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Comparison of two iterative schemes to solve the Chemotaxis - Biodegradation System

Mostafa Abaali∗ and Salih Ouchtout

abstract: The mathematical model describing the biodegradation process in porous media by bacte-
ria—divided into planktonic and adherent types—incorporates the chemotaxis effect, wherein the flow ve-
locity depends on the concentration of adherent bacteria. This model consists of a system of five strongly
coupled nonlinear parabolic equations, including a nonlinear advection term. Using the fixed-point theorem,
we establish the existence, uniqueness, and non-negativity of the solution.

To approximate the solution, we employ the finite element (FE) method. To linearize the system at each
time step, we compare two iterative schemes. The first, called the Coupled Prediction Scheme (CPS), is shown
to converge, while the second is the conventional Fixed-Point Method (FPM). Theoretical and numerical results
show that CPS offers a faster and more efficient alternative to the conventional FPM.
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1. Introduction

Biological denitrification process, orchestrated by a diversity of anaerobic microorganisms, catalyzes
the conversion of nitrates into harmless gaseous nitrogen, thereby helping to reduce nitrate concen-
trations in groundwater. However, the effective implementation of biological denitrification in aquifer
systems requires a thorough understanding of its mechanisms. The purpose of this paper is to provide
the numerical analysis of the mathematical model developed in [4], formed by partial differential equa-
tions (PDEs), modeling the denitrification phenomenon.
The mathematical framework we have constructed comprises a system of five coupled parabolic equa-
tions. These equations incorporate a non-linear advection term. To establish the existence, uniqueness,
and non-negativity of the solution, we have employed the fixed point theorem, in the same way as in [4],
which serves as a foundational aspect of our analysis.
In order to approximate the solution, we have opted for the finite elements (FE) method, a widely utilized
numerical technique. Furthermore, to enhance computational efficiency, we have introduced an iterative
scheme at each time step. This scheme, known as the Coupled Prediction Scheme (CPS) (see [10]), lever-
ages a projection method to linearize the system and facilitate convergence. Through rigorous analysis,
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we have demonstrated the efficacy and reliability of this iterative approach in solving our mathematical
model.

This article examines the application of the (CPS) to enhance the resolution of the system modeling
the biodegradation process. The CPS was initially introduced in [10] within the context of the thermally
coupled Navier-Stokes equation. In this study, we have adapted this approach to coupled nonlinear
convection-diffusion equations. In [10], the authors demonstrated the efficiency and precision of the CPS
compared to the basic projection scheme (BPS).

The modeling of natural phenomena most of the time gives strongly coupled systems that pose diffi-
culties during the resolution and often leads to very complex time dependent dynamics requiring efficient
solvers. To remedy this problem, several strategies have been developed. Among the strategies developed
in this context is the use of explicit terms allowing a “numerical” decoupling of equations (thus elimi-
nating the need of a fixed point) [1,2,14,17] or the explicit treatment of the nonlinear terms yielding a
numerically less expansive coupled system. Explicit methods impose restrictions on the time step (or the
mesh size) which can be severely detrimental to the overall performance; even if the implicit/semi-implicit
approach is suboptimal in certain cases, it is generally more robust and gives good performance in most
cases. In [10] authors introduce a new iterative scheme based on a projection method called the coupled
prediction scheme(CPS) they also presented the basic projection scheme (BPS). In [15] authors proposed
a BPS based on the finite volume method.

2. Problem setting

Let Ω be an open set of Rd, d = 2 or 3 with an enough regular boundary ∂Ω = Γ, which is divided
into three parts Γ1, Γ2 and Γ3 (see Fig.1):

Γ = Γ1 ∪ Γ2 ∪ Γ3.

Figure 1: Ω and Γ1, Γ2 et Γ3.

The domain Ω contains polluted water, denitrifying bacteria, and a nutrient. The flow of polluted
water enters through Γ1 and exits through Γ2 ; it is steady with a constant velocity u The boundary
Γ3 represents the impermeable part of the domain. Within the reactor, the bacteria are divided into
two categories: adherent bacteria, which attach to the reactor walls and form a monolayer biofilm, and
planktonic bacteria, which remain mobile and suspended in the fluid. We denote by x2 the density
of planktonic bacteria, and by x1 the surface density of adherent bacteria, with a maximum surface
density ω∞. The concentration of the limiting substrate is denoted by S1, and the concentration of the
contaminant by S2. The biodenitrification process is modeled by the system given in [1,2]. For a given
T , let the space-time domain defined by

QT := Ω× ]0, T ] , with the boundary ΣT = Γ× ]0, T ] .

In [5] D. Bothe et al proveed existence of global weak solutions a problem which describes the evolution
of concentrations of p charged species subject to Fickian diffusion and chemical reactions in the presence
of an electrical field called, the Nernst–Planck–Poisson problem, including in particular the Boltzmann
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statistics case. A typical model describing chemotaxis is the Keller-Segel equations derived by Keller and
Segel [13] which have been studied extensively. We give the following model proposed by Abaali M. and
Ouchtout S. [4] to describe the biodenitrification phenomena:

F :



∂x1
∂t
−∇ · (D1∇x1) =

(
µa(S1, S2)G(x̄1)− ka − β

)
x1 + αγ(1− x̄1)x2 in QT ,

∂x2
∂t
−∇ · (D2∇x2) + u · ∇x2 +∇ · (x2χ(S2)∇S2) =(

µp(S1, S2)− kp − α(1− x̄1)
)
x2 +

(
γ−1µa(S1, S2)(1−G(x̄1)) + γ−1β

)
x1 in QT ,

∂S1

∂t
+ u · ∇S1 −∇ · (D3∇S1) = −

(
µp(S1, S2)

Yp

)
x2 −

(
µa(S1, S2)

Ya
γ−1

)
x1 in QT ,

∂S2

∂t
+ u · ∇S2 −∇ · (D4∇S2) = −

(
Rµp(S1, S2)

Yp

)
x2 −

(
Rµa(S1, S2)

Ya
γ−1

)
x1 in QT ,

(2.1)
where

• Di, i = 1, 2, 3, 4 is the diffusion coefficient.

• ka, kp denotes respectively the adherent bacteria mortality rate and the planktonic bacteria mor-
tality rate.

• β denotes a term corresponding to the detachment rate from the wall.

• A portion of the planktonic category can attach to the walls with a certain rate that is denoted by
α.

• G(x̄1) denotes the proportion of daughter cells of the adherent bacteria able to find a place to attach

onto the wall, the remainders being washed out by the liquid flow (cf. [11]), where x̄1 =
x1
ω∞

.

• γ is the coefficient of conversion of the volume density to the surface density.

• Yi, for i = a, p, is respectively the coefficient rate of yield of adherent and planktonic bacteria,
defined as the ratio of the bacterial mass produced (in g or mol) by the mass of the substrate
consumed (in g or mol),

• R is the rate of degradation of contaminant.

• µi(S1, S2) = µi
max

S1

Ki
S1

+ S1

S2

Ki
S2

+ S2
, i = a, p represent the growth function(see [1]).

• The nonnegative function χ(.) denote the chemotaxis sensitivity.

With the following boundary conditions

∇x1 · n = 0 on Γ,
−D2∇x2 · n+ (u · n)x2 = 0 on Γ1 ∪ Γ2,

∇x2 · n = 0 on Γ3,
−D3∇S1 · n+ (u · n)S1 = (u · n)Sin

1 , on Γ1,
−D3∇S1 · n+ (u · n)S1 = 0 on Γ2,

∇S1 · n = 0 on Γ3,
−D4∇S2 · n+ (u · n)S2 = (u · n)Sin

2 on Γ1,
−D4∇S2 · n+ (u · n)S2 = 0 on Γ2,

∇S2 · n = 0 on Γ3.

(2.2)

The obtained system is a nonlinear coupled system. For a stationary system in [4] author used the
fixed point strategy to show the existence of the steady states. To linearize the advection term, let
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Z = (z1, z2, z3, z4) ∈ (H1(Ω))4 and the system

FZ :



∂x1
∂t
−∇ · (D1∇x1) =

(
µa(S1, S2)G(x̄1)− ka − β

)
x1 + αγ(1− x̄1)x2 in QT ,

∂x2
∂t
−∇ · (D2∇x2) + u · ∇x2 +∇ · (x2χ(z4)∇z4) =(

µp(S1, S2)− kp − α(1− x̄1)
)
x2 +

(
γ−1µa(S1, S2)(1−G(x̄1)) + γ−1β

)
x1 in QT ,

∂S1

∂t
+ u · ∇S1 −∇ · (D3∇S1) = −

(
µp(S1, S2)

Yp

)
x2 −

(
µa(S1, S2)

Ya
γ−1

)
x1 in QT ,

∂S2

∂t
+ u · ∇S2 −∇ · (D4∇S2) = −

(
Rµp(S1, S2)

Yp

)
x2 −

(
Rµa(S1, S2)

Ya
γ−1

)
x1 in QT .

(2.3)
which implies

FZ :



∂x1
∂t
−∇ · (D1∇x1) =

(
µa(S1, S2)G(x̄1)− ka − β

)
x1 + αγ(1− x̄1)x2 in QT ,

∂x2
∂t
−∇ ·

(
D2∇x2 − (u+ χ(z4)∇z4)x2

)
=(

µp(S1, S2)− kp − α(1− x̄1)
)
x2 +

(
γ−1µa(S1, S2)(1−G(x̄1)) + γ−1β

)
x1 in QT ,

∂S1

∂t
−∇ · (D3∇S1 − uS1) = −

(
µp(S1, S2)

Yp

)
x2 −

(
µa(S1, S2)

Ya
γ−1

)
x1 in QT ,

∂S2

∂t
−∇ · (D4∇S2 − uS2) = −

(
Rµp(S1, S2)

Yp

)
x2 −

(
Rµa(S1, S2)

Ya
γ−1

)
x1 in QT .

(2.4)

From now on we adopt the following notations:

CZ = (c1, c2, c3, c4) := (x1, x2, S1, S2) and C0
Z = (x01, x

0
2, S

0
1 , S

0
2). (2.5)

∥CZ∥0,Ω =

(
4∑

i=1

∥ci∥0,Ω

)
and ∥ CZ ∥1,Ω=

(
4∑

i=1

∥ ci ∥1,Ω

)
.

We put:

f1(x,CZ) :=

(
µa(c3(x), c4(x))G(

c1
ω∞

(x))− ka − β
)
c1(x) + αγ(1− c1

ω∞
(x, t))c2(x),

f2(x,CZ) :=

(
µp(c3(x), c4(x))− kp − α(1−

c1
ω∞

(x))

)
c2(x)

+

(
µa(c3(x), c4(x))(1−G(

c1
ω∞

(x))) + β

)
γ−1c1(x),

f3(x,CZ) := −
(
µp(c3, c4)

Yp

)
c2 −

(
µa(c3, c4)

Ya
γ−1

)
c1,

f4(x,CZ) := −
(
Rµp(c3, c4)

Yp

)
c2 −

(
Rµa(c3, c4)

Ya
γ−1

)
c1,

F := (f1, f2, f3, f4).

The global fluxes are defined by:

J1(c1) := D1∇c1,
J2(c2) := D2∇c2 + u2c2,
J3(c3) := D3∇c3 − u3c3,
J4(c4) := D4∇c4 − u4c4,

where u2 = u+χ(z4)∇z4;u3 = u4 = u. The boundary operator will be denoted by B := (B1, B2, B3, B4)
with

Bi(ci) =

{
Ji(ci) · n on Γ1 ∪ Γ2 for i = 2, 3, 4
∇ci · n on Γ3 for i = 2, 3, 4 and on Γ for i = 1.



Comparison of two iterative schemes... 5

Let g := (0, 0, g3, g4) with

g3 =

{
u · n cin3 on Γ1

0 on Γ2 ∪ Γ3
and g4 =

{
u · n cin4 on Γ1

0 on Γ2 ∪ Γ3.

With these notations the quasilinear diffusion-convection system (2.1)-(2.2) becomes:
∂ci
∂t
− div(Ji(ci)) = fi(x,C) in QT , for 1 ≤ i ≤ 4,

B(C) = g in ΣT ,
C(0, ·) = C0 in QT .

(2.6)

and the quasilinear diffusion-convection system(2.3)-(2.2) becomes:
∂ci
∂t
− div(Ji(ci)) = fi(x,CZ) in QT , for 1 ≤ i ≤ 4,

B(CZ) = g in ΣT ,
CZ(0, ·) = C0

Z in QT .

(2.7)

3. Existence and regularity results

Assumption 3.1 The growth rate of bacteria µi(x, y), for i = a, p, satisfies

µi ∈ C1, µ(0, y) = µ(x, 0) = 0, and ∃Lµi > 0

such that ∀(x, x
′
, y, y

′
) ∈ [0,+∞[4; ∥µi(x, y)− µi(x

′
, y

′
)∥∞ ≤ Lµi

(
∥x− x

′
∥0,Ω + ∥y − y

′
∥0,Ω

)
.

Remark 1 If we consider the multiplicatif formula µi(S1, S2) = µi
max

S1

Ki
S1

+ S1

S2

Ki
S2

+ S2
, i = a, p, then

Lµi
≤ µi

max, i = a, p.

Assumption 3.2 The function G satisfies

G ∈ C1, 0 < G(0) ≤ 1, G(1) = 0, and ∃LG > 0

such that ∀(x, y) ∈ [0,+∞[2; ∥G(x)−G(y)∥∞ ≤ LG∥x− y∥0,Ω.

Remark 2 Since G(X) =
1 +X

1 + a+X
for X ∈ [0, ω∞] (see [12]) we have

G
′
(X) =

a

(1 + a+X)2
≤ a

(1 + a)2
< 1,

then we can take LG =
a

(1 + a)2
.

Assumption 3.3 The function χ is a continuous differentiable function satisfying χ
′ ≥ 0.

The existence and uniquness of the solution of the problem (2.7) is given by the following theorem
(Theorem 3.1) given in [4].

Theorem 3.4 Problem (2.7) has a unique global nonnegative weak solution in the following sense

∀T > 0, CZ belongs to
(
C([0, T ] ;L2(Ω)) ∩ L∞(QT ) ∩ L2(0, T ;H1(Ω))

)4
and for all Ψ = (ψ1, ψ2, ψ3, ψ4) ∈

(
C∞(QT )

)4
such that Ψ(T ) = 0

−
∫
QT

ci
∂ψi

∂t
+

∫
QT

Ji(ci) · ∇ψi =

∫
QT

Fi(CZ)ψi +

∫
Ω

c0iψi(0) +

∫
ΣT

giψi. (3.1)

Moreover there exists M > 0 depending on system parameters (see [2]) such that

∥CZ∥(L∞(QT ))4 + ∥CZ∥(L2(0,T ;H1(Ω)))4 +

∥∥∥∥∂C∂t
∥∥∥∥
(L2(0,T ;H−1(Ω)))4

≤M. (3.2)
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The problem (3.1) is equivalent to the following system:

Find C(t) ∈
(
H1(Ω)

)4
for a.e. t ∈]0, T ] such that and for a.e. t ∈]0, T ] and for all ψi ∈ H1(Ω), 1 ≤

i ≤ 4 
∫
Ω

dci(t)

dt
ψi +

∫
Ω

Ji(ci(t)) · ∇ψi =

∫
Ω

Fi(C(t))ψi +

∫
Γ

giψi,

C0 = C(0).
(3.3)

4. Approximation

Several strategies are available for the treatment of nonlinear terms and for solving the problem (3.3).
The choice of a scheme for both time derivatives as well as the treatment of the nonlinear terms will lead
to different resolution schemes. The discretization of the problem (3.3) is based on two steps: the space
discretization (or semi-discretization) which is made by a finite element method of degree 1, and the time
discretization which uses the backward Euler scheme.

Semi-discretization

Let Ωh =
⋃
T

T be a family of regular triangulations of Ω, where T is a triangle and hT its diameter.

We denote h = max
T∈Ωh

diam(T) and let P1(Ωh) and Vh defined respectively by:

P1(Ωh) =
{
v ∈ C(Ω) | v |T∈ P1(T), ∀T ∈ Ωh

}
and Vh = (P1(Ωh))

4
,

where, for each T ∈ Ωh, P1(T) stands for the space of restriction to T of polynomial functions of degree
1. The semi-discrete problem associated to (3.3) is given, for a.e. t ∈]0, T ], by:

find Ch(t) ∈ Vh such that for 1 ≤ i ≤ 4∫
Ω

dcih(t)

dt
vih +

∫
Ω

Ji(cih(t)) · ∇vih =

∫
Ω

Fi(Ch(t))vih +

∫
Γ

givih, ∀vih ∈ P1(Ωh),

Ch(0) = ΠhC0,

(4.1)

where Πh is a projection operator on Vh.
Full-discretization

Let the discretization of [0, T ] given by 0 = t0 < t1 < ... < tN = T and put τn = tn − tn−1 and
τ = max

1≤n≤N
τn. For all k, 0 ≤ k ≤ N , and all i, 1 ≤ i ≤ 4 we use the notation:

{
c(ih,k) := cih(tk)
Ck

h := Ch(tk) = (c(1h,k), c(2h,k), c(3h,k), c(4h,k)).
(4.2)

The derivative with respect to time is approximated by the backward Euler scheme given by the following
difference quotient:

∂cih
∂t

(tn) ≃
c(ih,n) − c(ih,n−1)

τn
.

With this notation at each time step (t = tn) the problem (3.3), is then fully approximated using the
following implicit Euler scheme:

for 1 ≤ n ≤ N, find Cn
h ∈ V such that for 1 ≤ i ≤ 4∫

Ω

c(ih,n) − c(ih,n−1)

τn
vih +

∫
Ω

Ji(c(ih,n)) · ∇vih =

∫
Ω

Fi(C
n−1
h )vih +

∫
Γ

giψih,

∀vih ∈ P1(Ωh),

C0
h = Πh(C0).

(4.3)
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5. The iterative scheme analysis

To approximate the solution of problem (4.3), we propose an iterative procedure based on a decoupled
computation of the equations. In this section, we focus only on the study of the convergence of the iterative
procedure for one time step of the coupled problem (4.3). In the following and for simplification, we omit
the spatial step index. The technique used for the proof can be found in [10,16,18]. At each time step
(t = tn): the system (4.3) consists to find Cn ∈ (H1(Ω))4 such that ∀(v1, v2, v3, v4) ∈ (H1(Ω))4,



∫
Ω

τnD1∇c(1,n) · ∇v1 +
∫
Ω

(
1 + τn(ka + β)

)
c(1,n)v1

−
∫
Ω

τn(µa(c(3,n), c(4,n))G(
c(1,n)

ω∞
)c(1,n) − αγ(1−

c(1,n)

ω∞
)c(2,n))v1

−
∫
Ω

c(1,n−1)v1 = 0,∫
Ω

τn(D2∇c(2,n) − uc(2,n)) · ∇v2 +
∫
Ω

(
1 + τn(kp + α)

)
c(2,n)v2

−
∫
Ω

τn

(
µp(c(3,n), c(4,n)) + α

c(1,n)

ω∞

)
c(2,n)v2

−
∫
Ω

τn

(
γ−1µa(c(3,n), c(4,n))(1−G(

c(1,n)

ω∞
)) + γ−1β

)
c(1,n)v2

+

∫
Ω

τn(c(2,n)χ(c(4,n))∇c(4,n))∇v2 −
∫
Ω

c(2,n−1)v2 = 0,∫
Ω

τn(D3∇c(3,n) − uc(3,n)) · ∇v3 +
∫
Ω

c(3,n)v3 +

∫
Ω

(
τnµp(c(3,n), c(4,n))

Yp

)
c(2,n)v3

+

∫
Ω

(
τnµa(c(3,n), c(4,n))

Ya
γ−1

)
c(1,n)v3 +

∫
Γ1

((τnu · n)cin3 − c(3,n−1))v3 = 0,∫
Ω

τn(D4∇c(4,n) − uc(4,n)) · ∇v4 +
∫
Ω

c(4,n)v4 +

∫
Ω

(
τnRµp(c(3,n), c(4,n))

Yp

)
c(2,n)v4

+

∫
Ω

(
τnRµa(c(3,n), c(4,n))

Ya
γ−1

)
c(1,n)v4 +

∫
Γ1

(τn(u · n)cin4 − c(4,n−1))v4 = 0.

(5.1)

To linearize the reaction term and have decoupled equations, we introduce the iterative algorithm based
on the fixed-point method at each time step in order to solve the coupled problem efficiently. For a

given initial conditions C(n,0) =

(
c0(1,n), c

0
(2,n), c

0
(3,n), c

0
(4,n)

)
, at each time step, we compute C(n,j+1) =(

cj+1
(1,n), c

j+1
(2,n), c

j+1
(3,n), c

j+1
(4,n)

)
, with the following steps:

• Initialisation:

(
c0(1,n), c

0
(2,n), c

0
(3,n), c

0
(4,n)

)
=

(
c(1,n−1), c(2,n−1), c(3,n−1), c(4,n−1)

)
,

• cj+1
(1,n) solution of the following linear equation

∫
Ω

τnD1∇cj+1
(1,n) · ∇v1 +

∫
Ω

(
1 + τn(ka + β)

)
cj+1
(1,n)v1

−
∫
Ω

τn(µa(c
j
(3,n), c

j
(4,n))G(

cj(1,n)

ω∞
)cj+1

(1,n) − αγ(1−
cj(1,n)

ω∞
)cj(2,n))v1

−
∫
Ω

c(1,n−1)v1 = 0, (5.2)
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• cj+1
(2,n) solution of the following linear equation∫

Ω

τn(D2∇cj+1
(2,n) − ucj+1

(2,n)) · ∇v2 +
∫
Ω

(
1 + τn(kp + α)

)
cj+1
(2,n)v2

−
∫
Ω

τn

(
µp(c

j
(3,n), c

j
(4,n)) + α(1−

cj(1,n)

ω∞
)

)
cj+1
(2,n)v2

−
∫
Ω

τn

(
γ−1µa(c

j
(3,n), c

j
(4,n))(1−G(

cj+1
(1,n)

ω∞
)) + γ−1β

)
cj+1
(1,n)v2 (5.3)

+

∫
Ω

τnc
j+1
(2,n)χ(c

j
(4,n))∇c

j
(4,n) · ∇v2 −

∫
Ω

c(2,n−1)v2 = 0,

• cj+1
(3,n) solution of the following linear equation

∫
Ω

τn(D3∇cj+1
(3,n) − ucj+1

(3,n)) · ∇v3 +
∫
Ω

cj+1
(3,n)v3 +

∫
Ω

(
τnµp(c

j
(3,n), c

j
(4,n))

Yp

)
cj+1
(2,n)v3

+

∫
Ω

(
τnµa(c

j
(3,n), c

j
(4,n))

Ya
γ−1

)
cj+1
(1,n)v3 +

∫
Γ1

((τnu · n)cin3 − c(3,n−1))v3 = 0, (5.4)

• cj+1
(4,n) solution of the following linear equation

∫
Ω

τn(D4∇cj+1
(4,n) − ucj+1

(4,n)) · ∇v4 +
∫
Ω

cj+1
(4,n)v4 +

∫
Ω

(
τnRµp(c

j
(3,n), c

j
(4,n))

Yp

)
cj+1
(2,n)v4

+

∫
Ω

(
τnRµa(c

j
(3,n), c

j
(4,n))

Ya
γ−1

)
cj+1
(1,n)v4 +

∫
Γ1

(τn(u · n)cin4 − c(4,n−1))v4 = 0. (5.5)

Assumption 5.1 Assuming that:

• µa
max > ka + β

• u0 + 2µp
max > 2kp,

• min(D2, D3, D4) >
u0

2
,

these asympltions are natural when the bacteria successfully colonize the reactor (see [3]).

Let τn < min

(
τ1; τ2; τ3

)
where

∗) τ1 =
1

µa
max − (ka + β)

,

∗) τ2 =
2

u0 + 2µp
max − 2kp

,

∗) τ3 =
2

u0
.

To chow the scheme convergence we proof that under some hypothesis the sequence C(n,j) is contrac-
tion and then its convergence.
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5.1. Coupled Prediction Scheme.

Theorem 5.2 Assuming that the assumptions (3.1),(3.2),(3.3), and (5.1) hold and using (3.2), the
following inequality holds:

4∑
i=1

∥ck+1
(i,n) − c

m+1
(i,n)∥1,Ω ≤ (κ)m

4∑
i=1

αi∥ck−m
(i,n) − c

0
(i,n)∥0,Ω, (5.6)

where A2 is given in (5.13), X2 given in (5.15), κ given in (5.24), α1 = 1 +
A2

X2
, α2 = 0 and αi = 1

for i = 3, 4. Moreover the choice of τn such that κ < 1 grantees the strong convergence of the sequence
(ck(1,n); c

k
(2,n); c

k
(3,n); c

k
(4,n)) in (H1(Ω))4.

Proof: For this we follow the next steps:

• Step 1: In (5.2) by the linearity and for v1 = ck+1
(1,n) − c

m+1
(1,n) and computing the difference between

the equation taken at iteration m+ 1 and k + 1 we get:

T1 =

∫
Ω

τnD1(∇(ck+1
(1,n) − c

m+1
(1,n)))

2 +

∫
Ω

(
1 + τn(ka + β)

)(
ck+1
(1,n) − c

m+1
(1,n)

)2

=

∫
Ω

τn

(
µa(c

k
(3,n), c

k
(4,n))G(

ck(1,n)

ω∞
)ck+1

(1,n) − µa(c
m
(3,n), c

m
(4,n))G(

cm(1,n)

ω∞
)cm+1

(1,n)

)(
ck+1
(1,n) − c

m+1
(1,n)

)

+

∫
Ω

τnαγ

(
(1−

ck(1,n)

ω∞
)ck(2,n) − (1−

cm(1,n)

ω∞
)cm(2,n)

)(
ck+1
(1,n) − c

m+1
(1,n)

)

=

∫
Ω

τnµa(c
k
(3,n), c

k
(4,n))G(

ck(1,n)

ω∞
)

(
ck+1
(1,n) − c

m+1
(1,n)

)2

+

∫
Ω

τnµa(c
k
(3,n), c

k
(4,n))c

m+1
(1,n)

(
G(
ck(1,n)

ω∞
)−G(

cm(1,n)

ω∞
)

)(
ck+1
(1,n) − c

m+1
(1,n)

)
+

∫
Ω

τnG(
cm(1,n)

ω∞
)cm+1

(1,n)

(
µa(c

k
(3,n), c

k
(4,n))− µa(c

m
(3,n), c

m
(4,n))

)(
ck+1
(1,n) − c

m+1
(1,n)

)
+

∫
Ω

τnαγ
(
ck(2,n) − c

m
(2,n)

)(
ck+1
(1,n) − c

m+1
(1,n)

)
+

∫
Ω

τnαγ

ω∞
cm(1,n)

(
cm(2,n) − c

k
(2,n)

)(
ck+1
(1,n) − c

m+1
(1,n)

)
+

∫
Ω

τnαγ

ω∞
ck(2,n)

(
cm(1,n) − c

k
(1,n)

)(
ck+1
(1,n) − c

m+1
(1,n)

)
which implies that ( note that ck(1,n) ≤ ω∞)

T1 ≤ τn∥µa(·, ·)∥∞∥G(·)∥∞∥ck+1
(1,n) − c

m+1
(1,n))∥

2
0,Ω

+ ω∞τn∥µa(·, ·)∥∞
∫
Ω

(
G(
ck(1,n)

ω∞
)−G(

cm(1,n)

ω∞
)

)(
ck+1
(1,n) − c

m+1
(1,n)

)
+ ω∞τn∥G(·)∥∞

∫
Ω

(
µa(c

k
(3,n), c

k
(4,n))− µa(c

m
(3,n), c

m
(4,n))

)(
ck+1
(1,n) − c

m+1
(1,n)

)
+ τnαγ

∫
Ω

(
ck(2,n) − c

m
(2,n)

)(
ck+1
(1,n) − c

m+1
(1,n)

)
+ τnαγ

∫
Ω

(
cm(2,n) − c

k
(2,n)

)(
ck+1
(1,n) − c

m+1
(1,n)

)
+

M1τnαγ

ω∞

∫
Ω

(
cm(1,n) − c

k
(1,n)

)(
ck+1
(1,n) − c

m+1
(1,n)

)
,
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where M1 = ∥ck(2,n)∥∞ using Assumptions (3.1), (3.2) and (3.3) we have

T1 ≤ τn∥µa(·, ·)∥∞∥G(·)∥∞∥ck+1
(1,n) − c

m+1
(1,n)∥

2
0,Ω

+ τnLG∥µa(·, ·)∥∞∥ck(1,n) − c
m
(1,n)∥0,Ω∥c

k+1
(1,n) − c

m+1
(1,n)∥0,Ω

+ ω∞τnLµa
∥G(·)∥∞

(
∥ck(3,n) − c

m
(3,n)∥0,Ω + ∥ck(4,n) − c

m
(4,n)∥0,Ω

)
∥ck+1

(1,n) − c
m+1
(1,n)∥0,Ω

+ τnαγ∥ck(2,n) − c
m
(2,n)∥0,Ω∥c

k+1
(1,n) − c

m+1
(1,n)∥0,Ω

+ τnαγ∥cm(2,n) − c
k
(2,n)∥0,Ω∥c

k+1
(1,n) − c

m+1
(1,n)∥0,Ω

+
M1τnαγ

ω∞
∥cm(1,n) − c

k
(1,n)∥0,Ω∥c

k+1
(1,n) − c

m+1
(1,n)∥0,Ω,

since ∥µi(·, ·)∥∞ < µi
max, i = a, p and ∥G(·)∥∞ < 1 that implies

T1 ≤ τnµ
a
max∥ck+1

(1,n) − c
m+1
(1,n)∥

2
1,Ω

+ (τnLGµ
a
max + τnαγ) ∥ck(1,n) − c

m
(1,n)∥0,Ω∥c

k+1
(1,n) − c

m+1
(1,n)∥0,Ω

+ ω∞τnLµa
∥ck(3,n) − c

m
(3,n)∥0,Ω∥c

k+1
(1,n) − c

m+1
(1,n)∥0,Ω

+ ω∞τnLµa
∥ck(4,n) − c

m
(4,n)∥0,Ω∥c

k+1
(1,n) − c

m+1
(1,n)∥0,Ω

+

(
τnαγ +

M1τnαγ

ω∞

)
∥ck(2,n) − c

m
(2,n)∥0,Ω∥c

k+1
(1,n) − c

m+1
(1,n)∥0,Ω,

by Assumption (5.1) we have τnµ
a
max < 1 + τn(ka + β), let

A1 = LGµ
a
max + αγ; B1 = αγ +

M1αγ

ω∞
; Q1 = P1 = ω∞Lµa

, (5.7)

which implies

X1∥ck+1
(1,n) − c

m+1
(1,n)∥1,Ω ≤ A1∥ck(1,n) − c

m
(1,n)∥0,Ω +B1∥ck(2,n) − c

m
(2,n)∥0,Ω +Q1∥ck(3,n) − c

m
(3,n)∥0,Ω

+ P1∥ck(4,n) − c
m
(4,n)∥0,Ω, (5.8)

which implies

∥ck+1
(1,n) − c

m+1
(1,n)∥1,Ω ≤ A1

X1
∥ck(1,n) − c

m
(1,n)∥0,Ω +

B1

X1
∥ck(2,n) − c

m
(2,n)∥0,Ω +

Q1

X1
∥ck(3,n) − c

m
(3,n)∥0,Ω

+
P1

X1
∥ck(4,n) − c

m
(4,n)∥0,Ω, (5.9)

where

X1 = min

(
D1; (τn)

−1 + ka + β − µa
max

)
. (5.10)

For the partial strategy for i = 2, 3, 4 we take k = m then

X1∥ck+1
(1,n) − c

m+1
(1,n)∥1,Ω ≤ A1∥ck(1,n) − c

m
(1,n)∥0,Ω, (5.11)

which implies

∥ck+1
(1,n) − c

m+1
(1,n)∥1,Ω ≤

A1

X1
∥ck(1,n) − c

m
(1,n)∥0,Ω,

which implies

∥ck+1
(1,n) − c

m+1
(1,n)∥1,Ω ≤ (

A1

X1
)m∥ck−m

(1,n) − c
0
(1,n)∥0,Ω, (5.12)

then the algorithm converges if
A1

X1
< 1.
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• Step 2: In (5.3) by the linearity and the fact that 1 − c1
ω∞

≤ 1 and with the fact that the

conductivity decreases over time ( see [1,2,4]) then the velocity of the flow also decreases over time

then ∥u∥∞ ≤ u0, where u0 is the initial velocity. For v2 = ck+1
(2,n) − cm+1

(2,n) and computing the

difference between the equation taken at iteration m+ 1 and k + 1 and since
c1
ω∞

< 1 we get:

T2 =

∫
Ω

τnD2

(
∇(ck+1

(2,n) − cm+1
(2,n))

)2

+

∫
Ω

(
1 + τn(kp + α)

)(
ck+1
(2,n) − cm+1

(2,n)

)2

≤
∫
Ω

τnu

(
ck+1
(2,n) − cm+1

(2,n)

)
∇
(
ck+1
(2,n) − cm+1

(2,n)

)
+

∫
Ω

τn

(
µp(c

k
(3,n), c

k
(4,n))c

k+1
(2,n) − µp(c

m
(3,n), c

m
(4,n))c

m+1
(2,n)

)(
ck+1
(2,n) − cm+1

(2,n)

)
+

∫
Ω

τnα

(
ck+1
(2,n) − cm+1

(2,n)

)2

+

∫
Ω

τnγ
−1

(
µa(c

k
(3,n), c

k
(4,n))c

k+1
(1,n) − µa(c

m
(3,n), c

m
(4,n))c

m+1
(1,n)

)(
ck+1
(2,n) − cm+1

(2,n)

)
+

∫
Ω

τnγ
−1

(
µa(c

m
(3,n), c

m
(4,n))G(

cm+1
(1,n)

ω∞
)cm+1

(1,n) − µa(c
k
(3,n), c

k
(4,n))G(

ck+1
(1,n)

ω∞
)ck+1

(1,n)

)(
ck+1
(2,n) − cm+1

(2,n)

)
+

∫
Ω

τnγ
−1β

(
ck+1
(1,n) − cm+1

(1,n)

)(
ck+1
2,n − cm+1

2,n

)
+

∫
Ω

τn

(
ck+1
(2,n)χ(c

k
(4,n))∇ck(4,n) − cm+1

(2,n)χ(c
m
(4,n))∇cm(4,n)

)
∇
(
ck+1
(2,n) − cm+1

(2,n)

)
,

which implies

T2 =

∫
Ω

τnD2

(
∇(ck+1

(2,n) − cm+1
(2,n))

)2

+

∫
Ω

(
1 + τn(kp + α)

)(
ck+1
(2,n) − cm+1

(2,n)

)2

≤
∫
Ω

τnu

(
ck+1
(2,n) − cm+1

(2,n)

)
∇
(
ck+1
(2,n) − cm+1

(2,n)

)
+

∫
Ω

τn

(
µp(c

k
(3,n), c

k
(4,n))c

k+1
(2,n) − µp(c

m
(3,n), c

m
(4,n))c

m+1
(2,n)

)(
ck+1
(2,n) − cm+1

(2,n)

)
+

∫
Ω

τnα

(
ck+1
(2,n) − cm+1

(2,n)

)2

+

∫
Ω

τnγ
−1

(
µa(c

k
(3,n), c

k
(4,n))c

k+1
(1,n) − µa(c

m
(3,n), c

m
(4,n))c

m+1
(1,n)

)(
ck+1
(2,n) − cm+1

(2,n)

)
+

∫
Ω

τnγ
−1

(
µa(c

m
(3,n), c

m
(4,n))G(

cm+1
(1,n)

ω∞
)cm+1

(1,n) − µa(c
k
(3,n), c

k
(4,n))G(

ck+1
(1,n)

ω∞
)ck+1

(1,n)

)(
ck+1
(2,n) − cm+1

(2,n)

)
+

∫
Ω

τnγ
−1β

(
ck+1
(1,n) − cm+1

(1,n)

)(
ck+1
(2,n) − cm+1

(2,n)

)
+

∫
Ω

τn

(
ck+1
(2,n)χ(c

k
(4,n))∇ck(4,n) − cm+1

(2,n)χ(c
m
(4,n))∇cm(4,n)

)
∇
(
ck+1
(2,n) − cm+1

(2,n)

)
,
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which implies

T2 =

∫
Ω

τnD2

(
∇(ck+1

(2,n) − c
m+1
(2,n))

)2

+

∫
Ω

(
1 + τn(kp + α)

)(
ck+1
(2,n) − c

m+1
(2,n)

)2

≤ τnu
0

2

(
∥ck+1

(2,n) − c
m+1
(2,n)∥

2
0,Ω + ∥∇(ck+1

(2,n) − c
m+1
(2,n))∥

2
0,Ω

)
+ τnµ

p
max∥ck+1

(2,n) − c
m+1
(2,n)∥

2
0,Ω

+ M2τnLµp

(
∥ck(3,n) − c

m
(3,n)∥0,Ω + ∥ck(4,n) − c

m
(4,n)∥0,Ω

)
∥ck+1

(2,n) − c
m+1
(2,n)∥0,Ω

+ τnα∥ck+1
2,n − c

m+1
(2,n)∥

2
0,Ω + τnγ

−1µa
max∥ck+1

1,n − c
m+1
1,n ∥0,Ω∥c

k+1
(2,n) − c

m+1
(2,n)∥0,Ω

+ ω∞τnγ
−1Lµa

(
∥ck(3,n) − c

m
(3,n)∥0,Ω + ∥ck(4,n) − c

m
(4,n)∥0,Ω

)
∥ck+1

(2,n) − c
m+1
(2,n)∥0,Ω

+ τnγ
−1µa

max∥ck+1
1,n − c

m+1
1,n ∥0,Ω∥c

k+1
2,n − c

m+1
2,n ∥0,Ω

+ γ−1τnLGµ
a
max∥ck(1,n) − c

m
(1,n)∥0,Ω∥c

k+1
(2,n) − c

m+1
(2,n)∥0,Ω

+ ω∞γ
−1τnLµa

(
∥ck(3,n) − c

m
(3,n)∥0,Ω + ∥ck(4,n) − c

m
(4,n)∥0,Ω

)
∥ck+1

(2,n) − c
m+1
(2,n)∥0,Ω

+ τnγ
−1β∥ck+1

(1,n) − c
m+1
(1,n)∥0,Ω∥c

k+1
(2,n) − c

m+1
(2,n)∥0,Ω

+ M2τn∥χ(·)∥∞∥∇ck(4,n) −∇c
m
(4,n)∥0,Ω∥∇(c

k+1
(2,n) − c

m+1
(2,n))∥0,Ω

+ (M2)
2τnLχ∥ck(4,n) − c

m
(4,n)∥0,Ω∥∇(c

k+1
(2,n) − c

m+1
(2,n))∥0,Ω

+ M2τn∥χ(·)∥∞∥ck+1
(1,n) − c

m+1
(1,n)∥0,Ω∥∇(c

k+1
(2,n) − c

m+1
(2,n))∥0,Ω,

where M2 = ∥ck+1
(2,n)∥∞. For the partial strategy for i = 3, 4 we take k = m then which implies

T2 ≤ τnu
0

2

(
∥ck+1

(2,n) − c
m+1
(2,n)∥

2
0,Ω + ∥∇(ck+1

(2,n) − c
m+1
(2,n))∥

2
0,Ω

)
+ τnµ

p
max∥ck+1

(2,n) − c
m+1
(2,n)∥

2
0,Ω

+ τnα∥ck+1
2,n − c

m+1
(2,n)∥

2
0,Ω +

2A1τnγ
−1µa

max

X1
∥ck1,n − cm1,n∥0,Ω∥ck+1

(2,n) − c
m+1
(2,n)∥0,Ω

+ γ−1τnLGµ
a
max∥ck(1,n) − c

m
(1,n)∥0,Ω∥c

k+1
(2,n) − c

m+1
(2,n)∥0,Ω

+
A1τnγ

−1β

X1
∥ck1,n − cm1,n∥0,Ω∥ck+1

(2,n) − c
m+1
(2,n)∥0,Ω

+
A1M2τn∥χ(·)∥∞

X1
∥ck1,n − cm1,n∥0,Ω∥∇(ck+1

(2,n) − c
m+1
(2,n))∥0,Ω.

Using Assumption (5.1), let

ζ1 = 1 + τnkp −
(
τnu

0

2
+ τnµ

p
max

)
> 0

A2 =
2A1γ

−1µa
max +A1γ

−1β +A1M2∥χ(·)∥∞
X1

+ γ−1LGµ
a
max (5.13)

which implies

∥ck+1
(2,n) − c

m+1
(2,n)∥1,Ω ≤

A2

X2
(
A1

X1
)m∥ck−m

(1,n) − c
0
(1,n)∥0,Ω, (5.14)

where

X2 = min

(
D2 −

u0

2
; τ−1

n ζ1

)
, (5.15)

then the algorithm converges if
A1

X1
< 1.
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• Step 3: In (5.4), by the linearity, then for v3 = ck+1
(3,n)−c

m+1
(3,n) and computing the difference between

the equation taken at iteration m+ 1 and k + 1 we get:

T3 =

∫
Ω

τnD3

(
∇(ck+1

(3,n) − c
m+1
(3,n))

)2

+

∫
Ω

(
ck+1
(3,n) − c

m+1
(3,n)

)2

=

∫
Ω

τnu

(
ck+1
(3,n) − c

m+1
(3,n)

)
∇
(
ck+1
(3,n) − c

m+1
(3,n)

)
+

τn
Yp

∫
Ω

(
µp(c

m
(3,n), c

m
(4,n))c

m+1
(2,n) − µp(c

k
(3,n), c

k
(4,n))c

k+1
(2,n)

)(
ck+1
(3,n) − c

m+1
(3,n)

)
+

τnγ
−1

Ya

∫
Ω

(
µp(c

k
(3,n), c

k
(4,n))c

k+1
(1,n) − µp(c

m
(3,n), c

m
(4,n))c

m+1
(1,n)

)(
ck+1
(3,n) − c

m+1
(3,n)

)
,

For the partial strategy for i = 4 we take k = m then which implies

T3 =

∫
Ω

τnD3

(
∇(ck+1

(3,n) − c
m+1
(3,n))

)2

+

∫
Ω

(
ck+1
(3,n) − c

m+1
(3,n)

)2

≤ τnu
0

2

(
∥ck+1

(3,n) − c
m+1
(3,n)∥

2
0,Ω + ∥∇(ck+1

(3,n) − c
m+1
(3,n))∥

2
0,Ω

)
+

τn
Yp
µp
max∥cm+1

(2,n) − c
k+1
(2,n)∥0,Ω∥c

k+1
(3,n) − c

m+1
(3,n)∥0,Ω

+
M2τnLµp

Yp
∥ck(3,n) − c

m
(3,n)∥0,Ω∥c

k+1
(3,n) − c

m+1
(3,n)∥0,Ω

+
τnγ

−1

Ya
µa
max∥cm+1

(1,n) − c
k+1
(1,n)∥0,Ω∥c

k+1
(3,n) − c

m+1
(3,n)∥0,Ω

+
ω∞γ

−1τnLµa

Ya
∥ck(3,n) − c

m
(3,n)∥0,Ω∥c

k+1
(3,n) − c

m+1
(3,n)∥0,Ω

≤ τnu
0

2

(
∥ck+1

(3,n) − c
m+1
(3,n)∥

2
0,Ω + ∥∇(ck+1

(3,n) − c
m+1
(3,n))∥

2
0,Ω

)
+

A2τn
X2Yp

µp
max∥cm(1,n) − c

k
(1,n)∥0,Ω∥c

k+1
(3,n) − c

m+1
(3,n)∥0,Ω

+
M2τnLµp

Yp
∥ck(3,n) − c

m
(3,n)∥0,Ω∥c

k+1
(3,n) − c

m+1
(3,n)∥0,Ω

+
A1τnγ

−1

X1Ya
µa
max∥cm(1,n) − c

k
(1,n)∥0,Ω∥c

k+1
(3,n) − c

m+1
(3,n)∥0,Ω

+
ω∞γ

−1τnLµa

Ya
∥ck(3,n) − c

m
(3,n)∥0,Ω∥c

k+1
(3,n) − c

m+1
(3,n)∥0,Ω.

Using Assumption (5.1), let

A3 =
A2

X2Yp
µp
max +

A1γ
−1

X1Ya
µp
max; Q3 =

M2Lµp

Yp
+
ω∞γ

−1Lµa

Ya
, (5.16)

which implies

∥ck+1
(3,n) − c

m+1
(3,n)∥1,Ω ≤

A3

X3
∥ck(1,n) − c

m
(1,n)∥0,Ω +

Q3

X3
∥ck(3,n) − c

m
(3,n)∥0,Ω. (5.17)

With the asymption
A1

X1
< 1, ∥ck(1,n) − c

m
(1,n)∥0,Ω −→ 0 this implies

∥ck+1
(3,n) − c

m+1
(3,n)∥1,Ω ≤ (

Q3

X3
)m∥ck−m

(3,n) − c
0
(3,n)∥0,Ω, (5.18)
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where

X3 = min

(
D3 −

u0

2
; τ−1

n − u0

2

)
= min

(
D3; τ

−1
n

)
− u0

2
, (5.19)

the algorithm converges if
Q3

X3
< 1 then a sufficient condition for convergence is given by

Q3

X3
< 1.

• Step 4: In (5.5), by the linearity, then for v4 = ck+1
(4,n)−c

m+1
(4,n) and computing the difference between

the equation taken at iteration m+ 1 and k + 1 we get:

T4 =

∫
Ω

τnD4

(
∇(ck+1

(4,n) − c
m+1
(4,n))

)2

+

∫
Ω

(
ck+1
(4,n) − c

m+1
(4,n)

)2

=

∫
Ω

τnu

(
ck+1
(4,n) − c

m+1
(4,n)

)
∇
(
ck+1
(4,n) − c

m+1
(4,n)

)
+

τnR

Yp

∫
Ω

(
µp(c

m
(3,n), c

m
(4,n))c

m+1
(2,n) − µp(c

k
(3,n), c

k
(4,n))c

k+1
(2,n)

)(
ck+1
(3,n) − c

m+1
(3,n)

)
+

τnRγ
−1

Ya

∫
Ω

(
µp(c

k
(3,n), c

k
(4,n))c

k+1
(1,n) − µp(c

m
(3,n), c

m
(4,n))c

m+1
(1,n)

)(
ck+1
(3,n) − c

m+1
(3,n)

)
,

which implies

T4 =

∫
Ω

τnD4

(
∇(ck+1

(4,n) − c
m+1
(4,n))

)2

+

∫
Ω

(
ck+1
(4,n) − c

m+1
(4,n)

)2

≤ τnu
0

2

(
∥ck+1

(4,n) − c
m+1
(4,n)∥

2
0,Ω + ∥∇(ck+1

(4,n) − c
m+1
(4,n))∥

2
0,Ω

)
+

τnR

Yp
µp
max∥cm+1

(2,n) − c
k+1
(2,n)∥0,Ω∥c

k+1
(4,n) − c

m+1
(4,n)∥0,Ω

+
M2RτnLµp

Yp

(
∥ck(3,n) − c

m
(3,n)∥0,Ω + ∥ck(4,n) − c

m
(4,n)∥0,Ω

)
∥ck+1

(4,n) − c
m+1
(4,n)∥0,Ω

+
Rτnγ

−1

Ya
µa
max∥cm+1

(1,n) − c
k+1
(1,n)∥0,Ω∥c

k+1
(4,n) − c

m+1
(4,n)∥0,Ω

+
ω∞Rγ

−1τnLµa

Ya

(
∥ck(3,n) − c

m
(3,n)∥0,Ω + ∥ck(4,n) − c

m
(4,n)∥0,Ω

)
∥ck+1

(4,n) − c
m+1
(4,n)∥0,Ω

≤ τnu
0

2

(
∥ck+1

(4,n) − c
m+1
(4,n)∥

2
0,Ω + ∥∇(ck+1

(4,n) − c
m+1
(4,n))∥

2
0,Ω

)
+

A2τnR

X2Yp
µp
max∥cm(1,n) − c

k
(1,n)∥0,Ω∥c

k+1
(4,n) − c

m+1
(4,n)∥0,Ω

+
M2RτnLµp

Yp

(
∥ck(3,n) − c

m
(3,n)∥0,Ω + ∥ck(4,n) − c

m
(4,n)∥0,Ω

)
∥ck+1

(4,n) − c
m+1
(4,n)∥0,Ω

+
A1Rτnγ

−1

X1Ya
µa
max∥cm(1,n) − c

k
(1,n)∥0,Ω∥c

k+1
(4,n) − c

m+1
(4,n)∥0,Ω

+
ω∞Rγ

−1τnLµa

Ya

(
∥ck(3,n) − c

m
(3,n)∥0,Ω + ∥ck(4,n) − c

m
(4,n)∥0,Ω

)
∥ck+1

(4,n) − c
m+1
(4,n)∥0,Ω.

Using Assumption (5.1), let

A4 = RA3, Q4 = RQ3, P4 = Q4, (5.20)

which implies

∥ck+1
(4,n)− c

m+1
(4,n)∥1,Ω ≤

A4

X4
∥ck(1,n)− c

m
(1,n)∥0,Ω+

Q4

X4
∥ck(3,n)− c

m
(3,n)∥0,Ω+

P4

X4
∥ck(4,n)− c

m
(4,n)∥0,Ω. (5.21)
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With asymptions
A1

X1
< 1 and

Q3

X3
< 1 we have ∥ck(1,n)−c

m
(1,n)∥0,Ω −→ 0 and ∥ck(3,n)−c

m
(3,n)∥0,Ω −→ 0

then

∥ck+1
(4,n) − c

m+1
(4,n)∥1,Ω ≤

(
P4

X4

)m

∥ckm

(4,n) − c
0
(4,n)∥0,Ω ≤

(
R
Q3

X4

)m

∥ckm

(4,n) − c
0
(4,n)∥0,Ω, (5.22)

where

X4 = min

(
D4 −

u0

2
; τ−1

n − u0

2

)
= min

(
D4; τ

−1
n

)
− u0

2
. (5.23)

By (5.12), (5.14), (5.18) and (5.22), we obtain

4∑
i=1

∥ck+1
(i,n) − c

m+1
(i,n)∥1,Ω ≤ (

A1

X1
)m(1 +

A2

X2
)∥ck−m

(1,n) − c
0
(1,n)∥0,Ω +

+ (
Q3

X3
)m∥ckm

(3,n) − c
0
(3,n)∥0,Ω + (R

Q3

X4
)m∥ck−m

(4,n) − c
0
(4,n)∥0,Ω.

Let

κ = max

(
A1

X1
;
Q3

X3
;R

Q3

X4

)
(5.24)

Theorem 5.3 Assuming that the assumptions (3.1),(3.2),(3.3), and (5.1) hold and using (3.2), the
following inequality holds:

4∑
i=1

∥ck+1
(i,n) − c

m+1
(i,n)∥1,Ω ≤ (κ)m

4∑
i=1

αi∥ck−m
(i,n) − c

0
(i,n)∥0,Ω, (5.25)

where κ is given in (5.24) and α1 = 1 +
A2

X2
, α2 = 0 and αi = 1 for i = 3, 4. Moreover the choice of τn

such that κ < 1 grantees the strong convergence of the sequence (ck(1,n); c
k
(2,n); c

k
(3,n); c

k
(4,n)) in (H1(Ω))4.

If κ < 1 the sequence (C(n,k))k∈N is a Cauchy sequence in (H1(Ω))4 and it converges to Cn in
(H1(Ω))4 strongly. Since the functions µa, µp, G and χ are continuous and bounded we have a.e in Ω

• lim
k−→∞

µa(c
k
(3,n), c

k
(4,n)) = µa(c(3,n), c(4,n)),

• lim
k−→∞

µp(c
k
(3,n), c

k
(4,n)) = µp(c(3,n), c(4,n)),

• lim
k−→∞

G(
ck(1,n)

ω∞
) = G(

c(1,n)

ω∞
),

• lim
k−→∞

χ(ck(4,n)) = χ(c(4,n)),

then Cn is solution of (5.1). 2

5.2. Fixed-point method.

Theorem 5.4 Assuming that the assumptions (3.1),(3.2),(3.3), and (5.1) hold and using (3.2), the
following inequality holds:

∥Cn,k+1 −Cn,m+1∥1,Ω ≤ (κ1)m∥Cn,k−m −Cn,0∥0,Ω, (5.26)

where κ1 is given in (5.30). Moreover if κ1 < 1 then the sequence (Cn,k)k∈N convergence strongly in
(H1(Ω))4.
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Proof: Using (5.9), (5.10), (5.17) and (5.21) we have

4∑
i=1

∥ck+1
(i,n) − c

m+1
(i,n)∥1,Ω ≤

4∑
i=1

βi∥ck(1,n) − c
m
(1,n)∥0,Ω, (5.27)

where

β1 =

4∑
i=1

Ai

Xi
; β2 = 0; β3 =

Q3

X3
+
Q4

X4
; β4 =

RQ3

X4
,

which implies
4∑

i=1

∥ck+1
(i,n) − c

m+1
(i,n)∥1,Ω ≤ max

1≤i≤4
βi

4∑
i=1

∥ck(1,n) − c
m
(1,n)∥0,Ω, (5.28)

which implies
∥Ck+1 −Cm+1∥1,Ω ≤ κ1∥Ck −Cm∥0,Ω, (5.29)

where
κ1 = max

1≤i≤4
βi, (5.30)

which implies
∥Cn,k+1 −Cn,m+1∥1,Ω ≤ (κ1)m∥Cn,k−m −Cn,0∥0,Ω. (5.31)

The sequence (C(n,k))k∈N is a Cauchy sequence in (H1(Ω))4 and it converges to Cn in (H1(Ω))4 strongly.
Since the functions µa, µp, G and χ are continuous and bounded we have a.e in Ω

• lim
k−→∞

µa(c
k
(3,n), c

k
(4,n)) = µa(c(3,n), c(4,n)),

• lim
k−→∞

µp(c
k
(3,n), c

k
(4,n)) = µp(c(3,n), c(4,n)),

• lim
k−→∞

G(
ck(1,n)

ω∞
) = G(

c(1,n)

ω∞
),

• lim
k−→∞

χ(ck(4,n)) = χ(c(4,n)),

Then Cn solution of (5.1). 2

Corollary 5.5 By (5.24) and (5.30) we have κ ≤ κ1 then Coupled Prediction Scheme (CPS) converges
quickly than the Fixed-Point Methods (FPM).

The flow in Ω is governed by Darcy’s equation, given in its mixed form, by the system : find (u, p) ∈
H( div; Ω)× L2(Ω), with u · n = u0 on Γ1 ∪ Γ2 such that

∫
Ω

K−1u · v +

∫
Ω

divv p =

∫
Γ2

v · npD, ∀v ∈ V∫
Ω

divu q +

∫
Ω

fq = 0, ∀q ∈ L2(Ω),
(5.32)

where H( div; Ω) :=
{
v ∈ (L2(Ω))2/ divv ∈ L2(Ω)

}
and

V := {v ∈ H( div; Ω) / v · n = 0 on Γ1 ∪ Γ2}, K is the hydraulic conductivity of the medium, u0 is the
given flux on Γ1, and pD is the given pressure on Γ2. This problem will be approximated by Mixed Finite
Element Method of Raviart-Thomas with the lowest order (see [6]). The resolution of this system gives
the velocity u which is needed to resolve our system (4.3).
The hydraulic conductivity depends on the adherent bacteria evolution. The evolution of the hydraulic
conductivity is given in [9] by the following relation:

Kn = K(c(1,n)) = Kn−1

(
1−

c(1,n)

w∞

)nk

, (5.33)
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where Kn−1 is the conductivity at time tn−1 and nk is a given parameter. At the first time step we
resolve the system (5.32) with K0 which gives the first velocity u1(t = t1) and then the system (4.3) to

obtain (c
(1)
1 , c

(1)
2 , c

(1)
3 , c

(1)
4 ). Then, at each time step tn, for n ≥ 2, we will use a strategy for the stopping

test.

Remark 3 When the biodenitrification process is carried out, the concentration of adherent bacteria
increases, leading to a decrease in conductivity over time. This results in a reduced flow rate, so that the
final flow rate u is less than the initial flow rate u0 (i.e ∥u∥∞ < u0.)

6. Numerical algorithm for solving the coupled problem

The biodenitrification system (2.1) is a non-linear coupled system of four equations. Its coupling with
the flow system (5.32) makes the biodenitrification and flow probelm a non-linear coupled problem. In
this section, we present the two different algorithms that will be applied and compared in the following
numerical section. Let us refer to ch1 , c

h
2 , c

h
3 and ch4 as the four unknown components of the Biodenitrifi-

cation system (2.1), and (uh, ph) as the unknown of the flow equations (5.32). The first strategy, called
Coupled Prediction Scheme (CPS) (see Algorithm 1), involves solving the biodenitrification system itera-
tively, one component after another. In contrast, the second strategy, called Fixed-point method (FPM)
(see Algorithm 2), solves the biodenitrification system with strong coupling, resulting in a linear system
with a large matrix.

Algorithm 1 Iterative algorithm for solving the coupled problem using (CPS).

1: input Values of the parameters and properties
2: load mesh {Ωh}
3: define finite element variables: ch1 , c

h
2 , c

h
3 , c

h
4 , q

h
1 , q

h
2 , q

h
3 , q

h
4 ; uh, vh, ph, ϕh

4: k ← 0
5: ci,in ← ci(0) ; i = 1, .., 4
6: ci,in0 ← ci(0) ; i = 1, .., 4
7: for t← 1 to tmax do
8: for k ← 1 to kmax do
9: l1← 0 ; l2← 0 ; l3← 0 ; l4← 0

10: c
(k,l1)
1 ← c1,in ; c

(k,l2)
2 ← c2,in ; c

(k,l3)
3 ← c3,in ; c

(k,l4)
4 ← c4,in

11: calculate Kk using c
(k,l1)
1

12: solve (5.32) return uh and ph

13: for l1← 1 to l1max do
14: solve ((5.2), for i=1) using c1,in0, c

(k,l1−1)
1 , c

(k,l2−1)
2 , c

(k,l3−3)
3 , c

(k,l4−1)
4 return c

(k,l1)
1

15: e
(l1)
rr ← ∥c(k,l1)1 − c(k,l1−1)

1 ∥∞
16: if e

(l1)
rr < εl1 then

17: break
18: end if
19: c

(k,l1−1)
1 ← c

(k,l1)
1

20: end for
21: for l2← 1 to l2max do
22: solve ((5.3), for i=2) using uh, c2,in0, c

(k,l1−1)
1 , c

(k,l2−1)
2 , c

(k,l3−3)
3 , c

(k,l4−1)
4 return c

(k,l2)
2

23: e
(l2)
rr ← ∥c(k,l2)2 − c(k,l2−1)

2 ∥∞
24: if e

(l2)
rr < εl2 then

25: break
26: end if
27: c

(k,l2−1)
2 ← c

(k,l2)
2

28: end for
29: for l3← 1 to l3max do
30: solve ((5.4), for i=3) using uh, c3,in0, c

(k,l1−1)
1 , c

(k,l2−1)
2 , c

(k,l3−3)
3 , c

(k,l4−1)
4 return c

(k,l3)
3

31: e
(l3)
rr ← ∥c(k,l3)3 − c(k,l3−1)

3 ∥∞
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32: if e
(l3)
rr < εl3 then

33: break
34: end if
35: c

(k,l3−1)
3 ← c

(k,l3)
3

36: end for
37: for l4← 1 to l4max do
38: solve ((5.5), for i=4) using uh, c4,in0, c

(k,l1−1)
1 , c

(k,l2−1)
2 , c

(k,l3−3)
3 , c

(k,l4−1)
4 return c

(k,l4)
4

39: e
(l4)
rr ← ∥c(k,l4)4 − c(k,l4−1)

4 ∥∞
40: if e

(l4)
rr < εl4 then

41: break
42: end if
43: c

(k,l4−1)
4 ← c

(k,l4)
4

44: end for
45: l̂1(k)← l1 ; l̂2(k)← l2 ; l̂3(k)← l3 ; l̂4(k)← l4

46: ck1 ← c
(k,l̂1)
1 ; ck2 ← c

(k,l̂2)
2 ; ck3 ← c

(k,l̂3)
3 ; ck4 ← c

(k,l̂4)
4

47: E(k) ← ∥c(k)1 − c(k−1)
1 ∥∞ + ∥c(k)2 − c(k−1)

2 ∥∞ + ∥c(k)3 − c(k−1)
3 ∥∞ + ∥c(k)4 − c(k−1)

4 ∥∞
48: if E(k) < εk then
49: break
50: end if
51: ci,in ← c

(k)
i ; i = 1, ..., 4

52: end for
53: ci,in0 ← ci,in ; i = 1, ..., 4
54: end for

Algorithm 2 Iterative algorithm for solving the coupled problem using (FPM).

1: input Values of the parameters and properties
2: load mesh {Ωh}
3: define finite element variables: ch1 , c

h
2 , c

h
3 , c

h
4 , q

h
1 , q

h
2 , q

h
3 , q

h
4 , u

h, vh, ph, ϕh

4: C← (ch1 , c
h
2 , c

h
3 , c

h
4 )

5: k ← 0
6: Cin ← C(0)
7: C0 ← C(0)
8: for t← 1 to tmax do
9: for k ← 1 to kmax do

10: l← 0 ;
11: C(k,l) ← C0

12: calculate Kk using C(k,l)

13: solve (5.32) return uh and ph

14: for l← 1 to lmax do
15: solve (5.1) using uh, Cin, C

(k,l) return C(k,l+1)

16: e
(l)
rr ← ∥C(k,l+1) −C(k,l)∥∞

17: if e
(l)
rr < εl then

18: break
19: end if
20: C(k,l) ← C(k,l+1)

21: end for
22: l̂(k)← l

23: Ck ← C(k+1,l̂)

24: E(k) ← ∥C(k+1) −C(k)∥∞
25: if E(k) < εk then
26: break
27: end if
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28: C0 ← C(k)

29: end for
30: Cin0 ← Cin

31: end for

7. Numerical results

In this section, we present and discuss the numerical results of the presented nonlinear coupled model
of the biodenitrification process. In all the following experiments, we take Ω ⊂ R2, ∂Ω = Γ1 ∪ Γ2 ∪ Γ3

such that: Ω =]0, L1[×]0, L2[, L1 = 3, L2 = 1, where Γ1 = {(x, y) ∈ R2, with x = 0; 0 ≤ y ≤ 0, 3L2},
Γ2 = {(x, y) ∈ R2, with x = L1; 0, 7L2 ≤ y ≤ L2} and Γ3= ∂Ω − {Γ1 ∪ Γ2} (see Figure 1). The
initial conditions are provided in [8] and the parameter values are taken from [1,2,7]. All these data are
summarized in Table 1 and Table 2.

Parameters Values Parameters Values

D1 0.8cm2/h µa
max 0.4h−1

D2 0.8cm2/h Yp 0.8
D3 0.7cm2/h Ya 0.8
D4 0.7cm2/h β 0.2h−1

α 0.02h−1 T 20 days
w∞ 0.05g/cm2 R 0.9
u0 0, 001 pD 0
a 0, 1 Ka

S1
54 mg/l

kp 0.005h−1 Kp
S1

54 mg carbon/l

ka 0.005h−1 Kp
S2

50mgNO−
3 /l

µp
max 0.4h−1 Ka

S2
50 mg carbon/l

γ 10cm3/cm2 - -

Table 1: Parameters values used in the simulations.

X0
1 X0

2 Sin
1 Sin

2 K0 S0
1 S0

2

10mg/cm2 10 mg/l 104 mg/l 100 mg/l 0.865 cm/h 104 mg/l 100 mg/l

Table 2: Initial conditions.

A1 0.232 X1 0.8
A2 0.1192 X2 0.795
A3 0.08945 X3 0.695
A4 0.0805 X4 0.695
τn 0.67 Q3 0.11525
Q4 0.13725 - -

Table 3: Values.

Using these data and equations (5.9), (5.10), (5.17), (5.15), (5.16), (5.19), (5.20) and (5.23), we have
Table 3.

Since (τn)
−1 > 1.492537, then (τn)

−1 + ka + β − µa
max > 0.995 > D1, which implies that X1 = D1,

leading to A1 < 0.38. With the data given in Table 3, we have κ = 0.29 and κ1 = 0.6844, which implies
that κ < κ1. Therefore, the (CPS) scheme converges faster than the (FPM) scheme.

Our main aim in this section is to compare the two algorithms we presented and analyzed earlier. To
do this, we decided to deal with different situations, depending on the step size of the spatial discretization
h and the step size of the time discretization τ (see Table 4).
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h1 h2 h3 τ1 τ1 τ3

1/15 1/25 1/35 0.05 0.075 0.1

Table 4: Values of the mesh step hi and the time step τi.

Computation times

Figure 2 shows three different quasi-uniform meshes of the domain. Sub-figure 2-(a) with mesh
step h1 = 1/15 generating 1444 triangles and 783 vertices, Sub-figure 2-(b) with mesh step h2 = 1/25
generating 4036 triangles and 2119 vertices, and Sub-figure 2-(c) with mesh step h3 = 1/35 generating
8096 triangles and 4189 vertices. In addition, we consider three time discretization steps, τ1 = 0.05,
τ2 = 0.075, and τ1 = 0.1 (see Table 4).

(a) Initial mesh (h = h1). (b) Refined mesh (h = h2).

(c) Highly refined mesh (h = h3).

Figure 2: Three quasi-uniform meshes of the domain.

First, by setting the time step to, for example, the smallest value τ = τ1, Figure 3 shows the evolution
of the computational cost of each algorithm as a function of mesh size h, over the interval [t0, Tf ]. We
can see that for the initial mesh (h = h1), Algorithm 1 executes 333 s versus 536 s for Algorithm 2. For
the highly refined mesh (h = h3), Algorithm 1 executes 1243 s versus 4385 s for Algorithm 2. As can be
seen in the figure, the red computation cost curve for Algorithm 2 is superior to the blue computation
cost curve for Algorithm 1. Consequently, in all these situations, we deduce that Algorithm 1 is faster
than Algorithm 2.

In the second experimental test, by fixing the mesh step, taking, for example, the highly refined mesh
h = h3, Figure 4 shows the evolution of the computational cost of each algorithm, during the interval
[t0, Tf ], as a function of time descritization steps. We observe that for the case of time step τ = τ1,
Algorithm 1 executes 1243 s versus 4385 s for Algorithm 2. For the case of time step τ = τ3 , Algorithm 1
executes 728 s versus 1658 s for Algorithm 2. Similar to what we obtained in the first test, we can see in
Figure 4 that the red curve of Algorithm 2 is superior to the blue curve of Algorithm 1. Consequently,
in all these situations we also deduce that Algorithm 1 is faster than Algorithm 2.

Spatial distribution
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Figure 3: Evolution of the computational cost of the two algorithms as a function of mesh size, over the
interval [t0, Tf ] with a fixed time step τ=τ1.

Figure 4: Evolution of the computational cost of the two algorithms, during the interval [t0, Tf ], as a
function of time steps, using a highly refined mesh h = h3.

(a) x1 (b) x2
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(a) S1 (b) S2

Figure 6: Spatial distribution of x1, x2, S1 and S2 involved in the coupled biodenitrification problem at
time Tf .

(a) Pressure (b) Velocity

Figure 7: Spatial distribution of Pressure and Velocity in the coupled biodenitrification problem at time
Tf .

Applying Algorithm 1 using a uniform descritization step in time τ = τ1 together with a quasi-uniform
mesh (h = h1), Figures 6 and 7 shows the numerical simulations of the spatial distribution of all the
quantities of nonlinear coupled model of the biodenitrification process at Tf . The first two subfigures
represent the concentrations of the two types of bacteria: adherent bacteria (x1) and planktonic (mobile)
bacteria (x2), respectively. The next two subfigures show the concentrations of the nutrient (S1) and
the contaminant (nitrate, S2), respectively. The final two subfigures display the components of the flow
system: pressure and velocity field. The values of the bacterial and substrate quantities at the initial time
t0 are uniform at all points of the spatial domain. Whereas at time Tf , we observe that the concentrations
of bacteria and substrate quantities are low at the flow outlet and high at the flow inlet. Such behavior
is already obtained in the reference [4].

8. Conclusion and perspectives

This article presents a comparison between two algorithms for linearizing a mathematical system: the
first is the CPS method, and the second is the FPM method. The system describes the biodegradation
process in porous media by bacteria, which are divided into planktonic and adherent types, with the
chemotaxis effect taken into account. The mathematical model consists of a system of five strongly
coupled parabolic equations, incorporating a nonlinear advection term. To establish the existence and
uniqueness of the solution, we employed the fixed-point theorem.

For the solution approximation, we utilized the finite element (FE) method. To linearize the system
at each time step, we introduced an iterative scheme referred to as the Coupled Prediction Scheme
(CPS) and demonstrated its convergence. This approach provides a faster and more efficient numerical
algorithm. The backward Euler scheme was used for time discretization. Several numerical tests in
the 2D case, commonly used in the literature for simplified models, validate the effectiveness of the
Coupled Prediction Scheme. The numerical results indicate that the CPS scheme converges faster than
the Fixed-Point Method (FPM).

In future work, we plan to develop an algorithm that accounts for the dependence of the last three
variables on the fluid velocity, enabling the simultaneous solution of the two governing equations.
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