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A New Conformal Fractional Integrals and Derivatives

Methaq Hamza Geem

abstract: In this work, a new definition of conformal fractional integrals and derivatives are defined by
another function h(x), namely α-M-conformal fractional derivative and α-M-conformal fractional integral as
generalized for some types of conformal fractional derivative and integral. This type of conformal fractional
obeys classical properties like linearity, power rule, chain rule, product and quotient rule.
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1. Introduction

In recent years, fractional calculus has gained significant attention from researchers [1,2,3,5] , growing
into a robust area of both theoretical exploration and practical application. The origins of this field trace
back to the 17th century, particularly in 1695 when Leibniz described a derivative of order α = 1

2 in a
correspondence with L’Hospital. This intriguing concept quickly captivated mathematicians as well as
professionals in physics, biology, engineering, and economics [24].

Classical fractional calculus relies on various definitions for integration and differentiation operators,
including Riemann-Liouville, Hadamard, IIyas-Farid and Katugampola [4,10,11,12]. These types of frac-
tional integrals and derivatives are not satisfy many properties as linearity, power rule, chain rule, product
and quotient rule, thus, the need for a new type of fractional integrals arose. In [13], defines new type of
fractional integral , namely conformal fractional integral and derivative. This type of fractional integrals
and derivatives benefit for developing many papers as future works [6-9 ]. In this paper we define a new
conformal fractional derivative as generalized some types of conformal derivatives and integrals [14]. We
found and proved the relationship between a new conformal fractional derivative and regular derivative
to facilitate dealing with the new type of fractional derivatives, Also proved that every function fractional
differentiable at point is continuous at the same point.

2. Fundamental Concepts

Definition 2.1 [4]: Let ϕ(x) be a continuous function in a Banach space C([a, b]) then (left/right)
Riemann-Liouville integrals defined as following:

Iα,a
+

RL ϕ(x) =
1

Γ(α)

∫ x

a

(x− u)α−1ϕ(u)du

Iα,b
−

RL ϕ(x) =
1

Γ(α)

∫ b

x

(u− x)α−1ϕ(u)du
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Definition 2.2 [12]: Let ϕ be a continuous function in a Banach space C([a, b]) and n− 1 < α < n then
(left/right) Riemann-Liouville derivatives as following::

Dα,a+

RL ϕ(x) = (
d

dx
)nIn−α,a+

RL ϕ(x) =
1

Γ(n− α)
(
d

dx
)n

∫ x

a

(x− u)(α− 1)ϕ(u)du, x ∈ [a, b]

Dα,b−

RL ϕ(x) = (
d

dx
)nIn−α,b−

RL ϕ(x) =
1

Γ(n− α)
(
d

dx
)n

∫ b

x

(u− x)(α− 1)ϕ(u)du, x ∈ [a, b]

Proposition 2.1 [12]
Let ϕ be a continuous function and 0 < α < 1 then

Dα,a+

RL Iα,a
+

RL ϕ (x) = ϕ (x)

Definition 2.3 [13]:
If f : [0,∞) → R is a function and 0 < α < 1 then conformal α -fractional derivative define as follows:

Tα
KH (f) (t) = lim

ε→0

f
(
t+ εt1−α

)
− f(t)

ε

Definition 2.4 [13]:
If f : [0,∞) → R be a function and 0 < α < 1 then conformal α -fractional integral define as follows:

Iαa (f (x)) =

∫ x

a

f(t)

t1−α
dt

Definition 2.5 [14]:
If f : [0,∞) → R be a function and 0 < α < 1 then α -conformal fractional derivative define as

follows:

Tα
Kat (f) (t) = lim

ε→0

f
(
teεt

−α
)
− f(t)

ε

3. Proposed Conformal Fractional

Definition 3.1 [13]: Let n−1 < α ≤ n , n ∈ N then we define a new conformal fractional derivative

of order α , as following: Dα
M,hf (t) = limε→0

f(h−1(h(t)+εt−α))−f(t)

ε
namely α-M-conformal fractional derivative.
If f is α-differentiable in (0,a) and limt→0+ Dα

M,hf (t) exists for all t > 0, then define :

Dα
M,hf (0) = lim

t→0+
Dα

M,hf (t)

Theorem 3.1 :
Let f : (0,−∞) → R is α-M-differentiable function at a point t0 > 0 , α ∈ (0, 1), then f is continuous at
t0 .
Proof:
Let t0 > 0 then we have

f
(
h−1

(
h (t0) + εt0

−α
))

− f (t0) =
f
(
h−1 (h (t0) + εt0

−α)
)
− f (t0)

ε
ε

Thus

lim
ε→0

[
f
(
h−1

(
h (t0) + εt0

−α
))

− f (t0)
]
= lim

ε→0

[
f
(
h−1 (h (t0) + εt0

−α)
)
− f (t0)

ε

]
. lim

ε→0
ε

Let τ = 1
h′(t0)

εt0
−α + o(ε2) then τ → 0 at ε → 0, we get

lim
ε→0

[
f
(
h−1

(
h (t0) + εt0

−α
))

− f (t0)
]
= h′ (t0) t0

α lim
ε→0

[
f (t0 + τ)− f (t0)

τ

]
. lim

ε→0
ε = 0

Hence f(t) is continuous at t0.
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Theorem 3.2 :
Let f and g be -M-differentiable functions a point t > 0 , α ∈ (0, 1), then

1. Dα
M,h (af + bg) = aDα,a

M,h f + b Dα,a
M,hg

2. Dα
M,h (f.g) = f Dα,a

M,hg + g Dα,a
M,h f

3. Dα
M,h

(
f
g

)
=

g Dα,a
M,hf−f Dα,a

M,hg

g2

4. Dα
M,h (C) = 0

5. Dα
M,h (t

n) = n
h′(t) t

n−α−1

Proof:

1−Dα
M,h (af + bg) = limε→0

(af+bg)(h−1(h(t)+εt−α))−(af+bg)(t)

ε

= lim
ε→0

a
[
f
(
h−1 (h (t) + εt−α)

)
− f (t)

]
+ b

[
g
(
h−1 (h (t) + εt−α)

)
− g (t)

]
ε

= a lim
ε→0

[
f
(
h−1 (h (t) + εt−α)

)
− f (t)

]
ε

+ b lim
ε→0

[
g
(
h−1 (h (t) + εt−α)

)
− g (t)

]
ε

Dα
M,h (af + bg) = aDα,a

M,h f + b Dα,a
M,hg

2−Dα
M,h (f.g) = limε→0

(f.g)(h−1(h(t)+εt−α))−(f.g)(t)

ε

= lim
ε→0

f
(
h−1 (h (t) + εt−α)

)
.g
(
h−1 (h (t) + εt−α)

)
− f (t) .g(t)

ε

= lim
ε→0

g (t)
[
f
(
h−1 (h (t) + εt−α)

)
− f (t)

]
+ f (t)

[
g
(
h−1 (h (t) + εt−α)

)
− g (t)

]
ε

= g (t) lim
ε→0

[
f
(
h−1 (h (t) + εt−α)

)
− f (t)

]
ε

+ f (t) lim
ε→0

[
g
(
h−1 (h (t) + εt−α)

)
− g (t)

]
ε

Therefore Dα
M,h (f.g) = f Dα,a

M,hg + g Dα,a
M,h f

3−Dα
M,h

(
f
g

)
= limε→0

( f
g )(h

−1(h(t)+εt−α))−( f
g )(t)

ε = limε→0

(
f(h−1(h(t)+εt−α))
g(h−1(h(t)+εt−α))

)
−( f(t)

g(t) )

ε

= lim
ε→0

g (t) f
(
h−1 (h (t) + εt−α)

)
− f (t) g

(
h−1 (h (t) + εt−α)

)
− f (t) g (t) + f (t) g(t)

ε g (h−1 (h (t) + εt−α)) g(t)

= lim
ε→0

g (t)
[
f
(
h−1 (h (t) + εt−α)

)
− f (t)

]
− f (t)

[
g
(
h−1 (h (t) + εt−α)

)
− g (t)

]
ε g (h−1 (h (t) + εt−α)) g(t)

Therefore Dα
M,h

(
f
g

)
=

g Dα,a
M,hf−f Dα,a

M,hg

g2

4−Dα
M,h (C) == limε→0

C−C
ε = limε→0 0 = 0

5−Dα
M,h (t

n) = limε→0
(h−1(h(t)+εt−α))

n−tn

ε = 0
0
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Thus by using L′Hopital′s rule we obtain

Dα
M,h (t

n) = lim
ε→0

n
(
h−1 (h (t) + εt−α)

)n−1

1

t−α

h′ (h−1 (h (t) + εt−α))

Dα
M,h (t

n) = ntn−α−1

h′(t)

Theorem 3.3 :
Let f be α-M-differentiable functions a point t0 > 0 , α ∈ (0, 1) then

Dα
M,h (f(t)) =

t−α

h′(t)

df

dt

Proof:

Dα
M,h (f(t)) = lim

ε→0

f
(
h−1 (h (t) + εt−α)

)
− f(t)

ε

Let τ = 1
h′(t0)

εt0
−α + o

(
ε2
)
= 1

h′(t0)
εt0

−α (1 + o (ε)) → ε =
τ h′(t0)t

α
0

1+o(ε)

Dα
M,h (f(t)) = lim

τ→0

f (t+ τ)− f(t)
τ h′(t0)tα0
1+o(ε)

=
t−α

h′(t)
lim
τ→0

f (t+ τ)− f(t)

τ
=

t−α

h′(t)

df

dt

Corollary 3.1 :
Let g be α-M-differentiable functions a point t0 > 0 , α ∈ (0, 1) and f is differentiable function at

g (t0), then
Dα

M,h ((fog)(t0)) = f ′ (g (t0)) Dα
M,hg (t0)

Proof:

Dα
M,h ((fog) (t0)) =

t0
−α

h′ (t0)

d (fog) (t0)

dt
=

t0
−α

h′ (t0)
f ′ (g (t0)) g′ (t0)

= f ′ (g (t0))
t0

−α

h′ (t0)
g′ (t0) = f ′ (g (t0)) Dα

M,hg (t0)

Definition 3.2 :
Let f be a continuous function and α ∈ (0, 1) , a > 0 then:

Iα,aM,h (f (t)) (x) =

∫ x

a

tα h′ (t) f (t) dt

Proposition 3.1 :

Dα
M,hI

α,a
M,h (f (t)) (x) = f(x)

Proof:

Dα
M,hI

α,a
M,h (f (t)) (x) = Dα

M,h

∫ x

a

tα h′ (t) f (t) dt

=
x−α

h′(x)

d

dx

(∫ x

a

tα h′ (t) f (t) dt

)
=

x−α

h′(x)
xα h′ (x) f (x) = f(x)

Proposition 3.2 :

Iα,a
M,hD

α
M,h (f (t)) (x) = f (x)− f(a)

Proof:

Iα,a
M,hD

α
M,h (f (t)) (x) = Iα,a

M,h

(
x−α

h′ (x)

df

dx

)
=

∫ x

a

tα h′ (t)
t−α

h′ (t)
f

′(t)dt =

∫ x

a

f ′ (t) dt = f(t)|xa = f (x)− f(a)
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