groups, K/H is a non-abelian
simple group, H is a nilpotent group and |G/K| divides |Out(K/H)]|.

Group T T2
Ap,, p#5,6, p and p -2 not both prime 34.(p—-3)(p—2)(p—1) P
Api1,p # 4,5, p|1 and p+1 not both prime | 34.(p —2)(p—1)(p+1) D
Apta, p# 3,4, p and p+ 2 not both prime | 3.4.(p —1)(p+ 1)(p +2) P
Ap1(0), (9.) # (3,2), (3.,4), ¢ P (0~ 1) iipen
Ap(@), a—1]p+1, g2 (g - DT, (¢ — 1) (= =5
1 i
*Ap-1(q) P VP (8 — (-1)) %
- : )
4,00, 4+ 11p+ L 0d) 7 (3.3).,2) | PP (@ —DIEN (@ — (<)) e
Z43(2), 26 34 5
By(q), n=2" >4, q odd (" - DI (¢¥ - 1) L H
B,(3) v 3+ D11 1(321 0
Cn(q), n=2m>2 ¢ (¢" - DI (¢® — 1) (g,qtln
P_

Cp(9), ¢ =23 ¢ (¢" + 1) Hf:f( -1 Bon
D,(q). p>5, 42,35 " I 1) P
Dp+1(q)7q:2>3 (2,9 )qp(p I)HP 1( 2171) %:%11
2Dn(q), n=2" >4 ST - ) )
2Dn(2)7 n = 2m + 1 2 5 2n(n71)(2n + 1)(I2n71 _ 1) H? 12(221 _ 1) 2n7p1 + 1
2Dy(3), p#2"+1,p>5 3D (3% — 1) e
*Dn(3),n# 2" +1#p, m>2 33" VT (3% — 1) .
G2(q),q = a(mod3), a = +1, ¢ > 2 ® (@ — )@ -1)(g+ ) @ —ag+1
°Da(q) ¢”(@* - 1)(* - 1)(¢" +¢*+1) ¢ - +1
Fy(g),q odd A | C o Y C Y] ¢ —q’+1
Es(q) ¢ (=) - - - D)@ -1~ | G

1)

p - 53
*Eo(q).q > 2 ¢ (=)= -+ )P+ D~ | Gl

1)
AN 2113352 13

Lemma 2.9 [31] Let q,k,l be natural numbers. Then
1. ("= 1,¢" =1) =g*D — 1.

2. (" +1,¢+1) =
{q(hl) +1 if both ﬁ and ﬁ are odd,
(2,g+1) otherwise.}

3. (qk - 17ql + 1) =
{g®) +1 if ﬁ s even and ﬁ 18 odd,
(2,g+1) otherwise.}
In particular, for every q > 2 and k > 1, the inequality (¢" —1,¢* +1) < 2 holds.

Lemma 2.10 [27] Let G be a non-abelian simple group such that (5,|G|) = 1. Then G is isomorphic to
one of the following groups:
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1. PSL,(q), n=2,3, ¢ = +2 (mod 5);
G2(q), ¢ = +2 (mod 5);
PSUs(q), g = £2 (mod 5);

3D4(q), ¢ = £2 (mod 5);

A N R

2Ga(q), ¢ =3, m > 1.

3. Proof of the Main Theorem

In this section, we prove the main theorem. From now on, we denote the simple projective spe-
cial unitary groups PSUs(q) by Us(q). We recall that G is a group with mi(G) = my(Us(q)) and

Tpo (G) = mp,. (Us(q)). First, we know that group |Us(q)| = %.

Proof of the Theorem . First, assume (3,¢+1) = 1 then we have m;(G) = m1(Us(q)) = 2(¢+1)(¢>—1)
and 7, (G) = m,, (Us(q)) = ¢* — ¢+ 1. Since m1(G) = 2(q + 1)(¢*> — 1), so t(G) > 2 which by Lemma
2.8 implies G is as one of the following case

(1) Frobenius group or 2-Frobenius group

(2)G has a normal series 1 < H < K < G such that H and G/K are mi-groups, K/H is a non-abelian
simple group, H is a nilpotent group and |G/K]| divides |Out(K/H)|. We prove that G is not Frobe-
nius group. On opposite assume G be a Frobenius group with kernel K and complement H. Then by
Lemma 2.6, t(G) = 2, n(H) and 7(K) are vertex sets of the connected components of I'(G). Now, if
2 € m(H) the 7(H) = m1(G) since H is a nilpotent group so H = Sy x S;, where t = (¢ + 1)(¢®> — 1) and
S; <G and S; € Syl;i(G), for i = 2,t. In the way |K| | |[Aut(S2)|, on the other hand ¢®> — ¢ + 1 | |K]|
which is a contradiction. Now, 2 € 7(K) so Sylow ¢ — ¢ + 1-subgroup S; where t = ¢> — ¢+ 1 of G
is normal in G and has order t. Now assume p’-subgroup of G act on S; so must be have a element
order p't, where this is impossible because m,,, (G) = t. Therefore we deduce that G is not a Frobenius
group. Now, prove that G is not a 2-Frobenius group. On opposite G be a 2-Frobenius group. Then by
Lemma 2.7, there is a normal series 1 I H < K < G such that G/H and K are Frobenius groups with
kernels K/H and H respectively. Also, we have ¢(G) = 2, n(G/K)Un(H) = m, n(K/H) = m and
|G/K]| divides |Aut(K/H)|. Since mi(G) = m1(U) = 2(q¢+ 1)(¢> — 1) so t € m3(G) so K contains an
element of order t. Now if t-order element act on the 2-subgroup of H so we must be have the element
of order 2t, which this is impossible, because m,  (G) = t. So G is not a 2-Frobenius group. Now, if
(3,q +1) = 3, then m1(G) = m1(Us(q)) = 72((#1)3(’1271) and 7, (G) = 7, (Us(q)) = ¢* — ¢+ 1. Thus
like previous argument, we can show G are not a frobenius and 2-frobenius group. Next, by Lemma
2.8 G has a normal series 1 < H < K <G such that H and G/K are m;-groups, K/H is a non-abelian
simple group, H is a nilpotent group and |G/ K| divides |Out(K/H)|. On the other hand, we know that
51 |G|.Thus K/H is isomorphic to one of the groups in Lemma 2.10. Hence we consider the fllowing cases:

(1) If K/H % PSL2(q"), where ¢/ = £2( mod 5), ¢’ = p'™. Now, since that m1(G) = m1(PSL2(¢")) =
2 and also 7, (G) = mp,, (PSL2(¢')) = ¢’ + 1 we have a contradiction. Since that m,(G) =
m1(PSLa(q')) =2 s0 2(qg+1)(¢*> — 1) = 2 it follows that ¢* + ¢> — ¢ — 2 = 0, which is impossible.
On other hand, ¢> —g+1=¢ + 150 ¢ = ¢> — q. On the other hand, ¢’ = 5k £ 2 it follows that
5k +2 = ¢? — q—2, which is impossible. If (3,¢+1) = 3, then %«’271) =2s50¢*+q*—q—4=0,
which is impossible.

(2) If K/H % PSL3(q’), where ¢/ = £2 (mod 5). Now since that that m;(G) = m1(PSL3(¢')) =

2 ’
7(2(¢*—1)) and also 7, (G) = 7,, (PSL3(q) = w(‘l(g;,qj{)l)!). Since that m1(G) = m1(PSL3(q¢")) =
7(2(q% — 1)) so 2(q + 1(¢*> — 1) = 2(¢’*> — 1) it follows that ¢® + ¢*> — ¢ = (5k £2)2. As 23" + 22" —

2" = (5k £ 2)? which is a contradiction. Now, if m, (G) = m,, (PSL3(¢') = W(‘I(/;;,q_/"{)l)) S0

@ —q+1= q(/jj]',qfl')l. Now, if (3, —1) = 1 then ¢> — g+ 1 = ¢?> + ¢ + 1 it follow that
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q(g—1) = ¢’ (¢ +1). Hence ¢’ +1 = q as 5k+3 = 22" — 1 and 5k —2 = 22", which is a contradiction.
2

For (3,q¢' — 1) = 3, we have a contradiction. Now if (3,q+ 1) = 3 then, M =2(¢%-1). It
follows that ¢’ = ¢® + ¢% — ¢, which is impossible.

(3) If K/H % PSUg(q’)2 then m1(G) = m1(PSU;(¢")) = 2H?Zl(q'i — 1) and and also 7, (G) =
T (PSUs(¢') = w(54)))- First, ma(G) = m (Us(q')) = 2[Tr, (¢ — 1) implies 2(g + 1)(q? —
1) = 2H?:1(q/i—1) it follows that (¢+1)(¢®>—1) = (¢'—1)(¢">—~1). In other words, (2"+1)(2?"—1) =
(5k & 2) — 1)(5k + 2)2 — 1) which is contradiction. Now,if (3,q + 1) = 3 then 26@tD@=1 _

2 H?Zl(q’i—l). So, (¢+1)(¢?—1) = 3(¢'—1)(¢"*—1) it follows that 237 +22"—2" —4 = 3¢"3—3¢"?+3¢/,
which is impossible.

(4) If K/H % Go(q'), where ¢ = £+2( mod 5), then since that m1(G) = mi(Ga(q¢")) = 7(2(¢"* —
)(¢” 4+ 1) and also mp, (G) = 7, (G2(¢') = ¢*> + ¢ +1). Since that m1(G) = m1(G2(¢")) =
7(2(¢2 —1)(¢"3+1) s0 2(q+1)(¢?> —1) = 2(¢"*> —1)(¢"> +1) it follows that ¢®> +¢*—q = ¢"° — ¢ +¢*.
As aresult, ¢(¢> +q¢—1) = ¢*(¢®> — ¢ +1). Since (¢,¢*> +q—1)=1s0¢>+q—1=¢3—¢ +1
it follows that ¢(q + 1) = ¢’(¢’> — 1). Hence, ¢ + 1 = ¢’> — 1 which is a contradiction. Now, if
(3,q 4 1) = 3 then 20H@=D — 942 _ 1)(¢ 1 1) s0 (¢ + 1)(¢% — 1) = 3(¢’2 — 1)(¢® + 1), like
previous proof, we have a contradiction.

(5) If K/H % 2G5(q"), where ¢ = 32™*1 then sine m;(G) = mi(®?G2(¢") = ¢(¢"* — 1) and also
T (G) = T, ((Ga2(q')) = ¢ + /3¢ + 1. Since that 2(q + 1)(¢*> — 1) = ¢/(¢* — 1) it follows
that 2¢ + 2¢%> —2¢ — 2 = ¢’ — ¢’. On the other hand, we have ¢> — ¢+ 1 = ¢ + /3¢ +1 so
qlg — 1) = 32m+l 4 3mH+l a5 27(27 — 1) = 3™ (3™ +1). As a result, 2" = 3™F! which is a
impossible. Now, if (3,¢+ 1) = 3 then %@271) =¢'(¢"* —1) thus 2(¢+1)(¢> — 1) = 3¢'(¢"* - 1),
which is impossible.

Hence, we deduce that K/H = Us(q). Since that m1(G) = m1(PSUs(q') = 2(¢' + 1)(¢’*> — 1) and also

Tp (G) = mp, (PSUs(q')) = ¢'* — ¢’ + 1. Since that m1(G) = m1(PSUs(q’) = 2(¢' +1)(¢’* — 1) it follows

that 2(¢+ 1)(¢> — 1) =2(¢ + 1)(¢* = 1) and ¢* —qg+1 =¢? — ¢ + 1. Hence ¢ = ¢' asn = n'. For
2 ’ 2

(3,¢+1) =3 then 2(q+1)3(q -1 _ 20 +1)3(q mED RPYS ¢ = ¢'. On the other hand, 1 < H < K < G, we deduce

that H =1, G = K = Us.

Example 3.1 we prove that if G is a group with |G| = |PSU3(5)| and ¢(G) = ¢ (PSUs(5)). Then
G = PSU3(5). For this purpose, we have |G| = 126000 = 2*.32.53.7 and (G) = 845671. We prove
that G is not a solvable group and Lemma 2.3 is satiesfies. Hence, we show if G is a solvable group,
then ¥ (G) > 845671. Now, by Lemma 2.2, we have ng € {1,4,7,16,25,28} and ny € {1,8}. Neat, by
NC-theorem we have mga # 0 and mo3 # 0. Let Qg2 and Qo3 be cyclic subgroups of orders 62 and 93,
respectively. if ns =1 so miss # 0. Thus Y(G) > Y(Z155) + $(62).62+93.¢(93) + (|G| — 155+ 62493).2 =
19551 + 30.62 + 60.93 + (372000 — 310).2 = 19551 + (371690).2 = 770991, so (G) > 8821051 as wanted.
If G is non-solvable, then by LemmaZ2.3, G has a normal series 1 < H I K <G such that K/H =
PSL(3;5) or PSL(3;31) and |G/K| | |Out(K/H). First if K/H = PSL(3;5). Since that |G/K| | |2
so |H| = 2%.3.5%.31. Now, we know that H = Zyi 55331 then G is a central extension of Zoi 353 31
by PSL(3;5). Since the Shur multiplier of PSL(3;5) is 1, we get that G = Zs1 3531 X PSL(3;5).
Hence ¥(G) > ¥(Zaa3.53.31)0(PSL(3,5)) > 14510693547.8821051, where this is a contradiction. Now
K/H = PSL(3;31), so we have G =2 PSL(3;31) and the proof is completed.
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