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Results of fuzzy prime near-rings with fuzzy involutions

M. OU-MHA*, A. RAJI and M. OUKESSOU

ABSTRACT: The main objective of this paper is to introduce the concept of fuzzy involution on fuzzy near-
rings, and we prove that a fuzzy near-ring satisfying certain identities involving fuzzy involution must be a
fuzzy ring or a commutative fuzzy ring. Also, an example proving the existence of this type of mapping is
given.
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1. Introduction

Throughout the paper X will denote a nonempty classical set and 6 is a fixed number in [0,1[. As
noted in [15], a fuzzy subset T of X x X x X is said to be a fuzzy binary operation on X if: (i)
Vz,y € X,3z € X such that T'(z,y,z) > 0, (ii) Va,y,t1,t2 € X, if T(z,y,t1) > 6 and T(x,y,t2) > 0,
then t; = t5. This famous definition allowed to Yuan and Lee [15] to give the definition of a fuzzy group
and some of their basic results as follows: a set X equipped with a fuzzy binary operation T is called a
fuzzy group if

1. Ya,b,c,c1,c0 € X, ((aob)oc)(cr) > 6 and (ao (boc))(ez) >0 = ¢1 = co.
2. Je € X satisfies Vo € X, (eox)(z) > 0 and (zoe)(x) > 0, e is called the identity element of (X, T).

3. Vx € X, 3y € X such that (z o y)(e) > 0 and (y o x)(e) > 6, in this case y is called the inverse
element of x and is denoted by x~!. Moreover, (X, T) is said to be abelian if it has the property
Va,y,z € X, T(z,y,2) >0 < T(y,z,2) > 6.

By taking advantage of this study and by being motived by the classical theory, in [1] H. Aktag and N.
Cagman defined a fuzzy ring as a nonempty set X equipped with two fuzzy binary operations T and L
which satisfy the four followings conditions:

i) (X,T) is a fuzzy group abelian,

1
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) (
i) (
) (

ax*(bxc))(x1) >0 and ((a*b)*c)(xz) >0 — 1 =22, Va,b,c,x1,22 € X,

1i1) (a* (boc))(xz1) >0 and ((axb) o (axc))(xz) >0 = w1 = x9, Va,b,c,z1,29 € X,

iv) ((boc)*a)(xy) >0 and ((bxa)o(c*a))(xe) >0 = x1 =x2,Ya,b,c,z1,22 € X.

Noting that the two operations o and * are two mappings constructed from the fuzzy binary operations
T and L, respectively, as shown in the preliminary section.

After theses studies, many researchers published enormous works (see [4,6,7,12,13,14], where further
references can be found). Motivated by this theory, we defined in [5] the notion of left fuzzy near-ring
(resp. right fuzzy near-ring), and we provided the definition of a prime fuzzy near-ring along with its
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multiplicative center. Additionally, some of their fundamental properties have been indicated. In this
study, motivated by the notion of involution given in ordinary near-rings (see for example [11]), we will
define the notion of fuzzy involution on fuzzy near-rings. For unexplained notions of near-rings employed
in this work, the reader is referred to [2,3,8,9,10]. Subsequently, we will show, in the light of this new
definition and some other conditions, that a fuzzy near-ring must be a fuzzy ring.

2. Preliminary

Let T and L be two fuzzy binary operations on X, as noted in [1], we can defined the following
mappings:

o:F(X)xF(X) — FX) and *:FX)xFX) — F(X)
(h,v) = pow (1yv) > pxwv

)

where F(X) ={u/p: X — [0,1]}, and

Vv eF(X), z€ X, (nxv)(2) =, Ly (n@) Avy) ALy, 2)),
Vv eF(X), 2 € X, (now)(z) =, Vox (@) ANv(y) AT(z,y,2)

Let x,y € X, p={z} and v = {y}, and let powv and p * v be denoted by = oy and z * y, respectively.
Then, we have

(woy)(z) = T(x,y,2) ¥z € X,
(@ %1)(2) = L(z,7,2) ¥z € X,
(woy)o2)(t) =,V (T(x,y, h) AT(h, z,t)) Va,t € X,
(w0 (yo2))®) = Yy (T2 1) AT (@, 1, 1)) V2t € X,
()% 2)() = Yy (L@.y. 1) AL 2,0) ) Yzt € X,
(@ (% 2)(8) = Yy (L(y, 2, h) A Lz, h,t)) Vot € X,
(@ (yo2)(t) =, Yy (T(y, 2, h) A Lz, h,t)) Vat € X,
(& *y) o (z*2))(t) = d7s\éX(L(z, y.d) A L(z, 2,8) AT(d, s, t)) Vz,t € X.

Lemma 2.1 [15, Proposition 2.1] Let (X,T) be a fuzzy group, then

1- (zoy)(a) >0 and (xoz)(a) >0 = y=z;

2- (aoz)(y) >0 and (box)(y) >0 = a=1b;

3- (aob)(c) >0 and (b"roa 1)(d) >0 = d=c}
4- (aca)(a) >0 = a=ce.

Definition 2.1 [5, Definition 1.1] A non empty set X equipped with two fuzzy binary operations T and
L is said to be left fuzzy near-ring if the following properties hold:

(1) (X,T) is a fuzzy group, not necessarily commutative.
(i) (ax(bxc))(x1) > 6 and ((axb) xc)(xa) >0 = x = o, Va,b,c,x1,29 € X.

(#i1) (ax(boc))(x1) >0 and ((axb)o(axc))(xy) >0 = x1 = x2, Va,b,c,x1,29 € X.
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Further, if we change the condition (iii) by:
(iv) ((boc)xa)(xy) >0 and ((b*xa)o(c*a))(xe) >0 = x1 = x2,Ya,b,c,x1,22 € X, then (X,T,L) is
called right fuzzy near-ring.

Definition 2.2 [5, Definition 1.1] Let (X,T,L) be a fuzzy near-ring. (X,T,L) is called a prime fuzzy
near-ring, if it has the property:

Vae,y,z € X, ((xxy)*x2)(e) >0 = v =ecorz=e.

Lemma 2.2 [5, Lemma 3.1 & Lemma 3.2]
1- Let (X, T, L) be a left fuzzy near-ring, then

Va,b€ X, ((axb)o(axb"))(e) > 0.
2- Let (X, T, L) be a right fuzzy near-ring, then
Va,be X, ((axb)o(a™'*b))(e) > 6.

3. Main results

We begin by giving the definition of the concept of a fuzzy left semigroup ideal, a fuzzy right semigroup
ideal and fuzzy semigroup ideal of a fuzzy near-ring as follows:

Definition 3.1 Let (X, T, L) be a fuzzy near-ring and I a nonempty subset of X,
1. If (xxs)(t) >0 = tel, Vee X,Vsel, then I is called a fuzzy left semigroup ideal of X.
2. If (sxx)(t) >0 = tel, Voee X, Vsel, then I is called a fuzzy right semigroup ideal of X.

8. If I is both fuzzy right semigroup ideal and fuzzy left semigroup ideal, then I is called a fuzzy
semigroup ideal of X. Moreover, I is said to be nontrivial if I # {e}.

Definition 3.2 Let (X, T, L) be a fuzzy near-ring. A mapping o defined on X is a called fuzzy involution
on X if the following conditions are hold:

1. T(x,y,2) >0 = T(o(x),0(y),0(2)) >0, Vz,y,z € X,
2. L(x,y,2) >0 = L(o(y),o(x),0(z)) >0, Vr,y,z € X,
3. Vxe X, o(o(x)) ==x.
The following example shows the existence of this type of mapping.
Example 3.1 Let X = {e,a} and define the fuzzy binary operations T and L on X, where § = 0,5 by:

T(e,e,e) =1, T(e,a,e)=0, T(a,e,e)=0, T(a,a,e)=1,

T(e,e,a) =0, T(e,a,a)=1, T(a,e,a)=1, T(a,a,a)=0,
and

L(e,e,e) =1, L(e,a,e)=1, L(a,e,e)=1, L(a,a,e)=1,

L(e,e,a) =0, L(e,a,a)=0, L(a,e,a)=0, L(a,a,a)=0.

It is clear that (X, T, L) is a left fuzzy near-ring. We define a mapping o on X by o(e) = e and o(a) = a.
It is clear that o is a fuzzy involution on X.

We begin by proving the following result, which is the key essential to prove our subsequent theorems.
Theorem 3.1 Let (X,T) be a fuzzy group. Then,

(X,T) is abelian <= Vr,y € X, ((xoy)o(z Loy 1))(e) > 6.
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In order to prove this theorem, we first show the following lemma:

Lemma 3.1 Let (X,T) be a fuzzy group. Then,

Vr,ye X, ((zoy)o(y toz™))(e) > 4.

Proof: Let z,y € X and taking ¢t € X such that T(x,y,t) > 6. Likewise, there is d € X satisfies
T(y~',271,d) > 6. So that, because of Lemma 2.1 (3), we have d = t~1, then T'(y~*,27!,+71) > § and
therefore

(woy)o(y toz™))(e) >T(x,y,t) NT(y~ 2=t ) ATt e) > 0.

Proof of Theorem 3.1:
First, assuming that (X, T') is abelian and prove that Vz,y € X, ((zoy)o (z ' oy™1))(e) > 6.
Let x,y € X, we have

((:C oy)o (x*l oyfl))(e) = dhd\éex(T(x,y,dl) /\T(m*l’yfl’dQ) A T(dl,d2,6)>.

Let hi,hy € X such that T(z,y,hy) > 6 and T(x~1,y~1, hy) > 6. Since (X, T) is abelian, we conclude
that T'(y,z, hy) > 6. From Lemma 3.1, we have ((yoz)o(z~toy™!))(e) > 6, which gives T'(hy, ha,€) > 6.
Consequently,

(woy)o (ytoaz™h))(e) > T(z,y,h) AT(z™ ,y~ ' ha) AT (1, haye) > 0.

Now, assume that Vz,t € T, ((toz)o (t71 o 271))(e) > 0, and check that (X, T) is abelian.

Let x,y € X and consider h € X such that T(z,y,h) > 0. Our goal is to show that T(y,x,h) > 6.
Indeed, let t,1 € X such that T'(y,z,t) > 6 and T(z~ 1, y~1,1) > 0.

By our assumption, we have

(oy)o(z™toy™h))(e) >0
which implies that,
T(h,l,e) > 0. (3.1)

On the other hand, in view of Lemma 3.1, we have ((yoz)o (x~ 1 oy~!))(e) > 6. Thereby,
T(t,l,e) > 6. (3.2)

From (3.1) and (3.2) together Lemma 2.1 (2), we find that ¢ = h and hence, T'(y,z, h) > 6.

Conversely, suppose that T(y,z,h) > 6 and check that T'(z,y,h) > 6. For this purpose, let ¢, be two
elements of X satisfy T'(z,y,t) > 6 and T(z~%,y~1,1) > 6 and using the same technics as used above,
we arrive at T'(z,y, h) > 6 which means that (X, T) is abelian. This ends the proof.

Lemma 3.2 i) Let (X,T,L) be a left fuzzy near-ring. Then,
Vhaye X, (((woy) k) o ((woy)«k™))(e) > 0.
it) Let (X, T, L) be a right fuzzy near-ring. Then,
Vk,zy € X, ((k x(zoy))o (k1 (:roy)))(e) > 4.
Proof: i) Let k,xz,y € X, then there exist ¢,t1,t2 € X such that T(z,y,t) > 6, L(t,k,t1) > 6 and

L(t,k=',t5) > 6, which allowed us to deduce that ((zoy) *k)(t1) > 6 and ((zoy) *k~1)(t2) > 6. On
the other hand, from Lemma 2.2 (1), we have

((txk)o(txk™1))(e) > 0.
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In view of L(t,k,t1) > 6 and L(t,k~', t5) > 6, the last result gives T'(t,t2,¢) > 6 and thus

(((woy)xk)o ((woy)xk™M))(e) = ((woy)xk)(t) A ((woy)*k™")(t2) AT(t1,t2,e)
> 6.

ii) Let k,x,y € X. Taking t,t;,to € X such that T(z,y,t) > 0, L(k,t,t;) > 0 and L(k~1,t,t5) > 0. It
follows that (kx (zoy))(t1) > 60 and (k™' x (z 0 y))(t2) > 0. Also, from Lemma 2.2 (2), we have

((k wt)o (kL x t))(e) > 0.

By taking into account L(k,t,t;) > 6 and L(k~1,t,t5) > 0 together the previous relation, we arrive at
T(t1,t2,e) > 0. Accordingly,

((k*(a:oy))o(k_l*(a:oy)))(e) > (k*(l‘oy))(tl)/\(k'_l*(.’L‘Og))(tg)/\T(tl,tg,e)
> 0

Theorem 3.2 Let (X, T, L) be a fuzzy near-ring. If (X, T, L) admits a fuzzy involution o, then (X, T, L)
18 a fuzzy ring.

Proof: e Firstly, suppose that (X, T, L) is a left fuzzy near-ring and show that (X, T, L) is a right fuzzy
near-ring. For this, let ,y, 2, 21, 22 € X such that ((zoy)x2)(21) > 6 and ((z*z) o (y*2))(22) > 6, our
purpose is to verify that z; = 2.

Taking t; € X satisfying T'(z,y,t1) > 0 and using the fact that ((zoy)*z)(z1) > 6, we obtain L(ty, 2, z,) >
6. In view of Definition 3.2(1.) and (2.), we infer that

T(o(x),0(y), o(t1)) > 0 and L(o(2), o(t1), o(z1)) > 6. (3.3)

Let t5,t3 € X such that L(x, z,t2) > 6 and L(y, z,t3) > 0, the fact that ((z * 2) o (y * 2))(22) > 6 gives
T(t2,ts,22) > 6. Once again invoking Definition 3.2 (1.) and (2.), we get

L(o(2),0(x),0(t2)) >0, L(c(z),0(y),o(t3)) > 6 and T(c(ta),0(ts),o(22)) > 6. (3.4)
Combining 3.3 and 3.4, we find that

(o) (@) 0 01)) ) (o(21)) = T(0(@),0W)o(t)) AL(o(2)0(t), (1))

> 0,

and
(0@ xo(@) o (0(z) ko) ) (0(2) = L(0(2),0(),0(t2)) AL(0(2), 0(y),o(ts))
N CRRIES)

> 6.

Taking account the condition (¢i¢) in Definition 2.1, the last two relations give o(z1) = o(22). It follows
that o(o(21)) = o0(0(22)), which means that z; = z5 by Definition 3.2 (3.).

Now, assume that (X, T, L) is a right fuzzy near-ring and prove that (X, T, L) is a left fuzzy near-ring.
Let @,y, 2,21, 22 € X satisfy (2 (zoy))(z1) >0 and ((z*2) o (2% y))(22) > 6 and show that z; = 2.
By using the similar approach as used in first case, we get the required result.

e Secondly, showing that (X,T') is commutative. It suffices to prove the result of Theorem 3.1, i.e,
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Vz,y € X, ((azoy)o(afloyfl))(e) > 0. In fact, let ¢,y € X and taking vy, ve, h € X satisfy T'(z,y,v1) > 6,
T(z7Y,y~ 1, v2) > 0 and T(v1,v2, h) > 0. It follows that,

(zoy)o(z'o y’l))(h) > T(x,y,v1) ANT(x™ 1,y L vg) AT (v1,v9,h) > 6. (3.5)

Let k € X, from Lemma 3.2 (ii), we have
((k s(zoy))o (k' (zo y)))(e) > 0. (3.6)
Now, let m,n € X such that L(k,v1,m) > 6 and L(k~',v1,n) > 0. As a consequence of this, we obtain
(k= (zoy))(m) > T(z,y,v1) A L(k,v1,m) >0 (3.7)

and
(k7' % (woy))(n) = T(x,y,v1) ALk~ v1,n) > 6. (3.8)

In the light of (3.6), (3.7) and (3.8), we find that
T(m,n,e) > 0. (3.9)
Consider t1,t9, h1, ha,l1,l2,7,p € X such that
L(k,xz,t1) >0, L(k,y,ts) >0, Lk 'z,h1)>0, Lk~ 'y hy) >0,
Lk,z™ ' 11) >0, L(k,y ‘1) >0, T(ti,ta,r) >0, T(hy,ha,p) > 0.

It follows that,
((k * .’L') © (k * y))(’f‘) Z L(k7.')37t1) A L(k7y7t2) A T(tthar) > 9;

and
(k"' sx)o (k™ *y))(p) > Lk, 2,h) AL(k™",y, ho) AT(hy, ha,p) > 6.

Combining (3.7) and (3.8) with the two last relations and using Definition 2.1 (iii), we arrive at 7 = m
and p = n, which show that T'(t1,t2, m) > 6 and T(hq, ha,n) > 6.

On the other hand, by Lemma 2.2, we have ((k*z)o (k™' *z))(e) > 6 and ((kxx)o (k*z71))(e) > 0,
which prove that T'(¢1, hy,e) > 6 and T(t1,11,¢e) > 0; and therefore I; = hy by Lemma 2.1 (1-).
Similarly, we have ((k*y)o (k™ *y))(e) > 6 and ((kxy)o(k*y~'))(e) > 6, which imply T'(t2, he,e) > 6 and
T(t2,l2,€) > 6. Once again, in virtue of Lemma 2.1 (1-), we obtain Iy = hy and therefore L(k,z~%, hy) > 0
and L(k,y~ !, ha) > 0. So that,

(kxa™ Yo (k+xy ")) (n) > L(k,a~ ', hi) AL(k,y~ ', ha) AT (hy, ha,n) > 6.
Next, choosing w € X for which L(k, vy, w) > 6, then
(kx(z oy ™)) (w) > T(z 'y~ v2) A Lk, v, w) > 0.
The Definition 2.1 (ii%) shows that w = n, then
L(k,va,n) > 0. (3.10)
In view of L(k,v1,m) > 6 and from (3.9) and (3.10), we get
((k*v1) o (kxwvs))(e) > L(k,v1,m) A L(k,va,n) AT (m,n,e) > 6.
Taking vs € X such L(k, h,v3) > 0, then
(k* (v1 0v2))(vs) > 6.

Once again by Definition 2.1 (4i7), we can see that vs = e, then L(k,h,e) > 6. Consequently, for all
z € X, we have (zx (kxh))(e) > L(k,h,e) AN L(z,e,e) > 0. In virtue of the fuzzy primeness of (X, T, L),
we get h = e and thus ((zoy)o (z 7 oy™))(e) > 6. O
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Theorem 3.3 Let (X,T,L) be a prime fuzzy near-ring and I be a nontrivial fuzzy semigroup ideal of
X such that (%) T(z,y,2) >0 = z €1, Ve,y € [,Vz € X. If I admits a fuzzy involution o, then
(X,T,L) is a fuzzy ring.

Proof: e Case 1, suppose that (X,T, L) is a left fuzzy near-ring and I is a nontrivial fuzzy semigroup
ideal of X. Our goal is to show that (X, T, L) is a right fuzzy near-ring, i.e, obtain the condition (iv) of
Definition 2.1.

(¢) By hypotheses given, and taking into account the first step of the proof of the previous theorem,
we arrive at Va,y, z,c1,c0 € I, if ((m oy) * z)(cl) > 0 and ((a: *2) o (y * Z))(CQ) > 0, then c; = ca.

(i4) Now, showing that Vm,n,t1,t, € X,Vz € I, if ((mon)*z)(t1) > 6 and ((m=2)o (nxz))(t2) > 0,
then tl = tz.
Let m,n € X and z € I and taking t1,t> € X such that ((mon)«z)(t;) > 6 and ((m*z)o(nxz2))(t2) > 6.
Let 2 € I and choosing t,h € X such that (x * m)(t) = L(z,m,t) > 0 and (x *n)(h) = L(x,n,h) > 6.
Since [ is a fuzzy semigroup ideal of X, then ¢ and A must be two elements of I.
Taking I,v € X satisfy T'(¢,h,1) > 0 and L(l, z,v) > 0, then

((toh)*2)(v) > T(t,h,1) A L(L, z,v) > 6. (3.11)

In view of L(l,z,v) > 6 and z € I, the fact that I is a fuzzy semigroup guarantees v € I. On the other
hand, we have
((x*m)o(x*n))(l) > L(x,m,t) NL(x,n,h) NT(t, h,1) > 0. (3.12)

Taking k1, k € X such that T'(m,n, k) > 6 and L(x, k, k1) > 0, then
(x* (mon))(ky) >T(m,n, k) ALz, k, ki) > 0. (3.13)

In view of Definition 2.1 (iii) together (3.12) and (3.13), we get k1 = [ which means that L(x,k,1) > 6.
So that,

((x * k) * 2)(v) > L(z, k,1) AN L(l, z,v) > 6. (3.14)
Since T'(m,n, k) > 0, the fact that ((mon) = z)(t;) > 0 implies that L(k, z,¢1) > 6.
Letting ko € X satisfies L(z,t1, k2) > 0, then

(% (kx2))(ka) > L(k,z,t1) AN L(z,t1, ko) > 6. (3.15)

Once again, by applying Definition 2.1 (ii) to relations (3.14) and (3.15), we arrive at ko = v, and
therefore
L(x,t1,v) > 0. (3.16)

Similarly, let s1, s2,s € X such that L(t, z,s1) > 0, L(h, z,s2) > 0 and T'(s1, s2,8) > 0. We obtain,
((txz)o(hx2))(s) > L(t 2,81) A L(h, z,82) AT (s1, s2,5) > 0. (3.17)

Also, the fact that I is a fuzzy semigroup ideal and ¢, h € I together the assumed hypothesis (%), the
expressions L(t, z,s1) > 0, L(h, z,s2) > 0 and T'(s1, s2,8) > 0 give s1, 82,8 € I.

Since h, t,z,s,v € I, from the part (i) above, (3.17) and (3.11) give s = v and therefore, T'(s1, s2,v) > 6.
Thus,

((x*+m)* 2)(s1) > L{x,m,t) AN L(t,z,s1) > 0 and ((z *n) x 2)(s2) > L(z,n,h) A L(h, z,s2) > 6.

Now, choosing vy,v9,v3,v4 € X such that L(m,z,v1) > 0, L(n,z,v3) > 60, L(x,v1,v3) > 6 and
L(z,vq,v4) > 0, we get

(x % (m* 2))(v3) > L(m, z,v1) A L(z,v1,v3) > 0 and (z * (n* 2))(vs) > L(n, z,v2) A L(x,v2,v4) > 6.

Once again, because of Definition 2.1 (i¢), we infer that vs = 1 and vq = s9; so that L(x,v1,s1) > 6 and
L(z,vq, s2) > 6 and whence it follows that

((x *v1) o (z*xv2)(v) > L(z,v1,81) A L(x,v2, $2) AT (81, 52,v) > 6. (3.18)
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In view of ((m*z)o (n*z))(t2) > 6 together L(m, z,v1) > 6 and L(n, z,v2) > 0, we get T'(vy,v2,t2) > 6.
Consider s3 € X such that L(z,ts,s3) > 60, which implies that

(% (v1 0v2))(s3) > T(v1,v2,t2) A L(x,ta,s3) > 0.
Applying Definition 2.1 (ii¢) to the last result and to (3.18), we conclude that s3 = v, and thus
L(z,ta,v) > 0.
Now, choose t3 € X such that L(k,z71,¢3) > 6. From Lemma 2.2(1.), we have
(k*z)o(kx2""))(e) > 0.

In view of L(k,z"1,t3) and L(k, z,t1), the last result assures that T'(¢1,t3,€) > 6.
On the other hand, we have

(z % (t10t3))(e) > T(t1,t3,€) A L(z,e€). (3.19)
Let l1,d € X satisfy L(x,ts,d) > 6 and T'(v,d, 1) > 0. Since L(x,t;,v) > 6, then
((I * tl) o (:17 * tg))(ll) > 6. (320)

Let us apply Definition 2.1 (7i7) to (3.19) and (3.20), we get I; = e and therefore T'(v,d,e) > 6. Also,
using L(z,t2,v) > 0, we obtain

((z*t2) o (zxt3))(e) > L(w,t2,v) A L(w,t3,d) ANT(v,d,e) > 6. (3.21)
Consider wy,w € X such that T'(t2,t3,w) > 6 and L(x,w,w;) > 6, then
(.’L‘ * (tg o t3))(w1) > 0. (322)

From (3.21) and (3.22), we conclude that wy = e; so that L(z,w,e) > 6. Now, letting z; € X, then there
exits zo € X satisfies (x * 21)(22) = L(®, 21, 22) > 6. Since I is a fuzzy semigroup ideal of X, it follows
that z5 € I. In particular, putting 2o instead of x, we get

L(zy,w,e) = (22 xw)(e) > 0.

Consequently,
((x * 21) * w)(e) > L(x,21,22) N\ L(z2,w,€e) > 0.

In the light of the fuzzy primeness of (X, T, L), the last result implies that either x = e or w = e.
Taking into account that I is nontrivial, we can consider x # e and therefore w = e. Consequently,
T(tg,tg,,e) > 6.

By applying Lemma 2.1 to T (to, t3,¢) > 6 and T'(t1,t3,¢e) > 0, we conclude that to = ¢;.

(i4i) As the final step in Case 1, we verify that for all Va,y,t,t1,t2 € X, if ((zoy) xt)(t1) > 0 and
((zxt)o(y=t))(t2) > 6, then t; = ts.
For this objective, let x,y,t,t1,t; € X such that ((zoy)=t)(t;) >0 and ((z*t)o (yxt))(t2) > 0.
Let z € I and choosing s € X which satisfies (¢ * z)(s) > 6, then s must be an element of I by defining I.
Now, let hi, ha,h,a,b € X such that T'(z,y,a) > 0, L(x,s,h1) > 0, L(y, s,ha) > 6, L(a,s,h) > 6 and
T(h1, ha, b) > 6. Then,

((zoy)*s)(h) > T(x,y,a) A L(a, s, h) > 6,
and
((zxs)o(yxs))(b) > L(z,s,h1) A L(y, s, ha) AT (h1, ha,b) > 6.

In virtue of z,y,h,b € X and s € I, the step (ii) above assures that h = b; so that T'(hy, ha, h) > 6.
Also, we have
(a* (t*2))(h) > L(t,z,8) A L(a,s,h) > 6, (3.23)
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and from T'(x,y,a) > 0 together ((x oY) * t) (t1) > 0, we get L(a,t,t1) > 0.
Now, taking k € X such that L(¢1, z, k) > 0. It follows that,

((axt)*z)(k) > L(a,t,t1) A L(t1, 2, k) > 6. (3.24)

By application of Definition 2.1 (i) to relations (3.23) and (3.24), we deduce that k = h and therefore,

L(ty, 2, h) > 0. (3.25)
On the other hand, we have
(z* (t=2))(h1) > L(t, z,8) A L(z, s,hy) > 0 (3.26)
and
(y = (t*2))(he) > L(t,z,5) A L(y, s, ha) > 0. (3.27)

Consider mq,mgy, m,n € X which satisty L(x,t,m1) > 6, L(y,t,mz) > 0, L(mq,z,m) > 0 and L(mas, z,n) >
0. It follows that
((z+t)*z)(m) >0 and ((y*t)*2z)(n) > 0.

Combining the last two results with (3.26) and (3.27) and applying Definition 2.1 (i), we conclude m = hy
and n = hy which give L(mq, z,h1) > 6 and L(ma, z, he) > 6. Accordingly,

((m1 * Z) o (mg * Z))(h) > L(ml, Z, hl) AN L(mg, Z, hg) A 71(}117 hg, h) > 0. (328)

As well, from L(z,t,m1) > 0, L(y,t,ms) > 6, the relation ((z *t) o (y *t))(tz) > 6 implies that
T(mq, ma,ty) > 0. Let h' € X which satisfies L(tg,z,h/) > 0, then

((m10ma) % 2))(h') > L(ta, 2,1 ) AT (my,ma, ts) > 0. (3.29)
Since z € I and in view of the second step (ii), (3.28) and (3.29) assure that h = h" which implies that
L(ta,z,h) > 6. (3.30)
Let ¢,v € X such that L(e, z,¢) > 0 and T(c, c,v) > 6, we have
((eoe)x2)(c) >T(e,e,e) A Lle zc) >0,

and
((exz)o(ex2z))(v) > Lle, z,y) A L(e,z,¢) NT(c,c,v) > 6.

Using the conclusion of the preceding part, we get v = ¢ which implies that T'(c,¢,¢) > 0 and hence c = e
by Lemma 2.1 (4). Thus, L(e, z,€) > 6.
Now, let 3 € X such that L(a,t!,t3) > 6 which implies that ((zoy) xt~1)(t3) > 6. From Lemma 2.2
(i), we have ((axt)o (axt'))(e) > 0. Since L(a,t,t1) > 6 and L(a,t~*,t3) > 6, we find that

(tl o t3)(6) = T(tl,t3, 6) > 9, (331)

that is,
((t1 ots) * z) (e) > T(t1,t3,e) A L(e, z,e) > 6.

Let s1,p € X such that L(ts, z,s1) > 6 and T'(h, s1,p) > 6 and invoking (3.25), we obtain
((t1 % 2) o (tg * z))(p) > L(ty,2z,h) A L(ts, z,s1) AT (h, s1,p) > 0.

In view of the preceding step, we conclude that p = e, and therefore T'(h, s1,€) > 6.
By using (3.30), we get

((t2 % 2) o (ts % 2) () > Llta, 2,h) A Lts, 2, 1) A T(h s1,€) > 6,
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Now, choosing vy, vy € X such that T'(te, t3,v1) > 6 and L(v1, z,vs) > 0, then

((t2 ot3) * 2)(v2) > 6.

Once again from the previous step, we get vy = e, so that (vy x z)(e) > 0. Now, taking z; € X, then
there exits zo € X satisfying (21 * 2)(z2) = L(21, 2, 22) > 0. By defining I, we obtain zo € I. Now, put
2o instead of z, we get

L(v1, 2z2,€) > 6.

Consequently,

(v1 * (21 % 2))(e) = L(z1, 2, 22) A L(v1, 22,€) > 6.

In view of the fuzzy primeness of (X, T, L), the last result implies that either z = e or v; = e. Taking
into account that I is nontrivial, considering z # e, hence v; = e. And therefore,

(t2 o t3)(e) = T(tg, ts, 6) > 0. (332)

Applying Lemma 2.1 (2) to (3.31) and (3.32), we obtain t; = to.

e Case 2, if (X, T, L) is a right fuzzy near-ring, then we can use the same arguments as used in the first
case.

e To prove that (X,T) is commutative, it is enough to argue as in the proof of the previous theorem,
precisely the second part, we obtain the desired result. This completes the proof of our Theorem. O
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