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Some Properties of the Interval Quadripartitioned Neutrosophic Sets
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ABSTRACT: The Interval Quadripartitioned Neutrosophic Set (IQNS) is the combination of the quadripar-
titioned neutrosophic set and interval neutrosophic set. IQNS plays an important role as a mathematical
tool to deal with real-life problems involving uncertainty and indeterminacy. In this paper, We define some
set-theoretic operations of IQNSs namely, the symmetric difference, and prove some of their properties. We
also define the convexity criteria of IQNSs and prove their properties.
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1. Introduction

Neutrosophic Sets (NSs) [1] and Single Valued NSs(SVNSs) [2] are proposed to capture uncertainty

convincingly by extending the Fuzzy Sets (FSs)[3] and intuitionstic FSs [4]. NS [1] was further extended
to Quadripatitioned NS (QNS)[5] and Pentapatitioned NS (PNS)[6]. Combining Interval NS (INS) [7]
with QNS [5], Interval QNS (IQNS)[8] was proposed by Pramanik. Similarly, combining INS [7] with
PNS [6], Interval PNS (IPNS) [9] was grounded by Pramanik. Overview of NSs and their extensions were
depicted in several studies [10,11, 12, 13, 14, 15, 16, 17].
Decision making has been extensively studied in SVNS environments [18, 19], QNS environments [20,
21, 22] and PNS environments | 24, 25, 26, 27,28, 29, 30, 31]. SVNSs have been used in water quality
assessment [32]. Graph theory [33] in PNS was introduced by Das et al. NSs and their extensions have
been explored in algebra [34, 35, 36], hiperalgebra [37] and topological spcae [38, 39, 40, 41, 42, 43].
Pramanik [8] presented some basic properties of IQNSs. Further improvements such as convexity, truth
favorite, false favorite, and their properties were not studied in IQNS environment.

1.1. Research Gap

Stduies relating to convexity, truth favorite, false favorite, and their properties are not reported in
the literature in IQNS environments.
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1.2. Motivation

To fill the research gap, we initiate to explore convexity, truth favorite, false favorite, and their
properties for IQNSs.
Rest of the paper is organized as follows:
Section 2 presents preliminaries of IQNSs.
Section 3 presents the properties of IQNSs and their proofs.
Section 4 presents future research directions. Section 5 concludes the paper.

2. Preliminaries

In this section, we recall some basic definitions related to NSs, SVNSs, INSs, and IQNSs.

Definition 2.1 NS [1] Let H be a NS in a universe of discourse V. =(vi,va,...,v,). H can be defined
as

H={(Tg(v), In(v), Fu(v)) | ve V}.

where the functions Ty (v), Iy (v) and Fy(v) respectively denote the truth, indeterminacy and falsity
membership functions of v € V to the set H satisfy the conditions

T0<Ty(w) <17, 0< Iy(w) <1%, 70< Fy(v) <17, 70 < Ty (v) + Ig(v) + Fu(v) < 3T.

Definition 2.2 SVNS [2] Let V be a fized set. A SVNS H over V is defined as:

H ={(v, (Tu(v), In(v), Fu(v) ) : v e V} where Ty (v), In(v), Fu(v) refer to the degree of the truth,
indeterminancy and falsity membership functions respectively. Ty (v) : V. — [0,1], Ig(v) : V — [0,1] ,
Fg(v) : V= [0,1] and 0 < Ty (v) + Ig(v) + Fg(v) < 3.

Definition 2.3 INS (7] Let V be a fived set. An INS H over V is defined as:
H ={(v, (Tr(v), In(v), Fu(v))) | ve V}
={(v, (finf Ty (v), sup Tp (v)], [inf I (v), sup Iy (v) |, [inf Fp(v), sup Fpy(v)])) | ve V}
where each v € V, Ty (v), Ig(v), Fu(v) denote the degree of the truth, indeterminancy, and falsity
membership functions respectively.
Ty (v) = [inf Tr (v), sup Tr(v)] C [0,1], Ig(v) = [inf I (v), sup I (v)] C [0,1],
Fy(v) = [inf F(v), sup Fr(v)] C [0,1], and 0 < sup Iy (v) + sup Ig(v) + sup Fr(v) < 3.

Definition 2.4 QSVNS [5] Let V be a fized set on which a QSVNS H is defined. Then H can be
expressed as:

H = {{v, (Tu(v), Cg(v), Ug(v), Frr(v))) | v € V}, where Ty (v), Cu (v), Un (v), and Fy (v) denote the
degree of truth, contradiction, ignorance and falsity membership functions respectively and

0 < sup Ty (v) + sup Cr(v) + sup Un (v) + sup Fr(v) < 4.

Definition 2.5 IQNS [8] Let H be a IQNS in a universe of discourse

and 'V = (v1,va,...,v,) then H is defined and symbolized as :

H={{v, (T (v), Cu(v), Ug(v), Fu(v))) | v € V} where Ty (v), Cr(v), Ug(v), Fr(v) are the degree of
truth, contradiction, ignorance and falsity of membership function respectively and

Ty (v) = [inf Ty (v), supTy (v)] € [0,1], Cpu (v) = [inf Cy(v), sup Cu(v)] € [0,1],

Ust () = finf Ust (), sup Up (0)] € (0,1], F (v) = finf Fia (v), sup Fa (v)] € [0,1],

0 < sup Ty (v) + sup Cy(v) + sup Uy (v) + sup Fy(v) < 4.

Definition 2.6 Containment [8] Let J and H be any two IQNSs over a universe of discourse V.Then
J is said to be contained in H and symbolized as JCH iff for any v € V, then

inf Ty (v) < inf Tw (v), sup Ty (v) < sup Ty (v),
inf Cy(v) < inf Cu(v), sup Cy(v) < sup Cg(v),
inf Uy (v) = inf Up (v), sup Uy (v) = sup Un (v),
inf Fy(v) > inf Fir(v), sup Fy(v) > sup Fis (v)
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Definition 2.7 Intersection [8] Let J and H be any two IQNSs over V. Then W = JN H is also an
IQNS over V, and defined as W= JNH = {{v, [inf Tw (v), sup Tw (v)], [inf Cw (v), sup Cw (v)], [inf
Uw (v), sup Uw (v)], [inf Fw (v), sup Fw (v)]) | v € V} where,

inf Tw (v) = min(inf Ty (v), inf Tr (v)), sup Tw (v) = min(sup Ty (v), sup Tr(v)),

inf Cw (v) = min(inf Cy(v), inf Cg(v)), sup Cw (v) = min(sup Cj(v), sup Cg(v)),

inf Uw (v) = maz(inf Ty (v), inf Ty (v)), sup Uy (v) = maz(sup Uy (v), sup Ug (v)),

inf Fw (v) = maz(inf Fy(v), inf Fi(v)), sup Fw (v) = maz(sup Fy(v), sup Fy(v)),

for every v e V.

Definition 2.8 Union [8] Let J and H be any two IQNSs over V. Then W*= JU H is also an IQNS
over V , and defined as W*= JUH

= {(v, [inf Twx(v), sup Tw*(v)], [inf Cw+(v), sup Cwx(v)], [inf Uwx(v), sup Uw=*(v)], [inf Fw=(v),
sup Fyw*(v)]) | ve V}

where inf Tw*(v) = maz(inf Ty (v), inf T (v)), sup Tw=(v) = maz(sup Ty (v), sup Tr (v)),

inf Cwx*(v) = maz(inf Cy(v), inf Cy(v)), sup Cw (v) = maz(sup Cj(v), sup Cg(v)),

inf Uw*(v) = min(inf Ty (v), inf T (v)), sup Uw (v) = min(sup Uy (v), sup Ug (v)),

inf By (v) = min(inf Fy(v), inf Fi (v)), sup Fw (v) = min(sup Fj(v), sup Fy(v)),

for every v e V.

3. Basic theories of IQINSs

Theorem 3.1 Let Hy and Hs be any two IQNSs. Then HiUH5 is the smallest set containing both H,
and Hs.

Proof: : Let H = H{UH>.

So Inf Ty = max(Inf Ty, Inf Tyy,) = Inf Ty > Inf Ty, and Inf Ty > Inf Ty,

Sup Ty = max(Sup Ty,, Sup Ty,) = Sup Ty > Sup Ty,, and Sup Ty > Sup Th,,

Inf Cy = max(Inf Cy,, Inf Cy,) = Inf Cy > Inf Cy, and Inf Cy > Inf Cy,,

Sup Cy = max(Sup Cp,, Sup Cy,) = Sup Cy > Sup Ch,, and Sup Cy > Sup Ch,,

Inf Uy = min(Inf Uy,, Inf Uy,) = Inf Uy < Inf Uy, and Inf Uy < Inf Ug,,

Sup Uy = min (Sup Uy, , Sup Uy,) = Sup Uy < Sup Up,, and Sup Uy < Sup Upy,,

Inf Fyg = min(Inf Fy,, Inf Fy,) = Inf Fg < Inf Fy, and Inf Fy < Inf Fg,.

Furthermore if J be any set containing both H; and Hs then

Inf Ty > Inf Ty, and Inf Ty > Inf Ty,

Inf Ty > max( Inf Ty, Inf Ty, ) = Inf Ty, So Inf Ty > Inf Ty.

Sup Ty > Sup Ty, and Sup Ty > Sup Ty,. Sup Ty > max( Sup Ty,, Sup Ty, ) = Sup Ty. Sup Ty >
Sup Ty.

Inf Cy > Inf Cy, and Inf C; > Inf Cy,, Inf C; > max( Inf Cy,, Inf Cy, ) = Inf Cy.

So Inf C; > Inf Chg.

Sup Cj > Sup Cp, and Sup C; > Sup Cq,. Sup C; > max( Sup Cp,, Sup Cp, ) = Sup Cy. Sup C;
> Sup Cgy.

Inf Uy < Inf Uy, and Inf Uy < Inf Uy, Inf Uy < min( Inf Uy,, Inf Ug,) = Inf Uy,

So Inf UJ S Inf OH.

Sup Uy < Sup Uy, and Sup Uy < Sup Up,. Sup U; < min( Sup Uy, , Sup Ug,) = Sup Uy. Sup U,y <
Sup Ugy.

Inf F; < Inf Fy, and Inf F; < Inf Fy,, Inf F; < min( Inf Fy,, Inf Fp,) = Inf Fy,

So Inf F; < Inf Fy.

Sup F; < Sup Fy, and Sup F; < Sup Fpy,. Sup F; < min( Sup Fg,, Sup Fg, ) = Sup Fg. Sup F; <
Sup Fy

That implies H C J.

Q.E.D 0

Theorem 3.2 Let Hy and Hs be two IQNSs. Then Hi N Hy is the largest set containing both Hy and
H,.
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Proof: Let H = Hy N Hy. So Inf Ty = min(Inf Ty, , Inf Ty,).

Therefore Inf Ty < Inf Ty, and Inf Ty < Inf Tj,.

Sup Ty = min(Sup Tp,, Sup Th,). So Sup Ty < Sup Ty, and Sup Ty < Sup Th,.

Inf Cy = min(Inf Cp,, Inf Cg,). Therefore Inf Cy < Inf Cp, and Inf Cy < Inf Ch,.

Sup Cy = min(Sup Cp,, Sup Ch,).

Therefore Sup Cy < Sup Cy,, and Sup Cy < Sup Ch,.

Inf Uy = max(Inf Uy,, Inf Uy, ). Therefore Inf Uy > Inf Uy, and Inf Uy > Inf Ugy,.

Sup Ug = max(Sup Ug,, Sup Ug,). Therefore Sup Uy > Sup Up, and Sup Uy > Sup Up,.

Inf Fy = max(Inf Fy,, Inf Fp,). Therefore Inf Fy > Inf Fp, and Inf Fy > Inf Fp,.

Sup Fy = max(Sup Fp,, Sup Fp,). Therefore Sup Fy > Sup Fy, and Sup Fy > Sup Fp,.
Furthermore if J be any set contained in both H; and Hs then

Inf Ty < Inf Ty, and Inf Ty < Inf Ty,

Inf T; < min(Inf Ty, , Inf Ty,) = Inf Ty, So Inf Ty < Inf Ty.

Sup Ty < Sup Ty, and Sup Ty < Sup Tg,. Sup Ty < min(Sup Ty, Sup Ty,) = Sup Ty. Sup Ty <
Sup Ty.

Inf C; < Inf Cy, and Inf C; < Inf Cy,, Inf C; < min(Inf Cy,, Inf Cg,) = Inf Cy.

So Inf C'; < Inf Cg.

Sup C; < Sup Cq, and Sup Cjy < Sup Cq,. Sup C; < min(Sup Chq,, Sup Cg,) = Sup Cg. Sup C; <
Sup Cy.

Inf U; > Inf Uy, and Inf U; > Inf Uy, Inf U; > max(Inf Uy, , Inf Uy,) = Inf Uy.

So Inf UJ > Inf CH.

Sup Uy > Sup Uy, and Sup U; > Sup Ug,. Sup Uy > max(Sup Uy,, Sup Ug,) = Sup Uy. Sup U; >
Sup Uy.

Inf Fy > Inf Fy, and Inf F; > Inf Fy,, Inf F; > max(Inf Fy,, Inf Fy,) = Inf Fg.

So Inf F; > Inf Fg.

Sup Fj > Sup Fpy, and Sup F; > Sup Fy,. Sup F; > max(Sup Fy,, Sup Fy,) = Sup Fy. Sup Fy >
Sup Fp. That implies J C H .

Q.E.D. O

Definition 3.1 Let J be an IQNS. Then J is said to be convex if and only if

inf Ty(Ax + (1-A)y) = min (inf Ty (x), inf T;(y) ),
sup Ty(Ax + (1-\)y) > min (sup Ty (z), sup T;(y)),
inf Cy(Ax + (1-\)y) > min (inf Cy(x), inf C;(y)),
sup Cy(Ax + (1-\)y) = min (sup Cy(x), sup C;(y)),
infUj(Ax + (1-\)y) < max (inf Uy (x), inf Us(y)),
sup Uy(Ax + (1-\)y) < max (supUy (x), sup Uj(y)),
inf Fy(Ax + (1-\)y) < maz (inf Fy(x), inf Fy(y)),
sup Fy(dx + (1-\)y) < max (sup Fy(z), sup F(y)),

YV x,y € X where X is a real Fuclidian space E™ for correctness and all X € (0, 1).

Definition 3.2 An IQNS J is said to be STRONGLY CONVEX if for any two points x and y (x#y),
and any X € (0,1),

inf Ty(Ax + (1-N)y) > min (inf Ty(z), inf T;(y)),
sup Ty(Ax + (1-))y) > min (sup Ty(x), sup T;(y)),
inf Cy(Ax + (1-A\)y) > min (inf Cy(z), inf C;(y)),
sup Cy(Ax + (1-A)y) > min (sup Cy(z), sup C;(y)),
infUyAx + (1-A)y) < maz (inf Uy (x), inf U;(y)),
sup Uy Az + (1-\)y) < maz (sup Uy (x), sup Us(y)),
inf Fy(Ax + (1-\)y) < max (inf Fj(z), inf F;(y)),
sup Fy(Ax + (1-\)y) < mazx (sup Fj(x), sup Fj(y)),

Vx,y € X where X is a real Euclidian space E™ for correctness and all A € (0, 1).
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Theorem 3.3 If J and H are any two convex IQNSs, then J N H is convez.

Proof: Let V = J N H, then

inf Ty (Ax + (1-\)y) = min(inf Ty(Az + (1-N)y), inf Ty (Az + (1-N)y)),
sup Ty (Az + (1-A)y) = min(supTy(Az + (1-N)y), supTr(Ax + (1-N)y)),
inf Cy (Ax + (1-Ay) = min(inf C;(Ax + (1-N)y), inf Cx(Az + (1-\)y))
sup Cy (Az 4+ (1-A)y) = min(sup Cy(A\x + (1-A)y), sup Cg(Ax + (1-
inf Iy (Az + (1-)\)y) = max(inf I;(Az + (1-N)y), inf Ig(Ax + (1-N)y)),
sup Iy (Az + (1-Ay) = max(sup I;(Az + (1-A\y), sup Iy (Az + (1-Ay)),
inf Fy (Az + (1-\)y) = max(inf Fy(Az + (1-A)y), inf Fg(Az + (1-\)y)),
sup Fy(Ax 4+ (1-\)y) = max(supFy(Az + (1-A)y), sup Fu(Ax + (1-N)y)).
Since J is convex, it follows that

)

)
( Ny)),
Ay

inf Ty(Az + (1-A)y) > min(inf Ty(x), inf T;(y)), sup Ty(Az + (1-A)y) > min(sup Ty (x), sup Ts(y)), inf
Cy(Az + (1-A)y) > min(inf Cj(x), inf C;(y)), sup Cy(Azx + (1-A)y) > mi n(sup Cy(z), sup C;(y)), inf
Uj(Az + (1-N)y) < max(inf U;(z), inf U;(y)), sup Us(Az + (1-A\)y) < ma (sup UJ(x), sup Ujs(y)), inf
Fy(Ax + (1-\)y) < max (inf Fy(z), inf F;(y)), sup Fy(Az + (1-\)y) < max (sup Fjy(z), sup F;(y)).

H is also convex. Therefore,

inf Ty (Az + (1-A)y) > min(inf Ty (x), inf Ty (y)), sup Tu(Az + (1-A)y) > min(sup Ty (z), sup Tu(y)),
inf Cy(Az 4+ (1-A)y) > min(inf Cy(z), inf Cy(y)), sup Cg(Ax + (1-A)y) > min(sup Cy(z), sup Cu(y)),
inf U (Ax + (1-M\)y) < max(inf Uy (x), inf Ug(y)), sup Ug(Az + (1-A)y) < max(sup Ug(z), sup Un(v)),
inf Fy(Ax +(1-\y) < max(inf Fy(z), inf Fg(y)), sup Fg(Az +(1-Ay) < max(sup Fg(z), sup Fr(y)).

Therefore,

inf Ty (Az + (1-A)y) > min(min (inf T (z), inf Ty (y)), min(inf Ty (x), inf Ty (y))) = min(min(inf T (x),
inf Ty (z)), min(infT;(y), inf Ty (y))) = min(inf Ty (x), inf Ty (y)) .

sup Ty (Ax + (1-A)y) > min(min(sup T;(z), sup T(y)), min(sup Ty (z), sup Ty (y))) = min(min(sup
Ty(x), sup Ty (x)), min(sup Ty (y), sup Tr(y))) = min(sup Ty (z), sup Tv(y)) .

inf Cy (Az + (1-A)y) > min(min (inf C;(z), inf C;(y)), min(inf Cy(x), inf Cx(y))) = min(min(inf C;(x),
inf Cy(x)), min(inf C;(y), inf Cx(y))) = min(inf Cy (), inf Cy (y)) .

sup Cy(Azx + (1-A)y) > min(min(sup Cjy(z), sup C;(y)), min(sup Cg(z), sup Cx(y))) = min(min(sup
Cy(z), sup Cg(x)), min(sup C;(y), sup Cy(y))) = min(sup Cy(x), sup Cy(y)).

inf Uy (Ax + (1-A)y) < max(max(inf Uy(x), inf U;(y)), max(inf Ug(z), inf Ug(y))) = max(max(inf
Uj(x), inf Ug(z)), min(inf U;(y), inf Ug(y))) = max(inf Uy (z), inf Uy (y)).

sup Uy (Az +(1-A)y) < max(max(sup Uy(x), sup Us(y)), max(sup Ug(z), supUg(y))) = max(max(sup
Uj(x), sup Uy (z)), max(sup Us(y), sup Uy (y))) = max(sup Uy (x), sup Uy (y)).

inf Fy (Ax +(1-A)y)< max(max(inf F;(z),inf F;(y)), max(inf Fy(z), inf Fy(y))) = max(max(inf F;(x),
inf Fy(x)), min(inf Fjy(y), inf Fg(y))) = max(inf Fy(x), inf Fy (y)).

sup Fy(Az + (1-)\)y)< max(max(supFy(z), sup Fj(y)), max(sup Fg(x), sup Fg(y))) = max(max(sup
Fj(z), sup Fg(z)), max(sup Fj(y), sup Fu(y))) = max(sup Fy(z), sup Fy(y)).

Therefore, V' is convex.

This completes the proof of the theorem. O

)
A

Theorem 3.4 If J and H are any two strongly convexr IQNSs, then J N H is also strongly convez.

Proof: Let V = J N H then

inf Ty (Az +(1-A)y) = min (inf T; (Az +(1-N)y), inf Ty (Az + (1-N)y)),

sup Ty (Az + (1-N)y) = min (sup Ty(Az + (1-N)y), sup Ty (Az +(1-N)y)),
inf Cy (Ax + (1-A)y) = min (inf Cy(Az + (1-A)y), inf Cy(Az +(1-N)y)),

sup Cy(Az + (1-A)y) = min (sup Cy(Az + (1-N\)y), sup Cg (A\x + (1-N\)y)),
inf Iv(Az + (1-\)y) = max (inf I;(Az + (1-N\)y), inf Iy (Az +(1-V)y)),
sup Iy (Az + (1-A\)y) = max (sup I;(Azx + (1-A)y), sup I (Az + (1-N)y)),
inf Fy(Az + (1-\)y) = max (inf F;(Az + (1-A\)y), inf Fg(Az +(1-\)y))
sup Fy(Az + (1-Ay) = max (sup Fy(Az +(1-\)y), sup Fg(Az +(1-N)y)
Since J is strongly convex, we have

)
)

)
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inf Ty(Ax + (1-A)y) > min (inf Ty(x), inf T;(y)), sup Ty(Az + (1-A)y) > min (sup Ty(z), sup Ty (y)),
inf Cy(Az + (1-A)y) > min (inf Cy(x), inf C;(y)), sup Cy(Az + (1-A)y) > min (sup Cy(z), sup C;(y)),
inf Uy(Az + (1-\)y) < max (inf Uy (z), inf U;(y)), sup Us(Az + (1-A)y) < max (sup Uy(x), sup U, (y)),
inf Fy(Az 4+ (1-\)y) < max (inf Fjy(z), inf F;(y)), sup Fy(Az + (1-A\)y) < max (sup F;(z), sup Fs(y))
Since H is also convex, we have

inf Ty (Ax 4+ (1-A)y) > min (inf Ty (x), inf Ty (y)), sup Ty (Az + (1-A)y) > min (sup Ty (x), sup Tu(y)),
inf Cr(Ax + (1-A)y) > min (inf Cy(z), inf Cy(y)), sup Cu(Az + (1-A)y) > min (sup Cy(z), sup Cu(y)),
inf Uy (Ax + (1-A\)y) < max (inf Uy (z), inf Uy (y)), sup Ug (Az + (1-A)y) < max (sup Uy (z), sup Ug (y)),
inf Fy(Az + (1-\)y) < max (inf Fy (x), inf Fg (y)), sup Fg(Az + (1-\)y) < max (sup Fy(z), sup Fy(y)).

Therefore, inf Ty (Ax + (1-\)y) > min (mln (inf Ty (), inf T;(y)), min (inf Ty (x), inf Ty (y))) = min
(min (inf Ty (x), inf Ty (x)), min (inf T;(y), inf Ty (y))) = min (inf Ty (z), inf Ty (y)).

sup Ty (Az +(1-A)y) > min (min (sup Ty (z), sup T;(y)), min (sup Tg(z), sup Ty (y))) = min (min (sup
Ty(z), sup Tw(x)), min (sup T, (y), sup Tu(y))) = min (sup Tv (z), sup Tv(y)).

inf Cy(Ax +(1-A)y) > min (min (inf C;(z), inf C;(y)), min (inf Cg(z), inf Cx(y))) = min (min (inf
Cy(z), inf Cy(x)), min (inf C;(y), inf Cy(y))) = min (inf Cy(z), inf Cy (y)).

sup Cy (Az +(1-N)y) > min (min (sup C;(z), sup C;(y)), min (sup Cg(z), sup Cy(y))) = min (min
(sup Cy(x), sup Cg(z)), min (sup Cy(y), sup Ch(y))) = min (sup Cy(z), sup Cy (y)).

inf Uy (Ax +(1-\)y) < max (max (inf Uy(x), inf Us(y)), max (inf Ug(z), inf Ug(y))) = max (max (inf
Uj(x), inf Ug(z)), min (inf U;(y), inf Ug(y))) = max (inf Uy (2), inf Uy (y)) .

sup Uy (Az +(1-A)y) < max (max (sup Ujy(z), sup U;(y)), max (sup Ug(z), sup Ug(y))) = max (max
(sup Ujy(z), sup Ug(x)), max (supU;(y), sup Ug(y))) = max (sup Uy (z), sup Uy (y)).

inf Fy(Az +(1-A\)y) < max (max (inf Fy(x), inf Fy(y)), max (inf Fy(z), inf Fy(y))) = max (max (inf
Fj(x), inf Fy(x)), min (inf F;(y), inf Fy(y))) = max (inf Fy (z), inf Fy(y)).

sup Fy (Az +(1-\)y) < max (max (sup Fjy(z), sup F;(y)), max (sup Fy(z), sup Fu(y))) = max (max
(sup Fj(z), sup Fy(z)), max (sup Fj(y), sup Fr(y))) = max (sup Fy(z), sup Fy(y) ).

Therefore V' is convex.

Therefore, the theorem is proved. O

Definition 3.3 The Truth-favorite of IQNS J is also an IQNS H, denoted by H = AJ, whose truth-
membership and falsity-membership function are related to those of J by

inf T (x) = min (inf Ty(x) + inf Us(x), 1),

sup Ty (x) = min (sup Ty(x) + sup Uy(zx), 1),

inf Cu(z) = sup Cu(x) = inf Uy(z) = sup Un(x) =0,

inf Fg(x) = inf Fj(x), sup Fg(x) = sup Fy(z), Vo € X.

Definition 3.4 The False-favorite of IQNS J is also an IQNS H, denoted by H =V J, whose truth-
membership and falsity-membership function are related to those of J by

inf Ty (x) = inf T(x), sup Th(x) = sup Ty(x),

inf Cp(z) = sup Cu(x) =0,

inf Un(x) = sup Un(z) =0,

inf F(x) = min (inf Fy(x) + inf Us(z), 1),

sup Fr(z) = min ( sup Fy(z) + sup Us(z), 1),

VoelX.

Theorem 3.5 For every IQNSs J and H
(a) A(JUH) C AJUAH.
(b) AJINAH C A(JNH ).
(¢c) VJUVH C V(JUH ).
(d) V(JNH) C VJNVH.

Proof: (a) Let V=JUH
inf Ty (x) = max(inf T;(z), inf Ty (x)), sup Ty (z)) = max(sup Ty (z), sup Tu(z)),
inf Cy (z) = max(inf Cy(x), inf Cy(x)), sup Cy(z)) = max(sup C;(z), sup Cg(x)),
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inf Uy () = min(inf Uy (z), inf Uy (x)), sup Uy (z)) = min(sup U;(z), sup Un(z)),

inf Fy (z) = min(inf Fj(x), inf Fgy(x)), sup Fy(z)) = min(sup F;(z), sup Fy(z)),

inf Tay(z) = mln(lnf Ty (z) + inf Uy (z), 1)

sup Tay (z) = min(sup Ty (z) + sup Uy (z), 1),

inf Cay(x) = sup Cay(x) =0,

inf Uay (z) = sup Uav(z) = 0,

inf Fay(z) = inf Fy(x), sup Fay(z) = sup Fy(z),

inf Tay(z) = min(inf Ty (z) + inf Uy (x), 1)

sup Tas(x) = min(sup Ty(x) + sup U;(z), 1),

i (z) = sup Cas(x) =0,

inf Uaj(z) = sup Uay(z) =0,

i (x) = inf Fj(z), sup Fas(z) = sup Fy(z),

inf Tap(z) = min (inf Ty (x) + inf Ug(x), 1)

x) = min (sup Ty (z) 4+ sup Ug(z), 1),

inf Cap(z) = sup Capn(x) =0,

inf Ung(x) = sup Uag(z) = 0,

inf Fag(z) = inf Fy(z), sup Fan(x) = sup Fy(x),

inf Tajuam (z) = max(inf Tay(x), inf Tag(x)), sup Tajuam (z) = max(sup Tay(z), sup Tap(z)).

inf Cajuam(z) = sup Cajuan(z) = 0.

inf Uajuam(x) = sup Uajuan(z) = 0.

inf FAjuAH(l‘) = min(inf FAJ(JJ), inf FAH(JZ)),

sup Fajuam(xz) = min(sup Fay(z), sup Fag(z)).

Now inf Tajup(z) = min(inf Tyup(x) + inf Ujup(x), 1) = min(max(inf Ty(x), inf Ty (z)) + min(inf
Ujs(z), inf Ug(x)),1)<1.

inf Tajuap(z) = max(min(inf Ty(z) + inf Uy(x), 1), min(inf Ty (x) + inf Ug(x), 1))

Now if inf Ty(x) + inf Uy(x) > 1 or inf Ty (x) 4+ inf Uy (z) > 1 or both then inf Tajuap(z) =1 > inf
TajuH-

If inf Tj(z) + inf Uy(z) < 1 and inf Ty (x) + inf Ug(x) < 1, then inf Th juam () = max(inf T;(z) +
inf Uy (z), (inf T (x) + inf Ug(x)).

inf Tacjum)(z) = inf Ty(z) + inf Us(z) < max(inf T;(x) + inf Uy(z), inf Ty (z) + inf Uy (x)) = inf
Tasuam(T).

or

inf Tayum)(z) = inf Tj(x) + inf Ug(z) < max(inf Tj(z) + inf Uy(z), inf Ty(x) + inf Ug(z)) = inf
Tajuan(x)

or

inf Tacjum)(z) = inf Ty (x) 4 inf Us(z) < max(inf T;(x) + inf Us(z), inf Ty (x) + inf Ug(x)) = inf
Tajuamr(x).

or

inf Tayumy(z) = inf Ty (z) + inf Ug(z) < max(inf T(x) + inf U;(z), inf Ty (z) + inf Uy (z)) = inf
Tasuam(x).

So inf Tacjum)(z) < inf Tajuan ().

Similarly, sup Tayum)(®) < sup Tajuam ().

inf Cacjum(®) = inf Cajuan(z)= 0, sup Caum)(z) = sup Cajuan(z) = 0,

inf Uayum (z) = inf Uaguan(z) = 0, sup Uasum)(z) = sup Uayuan(z) = 0,

inf Fayum)(z) = inf Fajoan(x),

sup Facjum)(z) = sup Fajuan(z)

So A(JUH) CAJUAH.

Hence the identity is proved. O

w
=
hol
=
=

Proof: (b) Let J and H be two IQNSs, and V = J N H. Then

inf Ty (x) = 1n(1nf T;(x), inf Ty (x)), sup Ty (z) = min( sup Ty (z), sup Ty (x)),
inf Cy (z) = (mf Cy(z), inf Cy(x)), sup Cy(x) = min(sup Cy(z), sup Cg(x)),
inf Uy () = max(inf U;(z), inf Ug(x)), sup Uy (z) = max(sup U;(z), sup Ug(z)),
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inf Fy (z) = max(inf Fj(x), inf Fgy(x)), sup Fy(x) = max(sup Fy(z), sup Fy(z)),
inf Tay (z) = min(inf Ty (z) + inf Uy(z), 1) = min(min(inf Ty(x), inf Ty (x)) + max(inf U;(z), inf

UH(x))v 1)

sup Tav (x) = min(sup Ty (x) + sup Uy (z), 1) = min(min(sup T;(x), sup Ty (z)) + max(sup Uy(x), sup
Un(z)), 1)

inf Cav(z) = sup Cay(z) = 0,

() =
inf Uay (z) = sup Uav(x) = 0,
inf Fay(z) = inf Fy(2) , sup Fay(z) = sup Fy(z).
inf Tajaam (x) = min(infTa j(z), inf Tag(z)) =min(min(inf T (z) + inf Us(x), 1), min(inf Ty (z) + inf
Un(z), 1)).
inf Ta(snmy(z) = min(inf Tynp (z) + inf Ujnp(z), 1) = min(min(inf 7 (x), inf Ty (2)) + max(inf U;(z),
inf Uy (z)), 1).
inf Ta jnam () = min(inf Ty (x) + inf Uy (x), inf Ty (x) + inf Ug(z), 1) < min(min(inf Ty (x), inf Ty (x))
+ max(inf Uy (), inf Ug(x)), 1) = inf Tasnm)(z).
sup Tasnap(z) = min(supTas(z), sup Tag(x)) = min(min(supTy(z) + sup Uy(z), 1), min(supTy(z)
+ sup Ug(x), 1)).
sup Ta(snmy(z) = min(sup Tynp(z) + sup Usnm(z), 1) = min(min(supT’;(x), sup Ty (z)) + max(sup
Us(z), sup Un(x)), 1).
sup Tasnap(z) = min(supTy(z) + sup Uy(x), sup Ty (x) + sup Ug(z), 1) < min(min(sup Ty(z), sup
Ty (x)) + max(sup Uy (x), sup Un(x)), 1) = sup Tasnm) ().
inf Casnan(z) = inf Tagnm (z) =
sup Caynan(z) = sup Tanm)(z) = 0.
inf UAJQAH(:U) = inf UA(JQH) (:L’) =0.
sup Uasnam(z) = sup Uanm)(z) = 0.
inf Fajnan(z) = max(infFay(x), inf Fap(z)) = max(inf Fy(x), inf Fy(x) = inf Fanm)(z).
sup Fasnam(r) = max(supFa(z), sup Fap(z)) = max(sup Fj(x), sup Fy(x) = sup Fa(nm (o).
SO, inf TAJQAH(IE) < inf TA(JHH) (:E)
inf Tajnag (z) < inf TA(nH) (z).
inf CAJQAH(x) = inf TA(JQH)(.%) =0.
sup Casnan(x) = sup Tagnm(z) = 0.
inf UAJQAH(Z‘) = inf UA(JQH)(J?) =0.
sup Uajnan(z) = sup Uanm(z) =0 .
inf FAJQAH(Q:) = inf FA(JQH) (33)
sup Fasnan(x) = sup Fanm)(z).
Therefore, AJNAH C A(JNH).
Therefore, the identity is proved. o

=1

Proof: (c) Let V=JUH

inf Tyy (x) = inf Ty (x), sup Tvy(z) = sup Tv(x),

inf Cyv (x) = sup Cyv(z) = 0,

inf Uyy (z) = sup Uvv(z) = 0,

inf Fyy (z) = min(inf Fy (z) + inf Uy (2), 1),

sup Fyy(x) = min(sup Fy(x) + sup Uy(z), 1),

for all x in X.

Now, inf Ty (2) = inf Ty jum)(z) = inf Tyum(x) = max(inf T;(x), inf Tx(x)) = max(inf Ty ;(x), inf
Tyn(z)) = inf Ty juvm(z),

sup Tyv () = sup Tyyum)(z) = sup Tjuu(r) = max(sup Ty(z), sup Ty (x)) = max(sup Ty (x), sup
Tyn(z)) = sup Tyyuvn (),

inf Cyy (2)) = inf Cyyuvm(z) = 07

sup Cyv(z)) = sup Cyvyuvu(z) =

inf va(ﬂ;‘ ) inf UVJUVH( ) = 0

sup Uvv (x)) = sup Uvjuvu(z) = 0,

inf Fyy(z) = inf Fyyum)(z) = min(infFyupg(x) + inf Ujug(z), 1) = min(min(inf F;(z), inf Fg(z)) +
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min(infUy(x), inf Uy (z)), 1),

inf Fy juvm(z) = min(inf Fy(z) , inf Fyg(r)) = min(min (inf Fy(x) + inf Us(x), 1), min(inf Fg(z) +
inf Uy (), 1)). So, inf Fyum (z) < inf Fyjuvu(z),

sup Fyum (z) = mln(lnf From(x) + sup Fyup(x), 1) = min(min(sup Fj(x), sup Fg(z)) + min(sup
Fy(x), sup Fp(z)), 1),
sup Fy juva(x) = min(sup Fy j(x), sup Fyg(x)) = min(min (sup Fy(z) + sup Uy(z), 1), min(sup Fy(z)
+ sup Ug(z), 1)). So sup Fyum)(z) < suplysjuva ().

Therefore,

inf Ty jum (v) = inf Ty juva(z),

sup Ty sum)(z) = sup Ty uve (),

inf va( )) inf CVJUVH( ) = 0
sup Cyv(z)) = sup Cvyuva(z) =
1nf va( )) inf UVJUVH( ) = 0
sup Uyy (x)) = sup Uvjuva(x) =0,

inf Fyum)(z) < inf Fyjovn (),

sup Fyyum)(r) < sup Fyjuva(z).

So, VJUVH C V(JUH).

Therefore, the identity is proved. O

Proof: (d) Let Vo = JNH

inf Ty, (x) = inf Ty, (), sup Ty, (z) = sup Ty, (z),

inf Cyv, () = sup Cyy,(z) = 0,

inf Uy, (x) = sup Uvy, (z) =0,

inf Fyy, () = min(inf Fy,(x) + inf Uy, (z), 1),

sup Fyy, (z) = min(sup Fy,(z) + sup Uy, (z),1), for all z in X .

Now, inf Ty, () = inf Ty (jnm)(2) = inf Tyng(x) = max(inf T (z), inf Ty (x)) = max(inf Ty s(z), inf
Tvp(z)) = inf Ty nvm (),

sup Ty, (z) = sup Tyynm)(z) = sup Tynm(x) = max(sup Ty(z), sup Ty (z)) = max(sup Ty s(z), sup
Tyu(z)) = sup Ty snvu(z)

inf Cyv,(x)) = inf Cyjnvu(z) =0,
sup Cyv, (2)) = sup Cyynva(z) = 0,
inf Uyv, (x)) = inf Uyjnvu(z) =0,

sup Uy, (2)) = sup Uvsnva(z) =0,
inf Fyy,(2)) = inf Fyynm(z) = min(inf Fjng(z) + inf Usng(z), 1) = min(max(inf F;(z), inf Fg(x))
+ max(inf Fj(z), inf Fg(x)), 1)

inf Fyjnve(z) = max(inf Fys(x), inf Fyg(z)) = max(min (inf Fy(x) 4+ inf Us(x), 1), min(inf Fg(z)
+ inf Uy (z), 1)).So inf Fyjnm)(z) > inf Fyinvm(z),

sup Fy(jnm)(r) = mm(sup Fynp(x) + sup Ujnp(x), 1) = min(max(sup Fy(z), sup Fg(z)) + max(sup
UJ(m)a sup UH(x))v 1)7

sup Fyjnvm(xz) = max(sup Fyj(x), sup Fyg(z)) = max(min(sup Fj(z) + sup U(x), 1), min(sup
Fy(x) + sup Ug(x), 1)). So sup Fy(jnm(x) > sup Fyinvu(z)

Therefore, inf Ty (jnm) () = inf Ty jave (),

sup Ty (snm)(z) = sup Ty invu (),

inf Cv(jnm(7) = inf Cyjava(r) =0,

sup Cy(snm)(z) = sup Cyjnva(r) = 0,

inf Uy (jnm)(z) = inf Uvjnva(z) =0,

sup Uy (snm)(7) = sup Uvsnvu(z) = 0,

inf Iy (snm)(z) > inf Fyinva (),

sup Fy(jnm)(r) > sup Fyjnvu ().

So, VJUVH D V(JUH).

Therefore, the identity is proved. O
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4. Future Research Direction

The concept of IQNS is an advanced extension of NSs, used to handle uncertainty, indeterminacy, and
inconsistency in complex system. Since IQNS is still a relatively emerging area, several future research
directions can be pursued to enhance its theoretical foundations and practical applications.

Algebraic structures: Investigate algebraic operations and explore lattice, ring, and group-theoretic prop-
erties.

Axiomatic foundations: Establish a robust axiomatic framework for IQNS and compare it with classical
and other NS variants.

Similarity /Dissimilarity Measures: Define and refine measures of similarity, distance, and entropy specif-
ically for IQNSs.

Topological Structures: Develop IQNS-based topologies and explore continuity, compactness, and con-
vergence within such spaces.

Decision-Making Models: Extend existing Multi-Criteria Decision-Making (MCDM) methods (e.g., TOP-
SIS [44], TODIM [45], VIKOR [46]) to handle IQNS-based information.

Multi-Criteria Group Decision-Making (MCGDM): Develop models where multiple experts provide input
in IQNS environment, including consensus and conflict resolution techniques.

Water quality evaluation: Develop water quality evaluation models [47, 48] in IQNS environment.

5. Conclusions

This paper presents the convexity properties of IQNSs and also establishes the properties of truth
favorites and false favorites. In the future, the logic and relational data model of IQNSs can be explored.
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