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On Extended Adjacency Matrices Associated with Eccentricity-Based Topological Indices

Balkishbanu Khaji, Shahistha Hanif and K. Arathi Bhat

ABSTRACT: Several investigations of the extended adjacency matrices associated with various degree-based
topological indices have been undertaken in recent years, leading to sharper theorems and conclusions. Moti-
vated by this, we explore eccentricity-based topological indices and the extended adjacency matrices associated
with them. Suppose F' is a symmetric function associated with an eccentricity-based topological index, then a
generalised extended adjacency matrix A% (G) has (i,j)thf entry as the value of F' at the eccentricities of the
corresponding vertices v;, v; if they are adjacent, else it is 0. The expressions and bounds for parameters like
the trace, determinant, and eigenvalues associated with this matrix are derived in this article. The expression
for the determinant indicates that it depends on the number of elementary spanning subgraphs present in the
graph.
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1. Introduction

All graphs considered in this article are finite, simple and connected. As usual, the degree and
neighborhood of a vertex v; are denoted by dg(v;) and Ng(v;), respectively. The adjacency and non-
adjacency between two vertices v;,v; are denoted by v; ~g v; and v; =g vj, respectively. The suffix G in
the notations ~q, #q, dg(v;) and Ng(v;) are conveniently ignored if the graph under discussion is clearly
understood. The distance d(v;,v;) between the two vertices v; and v; of G is the length of the shortest
path between them and the eccentricity of v; is e(v;) = maz {d(vi,v;) : v; € V(G)}. The radius R(G)
and diameter D(G) of G is measured from eccentricity, which are defined as min {e(v;) : v; € V(G)} and
maz{e(v;) : v; € v(G)}, respectively. For any unfamiliar terms within graph theory, readers may refer to
[1].

The prediction of physicochemical, pharmacological, and toxicological properties of compounds di-
rectly from their molecular structure has become an important tool in molecular chemistry and phar-
maceutical drug design. The parameters called topological indices derived from a graph-theoretic model
are used extensively in QSPR studies and analysis [2]. The Wiener index is the first topological index,
introduced by H. Wiener in 1947 to determine the physical properties of paraffin [3]. Hundreds of topo-
logical indices are currently being researched and developed since then. Although most of the topological
graph indices are degree and distance-based, researchers have recently begun replacing degrees with ec-
centricities in well-known degree-based topological indices in the verge of refining the existing topological
indices. The general formula is given.

TI=TI(G) = Y F(deg(v:),deg(v;))

Vi~V

where F(x,y) is a symmetric function of vertex degrees [4]. On replacing the degree with eccentricity,
one can get the corresponding eccentricity-based index. For example, the eccentric connectivity index
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(denoted by £°(G)) is one of the eccentricity-based topological indices, where F(z,y) = x +y [5]. Few
eccentricity-based indices are successfully used for mathematical models of biological activities of diverse
nature [6,7]. Analytically closed formulas for these descriptors are provided in [8,9,10], which may be
used to investigate the underlying topologies of chemical compounds. The eccentricity-based topological
indices like total eccentricity index, average eccentricity index, atom-bond connectivity index, etc. for
benzenoid structure are studied extensively in [11]. Several eccentricity-based topological indices like the
average eccentricity, eccentric version of Zagreb indices, etc. for first type of hex-derived network are
contemplated and the basic topologies of these networks are investigated in [12].

The concept of the extended adjacency matrix of a graph was introduced by Yang et al. in 1994 [13],
which is explored from the perspective of chemical molecular graphs to expand some beneficial molecular
topological indices. The extended adjacency matrix Ap(G) of a graph G is a matrix whose rows and
columns are indexed by V(G), and is defined as

F(’Ui,’l)j), Zf V; NU]'

0, otherwise

Ap(G) = (ar)ij = {

where F(x,y) is the symmetric function associated with a degree-based topological index. The utilisation
of extended adjacency matrices to investigate various combinatorial properties of graphs is one of the
most recent research directions in spectral graph theory. For studying properties and relations between
the extended adjacency index and other matrices associated with topological indices, see Refs. [14,15,
16,17,18,19).

Inspired by this, the extended adjacency matrix associated with the eccentricity-based topological
indices are taken up and explored in this article. The generalized extended adjacency matrix associated
with an eccentricity-based topological index is denoted by A%(G)(or simply A%), where F(v;,v;) is a
symmetric function of vertex eccentricities associated with an eccentricity-based topological index. After
this notion of extended adjacency matrices, the usual adjacency matrix is often referred to as the classical
adjacency matrix. Since A% (G) is a real symmetric matrix, its eigenvalues are real. Analogous to the
classical adjacency matrix, the A% —spectrum of a graph G, often denoted by spec(A%(G)) comprises the
eigenvalues of the matrix A% (G). Various kinds of graph spectra have been defined and used to study
many properties of graphs like the number of spanning trees, the number of walks, etc. For example,
from the spectrum of classical adjacency matrix A(G) one can read off the number of closed walks of a
given length.

Theorem 1.1 [20] Let k be a non-negative integer. Then (A(G)¥)y, is the number of walks of length
k from x toy. In particular, (A(G)?).s is the degree of the vertex z, and trace(A(G))? equals twice the
number of edges of G; similarly, trace(A(G))? is siz times the number of triangles in G.

In a similar vein regarding the classical adjacency matrices, the sum of absolute values of the eigenvalues
of A%(G) is known as A%—energy of the graph G. In an attempt to explore properties and parameters
associated with A%(G), some of the preliminary results from matrix theory are used, which are stated
below.

Lemma 1.1 [21] The Cauchy — Schwarz inequality: If (a1, az,...,a,) and (b1,be,...,b,) are real p —

vectors then, ,
P

i=1 =1 =1

Lemma 1.2 [22] Cauchy interlacing theorem: Suppose A € R"™™ is symmetric. Let B € R™*™ with
m < n be a principal submatriz of A (submatriz whose rows and columns are indexed by the same index set
1y ey b, for some m). Suppose A has eigenvalues \y < --- < A, and B has eigenvalues 81 < -+ < B,
Then, A\, < Br < Mggn—m fork=1,...m, andifm=n—1, then A\ <1 <A <P <+ < Br1 < M.

Lemma 1.3 [22] Let A = (a;;) be a square matriz of order n. Then the determinant of A is given by

det(A) = Z 5ign(0)a14(1)020(2)-++-Ano(n)
O'ESn
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The summation is over all permutations o € Sy, where S, is the set of all permutations of 1,2,...,n.

Lemma 1.4 [23] Let C € M,,,, and ¢ = min{n,m},a; > ag > --- > a4 be the ordered singular values

of C, and define the Hermitian matrizc H = ( 0 ¢

o 0). The ordered eigenvalues of H are —ap < --- <
- <0=0---=0<a4<...01.

Lemma 1.5 [23] Let A C M,, be a Hermitian matriz and let eigenvalues of A be ordered as A\ > Ao >
w0 > Ay then Apyy <ytAy < Myty Vy e O™

A partition D of a square matrix A is said to be equitable if all the blocks of the partitioned matrix have
constant row sums and each of the diagonal blocks is of square order. A quotient matrix B of a square
matrix A corresponding to an equitable partition is a matrix whose entries are the constant row sums
of the corresponding blocks of A. The quotient matrices are useful in finding some eigenvalues of block
matrices, which are comparatively larger in size. In the theory of graph spectra, equitable partitions play
an important role, mostly because of the following results.

Theorem 1.2 [2/] Let A be a real symmetric matriz with a quotient matriz B. Then the characteristic
polynomial of B divides the characteristic polynomial of A.

Theorem 1.3 [20] Let D be an equitable partition of the connected graph G. Then A(G) and the quotient
matriz B of D has the same spectral radius \y.

2. Main Results

The following propositions give the basic properties of A%(G), which are analogous to the ones avail-
able for classical adjacency matrices. We omit the proofs whenever they are straightforward. Throughout
the article, by extended adjacency matrix A% (G), we mean the one associated with the eccentricity-based
topological index. Further, suppose F(z,y) is a function associated with an eccentricity-based topolog-
ical index, then we simply write F'(4, j) for F(e(v;),e(v;)). Also, we use the convention of denoting the
(i,§)th— entry of A% corresponding to the vertices v; and v; by a;.

Proposition 2.1 Let G be a connected graph with the extended adjacency matriz A%(G). For i # j,

the principal submatriz of A%(G) formed by it" row and j'* column of order 2 x 2 is the zero matriz if
0 F(ij)

F(i, j) 0 >

Using the above proposition, one can easily derive the following bounds for the sum of all principal minors

of order 2 x 2 of A%(QG).

v; ¢ v; and otherwise it equals (

Proposition 2.2 Let G be a connected graph with the extended adjacency matriz A%.(G). Let Sy be the
sum of all principal minors of order 2 x 2 of the matriz AS(G). Then

mF(R, R)* <|Sy| < mF(D,D)?
where m, R, D are the size, radius and diameter of G, respectively.
Next, we look in to the principal submatrix of order 3.

Proposition 2.3 Let G be a connected graph with the extended adjacency matriz AS.(G). The princi-
pal submatriz formed by any three distinct rows and columns i, j, k of order 3 x 3 is non-singular only
when the corresponding vertices v;, v;, v constitute a triangle. In that case, the submatriz is given by
0 F(i,j) F(ik)
F(i, j) 0 F(j,k)
F(i,k) F(j,k) 0

Analogous to the case of 2 x 2 principal submatrices, one can obtain the bounds for the sum of all principal
minors of A% of order 3 x 3.
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Proposition 2.4 Let G be a connected graph with the extended adjacency matriz A% (G). Let Ss be the
sum of all principal minors of order 3 x 3 of the matriz A%. Then

2tF (R, R)® < S3 < 2tF(D, D)?
where R, D,t are the radius, diameter and the number of triangles in G, respectively.

Proposition 2.5 Let G be a connected graph with diameter D and the extended adjacency matriz AS(G).
Suppose AS.(G) has k distinct eigenvalues, then k > D.

Proof: The proof follows from the fact that the matrices 4% (G), (A%(G))?, (A%(@))%,. .., (A%(Q))"
are linearly independent and the degree of minimal polynomial of A% (G) is k and it must exceed D. O

Theorem 2.1 Let G be a connected graph and trace(A%) denotes the trace of the extended adjacency
matriz A% (G). Then

1. trace(AS) = 0.
2. trace ((A%)?) =2 > F(i,5)*.

(vivi)EE

3. trace (A%)3) =6 Y. F(i,5)F(j,k)F(k,i).

(vi,vj,vk)ES

where E and S are the set of all edges and the set of all triangles in G, respectively. And F(x,y) be any
function associated with an eccentricity-based topological indez.

Proof: (i) : The first result is obvious from the definition.
(i1) : We know that a; = > aiar;. Consider

VG,V

trace((A%)? E al = E E aijGji
i=1 v;j~v;

n

=> > Fi,j)
(447) : Similarly,

= E Aij § QLA

i=1 v;~v; VU
E § Qi Q5K Ak
N~V VU

Here, the summation runs over the set S of all the triangles in G. One can note that each triangle formed
by the vertices v;, v;, vy, is counted twice in the corresponding terms az;, ai’J, ayy,, which implies a triangle
formed by the vertices v;, v, vy is counted six times in total. Thus

trace((A%)%) = 6 Z aijajpap; = 6 Z F (i, j)F(j, k) F(k, ).

(vi,vj,0k)ES (vi,vj,0%)ES
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The expressions in the trace of (A%)? and (A%)? take the simplest form when the graph is eccentricity
regular, that is e(v;) = r for all v; in G and 7 is an integer. In this case, we get trace ((A%)?) = 2mF (r,r)?
and trace ((A%)?’) = 6tF(r,7)3, where m,t are the number of edges and triangles in G, respectively.

Theorem 2.2 A graph is bipartite if and only if the A% — spectrum of G is symmetric about the origin.

Proof: Let G be a bipartite graph with the bipartition V(G) = Vi U Vo with |V1]| = ny and |Va| = na.
Then the vertices of G can be labeled in such a way that the matrix A%(G) can be written as

e 0”1 ng B’ﬂl nz
AF(G):<BTX * )

no XNy Onl XMng

where B is a non-negative matrix of order n; x ng. Then by Lemma 1.4, the A% —spectrum is symmetric
about the origin.

Conversely, suppose the A% —spectrum is symmetric about the origin, then for all the odd integers k, the
trace(A%(G)¥) = 0. The matrix A% (G) has a nonzero entry if and only if the corresponding entry in the
classical adjacency matrix A(G) is nonzero. That is, trace(A%(G)*) > 0 if and only if trace(A(G)¥) > 0.
Suppose G has an odd cycle of length p, by Theorem 1.1, trace(A(G)P) > 0, which in turn means that
trace(A%(G)¥) > 0, a contradiction. Thus G has no cycles of odd length and hence is bipartite. O

Theorem 2.3 Let G be a self centered and regular graph with deg(v;) = d and e(v;) = r for all the
vertices v; in G. Then 2rd € A%(G)— spectrum.

Proof: Suppose G is a graph of order n and v = (1 1 1 ... l)T be a vector in R™. On considering
A% (G)v = pv, we get p = 2rd. O

The next theorem gives an expression for the determinant of A%, which in turn determines if the matrix
is of positive nullity. Before moving into the expression, we define the following convention of associating
a permutation to an elementary spanning subgraph. For a graph of order n, with labels vy, vs, ..., vy,
we associate a special type of permutation of (1 2 ... n) Suppose H is an elementary spanning
subgraph, then

1. for each component Ky present in H formed by the vertices v;,v;, we associate the permutation

(R

2. for each cycle C : v1 ~ vg ~ v3 ~ .-+ ~ v ~ v1 present in H, we associate two permutations
123...1@_(123 Hand (1 23 - k S0k ket 2)

2 3 4 ... 1) E 1 2 ... k-1 ’

For example, if H is an elementary subgraph given in Figure 1, then we can associate 2¢(H) = 22

permutations of (1 2 3 4 5 6 7 8 9) to H, say 01(H),02(H),03(H) and o4(H) which are
listed below

1. O’l(H) =

o
Ne)

(

2 oy(H)=(1 3 2
(
(

—~~ o~ —~
SN
EN|
(=]
ot
~—  ~— ~— ~—
~—~~ o~
oo
NeJ
—  ~— ~— =
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" Uy vy g

() Uq Us g g

Figure 1: An elementary spanning subgraph H

Theorem 2.4 Let G be a graph of order n and det(AS.) denotes the determinant of the matriz AS, of
the graph G. Then

gc(H) oy
det(Ag) =Y (=)= N TTF(i,05(0))
H o (H)i=1
j=1

where the first summation is over all the elementary spanning subgraphs H in G, and the second summa-
tion is over all the permutations oj(H), associated with the elementary spanning subgraph H in G. And
c¢(H),c1(H) are the number of components in H which are cycles and Ks'’s, respectively.

Proof: Since A% is of order n, from Lemma 2.4,

where the summation is over all permutations of 1,2,...,n. If ¢(i) = ¢ for any 1 < ¢ < n, then
the term aj,(1)@20(2)-++-Gno(n) 1S zero as it contains the diagonal entry a;;. Consider a nonzero term
A15(1)020(2) ++-Ono(n) N the summation of det(A%). Since a permutation o admits a cyclic decomposition,
such a term will correspond to either of the following or the combinations of the following:

1. a 2-cycle (z j), which designates an edge joining the vertices v; and v; in G.
2. a cycle of length k > 2, say (z’l i ... ik), designating a cycle v;, ~ v, ~ -~ v, ~ v, in G

Thus, any nonzero term in the summation corresponds to an elementary spanning subgraph of G. The
sign of the permutation o, which is associated with the elementary spanning subgraph H is sign(c) =
(=1)r—er()=c(H) " where ¢;(H),c(H) are the number of components which are K»’s and cycles in H, re-
spectively. Since each cycle can be associated with a cyclic permutation in two ways (as explained earlier),
each elementary spanning subgraph H gives rise to 2°(H) permutations, say o1(H),o02(H),...,09:(H)
and hence there are 2°(H) terms in the second summation. Thus

2C(H)
det(Af) = Z(—l)"_cl(H)_c(H) Z A10,(1)20;(2) o (n)-
H o;(H)
j=1
On substituting a;s, ;) = F(4,0;(i)), we get the expression. O

From the above proof, one can note that the second summation is over all the permutations o(H ), corre-
sponding to the elementary spanning subgraph H in G and hence contains 2¢(H) terms in it (explained
with an illustration for one of the specific index called eccentric connectivity index).
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Us

Figure 2: The graph G

Figure 3: Hi, the elementary subgraph of G Figure 4: Hs, the elementary subgraph of G,

Example 2.1 Consider the graph G1 as shown in Figure 2. Then the graph Gy has two elementary
spanning subgraphs Hy ( Figure 3) and Hs (Figure /). FEach of H; for i = 1,2 induces 2 permutations on
(1 2 3 4 5). Thus, there are 4 permutations o1(H,),02(Hy),01(Hz) and o2(Hs) given by,

(my-(1 2 3 5)
2. oy(Hy) = (1 3 2)(4 5)
()= (L 2)( 4 5)
4. 01(Hy)=(1 2)(3 5 4)
On substituting F'(z,y) = x 4+ y for eccentric connectivity index, we get det(A%) = —2304.

One can note that if a graph G has no elementary spanning subgraph, then det(Ac.) = 0, but the converse
may not be true. The graph in Figure 5 is a counterexample.

Example 2.2 The graph Go is shown in Figure 5. has three elementary spanning subgraphs (Hi :
QKQ,HQ : 2K2,H3 : 04),

Figure 5: A graph Gs
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but the determinant of the extended adjacency matrixz corresponding to the eccentric connectivity index

03 3 0

. . 3 0 2 3

is zero. That is det(A%(G2)) = det 3 90 3|7 0, where F(xz,y) =z +y.
03 3 0

Theorem 1.3 leads to the following observations and results.
Remark 2.1 If G is a bipartite graph on an odd number of vertices, then det(A%) =0
The expression in Theorem 1.3 is simplified as follows for eccentric regular graphs.

Corollary 2.1 Let G be an eccentric regular graph with regularity r. Then

det(AS) = Z(_l)n—c1(H)—c(H)2c(H)(F<T7 )"
H

where the summation is over all the elementary spanning subgraphs H in G and c(H),c1(H) are the
number of components in H which are cycles and Ks’s, respectively.

Theorem 2.5 Let T be a tree of order n. Then

(-1)2 I1 (F(i,5))? if nis even
det(A%) = (v3,v;)EE(H)
0 else

where H is the unique elementary spanning subgraph of T, if present.

Proof: We know that a tree has at most one elementary spanning subgraph. Further, if T" has an odd
number of vertices, then it has no elementary spanning subgraph, due to which det(A%) = 0. Let T be
a tree on an even number of vertices. Then T has at most one elementary spanning subgraph in which
every component is Ko and hence ¢;(H) = % and ¢(H) = 0. Suppose 7" has an elementary spanning
subgraph H, then there is one and only one term in both the summations of the expression given in

Theorem 1.3. That is, det(A%) = (—1)2 I (F(i,4))?, where the product is over all the edges in
(vi,v;)€EE(H)
H

If T' is a graph on an even number of vertices with no elementary spanning trees, then again det(A%) = 0.
O

3. Bounds for Spectral Radius of A%

Let 11 (G) denote the largest eigenvalue of the matrix A%. Some bounds for p;(G) are derived in this
section.

Theorem 3.1 Let G be a connected graph of order n having diameter D. Let pui(G) and u,(G) be the
largest and smallest eigenvalues of AS.(G), respectively. Then,

1. wa(G) < —F(D, D)
2. F(D,D) < ()
Furthermore, if D > 3, then u, < —6.

Proof: Let 11 > po > -+ > py, be the eigenvalues of the matrix A%. Since D is the diameter, there exists
at least one pair of vertices v;, v; such that d(v;,v;) = D. The principal submatrix of A% corresponding
0 F(D,D)
F(D,D) 0
then 8y = F(D, D) and o = —F(D, D). Since u1 > pg > -+ > up, by interlacing theorem, p, < B2 < po
and p,—1 < B1 < pp. On substituting S8, B2, we get the inequality. O

to these vertices is given by B = ) Suppose 81 > B2 are the two eigenvalues of B,
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Theorem 3.2 Let iy > g > ... >y be the eigenvalues of AS(G). Then

(n—1)S

n

1 <

where S = 3" u?.

i=1

n
Proof: From Theorem 2.1, trace(A%) =0 and p1 = — > p;. On applying the Cauchy-Schwarz inequal-
i=2
ity,

(1= 1)Y Juf
" , 122
= (Zm) <=y

) (zul )

=(n—1) (S - Hl)

Theorem 3.3 Let G be a graph of order n and p1 > s > ..... >y, be the eigenvalues of A%(G). Let
TIr(G) be the topological index based on which the extended adjacency matriz A% (G) is defined. Then

2T 11 (G)

P £ ——— <
n

Proof: Let y = (1 1 1 ... 1)". Then

Fy—ZZa” =2 3" F(i,j) = 2TIx(G)

=1 j=1 VU
From Lemma 1.5, u1yTy < yT Ay < p,yTy for all vectors y € R"™. Thus

tny’y < 2TTp(G) < yy”
= pupn < 2TIp(G) < n
2T I (G)

= e S T <

Theorem 3.4 Let G be a graph of order n and size m with the diameter D(G). Let p1 > pio > -+ > pu,
be the eigenvalues of A%. Then

p < F(D,D)V2m —n+1

with equality if and only if G is a complete graph on n vertices.

Proof: Let X = (X1 D, G Xn)T be the eigenvector of length one corresponding to the largest
eigenvalue p; of A%, then

Ap(G)X = mX
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By (A%(G)), and X; we mean the i*" row of A%(G) and X, respectively. Let X (i) be the new vector
obtained from X by replacing X; with zero whenever the corresponding vertex v; » v;, forall 1 <j <n
and @ # j.

(AR (G)); X (i) = p X (i)

On applying the Cauchy-Schwarz inequality, we get
(X @) =[(AF(G), X () < [ (AH(G)); PIX (©)

Also, (A%(G)),, the i*" row of A%.(G) has the non-zero entry F(i,j) if and only if the corresponding
vertex v; ~ v;. Thus

< d(v;)F(D,D)?

where d(v;) is the degree of the vertex v; and D(G) is the diameter of G. We have

X@OP=XP+ ) X;

ViU

(3.2)
SR
ViU
From Equations 3.1 and 3.2,
piX(i)* < d(v)F(D,D)* [1—= > X7
Vi ®U;
= d(v;)F(D, D)* — d(v;)F(D,D)* > X?
VXV
Now, taking summation over i for 1 < ¢ < n, we get
pid X (i)* <Y dw)F(D,D)* =Y dw)F(D,D)* > X7
i=1 i=1 i=1 Vv (3.3)

< 2mF(D,D)? — F(D, D) Zd vi) > X}

Vi

Now

Z ;) ZX2 ZdeXQ—i—Zdvl ZX2

VoV VU

i#]

>Zdv1X +ZZX 5.4)

i=1 Vi*v;
i#]

n

- Z d(v) X7 + Y (n—1—d(v;)X;

i=1
=n-—1
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Thus F(D, D)> fj dv;) X7 > F(D,D)(n~1).

On substltutmg Equatlon 3. 4 in Equation 3.3, we get

n
p3> X (i) = pi <2mF(D,D)* — F(D,D)*(n— 1)
i=1

< F(D,D)*(2m —n+1)
Thus p, < F(D,D)v/2m —n + 1.

In order for equality to hold in the Theorem, all the inequalities in the above arguments must be
equalities, especially the ones in Equations 3.1 and 3.4. That is, | (A%(G)), |* = d(v;)F(D,D)?* and

> d(i) > X7 =n—1. This is possible only when both of the following conditions hold:

Vi ®V;
1. e(vy))=Dforall1 <i<n
2.dv))=(n—-1)forall1 <i<n

That is, when the graph is complete.
Conversely, the extended adjacency matrix of a complete graph K, is given by

0 F(D,D) F(D,D) ... F(D,D)
. F(D,D) 0 F(D,D) ... F(D,D)
F(Kn) = o
F(D,D) F(D,D) F(D,D) ... 0
whose spectral radius can be found easily as u; = (n — 1)F(D, D). O

The next corollary is an immediate consequence.

Corollary 3.1 Let G be a planar graph on n > 5 wvertices with A%(G). Suppose w1 is the largest
eigenvalue of A%.(G), then
p < F(2,2)v/5n — 11

Proof: Since n > 5, the diameter of G is at least 2. Further, it follows from the fact that m < 3n —6. O

4. Conclusions

Linear algebraic tools like the determinant, rank, eigenvalues, etc., play a crucial role in concluding
the various topological properties of graphs. The current article deals with a special type of generalized
extended adjacency matrices associated with graphs, which makes a substantial contribution to the field
of spectral graph theory. The properties and parameters associated with this matrix are explored in this
article. The expression for the determinant derived states that it depends on the number of elementary
spanning subgraphs in it. This enables us to characterize the graphs with zero determinant, in turn,
the ones with positive nullity. Various bounds for the largest eigenvalue in terms of parameters like the
diameter, the number of edges and the topological index itself are derived.
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