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On Ideal-Statistical Convergence in Partial Metric Space
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ABSTRACT: This paper explores the foundational aspects of Z-statistical convergence in the partial metric
space. We also investigate key properties, provide illustrative examples, and establish several fundamental
theorems characterizing the behavior of Z-statistically convergent sequences in a partial metric space.
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1. Introduction

The natural density of a set K C N (the set of natural numbers) is defined by

o1
(K) = nhﬁngo ﬁHk <n:keK}.
Fast [6] and Steinhaus [17] independently proposed the idea of statistical convergence in 1951, which is
based on the natural density of subsets of N. Z-convergence [12] and Z-statistical convergence [5] are
prominent extensions of statistical convergence that incorporate the concept of ideals. Later, this topic
drew the attention of many scholars, and several studies have been conducted on it (see J.A Fridy [7], E.
Savas & P. Das [16], T. Salat et al. [18], M. Mursaleen et al. [14]). For a more comprehensive overview,
we refer the reader to [2,10,9,11,3,4].

In 1994, S. G. Matthews [13] first introduced the concept of partial metric spaces as an expansion to
typical metric spaces. A partial metric permits a non-zero self-distance, in contrast to classical metrics
space, where the distance between a point and itself is always zero. The concept of statistical convergence
in a partial metric space [15] emerged from combining the flexibility of statistical convergence with
the structure of partial metric spaces. A sequence {zj} in a partial metric space (X,p) is said to be
statistically convergent to ag € X, if for every € > 0,

. 1
lim — |{k <n:|p(xk,a0) — plag,a0)| > €}| = 0.
n—o0o N
In this expanded framework, various types of sequence convergence have been studied in recent times.
For a more comprehensive perspective, we refer to [1,8]. This work explores Z-statistical convergence
and its features in partial metric spaces.
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2. Preliminaries

Definition 2.1 [12] A non-empty family of subsets Z C P(N) is called an ideal of N if and only if the
following conditions are satisfied,
(i) 0 e,
(ii) for each A, B € T implies AU B € Z;
(iii) for each A € 7 and B C A implies B € 7.
Definition 2.2 [12] A family of subsets Z C P(N) is called a filter of N if and only if the following
assertions are satisfied:
(i) 0 ¢F;
(ii) for each A, B € F implies AN B € F;
(iii) for each A € F and B D A implies B € F.
Definition 2.3 [12] An ideal 7 is called non-trivial if Z # () and X ¢ Z. The filter F(Z) = {X — A :

A € T} is called the filter associated with the ideal Z. A non-trivial ideal Z C P(X) is called an
admissible ideal in X if and only if Z D {{z} : z € X}

In this paper, Z will denote a proper admissible ideal of N.

Definition 2.4 [13] Let X be a nonempty set and a function p : X x X — R such that if p is satisfies
the following conditions for all z,y,z € X
PM; : 0 < p(x,z) < p(x,y) (non-negativity and small self-distances),
PM; : if p(z,2) = p(z,y) = p(y,y) then z = y (indistancy implies equality),
PMs; : p(z,y) = p(y, ) (symmetry), and
PMy : p(z,2) < p(z,y) + p(y, 2) — p(y, y) (tri-angularity).
then p is called the partial metric on X and (X, p) is called the partial metric space.

Definition 2.5 [8] Let (X, p) be a partial metric space and Z C P(N) be a non-trivial ideal on N.Then
a sequence {zy} is said to be Z-convergent to aq if for each € > 0

{k € N: |p(zk, a0) — plag,a0)| > €} €T
where qy is called the Z-limit of the sequence {zx} and we write Z,-lim p(z, ao) = p(ao, o)

3. I,-statistical convergence

Definition 3.1 Let {x;} be a sequence in a partial metric space (X,p). Then {x;} is said to be
Z,-statistical convergent to ag € X if for each € > 0 and ¢ > 0,

1
{neN: - Hk <n:|p(zk,a0) — plag,ao)| > €}| > 6} € 7.

We can also write Z,,-st lim p(z, ao) = p(ao, @o)-

Example 3.1 Let (X,p) be a partial metric space where X = [0,00) and p(x,y) = maz{z,y}. Also, let
a sequence {x, : n € N} in (X,p) such that

4, if n=~k2 for somek €N
Ty = .
2, otherwise.

Consider an admissible ideal T.

Now, {n e N: L |{k <n:|p(xp,4) —p(4,4)| > e}| > 6} =0 € T.

Therefore, {xn} is I,-statistical convergent to 4.

Again, {n e N: L {k < n: |p(zk,2) — p(2,2)| > €}| > 6} = {finite set} € T.

Therefore, {x,} is I,-statistical convergent to 2.

Thus, the limit of L-statistical convergent sequence in a partial metric space may not be unique.
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Corollary 3.1 The collection of all the limits of a Z-statistical convergent sequence in a partial metric
space is called the I,-statistical limit set of the sequence and is denoted by I,-st(Ly). Also, if the set
T,-st(Ly) # 0, then the sequence is considered I,-statistical convergent.

Theorem 3.1 Let {z} be a sequence in a partial metric space (X,p). If st-lim p(xk, ag) = p(ag, ag) then

Z,-st lim p(xk, ao) = p(ao, ao)-

Proof: Let the sequence {x} statistically convergent to ag. Then for each € > 0 there exists

. 1
lim — |{k <n:|p(zk,a0) — plag,a0)| > €}| = 0.

n—o00 N,

So for each € > 0 and each § > 0, the set
1
{neN: =|{k <n:|p(zk,a0) — plag,a0)| > €}| > 0} must be finite.
n

Therefore, this set belongs to Z.
Hence Z,-st lim p(zy, ag) = p(ao, ao).

Example 3.2 The following example illustrates how the linearity property does not hold for partial metric
spaces, in contrast to the metric space.

Let (R™,p) be a partial metric space where p(x,y) = —min{z,y}. Also, let {zr} and {yr} be two
sequences in the partial metric space (R™,p) such that

{—2, if k is odd,
T =

-1, if k is even.

and
{—3, if k is odd,
Yk =

-5, if k is even.
Let us take, T =Ts = {A C N:§(A) = 0}.
Now for any e >0 and § > 0,

PeN: |k <n: lpa,~2) —p(-2-2) > )| 26} =0 €T

Therefore, {xk} is Ip-statistically convergent to —2.
Similarly, for any € >0 and § > 0,

1
{neN:ﬁ\{kSn: Ip(yr, —5) — p(—5,—5)| > €}| >} =0 € L.

Therefore {yx} is I,-statistically convergent to —5.
But
L =5, if k is odd,
x =
kT Uk —6, if k is even.

doesn’t I,-statistically convergent to (—2) + (=5) = —T7.

In this example, the underlying space is R— = {x € R : z < 0} C R preserves the conventional
addition operation. Therefore, the addition used in this example is valid because of the structure that was
inherited from R, but it cannot be generalized to arbitrary partial metric spaces.

Theorem 3.2 In a partial metric space (X, p), if each subsequence of {xy} is I,-statistically convergent
to ag, then the sequence {x1} is also I,-statistically convergent to ag.
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Proof: Suppose that {z} is not Z,-statistically convergent to a¢ in a partial metric space (X,p). Then
there exist €, > 0 such that,

A={neN:=|{k<n: |pr,a0) —pla,a0)| > e} = 3} ¢ T

1
|
Since 7 is an admissible ideal, A must be an infinite set.

Let A={n1 <ng <---<mnpy <...}1

Let us define y,, = xy,, for m € N. Here, {yn,} is a subsequence of {z;} that does not statistically
converge to ag, leading to a contradiction.

Hence, the theorem is proved.

Theorem 3.3 Let (X,p) be a partial metric space and let {xy},{yr} and {z;} be three sequences in X.
If the following conditions

1. I,-st lim p(ay, ag) = p(ag, ag) and Z,-st lim p(zx, ao) = p(ao, ¢o)
2. p(xk,a0) < p(yk, ao) < p(zk,ag) for every k € H where H € F(T)
are provided, then I,-st lim p(yy,ao) = p(ag, ag).
Proof: Assume that Z,-stlimp(zg, ao) = p(ag,ao) and Zp-stlim p(zx,a0) = p(ag,ap). Then for every

€,0 > 0, we have

1
{neN: - Hk <n:|p(wg,a0) — plao,a0)| > €}| > 6} € T

1
and {neN: - {k <n:|p(zk,a0) — plao,a0)| > €}| > 6} € T.

This implies that the sets
1
G={neN: - {k < n:|p(wk,a0) — plao, ao)| > €}| < 8} € F(Z)

1
and K={neN: - H{k <n:|p(zk,a0) — plag,a0)| > €}| < 0} € F(T)

Also, p(@k, ao) < p(yk, ao) < p(2k, ao) for every k € H € F(I)

So, GNKNH#Pand GNK NH € F(I).

Now forallm € GNK NH and €,6 >0, 2 [{k < n: [p(yr,a0) — p(ao, ag)| > e}| < 4
e, {neN:L|{k<n:|p(yr ao0) —plao,a0)| = €}| <6} 2GNKNH € F(I).
Therefore,

1
{neN: - Hk <n:|p(yr, ao) — plao, ao)| > €}| > 0} € 7.

Hence Proved.

4. 7,-statistical limit point and Z,-statistical cluster point

Definition 4.1 Let (X,p) be a partial metric space. An element ag € X is said to be Z,-statistical
limit point of a sequence {xzy} if for every € > 0, there exists a set M = {m1 < mg < .....} C N such
that M ¢ Z and st-lim p(z,,,, ag) = p(ag, ao).

The set of all Z, statistical limit points of the sequence {z} is denoted by Z,-st(Ag).

Definition 4.2 Let (X,p) be a partial metric space. An element ag € X is said to be Z,-statistical
cluster point of a sequence {x} if for every e > 0 and § > 0,

{neN: % [{k < n:|p(ay, ao) — plag, ao)| > e}| <0} ¢ I

The set of all Z,-statistical cluster points of the sequence {z} is denoted by Z,-st(I';).
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Example 4.1 Let Z be an ideal that contains sets with natural density 0. Let us take the partial metric
on X =R as p(x,y) = max{x,y}. Let us define a sequence {x} such that

1 . .
o — T if k is even
1, if k is odd

Now, for any e >0, {k <n:|p(xg,1) —p(1,1)] > €} is an empty set.
Therefore for any § > 0,

fneN: [tk <n:lples, 1)~ p(L,1)] > | <0} £ 7

i.e., 1 is a I,-statistical cluster point of {xy}, whereas 0 is not.
However, 0 and 1 both are the I,-statistical limit point of {xy}.

Theorem 4.1 For any sequence {zy} in a partial metric space (X,p), I,-st(T'y) C I,-st(Ay).

Proof: Consider a sequence {x;} in a partial metric space (X,p). Let ap € Z,-st(I'y). Then for every
€,0 > 0 there exists a set

M:{nEN:%\{kgn: Ip(xk,a0) — plao,ao)| > €}| <} ¢ T

Let us consider a subsequence {x,, } of {x} such that m, € M. Since § > 0 is arbitrary,
Therefore,

. 1
lim —I[{m, € M : |p(xp,,a0) — plao,ap)| > €}| = 0.

Mp =00 My,

ie., st-lim p(xy,, , ao) = p(aog, ag).
Hence, ag € I,-st(Ay) = Lp-st(L'y) C L,-st(Ay).
However, the example 4.1 clearly shows that the converse is not true.

Theorem 4.2 If x = {zx} and y = {yx} be two sequences such that {k € N: zj # yx} € T then
1. I,-st(Ay) = Ip-st(Ay)
2. I,-st(l'y) = I,-st(I'y)
Proof:
1. Consider ag € Zp-st(Ag).
So by definition there must exist a set M = {m; < mg < mg < ...} of N such that M ¢ 7 and
st-lim p(z ., a0) = p(ao, aog).
Since, {ke M : z, #yn} C{keN:z, #y,} € L.
M ={keM:z,=y,} ¢Zand M' C M.
So, st-lim p(2m,, ao) = p(ao, ao) = st-imp(Y,; , ao) = p(ao, ag) where m) € M'.
Le., ap € Zp-st(Ay).
So, Z,-st(Ag) € Ip-st(Ay).
Similarly, we can show that Z,-st(A,) C Z,-st(Ag).
Hence, Z,-st(A;) = I,-st(A,).
2. Suppose that ag € Z,-st(Ay).

So according to definition, for each €, > 0, the set

T:{nEN:%HkSn: Ip(zk, a0) — plao, ao)| > e} <} ¢ 1



6 D. RAKSHIT, S. DAs AND T. CHAKRABORTY
Let 1
V={neN: o {k <n:[p(yk,a0) — plao,ao)| > €}| < 6}

We have to show that V' ¢ Z. If possible, suppose V' € Z, then

Ve={neN:—[{k<n:[p(y,a0) — plao,a0)| = e} = 0} € F(I).

1
n
Also, by the hypothesis C = {k € N: z; =y} € F(2).
Thus, VeNC € F(Z). Also, VeNnC C T¢ € F(I)

i.e., T € T , which is a contradiction.

Therefore, V ¢ T.

ie., ap € Zp-st(Ty).

So, I,-st(I'y) C Zp-st(Ty).

Similarly, we can show that Z,-st(I'y) C Z,-st(I').
Hence, Z,-st(I'y) = Z,-st(I'y).

Theorem 4.3 For any sequence {xy} in a partial metric space (X,p), the set I,-st(T'y) is closed.

Proof: Let (X,p) be a partial metric space and {xr} be a sequence in X. Let us assume yp is a limit
point of the set Z,-st(I'y), then for any e > 0 we have,

T, — st(T'z) N B(yo,e) # 0
where, B(yo,€) = {z € X : |p(z,0) — P(¥0,%0)| < €}.

Let zg € Z,-st(T'z) N B(yo, €), Let us choose €1 > 0 such that B(zp,€1) C B(yo,€)
Then we have

{k <n:p(zk, 20) — p(20,20)| = €1} 2 {k < n:p(zk, y0) — P(Yo, Yo)| > €}

Now, for any § > 0

1
{neN: ﬁ{k <n:|p(xk, 20) — p(z0,20)| > €1} <} C

1
{neN: ﬁ{n <k :|p(ze,y0) — (Yo, yo)| > e} < 6}

Since zg € Zp-st(Ty),

~{neN: %{n <k:|p(xr,y0) —P(Wo,y0)| > e} <0} ¢ L.

ie., yo € Ip-st(Ts).
.. The set Z,-st(T',) is closed.

Theorem 4.4 Let {x}} be a sequence in a partial metric space (X, p). ThenI,-st(Ly) C I,-st(I'y) C Z,-
st(Ay).

Proof: Let the sequence {x,} be Z,-statistical convergent to ag. Then for each ¢ > 0 and each § > 0
there exists,

1
A:{nGN:ﬁ\{kgn: Ip(zk,a0) — plag,a0)| > €} >0} €T

So
1
A®={neN: —|{k <n:|p(zk,a0) - plag, a0)l 2 e}| <0} ¢ T
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ie., ap € Zp-st(I'y).
Therefore, Z,-st(L,) C I,-st(I';). Again, Theorem 4.1 yields Z,-st(T'y) C Z,-st(Ay).
So, Zp-st(Ly) C I,-st(T'y) C Ip-st(Ag).

However, the converse of this theorem is not true. This can be easily shown with the help of the
example 4.2 given below:

Example 4.2 Let T = {A C N: §(A) = 0} and the partial metric on X =R as p(z,y) = max{z,y}. Let
{1} be a sequence on X such that

k, if k is even

T =
1, ifk is odd

Then the subsequence {xk,} where k; € {2n+1:n € N} ¢ T of {xy} is statistically convergent to the
limit 1.

So, T,-st(A;) = {1}.

But {xy} is not I,-statistically convergent. So, I,-st(Ly) = 0.

5. Conclusion

In this paper, we investigate the concept of ideal statistical convergence in the context of partial met-
ric spaces, broadening traditional ideas of convergence by including both Z-statistical convergence and
partial self-distances. Our results extended and enriched the previous convergence theorems by providing
increased flexibility and application. This theoretical framework has potential applications in various
fields such as computational mathematics, computer science, fuzzy systems, and data analysis. Future
research could explore the integration of various generalized convergence methods inside partial metric
spaces, as well as more specific applications in fixed point theory, optimization, and applied topology.
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