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DNA codes from (e,?,)-constacyclic codes over Z, + wZy

Priyanka Sharma, Ashutosh Singh and Om Prakash*

ABSTRACT: The paper introduces a novel technique for constructing DNA codes from skew cyclic codes
over a no-chain extension of Z;. We discuss (e,9,v)-constacyclic codes over the ring R = Z4 + wZ4,w? = w,
with an R-automorphism e and a e-derivation  over R. By determining the generators of these codes of any
arbitrary length over R, we propose a construction on the (e,9,7)-constacyclic codes to generate additional
classical codes with improved and new parameters. Further, we demonstrate the reversibility of these codes
and investigate the necessary and sufficient conditions to derive reverse-complement codes. Moreover, we
present another construction to generate DNA codes from these reversible codes. Finally, we provide numerous
examples of (e,0,v) constacyclic codes and, by applying the established results, we construct reversible and
DNA codes. The parameters of these linear codes over Z4 are better and optimal according to the available
online database of the Z4 codes.

Key Words: (e, 0, v)-constacyclic code, Gray map, reciprocal polynomial, reversible code, DNA
code.
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1. Introduction

In the mid-20*" century, coding theory emerged as a response to the critical need for robust and reliable
data transmission systems. The pioneering works of Shannon in the late 1940s laid the groundwork by
establishing the mathematical framework for error-correcting codes [23]. The initial research was focused
on obtaining codes over finite fields. Further, in 1972, Blake [8] first studied the codes over certain rings.
After a long gap, in 1994, the work of Hammons et al. [19] attracted researchers to study codes over
finite rings [20,33]. At the same time, a new computing area emerged where Adleman showed a way
to solve computationally difficult problems through DNA molecules [3]. However, DNA molecules are
subject to errors, making error-correcting mechanisms essential in DNA computing [22]. Researchers
have considered combinatorial approaches, algebraic methods, and a few other approaches to solve this
problem [4,7,15,17,21,26,29]. With the similarity of the number of bases in DNA and elements in Fy
and Z,4, they become suitable choices for the alphabets to construct a DNA code. Reversible code was
introduced by Massey in 1964, and it paved the way for DNA code construction [24]. Following this,
Abualrub and Oehmke [2] studied DNA codes over Zy4 of length 2¢ in 2003. Further, in 2005, Gaborit
and King [16] gave a construction for DNA codes and studied the GC-content of the codes. In 2006,
Abualrub et al. [1] provided a construction for DNA code from cyclic codes over the field Fy. Recently,
several works have appeared where cyclic codes over fields and rings were considered for DNA code
construction. Further, Bayram et al. [6] explored the codes over Fy + vy and obtained DNA codes from
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it in 2016. In 2017, Bennenni et al. [7] studied DNA cyclic codes over a different ring. In the quest to
get more possibilities for the generators of a code, the study has been extended to the skew polynomial
rings [10,11,25,34,36,37] and their potential in obtaining DNA codes [14,18,28,35]. This direction is
further enriched by the studies of researchers such as Boulagouaz and Leroy [13], Boucher and Ulmer
[12], Sharma and Bhaintwal [31], and Patel and Prakash [27], where they have taken derivation with
associated automorphism to find a generator of the codes.

Here, we adopt an algebraic approach in a more general setup to tackle the error-correcting problem.
This paper first introduces the skew constacyclic codes (SCC codes) with derivations over an extension
of Z4. We consider the non-chain ring % = Z; + wZ4,w? = w and explore (o,9,7)-constacyclic codes
((e,0,7)-CC codes) over this ring. The novelty of this work is that we investigate the reverse constraint
(R-constraint) and reverse-complement constraint (RC-constraint) for a (e,,+)-CC code over some ring.
In this way, we obtain several optimal [5] and new linear codes and DNA codes over Z, using our proposed
theory. Besides the conventional ways, we propose two new constructions to obtain classical and DNA
codes. For computational purposes, we use SageMath [30] and Magma Computer Algebra System [9] to
find the factors and Lee distances for the codes.

This paper is organized as follows: Section 2 presents the ring structure and subsequent results on its
skew polynomial ring. Section 3 contains some basic definitions and results on (e,9,7)-CC codes. Section
4 explores R and RC constraints on the codes obtained in Section 3. Using the automorphism on the
ring R to deal with the reversibility problem, we establish results to obtain R and RC codes. We also
introduce two new constructions on the codes to generate several classical codes with optimal and better
parameters and DNA codes. In Section 5, we provide examples and tables to highlight the importance
of the study. Finally, Section 6 concludes the work by summarizing our results.

2. Preliminaries

Throughout the paper, % denotes the ring Zs + wZy = {a + wb | a,b € Zs} where w? = w. R has
total 9 ideals, all are principal with two maximal ideals (1 + w) and (2 + w). Thus, R is a commutative
semi-local, principal ideal ring, isomorphic to the quotient ring Z4[w]/(w? — w). Units of R are given by
R*={a+wbeR|aa+beZ;} Alinear code of length n over the ring R, say €, whose elements are
identified as codewords in it, is characterized as an R-submodule of R".

The Lee weight over Z4 is a function that assigns a weight 0 to 0, 1 to 1 and 3, and 2 to 2. As an
extension, the Lee weight on Z} is calculated by summing the Lee weights of its components. For the

generalization of the concept of the Lee weight over i, we use a Gray map ¢ : & — Z2 given by
pla+wb) = (a,a+0b)

where a and b are in Z4. Naturally, ¢ is Z4-linear distance-preserving which can be generalized to
® : R — Z3" componentwise. The Lee weight for an element in f is given by the Lee weight of its
¢-image over Zg X Zy, ie., wr(a + wb) = wr(¢(a + wb)) and thus by extending componentwise, Lee
weights in " can be determined. The Lee distance of two distinct elements of R" is the Lee weight of
their difference. The minimum of the Lee distances of distinct codewords in a code € is called the Lee
distance of €. If a code € has length n, size 45122 k. ko are non-negative integers and the minimum Lee
distance dr, then it is represented by (n,4%12%2 dr). Alternatively, a code € over & can be parameterized
as [n, k1 + ko, dr] where k1 + ko represents the dimension of €.

Definition 2.1 Suppose R is a finite ring with an automorphism e. An additive map 0 : R — R is called
a o-derivation if 9(r1ra) = 0(r1)t2 + o(t1)0(r2), for all t1,t0 € K.

Definition 2.2 Let R be a ring equipped with an automorphism e and a e-derivation 0. Then
Riz;0,0] = {ro+rz+---+r,2" |1, €R,0<i<n}

forms a ring with the usual polynomial addition and the multiplication of polynomials defined under the
rule xt = o(t)x + 0(r) for allt € R, known as a skew polynomial ring (SPR).
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We begin by introducing an automorphism e of R to define the SPR R[x; e,0]. Define a map e : # — R as
o(a+wb) =a+ (14 3w)b, (2.1)

where a,b € Z4. Clearly, o is an automorphism of order 2 of }.
Again, we take a map 0 : # — R given as

2(a +wb) = afe(a+ wb) — (a + wb)) = a(l + 2w)b (2.2)

such that e(a) + a = 0.
Clearly, the map 0 on i, defined as above, is a e-derivation on it and the nonzero values of « are 2,1+ 2w
and 3 4 2w. We readily have the following results from the definitions of e and 0.

Lemma 2.1 Lett be an element in R. Then
1. 9"(r) =0 for n > 1.
2. o(e(r)) + o(d(r)) = 0.

Clearly, the multiplication over ® is noncommutative as zr = o(t)x + 9(r) # rx. Therefore, we generalize
it by the induction hypothesis, which is useful in the study of R-codes over .

Lemma 2.2 Lett € R. Then z"t = 5 if nis even,
(e(t)z +0(r))z™" L, if n is odd.

In particular, % = rz? for allt € K.
Proof: Since xr = o(r)x + 9(r), by Lemma 2.1, we get
2 =z(e(t)x +0(r)) = & (t)z? + 0(e(r))z + 0(d(r))x + 9?(r) = ra?. (2.3)

Now, if n is even, from successive use of (2.3), we get

"t = 2" 2(z%) = 2" 2 (12?) = 2" (@)l = 2"t = - = 2% = e
If n is odd, n — 1 is even and then
2"t = z(x" ) = (2r)2" ! = (e(r)x +0(r))z" L
Hence the result. O

In the ring R[x;e,0], the right division of polynomials is followed by the right division algorithm [31]
stated in the next theorem.

Theorem 2.1 Let f(x) be a polynomial in R[x;e,0]. Then for a polynomial h(x) having unit leading
coefficient over R, there exist §(z) and t(x) over R satisfying

f(z) = a(x)b(z) +r(z)
where t(x) = 0 or degr(z) < degh(z).
3. (e,0,7)-CC codes

The class of CC codes is an impressive extension of cyclic codes, which holds significant importance
in coding theory. This section studies SCC codes with derivations over .

Definition 3.1 Let v € ®*. Given an automorphism e and a o-derivation 0 of R, a code € is an SCC
code, denoted by (e,0,7)-CC code, if it is invariant under the (e,0,7)-CC shift 7o) : X" — R" given
by

(o0, (€05 €15+, tn1)) = (v6(en—1) +0(c0), €(c0) +3(c1), - -, 0(cn—2) +d(en—1)),

for any (co,c1,...,0n-1) € &, die., if Ton,) (SY) = &. Specifically, € becomes (o,0)-cyclic or (o,0)-
negacyclic code for v =1 or —1, respectively.
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We identify R,, with % where f(x) is a skew polynomial of degree n over R. By associating an element

r = (ro,r1,...,0_1) to its corresponding skew polynomial t(z) = rg +1t12 + -+ +1, 12" "1, it can be seen

that 91[&;);] is a left R [x; o, 0]-module under the multiplication given as a(z)(t(z)+{f(z))) = a(x)r(z)+{f(z))

for any a(z) € R[x;e0,0]. Thus, throughout this paper, we frequently use the above identification for the
codeword ¢ and its corresponding skew polynomial ¢(z) interchangeably.

Lemma 3.1 Letr = (rg,ty1,...,t,_1) € X" have the skew polynomial representation t(x) = ro+tix+row?+
codrr, " in ?gff%] Then xr(z) represents the element (yo(t,_1)+0(tg), 0(rg) +0(r1),...,0(tn_2) +
(rp_1)) of R™.

Proof: It follows a similar approach as given in Proposition 3 in [27]. O

Theorem 3.1 Let € be a linear code over R of length n. The necessary and sufficient conditions for
€ to be (6,0,7)-CC is that the skew polynomial correspondence of € forms a left R[x; o,0]-submodule of
Rz;0,0]

(@™ —v)

Proof: Since € is a linear code, ¢1 () +c2(x) € &, for all ¢;(x),c2(x) € €. Suppose € is (e,0,7)-CC. Then

for a codeword ¢ € €, its 7(q 5 4)-shift, i.e., T(o0,4)(¢) € €. Using Lemma 3.1, we have x¢(x) € € for each

¢(z) in €. Following inductively, z'c(x) € € Vi € N. Thus, for every t(z) € R[z;e,9], we get t(x)c(z) in &.
Riz;0,0]

Thus, € becomes a left R[x; o, d]-submodule of T

Converse is a straightforward implication from the definition of (e,0,7)-CC code and Lemma 3.1. O

Now, we determine the generators of (e, 0, v)-CC codes of arbitrary lengths n over . If such a code € which
is an M-submodule of R", possesses a smallest degree polynomial g(z) having unit leading coefficient in %,
by Theorem 2.1, € can be treated as a principal left ®[z; e, 0]-submodule of R[z;e,0]/(z™ — 7) generated
by g().

Theorem 3.2 Let € be a (6,0,7)-CC code over R of length n. If g(x) is a minimum degree polynomial
in € having unit leading coefficient in R, then € = (g(x)). In addition, §(z)|(z™ — 7).

Consider a right divisor g(z) = Y i~ 8;z" of 2™ — v, then a generator matrix G of the (e,?,7)-CC code
€ associated with g(z) is represented as

If n — m is even, then by Lemma 2.2, we have

LN 9, q, . q,, 0 0 . 0 0
2@y e@p) +2@) 0@ +2@y) o 0@, +0@,,) 0@, 0 0 0
G: 0 0 0 m—2 m—1 m 0
0 0 o(gmil).ﬁ» 24, o(g;n)
Similarly, if n — m is odd, then
g, g, g, g, 0 0o ... 0 0
2(8y)  e(8y) +2(9;) e(8)+0(8y) ... e, ,)+0@,) @G, 0 ... 0 0
G| o 0 3 82 Gt G o 00
0 0 - TP S

It is evident that there is linear independence between the rows of G. Thus, the set {g(z), zg(z), x%3(x),
.., a"~ ™~ 1g(x)} constitutes a basis for € where m = deg(g(x)). Thus, we state the subsequent proposi-
tion.
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Proposition 3.1 Let g(z)|.z™ — v with a unit leading coefficient. Then the (6,0,7)-CC code € = {(g(x))
is a free R-module where |€| = |9{”—deg(9(m))|.

Now, we introduce an unconventional way to construct linear codes. Using this, we obtain numerous
codes over Z, presented in Tables 2 and 3.

Construction 3.1 Let € be a (0,0)-CC code generated by the matrix G over ®. Consider G = My +wMs
(LMl bM1 f
cMy dMs) 7"

where My and My are matrices over Z4. Now, we construct a generator matriz Gy = [

N= [i Z} , then the code € generated by G s a linear code over Zy. Further, for computational work,

c d 11 0 1
respectively), to find the codes and their Lee distance.

we use three different matrices (N = [a b] = {1 O] , [1 1} and E ﬂ assigned by N1, No and Ns,

Algorithm 1 To obtain classical codes by construction 3.1:

Z , length n and ~.

Step 1: Find the right divisor g(z) of 2™ — v in R[zx;e,].

Step 2: Construct the generator matrix G for the polynomial g(z) over R.

Step 3: Find the matrices M7 and My over Z4 such that G = My + wMs.
ClMl le

cMs dM2:| '

Input: Ring R[z;e,?], matrix N =

Step 4: Construct a matrix Gy such that Gy = {

Step 5: €y:= LinearCode(G y);
Output: Parameters of the code €.

4. DNA code construction

This section presents an algebraic methodology for constructing DNA codes over . We investigate
the R- and RC-constraints for a (e,0,7)-CC code € over ft. Note that for the elements of Z4, we use the
correspondence with the DNA bases which maps 0 to A, 1 to T, 2 to C and 3 to G. Here, the DNA
nucleotides follow the Watson-Crick complement rule, i.e., the nucleotides A and T are complements of
each other, and C' and G are complements of each other, symbolically, A° =T, T¢ = A, C° = G and
Ge=C.

Definition 4.1 Suppose ® is a linear code of length n such that the coordinates of its codewords are from
the set of DNA bases {A,T,G,C}. We define the primary DNA constraints as follows.

1. R-constraint: If for a codeword x = (xg,x1,...,Tn—-1) of D, its reverse given as x" = (Tp_1,Tn—2,
..., Xp) s again a codeword of D, then D is called an R-code.

2. RC-constraint: If for a codeword x = (xg,%1,...,Tn_1) of D, its reverse-complement given as
= (xl_q,..., x5,2§) is again a codeword of ®, then D is called an RC-code.

We call ® a DNA code of length n if it satisfies the constraints above.

Since the order of R is an exponent of 4, it is natural to search for a correspondence between the
codewords over R and the sequences of a DNA code. In light of the Gray map ¢, which is defined as
¢(a+ wb) — (a,a +b), where a,b € R, we form a one-to-one correspondence shown in Table 1, between
the elements of R and the DNA pairs.
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Elements of # | Gray images | Corresponding | Element of & | Gray images | Corresponding
a+ wb o(a+ wd) DNA pairs a+ wb ¢(a + wbd) DNA pairs
0 (0,0) AA w (0,1) AT
1 (1,1) TT 1+w (1,2) TC
2 (2,2) cc 24w (2,3) caG
3 (3,3) GG 34w (3,0) GA
2w (0,2) AC 3w (0,3) AG
1+ 2w (1,3) TG 1+ 3w (1,0) TA
2+ 2w (2,0) CA 2+ 3w (2,1) cT
342w (3,1) GT 34+ 3w (3,2) GC

Table 1: DNA correspondence with respect to the Gray map a + wb — (a,a + b)

Since we are considering DNA codes with coordinates of every codeword from R, each component in the
corresponding DNA sequence is a pair of DNA bases instead of a single DNA alphabet given in Table 1.
Thus, while taking the reverse of a codeword, a reversibility problem is encountered.

To understand the reversibility problem, we consider the (e,0)-cyclic code € = (2® + (2w + 2)2® +
rt + 2% + (2w + 2)x + 1) of length 8. In the reversible code ®(€), GCGAGCTAGCGAGCTA is
a DNA sequence corresponding to the codeword (3 + 3w) + (3 + w)z + (3 + 3w)x? + (1 + 3w)z3 +
(3 + 3w)ax* + (3 + w)x® + (3 + 3w)a® + (1 + 3w)z™ € € The reverse of this codeword over R is
(14 3w)+ (3+3w)r+ (3+w)x? + (3+3w) x> + (1 +3w)r* + (3+3w) 2 + (3 +w)2® + (34 3w)x” which corre-
sponds to the DNA sequence TAGCGAGCTAGCGAGC but the reverse of GCGAGCTAGCGAGCT A
is ATCGAGCGATCGAGCG, i.e., the reversibility of codewords of a code over R does not assure the
reversibility of the DNA sequences of the corresponding DNA code. To resolve the reversibility problem
that occurs due to DNA pairs, we present a technique that contemplates the reverse of the Gray image
of a codeword over Zy.

Here, we incorporate the automorphism used to define the skewness of the ring, and we found an efficient
way to resolve the reversibility problem. We see that the reverse of the DNA correspondence of a code-

word ¢ = (¢o,¢1,...,p—1) With ¢;’s are in R corresponds to (e(cp—1),...,0(c1),0(tp)). We further denote
it by ¢ = (¢ _4,...,¢5,¢5), which represents the reverse of the Gray image of ¢ over Z,. In a similar
manner, the reverse-complement of ¢ is given as ¢®¢ = (7 |, ..., 1€, 5°).

To obtain the R-constraint, we use the notion of a self-reciprocal polynomial. A polynomial f(z) =
S fixt over Zy is self-reciprocal if f*(z) = f(z), where f*(xz) = 1" fiz™ " is the reciprocal poly-
nomial of f(z).

Theorem 4.1 Let & be a (0,0,7)-CC code over R of even length n such that € = (3(z)) = (g1(z) +
wga(x)), where g(x) is a monic polynomial such that §(z)|(x™ —7) and g1(x), go2(x) € Zy[x]. Then & is
an R-code if

1 gi(x) = gi (2);

2. g3 (@)™ ™™ = ga(a);
d(w)ga(z) € €, if m is even,
(14 2w)ge(z) € &, if m is odd;

where degrees of g1(x) and go(x) are m and m' with m > m/, respectively.

Proof: Let € = (g(x)) be a (o,9,7)-CC code over R of even length n. Assume that the conditions hold.
Let ¢(z) be the skew polynomial representation of a codeword ¢ of € Then we have a polynomial a(x)
whose degree is at most k — 1 —s=n—m—1—s with 0 < s <k — 1 over R such that

«(x) =a(z)3(z) = a(x) (g1(2) + wga(x))
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-y uixz[zgljxuwzgwa]
=0 j=0 j=0

k—1

S

m ml
o S [+ 3
i=0 7=0 7=0
Case I: When deg(gi(x)) = m is even:

(k=2)/2 Tm ) m’ ) (k—2)/2
Z 0(21-):1:22 {Zgljx] +ng2jx]} +
1=0 j=

m m’
D St { dogur? fw) 92j$3}
Jj= i=0 j=0 =0
(k—2)/2

t(z)

(k—2)/2
=3 o [wawzgz A0S an [ xwwz )+ 22,))
1=0 j=0 =0 Jj=0
(k=2)/2 m o o (k=22 m o m’
ap VPO YER ) Aol ERD DT I | SP R
i=0 j=0 j=0 i=0 —0

(W Z L2+
n . .
w) Z ggja;zhLJ] .
j=0

The reverse of the codeword ¢ corresponds to the skew polynomial ¢(z) over Z, is given by

(k—2)/2
z) = Z a(21)|:zglj —(2i+9) | (1 4 3w) 2921 21+J):|
i=0
(k—2)/2 m
+ Z a(21+1)[291 n—1—(2i+j+1) +WZgz 1= ikt 4 30,
=0 j=0
(k—2)/2

Zgz i (2“”)}

7=0

= Y a(zi)[(Zgljxm—j>xk—l—21 (14 3w) (2927 j)l‘m m’)+(k—1— zz)}
=0 j=0

(k—2)/2

m m’

p> 0(2””[(Zgljxmj)mk22i+w<292jxmlj>x<mm’>+<k22i>
2 2 2

+30(w (Zgzg ')x(m—m’>+(k—1—2i)}

(k—2)/2

S o g1 @) 2 (14 30 (g3 oot
=0

(k—2)/2
> e |37 @) 4 o (g5()am Yok 4 o) () )k

As g1(z) = gi(x) and gj(2)a™ ™ = gy(x), we get
(k—2)/2 (k—2)/2 .
CR(x) = a(2i) [gl(x)xkilizl (1 +3UJ)92( LRl 27.:| Z A2it1) |:g1 k22
1=0

+ wga (x)xk—Q—Qi + 3D(UJ)92 (x)xk—l—Qi:|
(k—2)/2

(k—2)/2
= 0(21-)95’“’2*2’ |:g1($)1' + (14 3w)g2 (:c)a:} + a(2i+1>xk72—2 .
i=0
(k—2)/2

[00) + wa(0) + B@ata)e
i=0
Z a<2¢>xk_2_2i {xgl (z) + zo(1 4 3w)g2(x) + 0(1 + 3w)ga( )]
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(k—2)/2
+ Z a(giH)mk*Q*m {gl (z) + wga(x) + m(3b(w))gz(w)]
(k— 2)/2 (k—2)/2
|: Z G(QZ)xk =2 Z 0(2i41)T _2_21:| (91($)+w92(x))
(k—2)/2 (k—2)/2
|: Z a(gi)l’k7272z+ Z a(2i+1)$k71727’:| (30((&])92(1’))
i=0 i=0
k—1 (k—2)/2 )
= ai;rk_l_( 1(x) + wga(z )+ Z 0(21‘)+0(2i+1)$)1»‘k_2_21(30(w)92(33))
i=0
(k—2)/2
:a*(w)q;s (gl(aj)—l—wgg(l‘)) + Z (0(21-)+a(2i+1)x)q;k*272z(3a(w)g2(x))'
i=0

If 9(w)ga(z) € €, ¢®(z) € € Thus, we conclude that € is an R-code.
Case II: When deg(g1(z)) = m is odd:

(k—1)/2 m m/ (k—3)/2 m m’
@)= D a@pa® [ZQW WZ%“’”]] + Y st [Zguxﬂ +w292ﬂ”]
i=0 =0 =0 i=0 §j=0 =0
(k—1)/2 m m/ (k—3)/2 m
_ Z a2i) [Z glijz-‘r] +w 292j$22+{| + Z a2i11) [Zgljmmﬂﬂ
=0 J=0 j—O i=0 §=0

m’

Zg m2z+]+1 +a ZQQ x22+]:|

7=0

The reverse of the codeword ¢ corresponds to the skew polynomial ¢(z) over Z, is given by

(k—1)/2
CR('T): Z a(22)|:zglj - (2i49) 1+3W 292] 21+]):|
=0
(k—3)/2 m’
+ Z 22+1)|:Zgl T 1— (21+]+1)+w292 T 1— (21+]+1)+3a 292 T 1— (21+_]):|
i= Jj=0 J=0
(k—1)/2 m
= > a(%)[(Zgljxm_j)xk_l_m (1+3w) (Zgza )xm m )+ (k-1 2”}
i=0 =0

(k=3)/2

+ Z °<2i+1>[(291ﬂmj) e 2’“"(292] J)xm ') (k=220)
+ 30(w (Zg2 pm —J>x(m—m')+(k—1—2i):|

(k—1)/2

= 2 e [gT(m)xk_l_Qi‘f'(1+3w)(g;(gj)xM—ml)xk‘—l—2i:|
=0
(k—3)/2

+ Z 02i+1) |9 [ 2)zF P+ w (g§ (x)aim_m/)xk_Q_Qi + 30(w) <g§k (w)xm_m/)xk_l_%} :

AS g1 (.’E) = gik (if) and g; (l’)l’mim/ = 92(;5)7 we get
(k—1)/2
CR(-T) = Z a(24) |:gl(g;)33k—1—21 + (1 + 3w)g2(m)xk_1_22}

=0
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(k—3)/2
+ Z 0(2i+1) [91(w)xk22l + wgo(z)xk =272 4 3D(W)92(.’E)xk127’:|

(k—1)/2 (k—3)/2
- Z O {91() (1+ 3w)ga(x } Z 0ipn @ zl[gl(m)x+wgg(w)x]
=0
(k—3)/2

+ Z 0(2i+1)$k12i[3°(w)92($)}
i=0
(k—1)/2 _ (k—3)/2 .
= Z a(gi)xk_l_m {91 () +(1+ 3w)92(33)} + Z 0(2i+1)$k_3_21 [xm(x) + zo(w)gs ()
i=0 i=0
(k—3)/2
+9o(w)g2 (x)] + a(2i+1)mk_1_21 [SD(W)gQ(x)}
i=0
(k—1)/2 ' (k—3)/2 .
= ) gy [gl (z) + (1 + 3W)92(33)} + > et [91(9?) + (14 3w)ga(x)
i=0 i=0
(k—3)/2 (k—3)/2
+ Z a(22+1)xk 3-2i [0 } Z a(22+1)x —2i [SD(w)gg(x)}
=0
k-1
—Zaz [ (2) + w2 ( }+Zawk (1 + 2w) ga (@)
=0
(k—?’)/2
+ Z a(2i+1)xk_3_2’(3m2 +1) (O(w)gﬂx))
i=0
0" (2)2" (91(2) + wga(2)) + a* (2)a" (1 + 20)ga(2))
(k—3)/2
+ Y w30 4+ 1) (0(w)ga(a)).
i=0
If (1 +2w)go(x) € €, F(x) € €. Thus, we conclude that € is an R-code. |

Analogously, we state the reversibility constraint for a (e,0,v)-CC code over R for odd lengths.

Theorem 4.2 Let & be a (6,0,7)-CC code over® of odd length n such that € = (8(z)) = (91(x)+wga(x)),
where g(x) is a monic polynomial such that g(x)|.(z™ —~) and g1(x), g2(x) € Z4[x]. Then & is an R-code
if

1. gi(z) = gi(@);

’

2. g5(x)x™ ™™ = ga(x);
(14 2w)ge(z) € &, if m is even,
d(w)ga(z) € €, if m is odd,

where degrees of g1(x) and go(x) are m and m' with m > m/, respectively.
Proof: The proof proceeds in the same manner as Theorem 4.1. O

Using the Gray map, we give some useful relations between the elements of % and their complements in
the next lemma, which are readily implied by Table 1.

Lemma 4.1 For every a,b € R, we get
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1. a+a =1
2.0+ = (a+0)°+ 1.
3. (a40)" = o(a) + o(0).
Now, we derive a necessary and sufficient criterion for a (e,9,7)-CC code to be an RC-code.

Theorem 4.3 Let € be a (6,0,7)-CC code over R of length n. Then € is an RC-code if and only if € is
an R-code and 1 +z + --- + 2" 1 € €.

Proof: Let € be an n-length (e,0,7)-CC code over R. Suppose € is an R-code and 1 + z + --- +

x"~t e € Ifc = (co,¢1,---,6,1) is a codeword in &, i.e., the corresponding polynomial representation
o(z) = Y- 01 qzl € €, then its reverse cf'(z) = Z?;Ol g _1_;2" € € As € is a left R-submodule and
(+z+-+a2"He€ I+z+---+2" 1)+ 3F(x) € L.

Now,

(I+z+- 42" ")+ 3 () Z +Z3cnux

=0
n—1 n—1
_ § § rc 7
- (1 + 3cn 1— z)x - cn—l—ix
i=0 =0
=cfi¢ (z)

Thus, ¢#¢(x) € € and hence the code € is an RC-code.

Conversely, suppose € is an RC-code. Thus, if ¢(z) = Z?;OI gt € €, we get (FY(z) = Y- 01 e, 2t e €.
Since the all-zero codeword 0 € €, 07¢ = (1 + x4 --- + 2" 1) € €.

Again, (142 + -+ +2"1) + 3f%(z) € € and

n—1 n—1 n—1
E xt + g 3t = E <1+3cn i— z)xl
=0 1=0 1=0
n—1
_ § r i
- Cn—1—4T
=0
=c*(z).

Thus, the code € is an R-code. O

Now, we introduce a new construction to generate DNA codes from the codes obtained by Theorems 4.1
and 4.2. This approach uses the sum of codes to extend an R-code onto a DNA code. As linear codes of
length n over R are characterized as submodules of R" over R, the sum of two linear codes of the same
length over a ring is defined as the sum of two submodules of a module. Clearly, the sum of two linear
codes is again a linear code of the same length over the same ring.

Definition 4.2 Let €1 and €5 be two linear codes over R of the same length. The set

C+C={a+u]|ugel,necl}

s a linear code over R and is called the sum of codes €1 and €. It is the smallest R-submodule of R"
which contains both the submodules €1 and €5 of R-module R".

Lemma 4.2 Let €; be (6,9,7;)-CC codes of length n over R, fori=1,2. If ®(€;) and ®(€2) are R-codes,
then ®(€1) + ®(€2) is an R-code of length 2n.
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Proof: Let € and €5 be (6,0,71)-CC and (e,0,72)-CC codes, respectively over R such that ®(€;) and
®(€;) are R-codes of length 2n. Suppose ¢; = (¢10,¢11, ... ,¢1(n—1)) and ¢z = (c20,¢21,- - - ,C2(n—1)), Where
Gj = aj +wbi;, 1 = 1,2 and 0 < j < n—1 be two codewords in §; and £, respectively. Then
D(c1) + P(ca) € D(€1) + P(€2) for P(c1) € P(€) and P(c2) € P(€3). Now we see

®(c1) 4+ D(c2) =(¢(c10), D(c11), - - 5 B(C1(n—1))) + (B(c20), D(€21), - -, d(can—1)))
=(a10, a10 + b10, a11, @11 + b11, - - -, Q1 (n—1), A1 (n—1) + b1(n-1))
+ (az0, azo + b2o, az1, az1 + bat1, . .., As(n_1), 2(n—1) + ba(n_1))
=(a10 + a0, (a10 + b1o) + (az0 + b2o), a1 + az1, (a11 + b11)
+ (ag1 +b21), .., @1 (n—1) + G2(n-1), (@1 (n—1) + b1(n—1))
+ (ag(n—1) + ba(n-1)))-

The reverse of this codeword over Z,4 is

(®(c1) + @(c2)) ™ =((ar(n—1) + b1n-1)) + (@2(n—1) + b2(n-1)): G1(n—1) + G2(n—1),
ooy (@11 + b11) + (a1 + bo1), a11 + az1, (a10 + b1o)
+ (ago + bao), aro + azo)
=(a1(n—1) + b1(n-1)> @1(n-1), - - - » @11 + b11, a11, a10 + b1o, a10)
+ (a2(n—1) + ba(n—1)s A2(n—1), - - -, 21 + b21, a1, azo + bo, azo)
=0(c))™ + B(er) ™.

Since ®(€;) and ®(€;) are R-codes, ®(¢;) € ®(€;) and ®(cp)f* € ®(€3). Thus (P(c1) + P(c2))® €
O(€1) + ®(€2) and hence (€;) + ®(C2) is an R-code. O

Theorem 4.4 [Construction 2] Let €, be a (6,0,7)-CC code over R of length n such that ®(€;) is
an R-code and €5 be the code generated by the all 1-vector over R of length n. Then the code ® =
O(€1) + ®(€2) is a DNA code of length 2n.

Proof: Let ®(€;) be an R-code of length 2n where €; is a (o,0,7)-CC code over R of length n. Let €5
be the code generated by the all 1-vector over ®% of length n, i.e., €2 = (3(x)) = (1 +x + - + 2"~ 1).
As g(z) = g1(z) + wga(z) where gi(z) = 1+ 2z + -+ + 2" ! and go(x) = 0, it follows that g(x) is
self-reciprocal, also go(x) satisfies the conditions 2. and &. of Theorem 4.1 or 4.2 depending on whether
n is odd or even, respectively. Thus, ®(€2) is an R-code of length 2n. By Lemma 4.2, © = ®(€,) + ®(€5)
is an R-code of length 2n.

Since 1 4+ + -+ + 2"~ 1 € &5, the all 1-vector of length 2n is in ®(€5), thus in the code ®. Hence, by
Theorem 4.3, ® is a DNA code. O

5. Computational results

In this section, we provide a few examples and codes over Z, and their application in DNA codes.
Additionally, we compare our obtained codes with the Z, database given at [5]. We provide the generator
matrices of all the codes obtained in this article at [32].

Example 5.1 Let € be the (o,0)-cyclic code of length n = 14 over % generated by g(x) = 2! + warl® +
229 + (2w + )28 + 25 + 2° + (w + 3)a* + 32% + Bw + 2)22 + 2 + w + 1, a right divisor of z** + 3 in
R[z; 6,0], where 0(r) = (1 + 2w)(e(r) —r). In terms of §(x), the factorization of x'* + 3 is presented by
e +3=(2"+ (w+3)2® +r+w+2) (2" +wz'®+ 227 + (2w + 1)2®
+ 2% +2° + (w+3)z* +32° + (Bw+2)2® + 2+ w + 1).

Suppose G is a generator matriz obtained from the generating polynomial g(x). Now, we decompose
the matrix G into matrices My and My over Z4 such that G = My + wMsy. Further, we consider
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}, then we construct matrix Gy using Construction 3.1. We obtain a linear code €

over Z4 with the parameters (28,4°,12), which is better than (28,4°,9) given at [5].

‘ a(e(a) —a) Gn g(x) Cxn Comparison/ Remark [5]
142w N1 234+ (Bw+3)2? + (w+3)z+2w+1 (16,412, 4) Optimal
1+ 2w Ny 20 4+ 225 4+ 224 + 223 + 222 + Bw +2)z +w + 3 (24,4721, 4) (24,417, 4)
142w N1 2 4 wrl® 4 229 4+ (2w + 1)2® + 26 + 25 + (w + 3)zt (28,49,12) (28,49,9)
+32° + Bw+2)z2 +rx+w+1

142w No 28 4+ 3wz® + (3w + 3)z* + (Bw + 2)2® + (w + 1)z? + 1 (32,420, 4) Optimal

2 No 210 + (3w + 2)2® + (3w + 3)z7 + 225 + (2w + 3)a® (36,416,8) Optimal

+(2w + 2)z* + (3w + 2)x3 + (3w + 2)22% + 3
1+ 2w Ny 26+ 2% + 22 + 2w+ 3)2d + 222 + Bw+ Dz +w (40,433, 4) (40,433, 3)
1+ 2w Ny 28+ 2w+ 2)2% +22% + 222 + (w+ Dzt w+2 (48,4*121 4) (48,41, 3)
142w N1 28 + Bw+ 1)a® + 224 4+ (3w +2)2® + 222 + x4+ 1 (56,448, 4) (56,448, 2)
1+ 2w N1 204 (2w +3)2% +22% + 2w + 3)2% + 222 + Bw +3)z + 3w +2  (80,47321,4) (80,473, 1)
142w Ny 2+ (w+1)a® + 221 + 23 + 202+ Qw+ D)z +w +2 (120,411321 4) (120,4113,1)
Table 2: (e,0)-cyclic codes over R of length n using Construction 3.1
a(e(a) —a) v Gn g(z) Cx Comparison/ Remark (5]

1+ 2w 3 M 3 +wr? + Bw+2)r+w+1 (12,4722 4) (12,47, 4)
1+ 2w 1 N 2t + (2w + 3)2® + (3w + 3)22 + (2w + 3)z + w + 2 (16,4021 4) (16,40, 4)
142w 3 N1 2%+ (2w+3)2° + 2w+ 2)zt + 2wrd + 2w+ 2)x2 +ax+ 1 (20,4824)8) (20,48,8)
1+ 2w 1 M 2%+ (3w +2)zt + 23 + (3w +2)2% + 32 +3 (24,4821 4) (24,418, 4)
142w 3 N 224+ 2w +3)27 +22° + 204 + 223 + 2w+ 3 + 1 (28,412 8) Optimal
1+ 2w 3 M 23 4+ 2wz + 2w+ 1)z + 2w + 1 (28,4%223,3) New Code
1+ 2w 1 N 25+ (Bw + 2)a* + 223 + 3w + (w+ 2)x +w+3 (32,4%621 4) (32,4%.3)
1+ 2w 1 M 5+ (Bw +2)zt + 3wr® + 3wz + Bw +2)z +w + 1 (40,4312 4) (40,4%1,3)
1+ 2w 1 N 25+ Bw+2)at + 2% + (w+2)2? + 2w+ 3)z + 3 (48,44221 4) (48,4%2.3)
1+ 2w 1 N w3 + (2w + 12?2 + 1 (56,4023 3) (56,4°,1)
1+ 2w 1 N P4+ (Bw+2)zt + (w+ 1)a2d 4+ 3wz + 2w+ Dz +w+3 (56,4021, 4) (56,4%°,1)
1+ 2w 1 M +Bw+2)zt + (w+2)2® + 222 + Bw+2)z +3w+3 (60,4521 4) (60, 4%42)
1+ 2w 1 N 25 + (3w + 2)a* + 223 + 3wa? +wr +w + 1 (64,45821 4) (64,4°8,1)
1+ 2w 3 N 20+ (3w +3)2° + 22 + 222 + Bw + 3)r +w (84,47622 4) (84,476 1)

Example 5.2 Let € =

Table 3: (e,0,7)-CC codes over R using Construction 3.1

(3(z)) be the (o,0)-cyclic code over R of length 14 such that

o g(z) = 2% + (2w + 3)2” + 22° + 22% + 223 + (2w + 3)x + 1.
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e 0(r) =2(e(r) —t) for allr € K.

Then o(z)|,(x1* — 3) in R[z; 0,0]. Now, consider the Gray map ®(a + wb) = (a,a + b). Under this map,
(L) is transformed into a (e,0,3)-cyclic code with parameters (28,412, 8). Furthermore, it satisfies the
conditions of Theorem 4.1, which implies that it is an R-code over Zy.

Example 5.3 Let € = (g(x)) = (20 + 32° + 227 4 22° + 22* + 223 + 32 + 1) be the (o,0)-cyclic code
over % of length n = 18, where g(z)|.(z'® — 1) in R[z;0,0] and o = 2. Now, consider the Gray map
¢(a + wdb) = (a,a +b). Under this map, (&) is transformed into a (e,0)-cyclic code with parameters
(36,46.8). Further, it satisfies the conditions of Theorems /.1 and j.5. Hence, it is a DNA code over
Zy.

| n afele) —a) 3(x) @ (€)
8 14 2w 22 +322+3z+1 (16,4 4)
10 3+ 2w 2P+ ab 4+t +a?+1 (20,4%,5)
12 2 ot +32% +22° + 32 + 1 (24,46 4)
14 1+ 2w 28+ 307 +22% + 227 4 22 + 202 + 3z + 1 (28,42 8)
15 2 2% +22° 4 32* + 32° + 32 + 20 + 1 (30,48 4)
16 1+ 2w ot 4 210 4 32 + 32% + 227 4+ 22° 4+ 20° + 22t +32° + 32 + 2 + 1 (32,4, 8)
16 1+ 2w 25 4+ 20° + 32% + 223 + 322 + 20 + 1 (32,4%° 4)
18 2 28+ 20° + 22% + 323 + 222 + 2 + 1 (36,47, 3)
18 2 2104+ 32° + 227 + 225 + 22" +22° + 32+ 1 (36,45,8)
20 2 ot + 2w+ 1D2® + 2w+ 3)z? + 2w+ Do+ 1 (40,42 4)
30 2 2%+ 22° 2t + 328 2%+ 22+ 1 (60,48 4)
30 1+ 2w .’)2'28 + (E26 + l'24 + 1‘22 + 1’20 + x18 + le + 3?14 + (,C12 + xlO + .’L'S + .72'6 + (E4 + x2 + 1 (60 44 15)

Table 4: DNA codes from (e, ?)-cyclic codes using Theorem 4.3

Example 5.4 Let € = (g(z)) = (#*° + 32" + 2" + 327 + 210 4 3215 + 21 + 3213 4+ 212 + 32!t + 210 +
329 + 28 4+ 327 4+ 25 4 32° 4+ 2* 4+ 323 4+ 22 + 3w + 1) be the (6,0, 3)-CC code over R of length 21, where
3(x) | (22t — 1) in R[z; 0,0] and 2(t) = (1 + 2w)(e(r) —1).

Now, under the Gray map ¢(a + wb) = (a,a +b), ®(€1) is a (6,0,3)-CC code with the parameters
(42,42,21). Also, it meets all the conditions of Theorem J.2, therefore it is an R-code over Z4. Let € be
the code as in Theorem 4.4 with length 42 over K. Then ®(€,) + ®(€3) is a DNA code with parameters
(42,4221 21). The corresponding DNA codewords are presented in Table 5
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CTCGCTCGCTCGCTCGCTCGCTCGCTCGCTCGCTCGCTCGCT
CGCTCGCTCGCTCGCTCGCTCGCTCGCTCGCTCGCTCGCTCG
AACCAACCAACCAACCAACCAACCAACCAACCAACCAACCAA
ACCAACCAACCAACCAACCAACCAACCAACCAACCAACCAAC
CACACACACACACACACACACACACACACACACACACACACA
ATAGATAGATAGATAGATAGATAGATAGATAGATAGATAGAT
ACACACACACACACACACACACACACACACACACACACACAC
GCTCGCTCGCTCGCTCGCTCGCTCGCTCGCTCGCTCGCTCGC
ccccceceoceoccocceceeoceoceccocecocecceccecoceccoccececoceoccececeocecceecececcececea
ATCTATCTATCTATCTATCTATCTATCTATCTATCTATCTAT
GTGTGTGTGTGTGTGTGTGTGTGTGTGTGTGTGTGTGTGTGT
GCGAGCGAGCGAGCGAGCGAGCGAGCGAGCGAGCGAGCGAGC
AGATAGATAGATAGATAGATAGATAGATAGATAGATAGATAG
GTTGGTTGGTTGGTTGGTTGGTTGGTTGGTTGGTTGGTTGGT
GGTTGGTTGGTTGGTTGGTTGGTTGGTTGGTTGGTTGGTTGG
TATCTATCTATCTATCTATCTATCTATCTATCTATCTATCTA

TCTATCTATCTATCTATCTATCTATCTATCTATCTATCTATC
GATAGATAGATAGATAGATAGATAGATAGATAGATAGATAGA
TTGGTTGGTTGGTTGGTTGGTTGGTTGGTTGGTTGGTTGGTT
TGGTTGGTTGGTTGGTTGGTTGGTTGGTTGGTTGGTTGGTTG
GAGCGAGCGAGCGAGCGAGCGAGCGAGCGAGCGAGCGAGCGA
TAGATAGATAGATAGATAGATAGATAGATAGATAGATAGATA
CTATCTATCTATCTATCTATCTATCTATCTATCTATCTATCT
TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT
GGGGGGGGGEGGGGGEGGGGGEGGGGGEGGGGGGGGGGGGGGGGGEGE
TCGCTCGCTCGCTCGCTCGCTCGCTCGCTCGCTCGCTCGCTC
CGAGCGAGCGAGCGAGCGAGCGAGCGAGCGAGCGAGCGAGCG
TGTGTGTGTGTGTGTGTGTGTGTGTGTGTGTGTGTGTGTGTG
CAACCAACCAACCAACCAACCAACCAACCAACCAACCAACCA
CCAACCAACCAACCAACCAACCAACCAACCAACCAACCAACC
AGCGAGCGAGCGAGCGAGCGAGCGAGCGAGCGAGCGAGCGAG
AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA

Table 5: DNA codewords of length 21 corresponding to Example 5.4

n 5 a g(x) (€) DNA codes
6 1 2 22+ 322 +32+1 (12,4°,4) (12,47, 4)
8 1 2 xt 4 2w + (2w + 2)2? + 2wz + 1 (16,4%,4) (16,452, 4)
8 1 142w 284 22° 4t 4?42+ 1 (16,4*,8)  (16,4%2',8)
10 3 2 2+ Qw4+ 12 + 322 + 2w+ Dz +1 (20,42,4)  (20,4'%2',4)
12 1 2 204+ 2% + ¥ 2t 25 + 2t + 2t 22+ 1 (24,4*,12)  (24,4%2',12)
12 1 2 o+ 2w+ 3)2 + 2w+ 2)2? + 2w+ 3z +1 (24,46,4)  (24,4'%2'4)
14 3 2 28+ (2w 4 3)2” +22° + 22* 4+ 22% + (2w + 3)z + 1 (28,4'2,8)  (28,4'3,8)
14 3 2 28+ 2w+ 1)2® + 32* + (2w + )2 +32% + (2w + Dz + 1 (28,46,4)  (28,4'%2' 4)
15 3 2 2%+ 228 + 27 +32% +22° + 201 + 32 + 22 + 224+ 1 (30,4'2,6)  (30,4'%,6)
16 1 2 219 422 + 328 + 227 + 225 + 221 +22° + 322 + 22 + 1 (32,4'2,8)  (32,4'22'8)
20 1 142w 210 4+ 321 4+ 2213 4 2212 4 321t 4 210 4 28 4 340 (40,4%,12)  (40,4°,12)
+22% 4+ 22 + 3z + 1
20 1 2 o' 422" + 3210 4+ 22° + 22% + 22% + 223 + 322 + 22+ 1 (40,4'5,8)  (40,4'7,8)
21 3 142w 20 4+ 3219 + 218 4+ 3217 + 216 + 32" + 2™ 3213 4 212 4 3™ (42,4%,21)  (42,4%2',21)
20 +32° + 2 + 32" + 2 + 3% + 2t + 3% + 22 + 3+ 1
23 3 342w 2?4327 + 2% £ 3210 28 £ 3217 42t £ 321 42t 3210 42t (46,4%,23) (46,4221, 23)
432 210 432 + 2% 4327 + 2 + 325 2t + 323 2%+ 3z + 1
24 1 142w 222 42221 4+ 220 4+ 218 4 2217 4 210 4 2t 4 2218 (48,4%,24)  (48,4%2',24)
4ot 20 4 22% a4 25 4t 2?4224+ 1
28 1 142w 220 4207 4+ 22 4 222 4 2070 4+ 220 4218 4 2217 4 216 4 M (56,4%,28)  (56,4%2!,28)
+2rB 42?420+ 22 ¥ S+ 2+t 22 422+ 1
30 3 2 25 + 225 + 32* + (2w + 3)2® + 32% + 22 + 1 (60,4*%,4) (60,4821 4)

Table 6: Reversible (®(€)) and DNA codes from (e, ?,7y)-cyclic codes using Theorem 4.4

Remark 5.1 In all the code tables, we write « in place of a(e(r) —t), r € R for the value of d(r).
Further, we compare our codes over Z4 with the database [5] with respect to the Lee distances.
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6. Conclusions

In this work, we have explored (e,0,7)-CC codes over the ring . We have determined the criteria
for these codes to be reversible and reversible-complement. Further, we have shown that DNA codes
can be constructed by extending the obtained R-codes over R. Here, we proposed an efficient method to
obtain classical codes with the help of a generator matrix. Implementing the proposed constructions, we
have produced numerous better and optimal linear codes over Z, along with several DNA codes. These
codes are presented at [32] with their corresponding generator matrices. It would be valuable to examine
the experimental performance of these codes. Additionally, exploring different construction techniques
to derive DNA codes from generalized skew cyclic codes remains an open problem for future research.
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