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Entropy solution for double phase elliptic (p, ¢)-Laplacien problem with Right-Hand Side
Measure

El Mehdi HASSOUNE*, Ahmed JAMEA, Abdelghali AMMAR and Adnane KADDIRI

ABSTRACT: In this work, we establish the existence of entropy solutions for a double phase elliptic (p,q)-
Laplacian problem, subject to Dirichlet boundary conditions and measure data on the right-hand side. Our
main strategy combines the variational method with the framework of Sobolev spaces, by verifying the condi-
tions of the Minty—Browder theorem.
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1. Introduction

Let © be a bounded, open subset of RY (N > 2) with a connected Lipschitz boundary 99, p(z) €
(1,00) for all z € (0,00) and p be a Radon measure on Q. In the present work, we study the existence
of entropy solutions for double phase elliptic (p,q)-Laplacien problem with variable exponent as follows:

—div(®p 4(x, Vu, 0(w))) + [ulP2u=p in Q, (1.1)
u=20 on 01, '

such as @, 4(.,.,.) is defined precisement in the next section and p is a diffuse measure on Q, and 6 is a
continuous function defined from R to RY that satisfies suitable assumptions(see assumption (H3) below)
and a(z) > 0 for all z € Q..

The study of partial differential equations (PDEs) and variational problems is a very rich field that
has attracted the attention of several researchers. In this paper, we focus on an important type of PDEs,
namely nonlinear partial differential equations with variable exponents. These types of PDEs model
several physical phenomena, including elastic mechanics, electrorheological fluid dynamics, and image
processing, among others. The manifestation of degenerate phenomena has arisen in diverse fields such
as oceanography, turbulent fluid flows, induction heating, and electrochemical problems, as evidenced in
sources such as [6], [7].

The first result on the existence and uniqueness of solutions for the Dirichlet problem with measure
data dates back to 1965. In this paper, G. Stampacchia used a duality method (see [15]), and a few years
later, H. Brezis studied some semilinear elliptic equations such as:

—Au+g(u)=p in Q,
u=20 on 08,

where g € C(R,R) is a nondecreasing function. The case u € L'(Q) is solved in the well-known papers
by Brezis-Strauss [16], for the case where ) is a bounded open subset of RY with a smooth boundary.
A well-known result of Bénilan-Brezis is devoted to the case of the Thomas-Fermi equation where p is a
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measure on ) (see [17] and the recent paper [18]). For nonlinear elliptic equations A(u) = p with u =0
on 0L, L. Boccardo, T. Gallouet, and L. Orsina proved the existence and uniqueness of entropy solutions
in [3].

In this paper, we will prove the existence of solutions for the nonlinear degenerate weighted elliptic
p(.)-Laplacian problem with measure data. We achieve this by using the regularization approach: we
regularize problem (1) and investigate the existence of weak solutions for approximate problems. Secondly,
we establish a set of a priori estimates crucial for demonstrating the existence of an entropy solution to
problem (1). This type of problem has been dealt with by several authors. For example, for § = 0,
w(z) =1, and f € L* data, M. Chipot and H. B. de Oliveira used the Schauder fixed-point theorem to
prove the existence of weak solutions for some p(.)-Laplacian problems. With the same conditions and
f € L' data, C. Zhang and X. Zhang in [11] proved the existence of entropy solutions to problem (1.1).
The case when p(x) is constant and f € L™ is already treated by A. Sabri and A. Jamea in [1], where
they prove the existence and uniqueness of weak solutions.

This paper is structured as follows. Section 2 introduces the necessary preliminary results and no-
tations for our existence proof. In the following section, we prove the existence of entropy solutions for
an approximate problem using variational methods, relying on a fundamental theorem of Minty-Browder
type. Finally, we establish the existence of entropy solutions for problem (1) via Fatou’s lemma, supported
by additional technical lemmas to ensure the required conditions.

2. Preliminaries and notations
In the present section we give some definitions, notations and results which well be used in this work.
Let ¢ function from Q x R™ to R™ defined by
o(x,y) =y" +a(x) y*
where a and p, ¢ verify condition (Hj).

(H1) a:Q — R is a Lipschitz continuous and p > qu‘tl Le (I <1+ L)

The function ¢ is a generalized N-function and

o(r,2y) =2 p(z,y)

Now we define the Musielak-Orlicz space L?(2) by
L?(Q) = {v : Q2 — R : g is measurable and/ oz, |v|)dx < oo}
Q

endowed with the Luxemburg norm

ol =inf{A>0,/ o e < 1},
Q A

The Sobolev space corresponds to the L? space is
WL(Q) = {v € L¥(Q) such that Vv € L?(Q)}
With the norm
[vll1.e = llvlle + Vol

Na  ;r0:N-
Theorem 2.1 i) Ifq# N forallr € [1, gx] we have WH#(Q) < L"(Q) with gx = { jrv;l z;glg’N.

ii) If g = N for all r € [1,+o00| we have W1#(Q) — L™(Q) .

iii) If g < N for all v € [1, qx] we have WH#(Q) < L"(Q) compactly.
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i) If g > N WHe(Q) < L>(Q) compactly.
v) WHe(Q) — L1(Q).
We define now the weighted Lebesgue space L2(§2) by

ollg.a < 00
g = / () o]"de
Q

On the space L¥?(2) we consider the function g, : L¥(£2) — R* defined by

LI(Q2) =< v:Q— R: is mesurable

[[o

20(v) = / o] + a(z) o])dz

The connection between g, and ||.||,, is established by the next result.
Proposition 2.1 ([4]) Let u be an element of L¥(Q2). The following assertions hold:
i) |lull, < 1(respectively >,= 1) & o,(u) < 1(respectively >,= 1),
i) If [lullo <1 then |lull§, < 0p(u) < |lullg,
iwi) If |lull > 1 then [lullg, < 0p(u) < [[ullf,
i) |lully = 0 < 0p(u) = 0 and ||ull, — 00 & 0, (u) = oco.

Definition 2.1 Let ¢ : [0,00) — [0, 00]. We denote by ¢* the conjugate function of ¢ which is defined,
for u > 0, by
©"(u) := sup(tu — ©(t))
>0

Proposition 2.2 ([4]) For any functions v € L?(Q), v € L¥ (Q), and under the assumption that
hypothesis (H1) be satisfied, we have:

P

/Q fuvldz < 2ull, ]

In the following of this paper, the space W, ¥ () denote the closure of C§° in W'#(Q) with respect
the norm ||.||1,, (see [10]).

Proposition 2.3 ([4]) The spaces (L¥(2),].||,) and (W'#(Q),].|l1,) are separable and uniformly con-
vex (hence reflexive) Banach space.

We have
LP(Q) = L#(Q) < LP(Q)[ | LL()
Proposition 2.4 ([8]) Suppose that Q@ C RY is a bounded set, and let u € W12 ()
ully < CollVoll,
Cy is a strictly positive constant depends on the exponent diam(Y) and the dimension N.

Proposition 2.5 ([7]) Let1 < p < +oo There exist two positive constants u, and p, such that for every
x,y € RN, it holds that

pp (] + [y)P 2 -y <
(lzP=2z — |y[P 2y, 2 —y) < pp(lz| + [y)P~2|z — y|?
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Proposition 2.6 ([6]) Suppose that @ C RN be a bounded set. Then, for all u € Wy #(9Q,]| - |
imequality

17<F) ’ the
[ullo < C'[IVully,
is satisfied where the constant C' depends on the exponent p(.), meas(Q) and the dimension N.
Definition 2.2 Given a constant k > 0; we define the cut function T} : R — R as
s if |s| <k,
Te(s) =< k if s>k,
—k if s< —k.

For a function v = u(x) defined on 2, we define the truncated function Ty (u) as follows, for every z €
the value of (Tru) at x is just Ty (u(x)).
By [8] we define also the space

T (Q) = {u Q>R

u is a measurable function }

Ti(u) € Wy?(Q) for all k>0

Proposition 2.7 For every u € 761’“0(9), there exists a unique measurable function v : Q — RN such
that VT (u) = vX|y<k, a.e. in Q for every k > 0, where xg denotes the characteristic function of a

measurable set . Moreover, if u belongs to WOI’SO(Q), then v coincides with the standard distributional
gradient of u, and we will denote it by v = Vu.

Lemma 2.1 Let us 2 a open bounded subset of R™Y. Then u € Wol’“’(Q) if and only if u € 761’“"((2) and
Vue L ().

Definition 2.3 ([8]) The ¢-capacity of any compact set K C Q is first defined as
capy (K, Q) = {op(u) <oo; ue CF (Q); u>xk},
The @-capacity of any open subset U C 2 is then defined by
cap, (U, Q) = sup {cap, (K, Q) ; K compact set of U}.
Finally, the p-capacity of any subset B C (2 is then defined by
cap, (U, Q) = inf {cap, (B, ) ; U open subset of Q; U C B}.

Definition 2.4 ([8]) A function u defined on €2 is said to be cap,-quasi continuous if for every € > 0
there exists B C Q with cap,(B, ) < € such that the restriction of u to 2\ B is continuous.

Remark 2.1 For every u € WOI’SO(Q) has a cap,-quasi continuous representative. With this convention
for every subset B of Q) we have

capy(B, Q) = inf {gv(u) ; forall ve Wol“o(ﬂ)}
Definition 2.5 ([8]) We define the spaces M;(2) and M, (2)) respectively as follows:

Myp(Q) = {p: Q2 = R measure of Radon on €2 such that x() < co}.

ECQ
capy,(E, Q) =0]"

Theorem 2.2 ([8]) p be an element of My(2). Then there exist an element f € LY(Q) and F €
(L ()N, such that p = f — div(F), if and only if i be an element of M (€2).

My (Q) = {u € My(Q) ;(E) =0
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Lemma 2.2 ([3]) For &,n € RY and 1 < p < oo, we have:

1 1 _

~[€lP = =[n” < [¢P72E(n - €).

p p
where a dot denote the Fuclidean scalar product in RY .
Lemma 2.3 ([3]) Fora>0,b>0 and 1 <p < oo we have

(a+Db)P < 2P~ (aP +bP).

Lemma 2.4 ([5]) Letp et p’ be two real numbers such that p > 1, p > 1, and % + i = 1. There existed
a positive constant m such that

P2 — 2" < m{(E — (P26 — =2} 5 {e? + 115,
FOT’(L”&,UERN’ 522 Zf1<p§27 and/g’:p’ ,pr>2

Definition 2.6 ([13]) Let Y be a reflexive Banach space and let A be an operator from Y to its dual
Y . We say that A is monotone if

(Au — Av,u —v) >0 YVu,veY.

Theorem 2.3 ([13]) Let Y be a reflexive real Banach space and A : Y — Y  be a bounded operator,
hemi-continuous, coercive and monotone on space Y . Then the equation Au = v has at least one solution
u €Y foreachveY .

3. Assumptions and proof of the main claim

In this section, we first recall the notion of entropy solutions for problem (1.1), discussing their
theoretical basis and existence. Under assumptions (H;) and (Hz) we introduce further hypotheses to
advance our analysis. The proof of the main theorem unfolds in three stages:

1. Approximation: Using a regularization method, we construct approximate solutions to problem
(3.2) and show their existence as entropy solutions.

2. Uniform bounds: We derive key a priori estimates, ensuring the necessary compactness for the
limiting process.

3. Convergence: Passing to the limit, we prove the existence of an entropy solution to the original
problem (1.1).

(H3) 0 is a continuous function from R to RY such that #(0) = 0 and for all real numbers z,y we have
10(z) — 0(y)| < Aolz — y| where Xg is a real constant such that 0 < g < ﬁ

(Ha) pe M7 (9).

Definition 3.1 A function u € 7;"¥(f) is an entropy solution of degenerate elliptic problem (1.1) if
and only if

/ D, (z, Vu,0(uw)) VT, (v — ¢)de  + / |ulP~2uTy, (v — ) dx

Q Q
< /Q fTi(u— p)dz (3.1)
+ /QFVT;C(u—z/))dx,

for all k > 0, ¢ € Wy'?(Q)NL>(Q), where yu = f—div(F), such that f € L'(Q) and F € (L#*(Q))V.
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Theorem 3.1 Let hypothesis (Hy) — (Hy) be satisfied, then the problem (1.1) has a entropy solution(in
the sense of Definition (3.1)).

Proof: We consider the following approximate problem:

—div(®p 4 (T, Vi, 0(un)) + [un[P2u, = g, in €,
Up =0 on 09,

where g, = f, — div(F) and (f,)nen is a sequence of smooth functions such that

o f,— fin LY(Q).

o [ful <|f]Vn €N"
Let us the operator B, : Wy'?(Q) — (W, #(Q)), where (W, #(2))" is the dual space of Wy*?(Q) and let
B,=A,—L,+K and A,=B!+B?

where for u,,v € Wy?(Q)

(Bluy,,v) = /g)¢p7q(x,Vu,L,0(un))Vvdx,
<$%m::/nw%wmmm
Q
(Lp,v) = Sfnvdz,
Q
(K,v) = /FVvdx.
Q

Firstly we will prove that B, is bounded and is of type(M). For that, let (ug)ren be a sequence in Wy ? ()
such that

u, — u weakly in Wy #(Q),

Buug — x weakly in (Wy#(9))', (3.3)
lim sup (Apug, ug) < (x,u) .
k——+oo

Now, using ((3.2)), (H3) and (Hy), then by Lebesgue dominated convergence theorem BZuj, — B2u —
L,—K e (W'(Q)) and B2uj, = Blu—L, — K € (W"*(Q))". Consequently Blu = x — B2u+ L, + K.
This implies that B,u = x. Therefore B, is of type (M).

By using proposition (2.1), lemma (2.3) and hypothesis (H3) , then we have for w, € Wol’sa(Q)7 v €
W (@)

Step 1. The operator B. is bounded.
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We use Holder inequality, Lemma (2.4) and hypothesis (Hz), for any u,v € W,'¥(2) we have

(B tn, v)]

IN

/ IV — 0(un) P~ |Vl da +/ ()| Vun — 0|7 V| da,
Q Q

IN

/ 2" 2(|Vun P+ 0(un) [P [ Vvlda
Q

+ /CL(x)2‘1*2(|Vun|q*1 +10(u,) |7 | Vode,
Q

or—2

IN

(IVun P~ +10(un) [P~ Volda

+ 2072 a(2)(|Vun |71 4 10(un) || Vo|da,

S~ 5—

/ VP~ 1\vu|dx+/ Aglum—wwux)
Q Q

L 9e2

IN
/\/-\

/a (| V|7~ 1|Vv\dx+/ (m))\81|un|q1|Vv|dx>,
Q

< 272 (2 VualE IVl + 238 a5 V0] )

+ 272 (2 Va2 Vol + 228 22 V0o

< 2N Vunllp Vol + Ap—lcopuvww*uwum
2NVl Vol + A Co H90ly0)

< P14+ G >||Vun||z Vol + 20 1(1+Co I P A P
< Cvullg”

< Ol ol

where

C = 2°(1+ CoP),

and we have

(B2u,v)| < / o] de
Q
< JlunlZ ol
< Junl ol

We get immediately the boundedness of A,, K and L,,. Hence, B,, is bounded.

Step 2. The operator T is coercive.
For any u € WO1 #(Q) remark that by application hypothesis (H3), there exists a positive constant Cj
such that

[ ude <l
Q
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On other hand for u large enough and by Lemma (2.3), we get
(Blu,u) = / |Vu — 0(u)[P~2(Vu — 0(u)) Vudz
Q

+ / a(z)|Vu — 0(u)|72(Vu — 0(u)) Vudz
Q

> /Q%|Vu—0(u)|pda:—/ﬂj%|9(u)\pdx
1 Idx — alx 1 u)|4dx
T /an:);\w—e(un dz / (@)= o(l"d

and by Lemma (2.4) we find
soer [Vul? — 0(u) [P < [Vu — 0(u)P

1 1 2
Bl > o [varae=2 [ jppds
1 / (2)|Vu|2d 2/ (2)[6(u)|1d
- a\xr u xXr — — a\xr u X
g2t Jq qJa

By (H3) we have |6(u)| < Aolu|

11 2
> 7771/ |Vu|pdsc—f/)\g\u|pdsc
P2t Jo P Ja

1 1 2
/a(x)|Vu|qda?—f/a(m))\g|u|qu
Q qJa

Then by Proposition (2.4) we have

1 1 2 1 1
> EF/Q‘VU,V)dx—ECOP)\S‘/Q‘VUJde—l—a%j/S)a(x)|vu|de
2
- *Coq)\g/a(x)|Vu|qu
q Q
1 1 2 1 1 9
- _ - PP P L - 2 q\q q
> (p op—1 pCO /\0> /Q|Vu| dx + (q2q1 (]OO )\0) /Qa,(x)‘Vu‘ dx
> M/ [Vul? + a(z)|Vulldz
Q
> M,

where 1 1 2 1 1 2
— - _ = p\p -_~—~ = q\4q
M = sup <p 9p1 pC’o Ao poT qu Ao) .
Then
(Bpu, u)
i —> +00 as |lull1,, — 400
[|u |1,s0

(Buu)| < / jufPdz
Q

[lullf o

IN
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Then B}, L,, — F are coercive.

Finally the operator B,, is coercive

Step 3. The operator B. is hemi-continous.

To prove that the operator B, is hemi-continous, it suffices to show that B! is hemi-continuous. For
that, let us (up)ren a sequence of Wy'#(2) and u € Wy '#(Q) such that up — u in W, #(Q). This
is implies that uy — u is a.e and (ur — u)ken is bounded. In addition, we have Vu, — Vu in
(L®(2))N. This is implies that Vuy — Vu is a.e and (Vug — Vu)gey is bounded. Using (Hs), we have
O(ux) — 0(u) is a.e and (O(uy) — 0(u))ken is bounded. Then @, ,(z, Vug, O(ug)) — D, 4(z, Vu, 0(u)) is
a.e and (P, ,(z, Vug, V(ug)))ken is bounded. This is implies by using Lebesgue’s dominated convergence
theorem that

lim (Dp.q(z, Vug, 0(ug) — @p 4(z, Vu, §(u))pdz = 0,

for any ¢ € W)'#(Q).
From where Bluy — Blu in (W, '#(2))". This implies that B} is hemi-continuous. Finally we deduce
that A, is hemi-continuous. Hence, using theorem (2.3), there exists u, € Wy #(Q) such that

/(I>p7q(x,Vun,9(un))Vvdx+/Tn(|un|p_2un)vdx = /Tn(f)vdm
Q Q Q
+ /FVvdx,
Q

for all v € Wy ?(Q). O

A priori estimates

The a priori estimates presented here are derived using Boccardo and Gallouét’s approach, building
upon the next lemmas, each proved in detail.

Lemma 3.1 Assume that conditions (Hy) — (Hy) hold. Then (VT (un))nen is bounded in (L¥(Q))N.

Proof: we take the test function v = T (uy,) in ((3.4)), we obtain that

/Q()CI)pyq(x,VTk(un),G(un))VTk(un)dx < (Bpun,un) (3.4)
< [ D)o

+ / FVTy(up)dz,
Q

_k@m+iﬁfJ’
i=1 ¢

where Qg (n) = {|un| < k}.So, by using the same arguments used to prove the coercivity of B,,, we obtain

A

that
N
oF
wmmmWSk@m+Z%mw) (3.5)
i=1 i
then
1T, < CF, (3.6)
where

N oo
@:é@h+2%fw>
i=1 !

This implies that, for any k > 0, (Tx(un))nen is uniformly bounded in W, ¥ (£2). O
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Lemma 3.2 Suppose that hypotheses (Hy) — (Hy) are satisfied, the sequence (u,)nen converges in mea-
sure to some measurable function u.

Proof: The proof proceeds by demonstrating that (u,)nen forms a Cauchy sequence in measure. For an
appropriately chosen k > 0, we note the equivalence {|Tj(un)| > k} = {|u,| > k}. Applying inequality
(3.6) together with Markov’s inequality gives

1
meas(|un| > k) < 7/ T (un)Pde, (3.7)
kP Jo
1
= P
< STl
1
< ST,
< G
S
this implies that
Ce
meas(|u,| > k) < T
Therefore
meas(|u,| > k) — 0 as k — 400, uniformly with respect to n. (3.8)

Moreover, for every fixed ¢ > 0, every real positive k, let use n,m € N and € > 0 we know that
{Jun — um| >t} C {Jun] >t} U {|um| >t} U{|T(un) — T(um)| > t}. (3.9)

The strong convergence of Tk (u,) in L?(£2) ensures that it is a Cauchy sequence in this space. An
application of Markov’s inequality then yields.

meas(| Ty (un) — T (um)| > t)

IN

meas(| Ty (un) — Ty (um)[P > *)
/ Tk (un) — T (wm)|P d (3.10)
Q

IN

tp

< o [ M) = i) P
tP Jo

€
< -
-3
Then, using (3.7) - (3.10), we get that
meas{|un, — um| >t} < meas{|u,| >t} + meas{|um,| > t}
+ meas{|T(un) — T(um)| >t} (3.11)
< s

for all n,m > ng(t,e). This proves that (u,)nen is a Cauchy sequence in measure and it converges almost
everywhere to some measurable function u.
Therefore

Ti(un) —  Til(u) in Wy#(Q), (3.12)
Tr(un) — Tr(u)in L¥(Q), and a.e. in Q.
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Lemma 3.3 Given that conditions (Hy) - (Hy) are fulfilled, we have convergence in measure: Vi, ——

Vu where Vu is the weak gradient.

Proof: Indeed, let ¢,t, k,l are positive real numbers and let n € N, we have

{IVu, = Vu[ >t} C {lun| >k} U {Jul > &} U{|VT)(un)| > k}
U {|VTi(w)| > k} U {Jun — u| > 1} UB, (3.13)

where

B = {|Vuy — Vu| > t.un| < k. Ju] < k. |V ()] < k.
VT(w)| < b fu — ul < 1}.

Using ((3.12)) and lemma (3.1), there exists an ny € N and for k sufficiently large we obtain that

meas({|un| >k} U{|ul > k} U {|VTk(un)| > k}) < Z (3.14)
meas({|VTi(u)| > k} < Z (3.15)
and
meas({|u, —u| > 1}) < Z for all n > ny. (3.16)
Remark that we have
Thoq1(tn) — Thpy(u) in W2 (Q), (3.17)
then by using (Hj3), we have that
O(Tios1(un)) = 0(Tira(u)) in (LF(Q))Y, (3.18)
and
VT (Titi(un)) = VTi(Tipi(u) in (L?(Q))N. (3.19)
Substituting (3.17)—(3.19) into our argument gives
m A Pyp,q(2, VT (u), (Tht1(un))) VI (Thgi (un) — Ti(u))de =
| e V0, 6T () VI Tiss) - Tulwds (3.20)
Since the
i V(T (un) = Ti(u)) = 0. (3.21)
Let [ < 1, from (H3) there exist a constant positive Cg such that
Pyp,q (2, VIk (1), 0(Thy1(un))) VI (Thr () = Ti(u)) <
Cs(| T (w)[P~1 + [V (un) [P~ DI VT (Tt (u) = Ti(w))] (3.22)

with
Cs(|Thonr ()P~ + [V T ()P~ VT4 (T (w) — T ()] € LN(Q)
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Then, we get by using the Dominated Convergence Theorem that

lim D, o (x, VT (u), 0(Thti(un))) VT (Tt (un) — Ti(u))dz = 0. (3.23)

n——+00 Q

Let d be a strictly positive number such that § < g, there exists ny € N such that for all n > ny, we have

= [ By VL0, 0T VT T () — Tiw)de < 5. (3.21)
Now, the mapping
B (5.61,62) = Bpg(€1 — 0(5)) — B(Ea — ()€1 — &2). (3.25)
is continuous and the set
L= {(s5,60,6) € R[] < 1] < o Jeal < K. 6 — €al > 1} (3.26)

is a compact. Such that
R:=RxRY xRV,

Moreover, we have

(Ppq(w,€1,0(81)) — Pp g (2,82,0(&2)) (&1 — &2) >0, V & # & (3.27)

Then, the application B attains its minimum on L, we shall note it by 3, we have easily that 8 > 0. Then
using ((3.2)) and ((3.17)), we deduce that

meas(B) = %/ﬁdl‘, (3.28)
B

IN

/Q [y o (2, i, O(1tn)) — By g (21, VT (1), 0T 1 (1))
X VT[ (TkH(un) — Tk (u))dm

/Q ®, o2, Vi, (1)) VT (T () — T () )der

IN

- /g D V0, T () VT T 1) = T

('|f||1+ZH )5
(OHZH&% )+ g

)
[ Cio+ =,

2
26
€

4

IN

IN

IA

INIA

Where

2C1o’

cu = 3|2
i=1 v

P ()
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By (3.14) - (3.16) and (3.28), we conclude that
meas{|Vu, — Vu| >t} <e. (3.29)

This implies that the sequence (Vuy,)nen converges in measure to Vu.
Now by passing to the limit we show that limit function « is an entropy solution of our problem (1.1).

Let ¢ € WP (Q,w) N L=(Q) and take v = Ty (u, — ) in equality (3.2), we get

/ .o (r, Vi, 0(un)) VT (wp)d + / T ([P~ %) Ty ()
Q Q

/Q T (F)Ti(w ) (3.30)

+

FVTy(wy(u, 0))de.
Q

where
Wy = Up — P.

Define k = k + |p|oo, and consider the set Q, 7 = {|T5(un — )| < k}. Then we have

/ O, (@, Vg, 0(u,)) VI (u, — p)dx
Q

/Q<I>p,q(m, VT (un), (Tiun)) VI (T (un) — )da,

/Q Py (2, VI (un), O(Tg(un)))VTg(un)XQnEdw

[ Bl VT ). 0T 1) T, o

/Q (g (@, VT (), 6T (1)) V T () + %|9(Tg<un>>|p>mmdx

_ /Q B g, V(). 0T (1)) Vepxar, - d

+ /QTn(|un|p_2un)Tk(un — @)dx = /QT,L(f)Tk(un —p)dx (3.31)
+ /QFVTk(un —p)dz
o [ (G0l xa, pdo

where y g is the characteristic function of the measurable set B C RY.

Given that the sequence T3 (uy) is bounded in the weighted variable-exponent Sobolev space Wy?(Q),
hypothesis (H3) ensures the boundedness of 6(Txu,) in L#(Q)". This boundedness property, combined
with the structure of ®, ,(.,.,.), guarantees that the operator ®, ,(z, VI (u,), 0(T5uy)) is bounded and
converges weakly in L¥(Q). Recalling that (L?(£2))’ represents the dual space, we nevertheless find that

U, — u a.ein Q, (3.32)
Vu, — Vu aein .

Hence,

O(Ti(un)) — O(Tx(u) aein Q, (3.33)
VI (up,) — VIi(u) aein Q.
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This implies that
D, (2, VI (un), (T (un)) = Pp q(x, VI (), 0(T5(u)) (3.34)

in (L#(Q))
As,

Voxa, ; converges in (L¥(12)) (3.35)

Via the estimates contained in (3.24)—(3.26), we obtain
| @l V). 0T )V T )0, e = | gl
where,
g (u) = Py 4 (x, VI (u), 0(T(u))) VIr(w).
Now, by using (Hs) and properties of the truncated function, there exist a positive constant Cy such that
|0(T(un)) " < Cu1, (3.36)

with
Cll = max((ECg)p, (ECg)q)

This follows from applying (3.24) - (3.27), and the Dominated Convergence Theorem.
1 1
> Ttunlxa, do - [ (@)oo (3.37)
P Jo ’ bJa
Now, by using lemma (2.1) we obtain that
1
(e VT, O 00)) Vi) + 2 TP, . ) 20

a.ein Q.  (40)
Finally by using ((3.24)), ((3.25)) and Fatou’s lemma, we have

<timint [ (o V(). 6T (1)) V()
+(Tp(u) e, ) da.
Taking limits as n goes to infinity in (3.22) we have
/Q<I>p,q(x,Vu—9(u))VTk(u),ap)d:E + /Q|u\p_2uTk(u—<p)dx
< /Q FTuu - p)da (3.38)

+ /FVTk(u—np)dx,
Q

Therefore, there exists at least one entropy solution to our problem. O
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