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Comparison of two iterative schemes to solve the Chemotaxis - Biodegradation System

Mostafa Abaali* and Salih Ouchtout

ABSTRACT: The mathematical model describing the biodegradation process in porous media by bacte-
ria—divided into planktonic and adherent types—incorporates the chemotaxis effect, wherein the flow ve-
locity depends on the concentration of adherent bacteria. This model consists of a system of five strongly
coupled nonlinear parabolic equations, including a nonlinear advection term. Using the fixed-point theorem,
we establish the existence, uniqueness, and non-negativity of the solution.

To approximate the solution, we employ the finite element (FE) method. To linearize the system at each
time step, we compare two iterative schemes. The first, called the Coupled Prediction Scheme (CPS), is shown
to converge, while the second is the conventional Fixed-Point Method (FPM). Theoretical and numerical results
show that CPS offers a faster and more efficient alternative to the conventional FPM.
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1. Introduction

Biological denitrification process, orchestrated by a diversity of anaerobic microorganisms, catalyzes
the conversion of nitrates into harmless gaseous nitrogen, thereby helping to reduce nitrate concen-
trations in groundwater. However, the effective implementation of biological denitrification in aquifer
systems requires a thorough understanding of its mechanisms. The purpose of this paper is to provide
the numerical analysis of the mathematical model developed in [4], formed by partial differential equa-
tions (PDEs), modeling the denitrification phenomenon.

The mathematical framework we have constructed comprises a system of five coupled parabolic equa-
tions. These equations incorporate a non-linear advection term. To establish the existence, uniqueness,
and non-negativity of the solution, we have employed the fixed point theorem, in the same way as in [4],
which serves as a foundational aspect of our analysis.

In order to approximate the solution, we have opted for the finite elements (FE) method, a widely utilized
numerical technique. Furthermore, to enhance computational efficiency, we have introduced an iterative
scheme at each time step. This scheme, known as the Coupled Prediction Scheme (CPS) (see [10]), lever-
ages a projection method to linearize the system and facilitate convergence. Through rigorous analysis,
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we have demonstrated the efficacy and reliability of this iterative approach in solving our mathematical
model.

This article examines the application of the (CPS) to enhance the resolution of the system modeling
the biodegradation process. The CPS was initially introduced in [10] within the context of the thermally
coupled Navier-Stokes equation. In this study, we have adapted this approach to coupled nonlinear
convection-diffusion equations. In [10], the authors demonstrated the efficiency and precision of the CPS
compared to the basic projection scheme (BPS).

The modeling of natural phenomena most of the time gives strongly coupled systems that pose diffi-
culties during the resolution and often leads to very complex time dependent dynamics requiring efficient
solvers. To remedy this problem, several strategies have been developed. Among the strategies developed
in this context is the use of explicit terms allowing a “numerical” decoupling of equations (thus elimi-
nating the need of a fixed point) [1,2,14,17] or the explicit treatment of the nonlinear terms yielding a
numerically less expansive coupled system. Explicit methods impose restrictions on the time step (or the
mesh size) which can be severely detrimental to the overall performance; even if the implicit/semi-implicit
approach is suboptimal in certain cases, it is generally more robust and gives good performance in most
cases. In [10] authors introduce a new iterative scheme based on a projection method called the coupled
prediction scheme(CPS) they also presented the basic projection scheme (BPS). In [15] authors proposed
a BPS based on the finite volume method.

2. Problem setting

Let Q be an open set of R?, d = 2 or 3 with an enough regular boundary 99 = I, which is divided
into three parts I'y, 'y and T’z (see Fig.1):

[ =T,UT,UTs.

Figure 1: Q and I'y, 'y et I's.

The domain € contains polluted water, denitrifying bacteria, and a nutrient. The flow of polluted
water enters through I'; and exits through I's ; it is steady with a constant velocity u The boundary
I's represents the impermeable part of the domain. Within the reactor, the bacteria are divided into
two categories: adherent bacteria, which attach to the reactor walls and form a monolayer biofilm, and
planktonic bacteria, which remain mobile and suspended in the fluid. We denote by zo the density
of planktonic bacteria, and by x; the surface density of adherent bacteria, with a maximum surface
density weo. The concentration of the limiting substrate is denoted by S, and the concentration of the
contaminant by S3. The biodenitrification process is modeled by the system given in [1,2]. For a given
T, let the space-time domain defined by

Qr =0 x]0,T], with the boundary Xp =T x]0,T].

In [5] D. Bothe et al proveed existence of global weak solutions a problem which describes the evolution
of concentrations of p charged species subject to Fickian diffusion and chemical reactions in the presence
of an electrical field called, the Nernst—Planck—Poisson problem, including in particular the Boltzmann
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statistics case. A typical model describing chemotaxis is the Keller-Segel equations derived by Keller and
Segel [13] which have been studied extensively. We give the following model proposed by Abaali M. and
Ouchtout S. [4] to describe the biodenitrification phenomena:

Gl
ot

-V- (D1VCC1) = (,ua(Sl,Sg)G(xl) — ko — ﬁ)l’l + 06’7(1 — .’Z‘l)l‘g n QT,
3302

; -V (DQVIQ) +u-Vays +V- ($2X(52)v52) =
6@(51,52) —kp —a(l—Z1) |z + (v 1a(S1, 52)(1 — G(71)) + _15>9C1 in Qr,

F:
%+u VS, —V-(D3VSy) = — M To — Halo1,22) 51752 )331 Qr,
p
05 Ry, (S1, S R al S ,S _
(2.1)
where

D;,i=1,2,3,4 is the diffusion coefficient.

kq, k, denotes respectively the adherent bacteria mortality rate and the planktonic bacteria mor-
tality rate.

8 denotes a term corresponding to the detachment rate from the wall.

A portion of the planktonic category can attach to the walls with a certain rate that is denoted by
a.

G(Z1) denotes the proportion of daughter cells of the adherent bacteria able to find a place to attach
onto the wall, the remainders being washed out by the liquid flow (cf. [11]), where Z; = o
Weo

v is the coefficient of conversion of the volume density to the surface density.

Y;, for i = a,p, is respectively the coefficient rate of yield of adherent and planktonic bacteria,
defined as the ratio of the bacterial mass produced (in g or mol) by the mass of the substrate
consumed (in g or mol),

R is the rate of degradation of contaminant.

S1 Sa

lS?S max
11i(S1, S2) = pui Ksl+SlKSZ+S2

= a,p represent the growth function(see [1]).

The nonnegative function x(.) denote the chemotaxis sensitivity.

With the following boundary conditions

Vey-n = 0 on I,
—ngxQ -n -+ (ll . Il).’EQ = 0 on Fl @] FQ,
Vzo-n = 0 onljg,
—D3VS;-n+ (u-n)S; = (u-n)Si", on Iy,
—D3VS; -n+ (u . 1’1)51 = 0 only, (22)
VSin = 0 on Fg,
—DyVSy-n+ (u-n)S2 = (u-n)Si" onTy,
—D4VSQ -n -+ (ll . n)52 = 0 on FQ,
VSy-n = 0 onlj.

The obtained system is a nonlinear coupled system. For a stationary system in [4] author used the
fixed point strategy to show the existence of the steady states. To linearize the advection term, let
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Z = (21, 22,23, 24) € (H'(2))* and the system

le

% =V (D1Vxy) = (Ma(Sl,Sz)G(SB1) — ko — 5)551 +ay(l=21)ze in Qr,

a—x; — V- (DaVas)+u-Vas+ V- (zax(24)V2z4) =

(Mp(sh Sa) = kp —a(l— 361))1’2 + (7_1%(517 Sa)(1 — 1,3) T Qr,
% +u-VS — V- (D3VS)) = — “P(S;p’ 52)) o, - (Hal51:52) 51’52 z i Qr,
585;2 VS, — V- (DyVSy) = — (Rﬂp(2a52)> oy — (Rﬂa(glaSZ 7_1) s i Or.

which implies

0 .
% — V- (D1Vry) = (Hu(51,52)G 5)331 +oy(l—Z)zy in Qr,
% -V- <D2V$2 — (u + X VZ4)IL’2>

pp(S1,82) — kp — o 1—$1> + (v ' a(S1,82)(1 = G(Z1)) +v B )ar in Qr,

a8 51, S a(S1,52) _ .

atl (D3VS1—1151) Up(; 2))332— %’Y 1 T m QT7

% — V- (D4VSs —uSy) = — Ry ($ 1’52)> Ty — (R““(gl’sﬂy—l) zy in Qr.
P a

From now on we adopt the following notations:

We put:

Cz = (c1,¢2,c3,¢4) := (21, 22,51,52) and C% = (Jc(l),xg,S?,SS).

4 4
[Czlloe = (Z ||Ci||o,ﬂ> and | Cz [l10= (Z | ci |m) :
-1 i=1

£10:C2) = (pales(o) )G @) ~ o - B) (@) + (1 = 2w )ea(a),
R6.C2) = (b)) -k - ol - @) )l
+ (males(@)ea(@)(1 = GE)) + 8 )7 ),
folw Cg) = - (et 03,04)7_1
filw Cs) = — (T c"’c‘*)) (R““$5’04>w)

F = (f1, fo, f3, fa).

The global fluxes are defined by:

Jl (Cl) = D1V017

Ja(e2) = DaVey + ugca,
J3(63) = D3VC3 — UuscCs,
J4(C4) = D4VC4 — UyCy,

(2.3)

(2.4)

(2.5)

where ug = u+ x(z4)V24; u3 = ug = u. The boundary operator will be denoted by B := (B, B, Bs, By)

with

Bilc;) = Ji(ei)»m on Ty UTy fori=2,34
ner= Ve,;omn on TI'sfori=2,3,4andon I fori=1.
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Let g = (Oa 0793;.94) with

[ u-neéy" only and [ u-ne® onTy
B=1 0 on Ty UT; #=00 on Ty UTs.

With these notations the quasilinear diffusion-convection system (2.1)-(2.2) becomes:

actz — le(Ji(Cl)) = fZ(ZE',C) in QT, for1 <i< 47

B(C) g in Y,
c(,) = C° in Qr.

and the quasilinear diffusion-convection system(2.3)-(2.2) becomes:

% (i) = fir.Cz) mQr for1<i<i,

B(Cy) g in X7,
Cz(0,)) = C% in Qr.

3. Existence and regularity results
Assumption 3.1 The growth rate of bacteria u;(z,y), for i = a,p, satisfies
pi €CY, p(0,y) = p(x,0) =0,and 3L, >0

o0+ v~ llos)

— 4,0 Sl SQ i
Mmangl+Sl Kg2+527

such that V(x,x/,y,y/) € [0,—1—00[4; s (,y) — ui(m/,y,)Hoo < L,, (||a; —

Remark 1 If we consider the multiplicatif formula p;(S1,S2) = a,p, then

Ly < Hinaas© = a,p.
Assumption 3.2 The function G satisfies
GeC', 0<G0)<1, G@)=0,and 3Lg>0
such that ¥(a,y) € [0, +00[2% | G(x) — G(y) | < Lalla — yllos-

1+ X
Remark 2 Since G(X) = ﬁ for X € [0,wao] (see [12]) we have
’ a a
G (X)= < <1,
X)= a2 S Urap
then we can take Lg = ﬁ.

Assumption 3.3 The function x is a continuous differentiable function satisfying X, > 0.

The existence and uniquness of the solution of the problem (2.7) is given by the following theorem
(Theorem 3.1) given in [4].

Theorem 3.4 Problem (2.7) has a unique global nonnegative weak solution in the following sense
VT >0, Cj belongs to (C([0,T]; L*()) N L>(Qr) N L*(0,T; H'()))"

and for all U = (iby, 4, 13, 1b4) € (C=(Qr))" such that U(T) =0

0y
[ e [ aie)vei= [ R@awit [ dn@+ [ g (31)
Qr T Qr Q S
Moreover there exists M > 0 depending on system parameters (see [2]) such that
oC
ICz (o=@t + IC 2l (20,1 ()))s + o < M. (3.2)
(L2(0,T5;H-1()))*
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The problem (3.1) is equivalent to the following system:
Find C(t) € (HI(Q))4 for a.e. t €]0, 7] such that and for a.e. t €]0,7] and for all ¢, € H(Q2), 1 <

1 <4
|8t [y vor = [ mews+ [ g -
Co = C(0).

4. Approximation

Several strategies are available for the treatment of nonlinear terms and for solving the problem (3.3).
The choice of a scheme for both time derivatives as well as the treatment of the nonlinear terms will lead
to different resolution schemes. The discretization of the problem (3.3) is based on two steps: the space
discretization (or semi-discretization) which is made by a finite element method of degree 1, and the time
discretization which uses the backward Euler scheme.

Semi-discretization

Let Qp = U T be a family of regular triangulations of {2, where T is a triangle and At its diameter.

T
We denote h = nax diam(T) and let P1(€Qy,) and V), defined respectively by:
€8

Pi() = {veC@)|v|re P(T), YT €y} and V= (P1())*,

where, for each T € Qy,, P;(T) stands for the space of restriction to T of polynomial functions of degree
1. The semi-discrete problem associated to (3.3) is given, for a.e. t €]0,T7], by:

find Cp(t) € V}, such that for 1 <i <4
dCi t
/ n( )Uih+/ Ji(cin(t)) - Vs = / F;(Cr(t))vin +/9ivih, Yoin € P1(Q), (4.1)
Q Q Q r

dt
Cr(0) = I, Co,

where Il is a projection operator on Vy,.

Full-discretization
Let the discretization of [0,7] given by 0 = tg < t; < ... < ty = T and put 7, = ¢, — t,—1 and
T= 1gila<xN Tn. Forall k, 0 < k < N, and all 7, 1 <1 < 4 we use the notation:

Cink) = Cin(tk 4.2
{ CZ = Ch(tk) = (C(lh,k)aC(2h,k)>c(3h,k)7C(4h,k)). ( . )

The derivative with respect to time is approximated by the backward Euler scheme given by the following
difference quotient:
ocin C(ih,n) — C(ih,n—1)
(tn) ~ .
ot Tn
With this notation at each time step (¢ = ¢,) the problem (3.3), is then fully approximated using the
following implicit Euler scheme:

for 1 <n < N, find C} €V such that for 1 <7 <4

C(ih,n) — C(ih,n— n—
/ (hym) ~ ~(h 1)Uih +/ Ji(c@inmy) - Voin = / Fi(C Yy, +/gi¢ih7
Q Q Q r

Tn

(4.3)
Yvin € P1(Q),

CY =II,(Cy).
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5. The iterative scheme analysis

To approximate the solution of problem (4.3), we propose an iterative procedure based on a decoupled
computation of the equations. In this section, we focus only on the study of the convergence of the iterative
procedure for one time step of the coupled problem (4.3). In the following and for simplification, we omit
the spatial step index. The technique used for the proof can be found in [10,16,18]. At each time step
(t =ty,): the system (4.3) consists to find C™ € (H'(2))* such that V(v1, ve,vs,v4) € (H'(2))?,

TnDlvc(l,n)'VU1+/(1+Tn(k +5)> C(1,n)V1
Q Q

C 1,n 1,n
— Tn(,ua(c(?),n)a 0(4’n))G( i} ))C(Ln) - 017(1 — %)

- fc(l,nl)vl =0,
Q
/Tn(D2vc(2n)_uc2n)) VU2+/<1+Tn(kp+a))c(2m)“2
Q Q
1,n
_ /Tn up(c(37n),c(47n))+a(: )>C(27n)v2

[ (7 el )0 = G2 47 16)6(1n (5.1)

Q) o)

C(2,71))’01

+ /Tn(C(z,n)X(C(4,n))V0(4,n))V02 — [ ¢@n-1v2 =0,
Q

Tnp(C ,n , C n
T (D3Ves n) —uc@m)) - Vvs+/0(3,n)vs+/< d (BY) “ ))>C(2,n)v3
Q p
Tnﬂa(c ,n , C ,n) — in
+ / ( (SY) @) 0 >C(1,n)v3+/ ((rpu-n)cy *C(s,n—n)vsi(),
Q a Iy

TnR,u' C(3,n)) C(4,n
/ Tn(D4VC(4 n) — UC(4 n)) Vg +/ C(4,n)V4 +/ < P( (YV?), )r C(4 ))) Cl2.m) Vs
Q Q Q

p

TnR/,La(C n ,C ,n _ i
+ / ( (Yv& A )>7 1) C(1,n)V4 + / (Tn(u : n)c4n - 0(4’»”,1))’1)4 =0.
Q a Iy

{o\:o

To linearize the reaction term and have decoupled equations, we introduce the iterative algorithm based
on the fixed-point method at each time step in order to solve the coupled problem efficiently. For a

given initial conditions C(™0) = <c(()1 n)» C?Q n),c(()g n)’ C(()4An)>’ at each time step, we compute C(7+1) =

(1,n)’

<c7+1 CJ(;:L), cgi), CZZ}L ), with the following steps:

e [Initialisation: (c(l n)> 0(2 ) (3 ) c(4 n)) = (C(Lnl),C(g’n1),6(3’»”1),0(4’711)),
. ch‘i) solution of the following linear equation

DIVl - Vo + /Q (1 + 7 (ko + ﬁ))cﬁ"—i

Q

_ . ! !
- /QTn(Ha(CZB,n)’Cz&n))G( (1 ))eri) 7(17 S ))CZZn))

Woo

- / C(l,n—l)vl = 07 (52)
Q
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° cj(;ri) solution of the following linear equation

/QT,L(DNCJ(Q i> ucg;n)) Vg + /Q <1 + 7 (kp + a)) cg::l)vz
j
B , , -
/Q Tn (Mp(cg&n)) CZ47'”’)) + Oé( Woo )) CZQ n)

-1 j j Czln) 1 j+1
-/ <7 ol sty (1 = G - 6) L v, (53)

o0

+ /QTan;,jl)X(cjél n))VCZ4 n) va - /QC(27n—1)v2 = 0’

o

(;Tll) solution of the following linear equation

ST C e S A
/ Tn(D3VC]3+71L) — uc]+1 - Vs +/ C]3 n)’Ug —|—/ ( p (&Yn) (4,n) Cg;ib)vfﬁ
O ;

p

Tn,ua(cj " . ) ) .
N / G Gam) CJ(T:L)USJF/ (ot - 1) — sy s = 0, (5.4)
Q Ya ’ I'y

° c@'i) solution of the following linear equation

TnRN (CJ n ij )
/Tn(D4VCZ4 ) UCZI,L)) V1144‘/ C’ZI}L) / ( : ;/ ) CZ;:L)

TnRua(cj " e ") , .
+ / ( ()3/ ) (n) ! CZE)U‘* —|—/ (Tn(u-n)cy" = can—1))va = 0. (5.5)
(9] a 1N

Assumption 5.1 Assuming that:

b M?naz>ka+5

o u’+2uP > 2k,
ud

(] min(D27D3,D4) > 7,

these asympltions are natural when the bacteria successfully colonize the reactor (see [3]).

Let 7, < min (7’1; 725 73> where

*) Tl_—l
M%’Laaj_(ka_’_ﬁ)’
2
2 _
*) ’ u0+2ufnam_2kp,
2
*) 73:@.

To chow the scheme convergence we proof that under some hypothesis the sequence C(™7) is contrac-
tion and then its convergence.
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5.1. Coupled Prediction Scheme.

Theorem 5.2 Assuming that the assumptions (3.1),(5.2),(3.3), and (5.1) hold and using (5.2), the
following inequality holds:

4
k+1
Z lleGimy = i)
=1

A
where Ag is given in (5.13), Xo given in (5.15), k given in (5.24), cv = 1 + %,ag =0anda; =1
2

for i = 3,4. Moreover the choice of T, such that k < 1 grantees the strong convergence of the sequence
k .k .k .k ; 1 4
(€(1,m)3 Cain)) (33 Camy) 1 (H (D)),

Z a7 =& log: (5.6)

Proof: For this we follow the next steps:

e Step 1: In (5.2) by the linearity and for v, = c?fL i) — cgt}) and computing the difference between

the equation taken at iteration m + 1 and k£ 4+ 1 we get:

2
T, = /anpl(w ) —c;qj})))2+/g<1+7n(ka+5)> (cﬁf;) —ag;j})>

F m
c 1,n & 1,n m -
/QTn (MG(C?‘O””)’C&’“))G( (oo) )e{iiny = Ha(e(3,m), 1. G (OO) >°’<17+nl>> (J{ﬁ,{) - C(lﬁ))

w

ck cm
(1) k (1, n) okl m+1
Thor 1——S)ciy,y — (1= n n) ~ Cn

_|_

k 2
‘n
o Tn,ua(cl(can)a C?4,71))6;(( ‘EJoo) ) < ](€1+71L) Cijtzl))

ck c
ok 1 (1,n) (1,n) k41 m+1
+ /QTnﬂa( (3.2 ) ) m) (G( A )> < (i) c<1+">)
G(Cﬁvn)) m+1 ( C ) (Cm cm ) k+1 _Cm+1
TnG =y (HalCa.n) Camy) = HalCzn) Cam) ) | Cam) ~ Cam)
k m k+1 m+1
Tn QY (C(z,n) - C(Q,n)) < (l+'n.) - ‘3(12))
™Tnay m m k k+1 m+1
/Q T () (C@,n) —C<2,n>) ( (1) C(Ln))

TnQY m k k+1 m—+1
+ /Q oo C2n) (Cu,n) —C(lm) ( €(1.n) _C(lm))

which implies that ( note that 0(1 0y S Woo)

T < Tallua( MeollGOlosllefia) = i
S T (G( el jjj)) (et =)
+ GO [ (1ol clim) = o(cfh i) ( ’zf;)—cz?;%)
- Tncw/ﬂ (C?Q,n) —c?%,m) ( clmy = Cg21)>
T may /Q (C?ﬁm —C’fz,n>> ( lim) ~ Cﬁf))

MITTLOUY m k k+1 m—+1
+ T om /Q (C(Lm—cu,n)) Cm) = S )

+
5

+




M. ABAALI AND S.OUCHTOUT
where M" = |[cfy [l using Assumptions (3.1), (3.2) and (3.3) we have

T

IN

rallta s Mo llGO ol = AR
TuLllaC ) lcllchs ) — €t mlloallcitl — cmtlog

oo Lyt |G )loo (e my = Bmpllo.e + ey — el llo) ey — it

k
Tna’YHC](Cz,n) - Cg,n) ||07Q||C(1+711) - C?;tzl llo.2

k
700y — o lo2lleh, = o

+ o+ o+ o+

M'r,ay K
Moy m b lloalldhit — emtd

_|_

since || (4, ) |loo < Hiyawyi = a,p and ||G(- )||Oo < 1 that implies

a k+1 m+1
Tl S TnMlmazx ||C(17n)

(L + 1009) ey — ol — e o

_|_
T WooTnly, HC??),n) (3mllo, Q”C(l n) ?{J;l) llo.0
_|_

WooTn L, HC?4,n) C(4,n) o, Q||C(1 n) ?1“;1 llo,0

M1,y i
+ (a0 + 200 el = ol = <o,
o0

by Assumption (5.1) we have 7,p, .. < 1+ 7n(kq + 8), let

Mo
Ar = Lappmee + ;s Br=ay+ ” V; Q1 =P =wsly,,

oo

which implies

Xalleffl —eithhe < Al — ftlloa + Billeh — . lloa + Qulleks o

+ P1||Cé€4,n) -

which implies

A B Q
k+1 m+1 A1k _m L1k _m Wl k _
ety — ¢ X, le(in — i mllon + X, lea,n) — camllon + X, le(s,m)
P
+ Hc(4 n) 4,n) ”0797
where

X1 = min<D1; (Tn)il +ko+ 58— ,u(rlnarc> .
For the partial strategy for i = 2, 3,4 we take k = m then

k
Xullegiy = citylne < Aullei ) = ¢limllo,

(1,n)
which implies
||Ck+1) m+1 ||C(1 n) — C(1 n) llo.e2,
which implies
k1 metl Ay P

e

1n) (1 n) ||1 Q= (E)m||c(17n) o

A
then the algorithm converges if fl < 1.
1

||0 Q

(5.7)

- ng,n) llo.2
(5.8)

cg,n) ”0’9
(5.9)
(5.10)
(5.11)
(5.12)
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e Step 2: In (5.3) by the linearity and the fact that 1 — L < 1 and with the fact that the

Woo
conductivity decreases over time ( see [1,2,4]) then the velocity of the flow also decreases over time

then [[ulloc < u®, where u® is the initial velocity. For vy = c](“;ti) — c’(gtll) and computing the

. . . . . C
difference between the equation taken at iteration m + 1 and k£ + 1 and since L <1we get:

Woo

T

2 2
fyrepe(wetity =)+ [ (v mise ) (e - )
2 Q

k+1 +1 k+1 +1

/QTnu<C(2’n> N cgvn)> v (C(Q,n) - cg,rﬁ)
k K k+1 m m 1 i1 _—
+ /n Tn (MP(C(3,n)7 C<4,7L))C(;:n) — /Lp(C<3’n)7 c(4yn))c<2;)> (C@J,rn) — 0(2,+n)>
2
k+1 m+1
TnQ| C n —C "
L < (2,n) (2, ))
1 k k k+1 m m mal kb1 .

+ /QTn'V (/Ja (0(3,11)7 C(4,n))C(1’n) — /4’/0.(6(37,,7‘), C(4,n))c(1,n)) (6(2,71) — C(Q,n))

m+1 k+1
C C
—1 m m (1,m) m+1 k k (1,m) k+1 k+1 m+1
+ /QTW (Ma(c(s,an(Ax,n))G(T )C<1,+n>*“a(c(syn)»C<4,n>)G(i)C(fn>) (C@fn)*%,tn)
oo oo

IN

Jr

w

+ / Tn’Y_l,B(Cfi—rlb) — c?}t&) <c§;1 = cgf,j'l)
Q

+ / Tn (leﬂ)X(C’&,m)W@,n) - C?%j%X(CZZ,n))VC@n)) v (C’f;,i) - CZZJZI)) :
Q

which implies

S
I

2 2
k+1 m+1 k+1 m+1
/QTnDZ (V(C(Q,n) - C(z,n))) + /Q (1 + 7n(kp + a)) (C(Q,n) - C(z,m)
k+1 m+1 k+1 m+1
/Q Tall (C@,n) - C(m)) v (%,n) - C<2,n>)
k k k k
+ / Tn (MP(C(S,n)7 C(4,n))c(;711) - “p(czg,n% cz,n))cgﬁll)) (C(;,—rll) - c?;,t}))
Q
2
[ rea(eliy - i)

-1 k k k+1 m m m+1 k+1 m+1
+ ‘/QTn’Y (Ma (0(3,71)’ C(4,n))c(;:n) - MU«(C(S,n)7 c(4,n))c(1:t1)) (C(;:n) - 6(2:‘;))

IN

Jr

m—+1 k+1
C C
-1 m m (1,n) \ m+1 k k (1,n)\ k+1 k41 m+1
+ /Qm (ua(c(s,n)70<4,n>)G( )y~ Ha(C(anys lam) G- )C<1,n>) <C<2,n> _C(z,n)>
—1 k+1 m—+1 k+1 m—+41
+ /QTW ﬂ(cu,n) *Cu,n)) (C@,n) *C<2,n>)
k+1 k k m-+1 m m k+1 m-+1
+ / n (C(z,n)x(6(4,n>)V6<4,n> - 6(22>X(C<4,n>)vc<4,n)) v (C(;,n) - ‘3<2,n>)7
Q
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which implies

2 2
k m m
T, = /QTnDQ <V(c(;:71l) (2';1))> + /Q (1 + 7 (kp + a)> ( (;‘i) (2';1))

0
Tn k k k
< T (el — B+ 19D — it e ) + ruiduadlclh) = B3R
k i k
+ MorLys, (Nl = o llo + b = €l llos) llekss) — )
k - k k
b bt @R o 4t e — el Zztsllon
_ k
+ woetn? Ly, (lefsny = Gaylog + lefiny = fimlo) el = € log
- k+1 1 k+1 1
+ Y el — e loellen! — i oo
_ k
+ 7 Lata e — i loollea) = e loe
- k i k41 1
+ woot Ly (I = o + by = i llog) lefsh) = ciblos
- k k
b Bl — ;221||on||c;5) o
k
+ MoraIXC) ool Ve ) — () = ol
k o~
T L)Lyl fc?zn)noanw gy
k k
M Ollollei = e o all Pk - it o,
where My = ||CI(€2+711)||00 For the partial strategy for i = 3,4 we take k = m then which implies
Tou’ k1l ml k41 m+1y2 p k1l m+l
T, < B ”C(g,n) €2,n) ||OQ =+ ||V(C(2 n) — €2, n))”o,Q +Tnuvnax”c(27n) zn)HOQ
2A T,y ud
k 1Ty M k
b raalldtl - etz o 4 $||c1fcm||o,g||c<;;) o
_ 1
+ v lTnLGugnaw”C(l,n) (2 n) ’EYZH;L
Ay '8 k
¥ ;(71||le,n—cfn||0,ﬂ||0(§fi) e
A1 Mo [ X (]l k k+1 1
b 2y g ;m—c“;z))nm
Using Assumption (5.1), let
0
g1:1+7nkp—<T”2u >>0
2A1y e + A1y B + AL Mo || x (-
A2 _ 17 Hmazx 1:);(1 ﬂ 1 QHX( )”00 +771LGH?WM (513)
which implies
A
k+1 1 1 k—
HC(QJ’,_n) _CWQL—;)”lQ =X, (X )m||c(1,77)l — imllo.0; (5.14)
where
w
X, = min(Dg - ?;T; Cl), (5.15)

A
then the algorithm converges if fl < 1.
1
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e Step 3: In (5.4), by the linearity, then for v = cﬁ;r 711) — czgfll) and computing the difference between
the equation taken at iteration m + 1 and k + 1 we get:
2 2
_ k+1 m+1 k+1 m+1
s = /QT"D?’ (V(%,n) _C<3,n>)) +/Q( Can) ~ G, n))
_ k+1 m—+1 k+1 m—+1
= /Q Tn“( CEm ~ C(&n)) v (C<3,n> - C(&n))
Tn m m m+1 k k okl k+1 m+1
+ Yp/Q (NP(C(S,n)vc(z;,n))c(z,n) - ﬂp(c(g,n)ac(z;,n)) (2, n)) (C(gyn) - C(g,n)>
Ty ! k k k+1 moam yem+1\ (el mel
+ Y, Jo (“p(%n)’ () €1y ~ B (C(3 ) C<4,n>)6<1,n)) C3m) T C3m) |

For the partial strategy for ¢ = 4 we take k = m then which implies

2 2
_ k+1 m—+1 k+1 om+1
s = /QT”DS (V( “Em) C(&n))) * /Q<C<3,n> C(&n))
Tnuo k cm k m
< 2551kt - Bt + IV —c?,;l))nog)
Tn m k k cm
Pl - sl — it
MZTnL P k cm
bR ok lonlleb - (311)”09
P
-1
™Y ok k
b Il - ek loallc - < tbllon
-1
WY TnLy, m k m
+ Y, E ||C,(€37n) - C(B,n)HO,QHC(g:i) — ¢ :H
Tnuo k cm k m
< 25 Ikt - iR + IV k) - 3ts>||m)
A2Tn m
=+ X, Y Iu’maacncln) C(1 n)”o Q”cgn) iR
MQTnL m
+ %”Cl(c:s,n) 3mllo, Q||Ck;i) (321)”09
P
AlTn’Y_l a m m
+ XY, maz (1,0 — € 1n)||0Q||C(3n) +1||OQ
-1
WooY " TnLy, m
+ Tuﬂcl&,n) 0(3 n)”O Q||Ck+1) — ,H
Using Assumption (5.1), let
Ayt M>L, Wooy L
Az = Homaz T :U‘mamv QS = =+ #aa (516)
X,Y, XY, Y, Y,
which implies
k+1 m+1 3 .k m 3 .k m
c o< Ci1n) — S o, + < lC3.n) — C3.2)110,0- 5.17
e ny = Cam I, 3|| (1n) — C(tmyllo X3|| B.n) ~ Emllo (5.17)
. . Al k m .. .
With the asymption X, < Llle¢t ) = €1 nyllo,e — 0 this implies
M Q3 m —m
”C 3n) (3-;1”1 Q= (E) ||Cé€3’n) - (5.18)
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where o o o
X3 =min| D3 — u—,Tn_l ~ %) = min Ds; 1t —u—, (5.19)
2 2 2
. o Q3 . . - Q3
the algorithm converges if X. < 1 then a sufficient condition for convergence is given by X. < 1.
3 3

e Step 4: In (5.5), by the linearity, then for vy = cﬁr Tll) — cﬁtll) and computing the difference between

the equation taken at iteration m + 1 and k + 1 we get:

2 2
7= [ noa(Se )+ [ (i -ann)
Q Q
k+1 m—+1 k+1 m+1
= ATn“<C<In> - C(4,+n>) v (C@n) - C<4,+n>>
N TnR/ (# (€ am et ek ke k+1) GhHl _ amel
va o P\*(3,n)7 “(4,n) (2,n) P\~(3,n)7 “(4,n) ( ) (3,n) (3,n)
TnR7_1 m m o m
+ T/ﬂ (ﬂp(cl(cs,n)»d&,n))céﬁfi) _IU’P(C(B,H)?C(ZL,TL)) a, n1)> ( ?;ri) C(g,?))?

which implies

T,

2 2
1 m—+1 1 m—+1
/QTHD‘* <V( Clam) C<4+n))> +/Q( i) C<4+n)>
<|aﬁ - R+ IV - e )
TnR

k k
et — L loallehth — et
P

MyRr, L Hp (”Ck
Yp 3,n)

IN

) i) = i llos

—1
Rryy m+1 k+1

k+1 m+1
+ Y, Fmaz ||C(17n)

(4,n) — a4, n)”OQ

+ %ORW;:T"LM <||Cl<€3,n> —< ) = imllos) Nty — it
< Qg; AR+ IV - ibIEa )
' f;@fﬁ%mAwun> ety ol — ¢t o
e G ) i) = it
+ &QQA%MWM—%Mmm%$—ZBMQ
+ W (HC](Cg,n) - C?:’z,n)HO,Q + ||Céc4,n) Cla n)HO Q) ||Ck+1) - Cznﬁ_l 0,2
Using Assumption (5.1), let
Ay = RA3,Q4 = RQ3, Py = Qu, (5.20)

which implies

k+1 m+1

Q4 Py m
||c4n) 4n)||1Q = X ||C(1n) C(1n)||OQ+ ||C(3 n) HC(4n C(4,n)||0,ﬂ~ (5.21)
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Ay
With asymptions X, < 1and Q—z < 1 we have ||c 1n) =€l m llo.e — 0 and HC(3 w) =B lloe —0
then
m P\ . Qs\" .
legimy = el i < (X4> iy = lamllon < (RX4 iy = €Camllo.gs (5.22)
where o o 0
X, = min (D4l;;7'nll;) =min (Dy; 7, ") —%. (5.23)

By (5.12), (5.14), (5.18) and (5.22), we obtain

. A A
Z HCI(C:;’Z) - C(zjz)llll’ﬂ S <X1) (1 + N Hc(l n) c(()l,n)”O,Q +
i=1
Q3 m Q?’ m
+ (X3) ||C(3 n) — 3l + (R ) lef Clam) = Ay llo0-
Let A 0 Q
1. @3 3
_ A1 Qs Qs 24
K maX(Xl’Xg’RX4) (5.24)

Theorem 5.3 Assuming that the assumptions (5.1),(5.2),(5.3), and (5.1) hold and using (3.2), the
following inequality holds:

Z H‘/’?fnl = Clin)

Z Ozl||c(z n) i,n) llo,25 (5.25)

fz,ag =0 and a; = 1 for i = 3,4. Moreover the choice of T,
2
such that k < 1 grantees the strong convergence of the sequence (c’(“1 )’ 0?2 )3 c](“3 )’ c’(“4 n)) in (H'(Q))%.

where Kk is given in (5.24) and a1 = 1+

If kK < 1 the sequence (C"*),cy is a Cauchy sequence in (H'(92))* and it converges to C" in
(H(Q))* strongly. Since the functions fia, y1,, G and y are continuous and bounded we have a.e in

i k k _ .
o Jmpta(cls ny an) = Ha(CEn) cam);

e lim .UJP(C?S,TL)? Cl(c4m)) - P’;D(C(?),n)a C(4,n))7

k— 00
o tim G(n) g,
k—o0 Weo | Woo

li Cimy) =
o Mim x(c(in) = x(cam),
then C™ is solution of (5.1). O

5.2. Fixed-point method.

Theorem 5.4 Assuming that the assumptions (3.1),(5.2),(3.3), and (5.1) hold and using (3.2), the
following inequality holds:

HCn,kJrl o Cn,erl”LQ S (/ﬁl)mHCn’kim _ Cn’OH())Q, (526)

where k!

(H' ()"

is given in (5.30). Moreover if k' < 1 then the sequence (C™*)nen convergence strongly in
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Proof: Using (5.9), (5.10), (5.17) and (5.21) we have

Z”CkJrl _cm+1H19 < ZBZ”C (1,n) — C(1n ||0 Q) (5.27)
i=1
where \
A 0 g%, Qu RQy
Z::X - /63_X3+X47 64— X4
which implies
4
Z ||Ck2+nl) Zﬁnlﬂ < max, Bi Z ||CI(€1,n) - (5.28)
== i=1
which implies
[CHH — C™ |10 < KYCF = C™|lo,0, (5.29)
where
K = Jnax, Bi, (5.30)
which implies
ch7k+1 . CmerIHLQ < (Iil)mHCn’k7m _ Cn’OHO,Q' (5.31)

The sequence (C(™F)); oy is a Cauchy sequence in (H'(2))* and it converges to C™ in (H'(Q))* strongly.
Since the functions ug, i1y, G and x are continuous and bounded we have a.e in 2

i k k _
o B ptalels ) am) = HalC@m, cam),

e lim NP(C?S,ny c](€47n)) = MP(C(S,n)7 C(4,n))7

k—s o0
o tim G(n) g,
k— o0 Woo B Weo ’

e lim X(C&,n)) = X(C(4,n))7

k— 00

Then C™ solution of (5.1). O

Corollary 5.5 By (5.2/) and (5.50) we have k < k' then Coupled Prediction Scheme (CPS) converges
quickly than the Fized-Point Methods (FPM).

The flow in € is governed by Darcy’s equation, given in its mixed form, by the system : find (u,p) €
H( div; Q) x L*(Q), with u-n = u® on I'; UT; such that

/K*1u~v+/ divvp = /v~npD, VveVv

@ @ T2 (5.32)
/ divuq+/fq = 0, Vg € L*(),
Q Q

where H( div; Q) := {v € (L*())?/ divv € L*(Q)} and

V:={veH(div;Q?) /v-n=0onT; U}, K is the hydraulic conductivity of the medium, u0 is the
given flux on I'y, and pp is the given pressure on I's. This problem will be approximated by Mixed Finite
Element Method of Raviart-Thomas with the lowest order (see [6]). The resolution of this system gives
the velocity u which is needed to resolve our system (4.3).

The hydraulic conductivity depends on the adherent bacteria evolution. The evolution of the hydraulic
conductivity is given in [9] by the following relation:

nk
K7 = K(c) = K" (1 - ”) | (5.33)

Woo
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where K™ ! is the conductivity at time t,_; and nk is a given parameter. At the first time step we
resolve the system (5.32) with K0 which gives the first velocity u'(t = ¢;) and then the system (4.3) to
obtain (cgl), cél), cél), cfll)). Then, at each time step t,, for n > 2, we will use a strategy for the stopping
test.

Remark 3 When the biodenitrification process is carried out, the concentration of adherent bacteria
increases, leading to a decrease in conductivity over time. This results in a reduced flow rate, so that the
final flow rate u is less than the initial flow rate ug (i.e ||[ulloo < u.)

6. Numerical algorithm for solving the coupled problem

The biodenitrification system (2.1) is a non-linear coupled system of four equations. Its coupling with
the flow system (5.32) makes the biodenitrification and flow probelm a non-linear coupled problem. In
this section, we present the two different algorithms that will be applied and compared in the following
numerical section. Let us refer to ¢, ¢4, c& and ¢} as the four unknown components of the Biodenitrifi-
cation system (2.1), and (u”, p*) as the unknown of the flow equations (5.32). The first strategy, called
Coupled Prediction Scheme (CPS) (see Algorithm 1), involves solving the biodenitrification system itera-
tively, one component after another. In contrast, the second strategy, called Fixed-point method (FPM)
(see Algorithm 2), solves the biodenitrification system with strong coupling, resulting in a linear system
with a large matrix.

Algorithm 1 Tterative algorithm for solving the coupled problem using (CPS).

1: input Values of the parameters and properties

2: load mesh {Q"}

3: define finite element variables: c?, cg, cé’, cff, q{‘, qg, qu qib cul, vhoph, oh
4: k+0

5 Ciin (—CL(O) ; 1=1,..,4

6: Ciino < CZ(O) ; L= 1, ..,4

7: for t < 1to t,,.; do

8: for k <+ 1to ke do

9: 1+0; [2+0; [3+0; 40

10: Cgk’ll) < Cln ; C(zk’n) & C2in s C;(gk’l?’) < C3.in ; Cik’m) < C4,in

11: calculate K* using cgk’ll)

12: solve (5.32) return u” and p"

13: for I1<«+1toll,,,, do

14: solve ((5.2), for i=1) using ¢1 ino, cgk’“_l), cék’lz_l), cék’l3_3), cik’M_l) return cgk’”)
5. oD |C§k,l1) _ cgmlq)”w

16: if eng) < g1 then

17: break

18: end if

o Cgmlq) - cgk,n)

20: end for

21: for 2+ 1tol2,,,, do

22: solve ((5.3), for i=2) using u”, ¢ ino, cgk’ll_l), cgk’m_l), cék’IS_g), cflk’M_l) return cgk’m)
23: et ||t (et mhy

24: if egf) < g2 then

25: break

26: end if

o7, 2= (ki2)

28: end for

29: for 13+ 1tol3,,,: do
30: solve ((5.4), for i=3) using u”, ¢ no, cgk’“*l), cék’l%l), cék’lsfg), cé(lk’l471) return cék’lg)
a1 03 ”cgk,z:a) 7 Cék,zz—l)”m
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32: if egl?) < g;3 then

33: break

34: end if

35, C:())k7l371) - cgk,zg)

36: end for

37 for 4+ 1 to l4,,,, do

38: solve ((5.5), for i=4) using u”, ¢4 ino, cgk’ll_l), cék’m_l), cék’IS_g), cflk’M_l) return cflk’l4)
39: 6$,1T4) . ||cgk’l4) B Cz(lk7l4_1)||oo

40: if eg-lf-l) < g4 then

41: break

42: end if

43: Cflk,l4—1) - Cgk,m)

44: end for

45: (k) <11 ; 12(k) 12 ; 13(k) « 13 ; 14(k) + 14
46: c’f — cgk’ﬁ) ; 012“ — cgk’&) ; c§ — cgk’fg) ; c’j — cflk’lzl)

a7 E® [|ef? — eVl + 18 — eVl + 165 = eV loo + 1 — eVl
48: if E(*) < &) then

49: break

50: end if

51: Ciin CZ(-k) ; i=1,...,4

52: end for

53: Ci,in0 < Cijin ; i=1,..,4

54: end for

Algorithm 2 Tterative algorithm for solving the coupled problem using (FPM).

1: input Values of the parameters and properties

2: load mesh {Q"}

3: define finite element variables: c?, céﬂ cé’, cff, q{‘, qé‘, qéﬂ qib7 ul, vh, ph, ol
4: C+ (ch,ch ch ch)

5 k<« 0

6: Cm — C(O)

7. Co + C(0)

8: for ¢t <« 1to t,,,, do

9 for k<« 1to k.. do

10: 1+ 0;

11: CkD « Cy

12: calculate K* using C*:1)

13: solve (5.32) return u” and p”
14: for [+ 1tol,,., do

15: solve (5.1) using u”, C;,,, C*! return C*+1)
16: el  ||etki+D) — k)|
17: if e&? < g; then

18: break

19: end if

20 C(k,l) — C(k,l+1)

21: end for

22: (k) 1

23: CF « Clk+1D)

24: E() ||C(k+1) _ C(k)lloo

25: if E®) < ¢ then

26: break

27: end if
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28: Cy + C®)
29: end for

30: Cino < Cin
31: end for

7. Numerical results

In this section, we present and discuss the numerical results of the presented nonlinear coupled model
of the biodenitrification process. In all the following experiments, we take @ C R2, 90 =T, UT, UT;
such that: Q =]0, L1[x]0, La[, L1 = 3, Ly = 1, where I'; = {(z,y) € R?, withz =0; 0 <y < 0,3Ly},
Iy = {(z,y) € R? witha = Li; 0,7y < y < Lo} and I's= 9Q — {I'; U3} (see Figure 1). The
initial conditions are provided in [8] and the parameter values are taken from [1,2,7]. All these data are
summarized in Table 1 and Table 2.

Parameters Values Parameters Values

D, 0.8cm?/h [T 0.4h~1

Dy 0.8cm?/h Y, 0.8

D5 0.7em?/h Y, 0.8

Dy 0.7cm?/h B 0.2n~1
@ 0.02h1 T 20 days

Woo 0.05g/cm? R 0.9

u’ 0,001 PD 0
a 0,1 K%, 54 mg/1
ky 0.005h~1 Kg 54 mg carbon/1
kq 0.005h1 K%, 50mgN O3 /1

1/ 0.4h~1 K3, 50 mg carbon/1
ol 10em3 /em? - -

Table 1: Parameters values used in the simulations.

XY X7 Sin Sin KO0 S S9
10mg/em? 10 mg/l 104 mg/1 100 mg/l  0.865 cm/h 104 mg/l 100 mg/1

Table 2: Initial conditions.

4, 0232 X, 0.8
Ay, 01192 X, 0.795
A;  0.08045 X5  0.695
Ay 0.0805 X4  0.695
Tn 0.67 Qs 0.11525
Qi 0.13725 - -

Table 3: Values.

Using these data and equations (5.9), (5.10), (5.17), (5.15), (5.16), (5.19), (5.20) and (5.23), we have

Table 3.
Since (7,,) 7 > 1.492537, then (7,) 7! + ko + 8 — 1% > 0.995 > Dy, which implies that X; = Dy,

leading to A; < 0.38. With the data given in Table 3, we have x = 0.29 and x! = 0.6844, which implies
that x < k'. Therefore, the (CPS) scheme converges faster than the (FPM) scheme.

Our main aim in this section is to compare the two algorithms we presented and analyzed earlier. To
do this, we decided to deal with different situations, depending on the step size of the spatial discretization
h and the step size of the time discretization 7 (see Table 4).
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hy ha hs \ \7'1 T1 73
1/15 1/25 1/35 | 0.05 0.075 0.1

Table 4: Values of the mesh step h; and the time step ;.

COMPUTATION TIMES

Figure 2 shows three different quasi-uniform meshes of the domain. Sub-figure 2-(a) with mesh
step hy = 1/15 generating 1444 triangles and 783 vertices, Sub-figure 2-(b) with mesh step ho = 1/25
generating 4036 triangles and 2119 vertices, and Sub-figure 2-(c) with mesh step hs = 1/35 generating

8096 triangles and 4189 vertices. In addition, we consider three time discretization steps, 71 = 0.05,
T = 0.075, and 71 = 0.1 (see Table 4).
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(c) Highly refined mesh (h = hs).

Figure 2: Three quasi-uniform meshes of the domain.

First, by setting the time step to, for example, the smallest value 7 = 7y, Figure 3 shows the evolution
of the computational cost of each algorithm as a function of mesh size h, over the interval [to, Ty]. We
can see that for the initial mesh (h = hy), Algorithm 1 executes 333 s versus 536 s for Algorithm 2. For
the highly refined mesh (h = hs), Algorithm 1 executes 1243 s versus 4385 s for Algorithm 2. As can be
seen in the figure, the red computation cost curve for Algorithm 2 is superior to the blue computation

cost curve for Algorithm 1. Consequently, in all these situations, we deduce that Algorithm 1 is faster
than Algorithm 2.

In the second experimental test, by fixing the mesh step, taking, for example, the highly refined mesh
h = hs, Figure 4 shows the evolution of the computational cost of each algorithm, during the interval
[to,Ty], as a function of time descritization steps. We observe that for the case of time step 7 = 7,
Algorithm 1 executes 1243 s versus 4385 s for Algorithm 2. For the case of time step 7 = 73, Algorithm 1
executes 728 s versus 1658 s for Algorithm 2. Similar to what we obtained in the first test, we can see in

Figure 4 that the red curve of Algorithm 2 is superior to the blue curve of Algorithm 1. Consequently,
in all these situations we also deduce that Algorithm 1 is faster than Algorithm 2.

SPATIAL DISTRIBUTION
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Figure 3: Evolution of the computational cost of the two algorithms as a function of mesh size, over the
interval [to, T] with a fixed time step 7—7.
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Figure 4: Evolution of the computational cost of the two algorithms, during the interval [to, T¥], as a
function of time steps, using a highly refined mesh h = hg.
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Figure 6: Spatial distribution of x1,z9, 57 and S5 involved in the coupled biodenitrification problem at
time T'.
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Figure 7: Spatial distribution of Pressure and Velocity in the coupled biodenitrification problem at time
Ty.

Applying Algorithm 1 using a uniform descritization step in time 7 = 7, together with a quasi-uniform
mesh (h = hy), Figures 6 and 7 shows the numerical simulations of the spatial distribution of all the
quantities of nonlinear coupled model of the biodenitrification process at Tf. The first two subfigures
represent the concentrations of the two types of bacteria: adherent bacteria (x1) and planktonic (mobile)
bacteria (x2), respectively. The next two subfigures show the concentrations of the nutrient (S7) and
the contaminant (nitrate, Ss), respectively. The final two subfigures display the components of the flow
system: pressure and velocity field. The values of the bacterial and substrate quantities at the initial time
to are uniform at all points of the spatial domain. Whereas at time T, we observe that the concentrations
of bacteria and substrate quantities are low at the flow outlet and high at the flow inlet. Such behavior
is already obtained in the reference [4].

8. Conclusion and perspectives

This article presents a comparison between two algorithms for linearizing a mathematical system: the
first is the CPS method, and the second is the FPM method. The system describes the biodegradation
process in porous media by bacteria, which are divided into planktonic and adherent types, with the
chemotaxis effect taken into account. The mathematical model consists of a system of five strongly
coupled parabolic equations, incorporating a nonlinear advection term. To establish the existence and
uniqueness of the solution, we employed the fixed-point theorem.

For the solution approximation, we utilized the finite element (FE) method. To linearize the system
at each time step, we introduced an iterative scheme referred to as the Coupled Prediction Scheme
(CPS) and demonstrated its convergence. This approach provides a faster and more efficient numerical
algorithm. The backward Euler scheme was used for time discretization. Several numerical tests in
the 2D case, commonly used in the literature for simplified models, validate the effectiveness of the
Coupled Prediction Scheme. The numerical results indicate that the CPS scheme converges faster than
the Fixed-Point Method (FPM).

In future work, we plan to develop an algorithm that accounts for the dependence of the last three
variables on the fluid velocity, enabling the simultaneous solution of the two governing equations.
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