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Amplified eccentric connectivity energy of a graph

AJITHKUMARA*, PUTTASWAMY and PUNEETH S.

ABSTRACT: In this paper, we introduce and formalize the concept of amplified eccentric—connectivity energy
(AECE), a novel spectral graph invariant that combines both local and global structural properties through
a degree—eccentricity weighted adjacency matrix, termed the amplified eccentric-connectivity matrix. We
investigate the spectral properties of this matrix and exact analytical expressions for AECE are derived for
key graph classes.
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1. Introduction

Let G be a simple graph and let V(G) = {vi,va,- - ,v,} be its vertex set. If two vertices v; and v;
of G are adjacent, then we use the notation v; ~ v;. For v; € V(G), the degree of the vertex v;, denoted
by d(v;), is the number of the vertices adjacent to v;.

In the last seven decades, topological graph indices increasingly attracted the researchers by their
countless applications, especially in Chemistry [11,14,15]. One of the example is Prediction of Corrosion
Inhibition Effectiveness by Molecular Descriptors of Weighted Chemical Graphs which has been studied
by Niko Tratnik et al. [17]. The graph energy, Estrada index, Resolvent energy, and the Laplacian energy
were tested accurately as parameters by Izudin Redzepovié et al. [13] in the prediction of boiling points,
heat formation, and octanol/water partition coefficients of alkanes.

Graph energies have been a central object of study in chemical graph theory and spectral graph theory.
It provides a spectral measure that reflects the structural and connectivity features of a graph. Over
the decades, this invariant has found applications beyond chemistry-including network theory, machine
learning, and theoretical graph analysis [1,6,7,10]. Many generalizations of graph energy have since
been proposed, involving alternative matrices such as the Laplacian, signless Laplacian, distance, and
eccentricity matrices, each capturing distinct aspects of graph structure [2,9,12,16]. Inspired by the
classical adjacency matrix and related topological indices, we define the amplified eccentric-connectivity
matrix AEC(G) of a graph G, and introduce its spectral invariant, the amplified eccentric-connectivity
energy.

Veena Mathad et al. [8] introduced a new topological index, called amplified eccentric-connectivity
(AEC) index of any connected graph G, which is defined as

Maee(G) = ) {d(u)e(u) + d(v)e(v)},

uwweE(G)
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where e(u) denotes the eccentricity of a vertex u, and it is defined as:
e(u) = maz {d(u, w)|lw € V(G)}.

The concept of the amplified eccentric-connectivity index suggests that it is purposeful to associate a
symmetric square matrix to the graph G, which we call as the amplified eccentricity-connectivity matrix
denoted by M,..(G), and it is defined as Myeo(G) = (M;;) where

nxn’

A = Jd@ew) +d()e(v) i v~ v
l 0 otherwise.

2. The amplified eccentric - connectivity energy of graphs

Let G be a simple, finite, undirected graph. The energy E(G) of G is defined as the sum of the
absolute values of the eigenvalues of its adjacency matrix. For more details on energy of a graph, see
[4,5]. Several authors defined several types of energy by taking a variety of matrices obtained from the
given graph instead of the classical adjacency matrix. In this paper, we particularly study the amplified
eccentric-connectivity energy of a graph.

Let M,e.(G) be the amplified eccentric-connectivity matrix of the graph G. The characteristic poly-
nomial of M..(G) is denoted by ¢4rc(G, () and defined by

¢AEC(G7 C) = det(CI - Maec(G))

As the amplified eccentric-connectivity matrix is real and symmetric, its eigenvalues are all real
numbers. Let us label them in non-increasing order as A\; > Ay > --- > \,. The amplified eccentric-
connectivity energy is denoted by (.(G) and is defined by

n

(@)= Nl

i=1

The remaining of this paper is structured as follows: In Section 3, we discuss several fundamental prop-
erties of the amplified eccentric-connectivity energy of a graph and in Section 4, we derive explicit
expressions for the amplified eccentric-connectivity energy of various well-known classes of graphs and
discuss few bounds.

3. Fundamental properties of (.(G)
Proposition 3.1 The first three coefficients of the polynomial ¢ apc(G, ) are given by

(a) ag =1
(b) a; =0
(c) az = —Q*
where @ = Y {d(u)e(u) + d(v)e(v)}.
weE(G)

Proof: By the definition, we have ¢arpc(G, () = det((] — Myee(G)). From this, after straightforward
calculations it follows that ag = 1. The sum of the determinants of all 1 x 1 principal submatrices of
Mueo(G) is equal to the trace of Mye.(G). Therefore

a1 = (—1) - trace of (Mge(G)) = 0.
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Finally, we have

(_1)2a2 _ 2 : A5 Ay
aji g
1<i<j<n
= Y aua; — ajia;;
1<i<j<n
= ) aua— Y ajag
1<i<j<n 1<i<j<n
— _Q2
- )
from which it follows that a; = —Q?. This completes the proof. O

We now discuss an interesting and useful result for the sum of the squares of the amplified eccentric-
connectivity eigenvalues.

Proposition 3.2 If A1, Ao, ..., A\, are the amplified eccentric -connectivity eigenvalues of Myeo(G), then

n

> AT =2Q%

i=1
Proof: We know that

n n n

2
d N =D aia
=1

i=1 j=1

n
:QZaquLZafi
1

i<j i=

:22‘%23‘

i<j
=20Q°2.
O

The next result gives an upper bound for the amplified eccentric -connectivity energy of a graph G in
terms of the number of vertices and the number Q.

Theorem 3.1 Let G be a graph with n vertices. Then ((G) < v2n Q.

Proof: Let A1, Aa,..., A, be the eigenvalues of the matrix M,..(G). By the Cauchy-Schwarz inequality,

we have
<— ll) = <— l) <— l)
i=1 i=1 i=1

Choose a; = 1 and b; = |\;| for 1 < i < n. Then the inequality becomes

(E) = () ()

n

(@) <D Nl

i=1

which simplifies to
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Since Z IXil® = 2Q?, it follows that

i=1
(C(G))* < 2nQ?,
and hence

((G) < V2nQ

a

The next result gives a lower bound for the amplified eccentric-connectivity energy of a graph G in terms
of the number of vertices, the number ) and the determinant of the amplified eccentric -connectivity
matrix of G.

Theorem 3.2 Let G be a graph with n vertices. If R = det Mye.(G), then ((G \/2Q2 +n(n— 1)Rn.

o= (E)

n

i Y16

i=1 j=1

(iw) 3l

i=1 i#]

Proof: By definition,

Using the arithmetic mean and geometric mean inequality, we have

1
nn—1)

E:MHA|> | IRNIEY

7# i#]

Therefore, we obtain the inequality
1
n(n—1)

>§:M\+nn—1 LTl

i#]

1
n(n—1)
|A+nn—1<||xﬂ"”>

A2+ n(n—1)R%

s
H

.qu

=1

I
[M]=

1
Q% +n(n—1)R+.

SIS

Hence, we conclude that

anJuy+nm—nR%
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4. (.(G) of certain standard graphs
Theorem 4.1 For a complete graph K,,, we have (. (K,) = 4(n — 1)%.

Proof: Let K,, be the complete graph with vertex set V' = {v1,va,...,v,}. The amplified eccentric-
connectivity matrix of K, is given by

Maec (Kn) =
[ 0 2(n—1) 2(n-1) 2(n—1) 2(n—1) ]
2(n—1) 0 2(n—1) 2(n—1) 2(n-1)
2(n—1) 2(n-1) 0 2(n—1) 2(n-1)
2(n:— 1) 2(n:— 1) . -:~ 2(n— 1) 0 2(n:— 1)
| 2(n—1) 2(n-1) 2(n—1) 2(n-1) 0 |

The characteristic equation of this matrix is

A+D"™ A= (n=1)2(n-1)" =0

from which the spectrum is given by

Specape (Kn) = ( —257171 1)2 2(n1— 1)2 ) .

Hence, the amplified eccentric-connectivity energy is

Ce (Kp) = 4(n—1)2

O
Theorem 4.2 For a cycle graph Csy,, we have (. (Cap) = 16n Z
=0,
Proof: The Amplified eccentric connectivity matrix corresponding to the cycle graph Cy,, is
[0 4n 0 0 O 0 4n ]
n 0 n 0 O ... O 0
0O 4n 0 4n O ... O 0
Mace (Con) =100 L
0 0 0 0 0 ... 0 4n
| 4n 0 0O 0 O ... 4n 0 |
This is a circullant matrix of order 2n. The characteristic polynomial of the above matrix is:
2n—1
k
H ()\ — 8n cos (W>> =0
n
k=0
Therefore, the spectrum of amplified eccentric connectivity matrix is
k
Spec 4 g (Can) = 4 |8n cos - k=0,1,2,...2n—1,.
n—1
. . wk
From the above, we finally obtain the desired result (. (Ca,) = 16n Z cos ' . O
n
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Theorem 4.3 For a star graph Ky ,_1, we have (¢ (K1,-1) =2(n+1)y/n—1.

Proof: Let Kj ,—1 be the star graph with vertex set V' = {v1,vs,...,v,-1}. The amplified eccentric
connectivity matrix is given by

0 n+l1 n+1 -+ n+1 n+1
n+1 0 0 0 0
n+1 0 0 0 0
MueKrn)= |
n+1 0 0 0 0
| n+1 0 0 0 0 |

Then, the characteristic equation of Mye. (K7,,—1) is given by

A2(02 = (4 1)2(n—1)) =0

and therefore, the spectrum is given by

0 (n+l)vn—-1 —(n+1l)yn-1 )

SpeCAEC (Kl,nfl) = < n—2 1 1

Hence, the amplified eccentric-connectivity energy of K 1 is

Ce(Kipn-1)=2(n+1)vVn—1.

|
Theorem 4.4 For a crown graph S, we have (. (S9) = 16(n — 1)2.
Proof: Let S° denote the crown graph of order 2n, with vertex set {uy,us, ..., Uy, V1,V2,...,v,}. The
amplified eccentric connectivity matrix is
[ 0 0 0 0 4n—1) ... 4(n-1) ]
0 0 0 4(n—1) 0 oo 4n—-1)
0 0 0 4n—1) 4n-1) ... 4(n-1)
o0\ 0 0 0 4n—1) 4(n-1) ... 0
Mace (Sn) = 0 An—1) ... 4n-1) 0 0 0
A(n—1) 0 . 4n—1) 0 0 0
4n—1) 4n-1) ... 4(n-1) 0 0 0
| An—1) 4(n—1) ... 0 0 0 0 |

In this case, the characteristic equation is

n—1

()\2 — [4(n — 1)2}2) (/\2 +[4(n — 1)]2) =0

which implies that the spectrum is

Spec g (S9) = ( A(n —1 1)%) —4(n1— 1) 47(171_—11) _i(ri; 1) )

Therefore, we arrive at

Ce (S9) =16 (n—1)°.
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Theorem 4.5 For a cocktail party graph K, xo, we have o (K,x2) = 32 (n — 1)2.

Proof: Let K, x2 be the cocktail party graph of order 2n with vertex set {1, ug, -+, Upn, V1,02, ,Vn}.
The amplified eccentric connectivity matrix is given by
0 8(n—1) 8(n—1) 0 8(n—1) 8(n—1)
8(n—1) 0 8(n—1) 8(n-—1) 0 8(n—1)
| 8(n—-1) 8(n-1) 0 8(n—1) 8(n-1) 0
Mace (Knx2) = | 5 7 g 1) 8n—-1) 0  8mn-1) 8(n — 1)
8(n—1) 0 8(n—1) 8(n-—1) 0 8(n—1)
| 8(n—1) 8(n—1) 0 8(n—1) 8(n-1) 0 ]
The characteristic equation of the above matrix is
A" (A + 161 —16)""" (A — 16(n — 1)) =0,
which implies that the spectrum is
16(n —1)2  —16(n —1)2 0
SpeCAEC(KnX2):< ( 1 ) n(—l : n—1 )
From the above, it follows that
Ce (Knx2) =32 (n—1)2
O

Theorem 4.6 The amplified eccentric connectivity energy of the complete bipartite graph K,, , is

Ce (Km,n) =4 (m + n) \/%

Proof: Let K,,, be the complete bipartite graph of order 2n with vertex
set {uy, U, -+, Upm, V1,02, - ,v,}. The amplified eccentric connectivity energy is given by
[ 0 0 0 2(m+mn) 2(m+n) 2(m+mn) ]
0 0 0 2(m+mn) 2(m+n) 2(m +n)
_ 0 0 0 2(m+mn) 2(m+n) 2(m +n)
AEC(Km,n) = 2(m+n) 2(m+n) 2(m +n) 0 0 S 0
2(m+mn) 2(m+n) 2(m+n) 0 0 0
| 2(m+n) 2(m+n) 2(m +n) 0 0 0 |

In this case, the characteristic equation is
()\m+n72) [/\2 _ 4(m + n)an] _ 0,

implying that the spectrum is

2mny/mn  —2mny/mn 0 )
1 1 ’

Specapc (Kmn) = ( m4+mn—2

Therefore, we have

Ce (Km,n) =4 (m + n) \/%
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Theorem 4.7 Let G be a connected k-reqular graph on n vertices such that all vertices have the same
eccentricity e. Then, the amplified eccentric-connectivity energy of G satisfies

Ce = 2ke - E(G),

where E(Q) is the classical graph energy.

Proof: Since G is k-regular, each vertex has degree d(v) = k. Given that all vertices also share the same
eccentricity e, it follows that for any adjacent pair of vertices u ~ v, the off-diagonal entry of the AEC
matrix is

My, = d(u)e(u) + d(v)e(v) = ke + ke = 2ke.

Thus, every edge in the graph contributes a value of 2ke to the AEC matrix, and this structure exactly
mirrors the adjacency matrix scaled by 2ke. Therefore,

Co = 2ke - A(G).

From spectral graph theory, scalar multiplication of a symmetric matrix scales all its eigenvalues. So,
if ¢1,(a,...,(, are the eigenvalues of A(G), then the eigenvalues of AEC are 2ke- A1, 2ke- Ao, ..., 2ke- \,.
Hence,

Co= D> INECL =" 12ke - Ai| = 2ke - D |Ni| = 2ke - E(G).
=1 i=1 i=1

Theorem 4.8 Let G and G be connected graphs of order n > 4. Then
nn —1) < Q) + ¢(G) < n(n —1)3

and
(G) - C.(G) < <

Proof: The number of edges in G and G satisfies |E(G)| + |E(G)| = (3) = "(n2_1). For any edge uv in
G or G, we have 1 < d(u),e(u) <n — 1, hence

d(u)e(u) + d(v)e(v) € [2,2(n — 1)?].
Thus, each edge contributes at least 2 and at most 2(n — 1)? to AECE. Therefore,

n(n —1)

Ce(G)+<e(G) >2- D) :n(n_l)a
G0) + @) < 2(m - 12 "
Further, we use the following relation
- 6e(G) +C(G)
Ce(G) ’ Ce(G) < fa

to get
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Theorem 4.9 Let G be a connected graph of order n. Then

Ce(G) < p(Maee), (1)
Ce(G) é n- AE» (2)

where p(Myece) be the spectral radius of Myec(G) and Ag = mg}({G) {d(u)e(u) + d(v)e(v)}.
uve

Proof: (1) Since all eigenvalues of a real symmetric matrix are real, the absolute values |);| are well-

defined. We have p(Mye.) = max |A;], so
1<i<n

Co(G) = 3Nl < 32 p(Mace) = 1 p(Mace)

i=
which proves inequality (1).

(2) By the Gershgorin Circle Theorem, each eigenvalue ¢ of M., lies within a disc centered at Maec;,
with radius R; = >, ; |[Maec,;|- Hence,

Since each entry M,e.,; corresponds to d(i)e(i) 4 d(j)e(j) for adjacent vertices i ~ j, we have:

n

Z |Maecij

j=1

< Ag for all 4.

Therefore, p(Mgee) < Ag. Combining this with inequality (1), we get:
CE(G) <n- p(Maec) <n- AE,

proving inequality (2). O

5. Conclusion

In this paper, we introduced and studied the amplified eccentric-connectivity energy (AECE) of a
graph, a new spectral invariant based on the amplified eccentric-connectivity matrix. We established
fundamental properties and bounds for AECE and demonstrated its behavior through detailed computa-
tions for several standard graph families including complete graphs, cycles, stars, crown graphs, cocktail
party graphs, and complete bipartite graphs. This study not only extends the growing family of graph
energy concepts, but also opens up several avenues for further research. Potential directions include the
investigation of AECE for random graphs, trees, and chemical graph models, as well as exploring its
correlation with other topological indices in chemical graph theory and network science.
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