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Intutionistic Fuzzy §&-Metric Space

Pooja Dhawan'! *, Aaina Singla? and Izhar Uddin®
ABSTRACT: In order to extend the concept of an Intutionistic Fuzzy metric space (If—]\TS), the prospect of
an Intutionistic fuzzy §®- metric space is presented in this article. Some new concepts in an Intutionistic fuzzy

F®- metric space are discussed along with some characteristics and various features. A few related results are
proved in the proposed framework.
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1. Introduction and Elementary Interpretations

After Zadeh [19] presented the idea of fuzzy sets, numerous authors explored fuzzy set notions in
various fields, including Kramosil and Michalek’s [13] fuzzy metric space.

Definition 1.1 [19] Let @ # 0. A function ¢ : Q X Q) — R is said to be metric if it satisfies the
following axioms ¥ p,0,¢ € Q):

1. Non-negativity: o(p, o) > 0;
2. Symmetry: o(p,0) = ¢(0, p);

3. Triangle Inequality: ¢(p, 0) < ¢ (p,¢) + ¢(¢; 0);
4. Identity of Indiscernibles: ¢(p, ) =0 if and only if p = p.

Definition 1.2 [16] A binary operation ® : [0,1] x [0,1] — [0,1] is a continuous t- norms (C/’Y-’W) if it
meets the requirements listed below:

1. ® is associative and commutative;
2. ® 15 continuous;
3. p@l=pV pel0,1];

4. p®o<(@®d whenever p< ¢ and 0 < d VY p,p,¢,d e [0,1].

The concept of Fuzzy Metric Space (FATS) was examined by Kramosil and Michalek [13] in 1975 and
was defined as follows:

Definition 1.3 [15] Let @ # 0. A triplet (Q),£, ®) is a FMS if ®is a CTN and & is a fuzzy set (F/§)
on @ x Q x[0,00) — [0,1] that satisfying the following conditions:
1. &(p,0,t) =0,V p,oe @ and t > 0;

2. £(p,0,t) =1V E>0iff p=o;
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3. &(p.o,t) =&(0,p,1) ¥V p,0€ @ and t > 0;
4- &(p, ¢ T+3) > &(p 0, 1) ®E(0,(,3) V p0,( € R & 1,5>0;
5. &(p,0,+) : (0,00) = [0,1] is left-continuous ¥V p, 0 € Q).

The FMS concept of Kramosil and Michalek [13] was altered by George and Veeramani [7] in 1994.
They acquired a Hausdorff and first countable topology on the modified FMS.

Definition 1.4 [7] A FMS is an ordered triplet (Q),&, ®) such that: Q # 0, ® is a C/'fW, and £ is a
FS on @ x @ x(0,00) — [0,1] satisfying the following conditions:

1. &(p, 0,1)

2. (p,@f)—l iff p=o0;

3. &(p.0,t) =¢&(e,p,1);

4- &(p: G, E+3) > &(p, 0,) ®E(0, ¢, 3);

5. &(p,0,) 1 (0,00) — [0,1] is continuous for all p,0,( € Q and 5, > 0.

Then £ is called a fuzzy metric (F/ﬁ) on Q.
Remark 1.1 [7] In FMS (®,&,®), George and Veeramani considered the following:

1. If £(pyo,t) >1 -GV po€e®,1>0,0< qg< 1, We can locate a ty, 0 < ty < £, such that
g(pa Qato) >1- Cj

2. For any §; > Gy in (0,1), we can locate g5 € (0,1), such that § ® G5 > G, and for any g, € (0,1),
we can locate g5 € (0,1), such that §s ® §5 > §y-

The outcomes in this field have been examined by numerous researchers ([8], [9], [18]). Using this notion,
Atanassov [1] recommended the notion of an intuitionistic fuzzy sets (IF'S) in 2004 as follows:

Definition 1.5 [1] Let O be a universe. An IFS ¢ on O can be defined as follows:

o ={lu.(0)7.(p)) : p € O)

where ] )
K :0—[0,1] and v, 10— [0,1]

such that

0<p (p)+7,(p) <1 foranype.

Here, - (p) and - (p) represent the degree of membership and degree of non-membership of the element
o o

p, respectively.

Next, Park [14] expanded the notion of FMS to IFMS. Park used CTN [16] and continuous t-conorms
(CTCN) [16] to describe this idea.

Definition 1.6 [16] A binary operation A : [0,1] x [0,1] — [0,1] is called a CTCN if A meets the
requirements listed below:

1. pAO0=p, Vpel0,1];
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2.pho=oApandp A (0 A ()= (p A o) A( Vpo 0]
3. Ifp<Cando<d, thenp A 0<( A d,V p,o¢del01];
4. A 1s continuous.

Remark 1.2 [1/]

1. For any ¢, ¢ € (0,1) with ¢ > ¢, 3 @5, 4y €(0,1) such that  ® ¢35 > ¢ & G > Gy A G-

2. For any §s € (0,1), 3 g5, @; € (0,1) such that s ® @5 > @5 & G; A §; < (5.
Definition 1.7 [1/] Let £ and N be fuzzy sets on @7 x(0,00), and let ® be a CTN and A be a CTCN. If
& and N satisfy the following conditions for all p, 0, € @, §,t > 0, we say that (£, N) is an intuitionistic
fuzzy metric (I/Fﬂ) on Q):
(IFM1) &(p, 0,1) + N(p, 0, 1) < 1;
(IFM2) £(p, 0,1) > 0;
(IFM3) &(p,o,t) =1 if and only if p= 0 ;
(IFM}) &(p, 0,%) = &0, p,1); )
(IFM5) &(p;0,t) ®&(0,¢,8) < E&(p, T+ 3);
(IFM6) &(p,o,-) : (0,00) — (0,1] is continuous;
(IFM7) N(p,0,1) < 1;
(IFMS) N(p,o0,t) =0 if and only if p= 0 ;
(IFM9) N(p,o,t) = N(o,p.?); )
(IFM10) N(p,o,t) A N(o,¢,3) > N(p,¢,t+ 3);
(IFM11) N(p,o,-): (0,00) = (0,1] is continuous.
The five- tuple (Q),&, N,®, A) is called IFMS. The functions &(p, 0,t) and N(p,0,t) express the
degree of nearness and the degree of nonnearness between p and o with respect to €, respectively.

£)
£)

Over the past few decades, numerous intriguing extensions of metric spaces including fuzzy metric spaces
have been created and researched.(e.g. b-metric by Czerwik [2], S-metric by Sedghi et al. [17], §-metric
by Jleli and Samet [11], Modified intuitionistic fuzzy metric spaces by Saadati et al. [15], Neutrosophic
metric spaces by M.Kirisci and N. Simsek [12]). Many other authors have investigated numerous results
in various extended fuzzy metric space (eg. [4], [6], [5], [10]). The authors employed a family § of
real-valued functions in §-metric space (Jleli and Samet [11]) that had the following properties:

Given g : (0,00) — R that satisfies the following conditions:

(§1) g is non-decreasing on (0, 00);
(§2) for every sequence{p,} C (0,00), lim p, =0 < lim g(p,) = —oc.
n—oo n—oo
Using the above family, Das et al. introduced fuzzy F-metric space [3], as a generalization of the
George and Veeramani-type fuzzy metric space [7] by involving some special kind of functions.
Let § denote the set of all functions f : [0,1] — [0, 1] that satisfy the following conditions:
(§1) f is strictly increasing on [0,1);
(§2) for every sequence {t,} C [0,1], lim t, =1 < lim f(t,)=1.
n—oo

n—oo
In this work, a new generalization known as Intutionistic fuzzy F®- metric space is introduced.
2. Results and Discussion

Definition 2.1 Let & denote the set of all functions g : [0,1] — [0, 1] that satisfy the following conditions:

(81) g is strictly decreasing on (0,1];
(82) For every sequence {t,} in [0,1], lim t, =1 = lim g¢(t,) = 0.
n—oo

n—oo
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Example 2.1 Some examples of & are:
(i) g(p) = p™" p € (0,1], n €N
(i) g(p)=1—/p, p €[0,1].

Now, using the functions f € § and g € &, we define Intutionistic fuzzy §®- metric space by relaxing
the axiom (IFM5) and (IFM10) of IFMS.

Definition 2.2 Let Q # 0, ¢ : @ xQ x(0,00) — [0,1] and N : Q x Q x(0,00) — [0,1] be two
mappings, ® and A be CTN and CTCN respectively. If there exist (f,a) € Fx(0,1] and (g,8) € &x(0,1]
such that & and N satisfying the following conditions:

* (F&n1) &(pso

(p,0,t) + N(p,0,t) <1, for all p,o € Q and t > 0;

(F6en2) E(p,0,T) >0, for all p,o € @ and t > 0;
(p,0,%) =

t) =

(FGen4) E(p, o, (0, p,t), for all p,o € @ and & > 0;

(§Genb) For every (p,0) € Q x Q), for every N € N, N > 2, and for every u; € @ with u; = p
& uny = o, we have

1, for all t > 0 if and only if p = o;

g(pmgtv) <1l = (f(g(pagv )) >f(€(u1)u27i:1) ® f(UQ,Ug,,Eg) ® - ® f(uN_buN?fN—l));

(F6en6) N(p,0,t) <1,V poe® &i>0;
(FG¢n8) N(p,0,t) = N(o,p,1),V p,0 € ® and > 0;

(§Gen9) For every (p,0) € @ X Q, for every N € N, N > 2, & for every u; € Q with uy = p &
uy = 0, we have

N(p,0,1) >0 = (9(N(p,0,8))" > g(N(u1,u2,t1) A N(ug,uz,f2) A --- A N(un_1,un,in_1)),
where t =t + o+ +tn_1; 6 >0 fori=1,2,...,N — 1.

Then, (£, N) is called an Intutionistic fuzzy §&-metric on ), and the 9-tuple (R, &, N, f,g,a, 5, ®, A)
is called an Intutionistic fuzzy §B-metric space.

Remark 2.1 It has been observed that every TFMS is an Intutionistic fuzzy FG-metric space, since if

(R,6,N,®,A) is an TFMS, then clearly ¢ and N satisfy (§Gen1)-(§Gen4) and (FG¢nG6)-(FGen8).
We need to verify the condition (§6¢n5) and (FG¢N9). For p,o,¢ € @ with p # 0 and 3,1 > 0, we have,
from (IFM5),

&(p0,5+1) = &(p,C,5) ® £(C 0,)
implies
f&(p.0,5+1)) = f(E(p. C.3) ® £(C,0.1)  using (§1)
= f(&(p. 0,5 +1))" = f(&(p.¢,3) ® &(C0.1)) since a € (0,1].
If we write $+1 =T and f({) =tV {€[0,1] and a = 1, we get

F&(p, 0. 1)) = £(&(p, C,5) ® £(C 0.1)).

and from (IFM10),
N(p,0,5+1t) < N(p,(,5) A N(¢ 0,1)
implies

g(N(p,0,5+1)) > g(N(p,¢,%) A N(C,0,1))  using(B1)
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= 9(N(p, 0,5 +1))7 > g(N(p,¢,5) A N(C0,0) sincef € (0,1].
If$+t=T & g(f) = —t for allt € [0,1] and B =1, then
9(N(p, 0, 7))” = g(N(p, ¢, 3) A N(C, 0,1)).
Thus, (&, N) is an Intutionistic fuzzy F&-metric on Q with f(f) =t and g(f) = —, V { € [0,1] and
a=1& g=1.

The Intutionistic fuzzy §®-metric is the broader version of the TFM. The following claim demonstrates
that, in specific circumstances, an Intutionistic fuzzy §®-metric induces an IF M.

Proposition 2.1 Let (Q),&, N, f,g,a,8,®, A) be an Intutionistic fuzzy §G-metric space. Define a func-
tion m : @ x @ x(0,00) — [0,1] and n : Q x Q) x(0, c0)
—[0,1] by

m(pvgylj’:):sup{g(uhuQ)il) ® g(UN_l,UN,tvN_l) NEN7N22} (1)

®
n(p,0,1) =inf {N(u1,u2,%;) A ... A N(uy_1,un,tin—1): N €N,N >2} (2)
with (uy,un) = (p,0) V p,0 € Q and t >0, where t =1; + 5+ +1n_1.

If £(p, 0,-) is a continuous, non-decreasing function of t ¥ p,0 € @ & If N(p,0,-) is a continuous,
non-increasing function of t V p,0 € @, then (&, m,n,®, A) is an IFMS.

Proof: As (Q,&, N, f,g,a,5,®, A) is an Intutionistic fuzzy §G-metric space, 3 a pair (f, ) € §F x (0, 1]
and (g,3) € & x (0,1] with respect to which £ and N satisfying the condition (F&¢x5) and (FG¢n9)
respectively.

As m satisfies (IFM1), (IFM2), (IFM4), (IFM6) trivially and n satisfies (IFM1), (IFMT),
(IFM9), (IFM11) trivially and we need to verify (IFM3), (IFM5), (IFM8) and (IFM10). Now,

(i) If p = o, then &(p,0,f) =1V £ > 0 and, hence, m(p, 0,f) =1V £ > 0.
Conversely, if possible, suppose that 3 p,0 (p # 0) € ®Q), such that m(p, 0,£) =1V £ > 0. Then, 3
a to > 0 such that
g(p7 97{0) <L (3)

Let 0 < € < 1. Then, definition of m implies, 3 N € NN > 2 & {u;}¥ € X with (u1,un) = (p, 0), such
that
1—c¢ < g(ulauQatl) ® ... ® f(UN—I;UNatN—l)v

where {g = &1 +to + - -+ + tx_1, implying
f(1_€> <f(§(u1,u2,f1) ® ... ® g(uNflauNatvaID
<(f(&(ps 0,%0)))"  (by (§1) and (§G¢n5)).

Since 0 < € < 1 is chosen arbitrarily, we have

f&(p,0.10)* > f(1) =1.

Thus, we get
f(f(/% Qato)) =1 lmplylng f(p7 Qato) = 17
which contradicts the relation(3). Hence, m(p, 0,£) = 1V £ > 0 implies p = o.

(ii) Let p,0,¢ € @ and 0 < € < 1. Then, according to the definition of m, 3 2 chains of points
P = UL, U, ..., Uy =0 and 9 = Up, Upyt1,...,uny = (, such that

m(p, 9,5)76<£(U1,u2,£1) ® ... ® g(un—launvtvn—l)
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and
m(QvCa{)_6<£(unvun+1ain) ® ... ® g(uNflqu;{Nfl)a
where s =4 +---+f, 1 and f =, + 41+ +Iiy_1, witht; >0,i=1,2,...,N — 1.

Therefore,
m(p, ¢, T) > &(ur,uz,t1) ® @ E(Up—1,Unstn1) ® E(Un,Ung1,ln) ® - ®E(un—1,un,EN_1)
> (m(pa 0, é) - 6) ® (m<97<ai) - 6)7

where T = & + £. Since 0 < € < 1 is arbitrary, we obtain as e — 0%:

m(p,¢,T) = m(p,0,5) ® m(o,(,1).

Thus, m meets the inequality (IFM5). Furthermore, because ¢ is a non-decreasing function of #, the
definition of m implies that m(p, g, f) is likewise non-decreasing with respect to £, for any p, 0 € &.

(iii) If p = o, then N(p, o,f) = 0 for all £ > 0 and, hence, n(p, 0,f) = 0V £ > 0. Conversely, if possible,
suppose that there exist p, 0 (p # 0) € &), such that n(p, 0,£) =0V £ > 0. Then, 3 a f5 > 0 such that

N(p. 0,t0) > 0. (4)

Let 0 < € < 1. Then, definition of n implies, 3 N € N, N > 2 & {u;}¥ € X with (u1,un) = (p, 0), such
that
04+¢€¢> N(ul,u2,fl) A ... A N(UN_l,UN,fN_l),

where {g =1 + o + -+ + {x_1, implying
g(e) < g(N(ur,uz,t1) A ... A N(uny_1,un,tn-1)) < (9(N(p,0.10)))" (by (61) and (§6n9)).

Since 0 < € < 1 is chosen arbitrarily, we have

9(N(p, 0,10))" > g(0) = 1.
Thus, we get
9(N(p,0,10)) =1 implying N(p, e, ) =0,
which contradicts the relation (4). Hence, n(p, 0,) = 0 for all £ > 0 implies p = o.
(iv) Let p,0,¢ € @ and 0 < € < 1. Then, by the definition of n, there exist two chains of points
p=Ul,U2,..., Uy, = 0 and 9 = Uy, Upt1, ..., Uy = (, such that

’I’L(p, Qag) +e> N(u17u27£1) A ... A N(un—lyunatn—l)

n(Q,C,tv)+€>N(Un,Un+1,in) A ... A N(UN717UN7£N71)7
where § =4, +---+f, 1 and f =, + {41 + - +In_1, with #; > 0,i=1,2,..., N — 1. Therefore,

n(p7C7T> N(“l?u2atl) A ... A N<un71aun7£n71) A N(“naun+lain) A ... A N(’U'NflauNafol)

<
< (n(p,0,5) +¢) & (n(e, (1) +e),
5§+ f. Since 0 < € < 1 is arbitrary, we obtain as e — 0%:

n(p, ¢, T) < n(p,0.5) A n(o,C, i)

Thus, n meets the inequality (IFM10). Furthermore, because N is a non-increasing function of £, the
definition of n implies that n(p, o, ) is similarly non-increasing with respect to Z, for any p, 0 € &. Thus,

(®,m,n,®,A)is a IFMS. .

where T =
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Theorem 2.1 Let (Q), &, N, f,g,a,5,®, A) be an Intutionistic fuzzy §G-metric space, such that f & g
are continuous from the left and right respectively, & suppose that £(p, 0,t) is a continuous and nmon-
decreasing function of t, N(p,o,t) is a continuous and non-increasing function of t ¥ p,0 € .

(®,m,n,®, A) represents the induced IFMS on @), then the following holds:

pro€ @ with&(p,0,1) <1VE>0, = f(&(p,0. 1)) < fmlp,0.) < f(&(p, 0,1), (5)

and

p.o€ Q) with N(p,o,1) >0V >0, = g(N(p,o1) < g(n(p,0.1) <g(N(p,0,1)".  (6)
Proof: (i) Let (p,0) € @ x @ be such that &(p,0,{) < 1V £ > 0. Then definition of m states that
m(p, 0, %) > €(p, 0,) which implies

f(m(p, 0,1)) = f(&(ps 0,1))  (by (§1)). (7)

Let 0 < € < 1 be arbitrary. Definition of m implies that 3 N € N, N > 2, and a sequence of points
UL, Uz, ..., uy € @ with u; = p, unx = o, such that for £ = #; + 5 +--- +{y_1, we have

m(p,0,1) — € < &(ur,ug,t1) ® -+ ® E(un—1,un,in_1),
:>f(m(p7g,f)—e) < f(g(ulau%tl) ® - ® f(Uth'UzN,fol)),
= (f(&(p,0,8))* > f(m(p,0,1) —¢)  (by (F&¢n5)).

Since 0 < € < 1 is arbitrary, Allowing ¢ — 07 yields

f&(p, 0.0)* = f(m(p, 0,1)). (8)
The relations (7) and (8) together give

f&(p, 0,1)) < f(m(p,0,1)) < f(&(p, 0,1)).

(ii) Let(p, 0) € @ x @ be such that N(p, g,f) > 0 for every £ > 0. The definition of n indicates that
n(p, 0,t) < N(p, 0,t), implying

g(n(p, 0.1)) = g(N(p,0,%)) (by (&1)). (9)

Let 0 < € < 1 be arbitrary. Then, the definition of n implies, 3 N € N, N > 2, a sequence of points
UL, Uz, ..., uy € @ with u; = p, uny = o, such that for £ = #; + 5 +--- +{y_1, we have

n(p,0,t) +e€> N(ui,uz,t1) A --- A N(uy_1,un,In_1),
g(n(p,0,t) +€) < g(N(u1,uz,t1) A --- A N(uny_1,un,fn_1)
< g(N(uy,un,f1+-+1iy-1)"  (by (3San9)),
= g(n(p, 0,) +€) < g(N(p, 0,1))".

Since 0 < € < 1 is arbitrary, by letting € — 0T, we acquire

(9(n(p, 0,1))) < g(N(p, 0,6))". (10)
The relations (9)and (10) together give

9(N(p,0,1)) < g(n(p, 0,1)) < g(N(p, 0,1))".

d

Now we define characteristics of an Intutionistic fuzzy F®&-metric space (eg. topology, convergence,
cauchyness, completeness etc.)
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Definition 2.3 Assume (Q),&, N, f,g,«,3,®, A) is an intutionistic fuzzy §G-metric space. Define an
open ball as follows: p € @ and §> 0, £ >0,

B(p,¢.1) = {Q € :&p0,0) >1-q N(p,o,i) < c]}-
Proposition 2.2 Let (Q),¢, N, f,g,a,8,®, A) be an Intutionistic fuzzy FH-metric space. Then
T(,N) = {p - ® : for each p € p, 3 g€ (0,1), > 0 such that B(p, §,t) C p}
is called topology on ).

Definition 2.4 Assume {p,} is a sequence in an Intutionistic fuzzy FS-metric space
(®7§»N»f,9,04,5,®,A). Then

(i) {pn} is said to be convergent if 3 p € Q), such that for any 0 < §< 1, 3 a natural number N € N
such that ¥V £ > 0,

E(pnyp,t) >1—q and N(pn,p,t)<q ¥Yn>N.

(ii) {pn} is said to be Cauchy sequence if for each t > 0 and 0 < ¢ < 1, 3 a natural number N € N
such that

E(pny pm,t) >1—q and N(pp,pm,t) <q§ Ym,n>N.

(iii) Q) is considered to be complete if every Cauchy sequence in Q) converges to some point in set Q).

The following results are simply proven.

Proposition 2.3 Consider (Q),&, N, f,g,a, 5, ®, A) is an Intutionistic fuzzy FH-metric space, let {p,} C
® is a sequence, & p € Q. Then

(i) {pn} is convergent to p iff

lim £(pn,p,f) =1 & Nlpn,p,f)=0 V £>0.

(i1) {pn} is Cauchy iff

lim &(pn, pm,t) =1 & N(pn,pm,t)=0 ¥V £>0.

m,n—oo

Example 2.2 Assume @ =R and define

; t n_ lp—ol ;
£p707t =—— & Np797t =-—— -V pJQ€R7t>0
Peh = =l Ped = 7

Take the sequence p, = % in R.

(i) For &(pn, pm,t), we have

g(pn»pwut) 2 1 1
E+]n -
As n,m — 0o, we have |p, — pm| = %——7“ — 0, so
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This demonstrates that sequence is Cauchy in terms of Nearness.

Similarly, take N(pp, pm,t):

; |on — Pml
N(pp, pm,t) = ————.
(Pns P 1) T p—

As n,m — oo, we again have |p, — pm| — 0, which implies
This demonstrates that the sequence is Cauchy in terms of Non- Nearness.

Proposition 2.4 Limit of a convergent sequence in (Q),&, N, f,g,a, B,®, A) is unique.

Proof: Let p, 0 € @ be such that a sequence {p,} converges to both p & o. Then
lim &(pp, 1) = lim E(pn,0,6) =1 V &0,
n—oo n—oo

lim N(pn,p,t) = lim N(pn,0,6) =0 V £—0.
n—oo

n—oo
Since (®),&, N, f,g,a,5,®, A) is an Intutionistic fuzzy F&-metric space, 3 (f,a) € § x (0,1] and
(9,8) € & x (0,1] and satisfying (§B¢n5) and (F&en9).

Now suppose p # o. Then 3 £y > 0 such that &(p,0,f9) < 1 and N(p,0,fp) > 0, and hence, by
(S®§N5) and (%651\]9):

(f(&(ps0,10)))* = f(E(p, pnrt1) @ E(pn,0,T2)) ¥V €N, fog =) + 1y,
= (f(&(p, 0,%0)))* = Hm f(E(p; pn, f1) % E(pn; 0, F2)).

On the other hand, by (§2), we have

lim f(g(pv p'mfl) ® f(ﬂna 0, EQ)) =1,

n— oo

= (f&(p,0,10))* =1 so  f(&(p,0,f0))* =1,
= f(&(p,0,t0)) =1=&(p,0,00) =1 (by (32)).

and
(Q(N(p, 0, fo)))ﬁ < g(N(p7pn7£1)) A N(l)n, o, 52)) vV ne Na tvO = tvl + EQ;
= (g(N(pa 0, EO)))ﬁ < nlgréog(N(pv p'fufl)) A N(pna Q:fQ))'
Now using (&2), we have

Jim g(N(p, pn t1) A N(o,pn,t2)) =1,

:>(g(N(p, Qaﬂ))))ﬁ <1 so (Q(N(p, QaiO)))B = 13
=g(N(p,0,t0)) =1 = N(p,0,t0) =0 (by (&2))

which contradicts our assumption that &(p, 0,%9) < 1 and N(p, 0,) > 0. O

Proposition 2.5 In [FMS (®,&, N, f,g,a,8,®, A), every convergent sequence is a Cauchy sequence.
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Proof: Consider {p,} is a convergent sequence in (Q),&, N, f, g, «, 3, ®, A) converging to p € ). Then
lim &(pn, p,t) =1 and N(pn,p,{)=0 VY {>0. (11)
n—oo

Let (f,a) € § x (0,1] and (g,8) € & x (0,1] be such that (§&¢x5) and (F&n9) hold respectively.
Let 0 < e < 1. By (§2), 30 < 6 < 1 such that

1-6<i<l = 1—-e< f({) <1 (12)
and by (62), 30 < < 1 such that
1-6<i<1 = g(e) > g(f) >0. (13)
By Remark (1.2), for § € (0, 1), we can choose 8 € (0,1) such that
(1-8) ® 1-pF)=21-0. (14)

BAB<1-06 (15)
Again, (11) implies that for £; > 0 and £5 > 0, 3 N1(f1) and Na(f2) € N, such that

E(pn,p,t1) >1— 3 for all n > Ny(fy),

E(pm, p,t2) > 1 — B for all m > No(fz).
and ) .
N(pn,p,t1) < B for all n > Ny(t1),
N(pm, p,t2) < B for all m > Na(fs).
Let ¢ = {1 + & and N(f) = max{N; (1), N2(f2)}. Then, using (12), (14) and (F&¢x5), we have

lpn,p,t1) ® &lpm;p,t2) > (1= p) & (1-p) > (1—0)Vm,n>N(),
= f(&(pn, pm,0))* >1—€eV m,n>N({), Vi>0,
= mlrilrl)loof(g(pmpmvtv)) =1Vi>0,

= lim &(pp, pm,t) =1V E>0.

m,n— oo
using (13), (15) and (FB¢n9), we have

N(pn,p,t1) A N(pm,p,ta) <8 A B<(1—=38)Vm,n>N(®{),
= g(N(pn,p.t1) A N(pm, p.t2)) = g(e)
= g(N(pn, pm,1))” > g(e)
:>g(N(pn,pm,Lz) > g(e)
:>N(pn,pm,f) <e
= lim N(pn,pm,t) =0V {>0.

m,n—oco

This demonstrates that in (&), &, N, f,g,a, 8,®, A), {p,} is a Cauchy sequence.
O

The following finding demonstrates that the convergence characteristics of a sequence’s cauchyness
and convergent point remain invariant in an intuitionistic fuzzy §&-metric space (Q),&, N, f,g,a, 5, ®, A)
and an Intutionistic fuzzy metric space (), &, N, ®, &), where £ and N induces m and n respectively as
in relation (1) and (2).
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Theorem 2.2 Let (Q), &, N, f,9,a,8,®, A) be an Intutionistic fuzzy §&-metric space, such that £(p, o, )
is continuous and non-decreasing and N (p, 0,-) is continuous and non-increasing with respect to t for all
p,0€Q and t >0, & m and n be the induced metric in the relation (1) and (2). Let (f,a) € § x (0,1]
and (g, 8) € & x (0, 1] with respect to which (§G¢n5) and (FG¢n9) hold. Then:

(i) If {pn} is convergent to p € Q in (R, N,f,g9,a,8,®,4), then {p,} converges to
pin (Q,m,n, ® ,A4).

(ii) If {pn} is a Cauchy sequence in (Q,&, N, f,g,a,0,®,4), then {p,} is a Cauchy sequence in
(&, m,n,®,4).

(iii) @ is complete < Q) is complete with respect to the fuzzy metric m and n.

Proof: (i) First, suppose that {p,} converges to p € & in (Q),&, N, f,g,a,5,®, A). This means that
for every €, 0 < € < 1, for each £ > 0, there exists an N(f) € N such that

E(pn,pyt) >1—¢ and N(pn,p,t) <€ Vn>N({).
From the definition of m and n, we get

m(pn, p,t) > E(pn,ps1) Y or mpn,p,t) >1—€ ¥V n>N().

n(pn, p, 1) < N(pn,p,t) ¥V or n(pn,pt) <e Vn>N().

As a result, {p,} converges to p € Q) using the fuzzy metric m and n.

Conversely, Assume {p,} converges to p in the intutionistic fuzzy metric space (&), m,n,®, A) with
0 < e < 1. Then, by condition (§2) and (62), if 0 < f(1 —¢) <1 and 0 < g(¢) < 1, then 3 § > 0 such
that

1—g<f<1 = f(l—e) < f(f) <1l

.0 .
O<t<§ = 0> g(t) > g(e).

Again, for any £ > 0, 3 N(f) € N such that

, ] ~ 0
m(pn, p,t) > 1 — 1 and  n(pn,p,t) < 1 Y n> N(%).

From m, we have

W 0 . 0 - .
m(pnapat)_z <§(pn7p7t) = 1_5 <§(pn7p7t) <1 fOI‘?’lzN(t)

and
0 - ) - -
n(pn, p,t) + 1> N(pp,p,t) = 3> N(pn,p,t) >0 ¥ n>N(1).
which implies
fL=e) <f&(pn,p,t)) <1 ¥V n=N(t),
or equivalently,
E(pn, p,t) >1—€ YV n>N().
and
9(€) <g(N(pn,p,t)) <1,
or equivalently,
N(pn,p,t) <e.
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This proves that {p,} converges to p in (Q),&, N, f,g,a,5,®, A) as well.

Similar steps can be taken to prove (ii), and (iii) is straightforward. O

Next, boundedness is defined as:

Definition 2.5 Assume (Q),&, N, f,g,, 3, ®, A) is an intutionistic fuzzy FO - metric space. A subset A
of @ is called bounded iff 3L >0 & 0 < g< 1, such that £(p,0,1) >1—q & N(p,0,f) < qV p,0 € A.

Theorem 2.3 In an Intutionistic fuzzy F&- metric space, every convergent sequence is bounded.

Proof: Assume (Q),¢, N, f,g,a,5,®, A) is an Intutionistic fuzzy §G-metric space and {p,} be a se-
quence in @) such that p, — p as n — co.

Let 0 < € < 1. Then, by (§2), 36 € (0,1) implies
1-6<i<l = 1l-e<f()<1and (16)
)

0<i<d = 1>g9()>e (17)
Since p, — p as n — oo, for § € (0,1), 3 N € N such that V £ > 0,

E(pnypyto) >1—8 ¥V n>N and

N(pn,p,to) <6 ¥V n>N.

Particularly, for given £y > 0, we have

E(pnyp,to) >1— 68 and

N(pn,pito) <.
Now, by (1.2), 3 g € (0,1) which implies

E(pN7pa{0> ® (17Q)2176and (18)

qaA N(pvaa{O) <4 (19)
Consider a sequence {ay} in (0,1) such that o, = 1 as n — oo & {B,} in (0,1) such that 3, —

0 as mn — o0o. Assume {p,} is not bounded. Then, for a given iy, for each ay and Bg,, 3 pn, € {pn}
such that

and
N(pn,, pn,2to) > Br. (21)

Since p, — p as n — oo, we have p,, — = as k — oo. Thus, for £y, 3 m(ty) € N which implies

E(Pne>pot0) >1—aq Yk >m(fy)

and
N(pny.p,to) <@ for all k > m(y).

Hence, we can write
§(PN7F7» 1?0) ® f(pﬂmpv{()) > f(pNapa {0) ® (1 - Q) for all k > m(fo)

= (N, p, o) ® E(pny,pito) > (1 —6) for all k > m(fy) (using(18))
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which implies
F&(pn,p,t0)) ® (E(pny,pito)) > 1 —¢ forall k >mf(fo). (using (16))

Thus,
(f(&(pns pny, 280)))" > 1 —€ Yk >m(fy) (using (FGenb)).

or equivalently
(f(l—ap)*>1—¢€ forall k >m(ty) (using (20)).

This leads to
lim (f(1—ap))*>1—c¢

k—o0

Since 0 < € < 1 is arbitrary, letting € — 07 yields

lim (f(1—a)*=1= lim (f(1 —ag)) =1

k—o0 k—o0

But from (§2), we know that
lim (1 — o) =1,

k—o0
implies
klirgo ap = 0.
Similarly

N(pvav 50) A N(ﬁmwﬁ’» 50) < N(pvav fO) Ag<d Vk=> m(tVO) (using (19))
= g(N(pN,p, tVO) A N(pnk’p’ 50)) >e VEk=> m(fo) (USing (17))

= (9(N (o, pny» 260)))° > € YV k> m(ly) (using (F6¢en9))
= (9(Br)’ > € VEk>m(lo) (using (21))
= kli_)n;og(ﬂk) >e.

Since 0 < € < 1 is arbitrary, letting € — 07 yields

lim (g(B4))” = 0= lim g(By) = 0.

k—o0

But from (62), we know that
lim 61@ =1.
k—o0

which contradicts the assumption that ay — 1 and 8y — 0. Therefore, the assumption that {p,} is
unbounded leads to a contradiction. Hence the result. O

Conclusion

A novel concept for a generalised FMS called an Intutionistic fuzzy §®&-metric space by taking into
account a family of functions. This leads to a further generalization of fuzzy metric spaces, extending
its applicability and contributing to a deeper understanding of fuzzy metrics and their properties in
mathematical analysis.
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