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Critical Waves in a Nonlocal Dispersion Delayed SI1I2R Model with Generalized
Nonlinear Incidence Function

Nidhal F. Ali, Rassim Darazirar, Sawsan M. Abed, Ahmed A. Mohsen∗, Salih Djilali

abstract: We investigate traveling wave solutions of a delayed nonlocal diffusion epidemic model divided
into four compartments: susceptible (S), two infectious classes (I1 and I2), and recovered (R). The model
integrates geographic dispersal using nonlocal integral operators, as well as a temporal delay in the transmission
process to account for the latent period of infection. The incidence variables L1(S, I1) and L2(S, I2) allow
for broad nonlinear interactions between susceptibles and infectious classes. We demonstrate the presence of
traveling wave connecting the disease-free steady state to an endemic equilibrium using appropriate kernel
function and incidence rate assumptions. The method is based on the development of higher and lower
solutions. A detailed mathematical examination reveals that the fundamental reproduction number R0 is
critical in recognising the presence of traveling waves. We present a threshold condition for the least wave
speed α∗ and analyse the impact of delay and nonlocal dispersal on wave profile and propagation speed. The
system permits nontrivial traveling wave solutions at all speeds α ≥ α∗, but none exist for 0 < α < α∗. In
contrast, if R0 ≤ 1, no traveling wave solutions exist. Numerical simulations of sample nonlinear incidence
functions are presented to validate and illustrate the analytical conclusions.

Key Words: Two infectious classes, nonlocal dispersion, minimal wave speed, delay, basic reproduc-
tion number R0.
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1. Introduction

Spatial distribution of infectious diseases is a fundamental problem in epidemiology, particularly when
it is regulated by heterogeneous mobility and time-lag transmission dynamics [23,24,25,26]. Traditional
reaction-diffusion epidemic models have provided rudimentary understanding of infectious disease spread
in space [1,2,18]. These models have a tendency to make local diffusion mechanisms, which might prove
to be inadequate for long-range movements such as human travel or animal migration. To eliminate
this deficiency, nonlocal diffusion models have been introduced, where population spread is described by
integral operators with spatial kernels, Li et al. 2010 and Wang and Li 2012 are detailing this point
[3,4,32].

Time lags in epidemiological models are based on biology, representing incubation periods, behavior
response lags, and reporting delays [5,6]. Delayed transmission may qualitatively alter disease spreading
dynamics, having effects on the stability of equilibria and the existence of traveling wave [7,36,37,42].

Here we study a delayed nonlocal SI1I2R model where the infected population is segregated into two
different compartments: I1, I2 two class of infection. This is because in real epidemics like COVID-19,
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asymptomatic carriers play a very significant role in transmission dynamics see R. Li, S. Pei, B. Chen, et
al. 2020 and He et al. 2020 [8,10].

We consider a partial integro-differential equation system with convolution-type spatial operators and
discrete time delays in the incidence terms. The incidence functions L1(S, I1) and L2(S, I2) are considered
to be general incidence functions. The primary goal is to find the existence of traveling wave solutions
between the disease-free equilibrium and a positive endemic state [14,15,16,17,19]. These wave define
disease invasion of a susceptible population, and their properties especially the minimum wave speed are
important determinants of outbreak severity and containment effectiveness [20,22,23,28,29,31,35].

We achieve this by integrating the upper-lower solution method and monotone iteration schemes,
which have been demonstrated to be effective in the analysis of nonlocal delayed systems [11,13,30].We
also establish conditions under which the minimum wave speed can be calculated explicitly.

This work constitutes a contribution to the new literature on delayed and spatially structured epidemic
models through providing a formal mathematical framework to examine the combined effect of delay,
nonlocality, and multi-class infection structure on disease propagation.

To this end, we consider the following nonlocal dispersal delayed SI1I2R epidemic model.
∂S(x,t)

∂t = d1(J ∗ S(x, t)− S(x, t)) + ∆− L1(S(x, t), I1(x, t))− L2(S(x, t), I2(x, t))− µS(x, t),
∂I1(x,t)

∂t = d2(J ∗ I1(x, t)− I1(x, t)) + L1(S(x, t− ϑ), I1(x, t− ϑ))− (δ + µ)I((x, t),
∂I2(x,t)

∂t = d3(J ∗ I2(x, t)− I2(x, t)) + L2(S(x, t− ϑ), I2(x, t− ϑ))− (µ+ ρ)I2(x, t),
∂R(x,t)

∂t = d4(J ∗R(x, t)−R(x, t)) + δI1(x, t) + ρI2(x, t)− µR(x, t),
(1.1)

with t > 0 and x ∈ R. We make the assumptions on the parameters

(A) d1, d2, d3 are positive, and ∆, µ, ϑ, δ, ρ > 0.

(J) J ∈ C1(R), J(0) > 0, J(x) = J(−x) ≥ 0 ∀x ∈ R,
∫
R J(x)dx = 1; limξ→+∞

1
ξ

∫
R J(y)e

−ξydy =
+∞.

(H) : Li(S, 0) = Li(0, Ii) = 0, ∂Li(S,Ii)
∂Ii

> 0, ∂2Li(S,Ii)
∂I2

i
< 0 and ∂Li(S,Ii)

∂S > 0 for all S, Ii > 0.

2. EES, R0, and MWS

We must identify the constant equilibria of (1.1) in order to examine the TWS of the system (1.1). Let
S0 = ∆

µ . It is easy to see that (S0, 0, 0), also known as the IFES of (1.1). To demonstrate the existence

and uniqueness of EES, we examine the temporal model of (1.1), as they are equivalent, that is
S′
i = ∆− µS(t)− L1(S(t), I1(t))− L2(S(t), I2(t)),
I ′1 = L1(S(t− ϑ), I1(t− ϑ))− (µ+ δ)I1(t),
I ′2 = L2(S(t− ϑ), I2(t− ϑ))− (µ+ ρ)I2(t),
S(σ) = S0(σ), Ii(σ) = Ii0(σ), i = 1, 2,

(2.1)

with (S0, Ii0) ∈ C([−τ, 0],R+) × C([−τ, 0],R+). The standard results of theory of differential equations
imply that (2.1) has a unique positive solution. For showing that the solution is globally defined, we sum
up the three equations of (2.1), for each i = 1, 2, to obtain

(S(t) + Ii(t+ ϑ))′ ≤ ∆− µ(S(t) + Ii(t+ ϑ) +R(t)),

then

lim sup
t→+∞

(S(t) + Ii(t+ ϑ)) ≤ ∆

µ
.

Therefore, the solution is globally defined. Then,

lim sup
t→+∞

S(t) ≤ ∆

µ
.

Next, we derive the results that follows
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Parameter Biological Meaning
S(x, t) Density of susceptible individuals at location x and time t.
I1(x, t) Density of infected individuals with epidemic 1.
I2(x, t) Density of infected individuals with epidemic 2 .
R(x, t) Density of recovered individuals.
d1 Diffusion rate for susceptible individuals.
d2 Diffusion rate for infected class I1.
d3 Diffusion rate for infected class I2.
d4 Diffusion rate for recovered individuals.
J(x) Dispersal kernel: describes the probability distribution of movement from one location

to another.

J ∗ u(x, t) Nonlocal convolution: J ∗ u(x, t) =
∫
RN

J(x− y)u(y, t) dy.

Λ Recruitment or birth rate of susceptible individuals.
µ Natural death rate (applies to all classes).
δ Recovery rate of infected individuals in class I1.
ρ Recovery rate of infected individuals in class I2.
τ Time delay accounting for disease incubation or delayed response.

L1(S, I1) Incidence function for infections due to I1 (e.g., β1SI1
1+αI1

)

L2(S, I2) Incidence function for infections due to I2 (e.g.,
β2SI2

2

1+αI2
2
).

Table 1: Biological meaning of the parameters in the nonlocal delayed epidemic model.

Theorem 2.1 Let (S0, Ii0) ∈ C([−τ, 0],R+)×C([−τ, 0],R+), and assume that (S(t), Ii(t)) is the solution
of (2.1), thus, S(t) > 0, Ii(t) > 0, R(t) > 0 for all finite t ≥ 0. Moreover, the following set

Ω = {(S(t), Ii(t)), S(t) ≥ 0, Ii(t) ≥ 0, R(t) ≥ 0, S(t) + Ii(t+ ϑ) +R(t) ≤ ∆

µ
},

is a positively invariant set.

Clearly Ω is a positively invariant set for (2.1). For simplicity reasons, we denote ∂Li(S,Ii)
∂S = ∂1Li(S, Ii),

and ∂Li(S,Ii)
∂Ii

= ∂2Li(S, Ii). The BRN, R0, associated to (2.1) is the spectral radius of M, that is,

R0 = ρ(M),

where

M =


∂2L1(S0,0)

(µ+δ) 0

0 ∂2L2(S0,0)
(µ+ρ)

 .
Now, we only focus on the reduced system of (2.1),

dS(t)
dt = ∆− µS(t)− L1(S(t), I1(t))− L2(S(t), I2(t)),

dI1(t)
dt = L1(S(t− ϑ), I1(t− ϑ))− (µ+ δ)I1(t),

dI2(t)
dt = L2(S(t− ϑ), I2(t− ϑ))− (µ+ ρ)I2(t).

(2.2)

The following theorem guarantees the existence and uniqueness of the EES for (2.2), which also functions
as an EES for the reaction-diffusion system (1.1). In the following, we shall always assume R0 > 1.
The system (2.1) permits two equilibriums: E0 and E∗. Our primary goal is to confirm the existence of
traveling wave solutions of (1.1) between the two equilibria E0 and E∗. The traveling wave solution of
(1.1) has the following special form:

(S(χ), Ii(χ)), χ = x+ αt ∈ R (2.3)
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Plugging (2.3) into (1.1), we get the wave form equations as

 αS′(χ) = d1(J ∗ S(χ)− S(χ)) + ∆− µS(χ)− L1(S(χ), I1(χ))− L2(S(χ), I2(χ)),
αI ′1(χ) = d2(J ∗ I1(χ)− I1(χ)) + L1(S(χ− αϑ), I1(χ− αϑ))− (µ+ δ)I1(χ),
αI ′2(χ) = d3(J ∗ I2(χ)− I2(χ)) + L2(S(χ− αϑ), I2(χ− αϑ))− (µ+ ρ)I2(χ),

(2.4)

with the boundary conditions

(S, I1, I2)(−∞) = (
∆

µ
, 0, 0), (S, I1, I2)(+∞) = (S∗, I∗1 , I

∗
2 ). (2.5)

We aim to show that (2.4) has a positive solution that satisfies (2.5). The linearized equations of the
second equation of (2.4) with i = 1, 2 at E0 provide the following decoupled system.{

αI ′1(χ) = d2(J ∗ I1(χ)− I1(χ)) + ∂2L1(S
0, 0)I1(χ− αϑ)− (µ+ δ)I1(χ),

αI ′2(χ) = d3(J ∗ I2(χ)− I2(χ)) + ∂2L2(S
0, 0)I2(χ− αϑ)− (µ+ ρ)I2(χ).

Letting I1(χ) = κ1e
ξχ, and I2(χ) = κ2e

ξχ, we get
αξκ1 = d2

∫ +∞

−∞
κ1J(y)e

−ξydy + ∂2L1(S
0, 0)κ1e

−αξϑ − (µ+ δ + d2)κ1,

αξκ2 = d3

∫ +∞

−∞
J(y)κ2e

−ξydy + ∂2L2(S
0, 0)κ2e

−αξϑ − (µ+ ρ+ d3)κ2.

(2.6)

Let

A =

[
d2 0
0 d3

]
, B =

[
α 0
0 α

]
, D =

[
µ+ δ + d2 0

0 µ+ ρ+ d3

]
,

and

E =

∂2L1(S
0, 0)e−αξϑ 0

0 ∂2L2(S
0, 0)e−αξϑ

 .
Where J (ξ) =

∫ +∞
−∞ J(y)e−ξydy. Denote p(ξ, α) = J (ξ)A− ξB −D + E . Thus, (2.6) reduces into

p(ξ, α)

(
κ1
κ2

)
= 0.

Let A′ = D−1A, B′ = D−1B and F ′ = D−1E , thus p(ξ, α) becomes(
−A′J (ξ) +B′ξ + I

)−1

F ′κ = κ, (2.7)

where κ =

(
κ1
κ2

)
, m1(ξ, α) = −d2J (ξ) + αξ + (µ+ δ + d2),m2(ξ, α) = −d3J (ξ) + αξ + (µ+ ρ+ d3) and

(
−A′J (ξ) +B′ξ + I

)−1

F ′ =

[
∂2L1(S

0,0)e−αξϑ

m1(ξ,α)
0

0 ∂2L1(S
0,0)e−αξϑ

m2(ξ,α)

]
.

Let N(ξ, α) =

(
−A′J (ξ) +B′ξ + I

)−1

F ′, thus (2.16) becomes

N(ξ, α)κ = κ.

Let L(ξ, α) represent the primary eigenvalue of N(ξ, α). Now, we solve m1(ξ, α) = 0 in ξ. Clearly,
m1(0, α) = (µ+ η + d2) > 0; similarly, m2 > 0 and mi(+∞, α) = −∞ by assumption (J),

∂mi(ξ, α)

∂ξ

∣∣∣∣
ξ=0

= α > 0,
∂2m1(ξ, α)

∂ξ2
= −d2

∫
R
y2J(y)e−ξydy < 0

∂m2(ξ, α)

∂ξ2
= −d3

∫
R
y2J(y)e−ξydy < 0.
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Therefore, there is always ξiα > 0 satisfying mi(ξ
i
α, α) = 0, for all α > 0, i = 1, 2. We let

ξα = min

{
ξ1α, ξ

2
α

}
.

For α ≥ 0, ξ ∈ [0, ξα), we get

L(ξ, α) = e−ξαϑ

2

[(
∂2L1(S

0,0)
m1(ξ,α)

+ ∂2L2(S
0,0)

m2(ξ,α)

)
+

{(
∂2L1(S

0,0)
m1(ξ,α)

− ∂2L2(S
0,0)

m2(ξ,α)

)2

+ 4∂2L1(S
0,0)∂2L2(S

0,0)e−αξϑ

m1(ξ,α)m2(ξ,α)

} 1
2
]
.

(2.8)

This following proposition is true for any L(ξ, α).

Proposition 2.1 The three claims that follow are true:

(i) ξα is increasing in α ∈ [0,+∞), and limα→+∞ ξα = +∞;

(ii) L(0, α) = R0, α ≥ 0, L(ξ, α) is decreasing in ξ ∈ [0, ξ0), and limξ→ξα L(ξ, α) = 0, ∀α ≥ 0;

(iii) ∀ξ ∈ (0, ξα),
∂
∂αL(ξ, α) < 0.

Proof: For (i), is easy to check, therefore, we omit it here. Fixing ξ ∈ (0, ξα), and differentiate L(ξ, α)
in α to get

∂L(ξ,α)
∂α =

{
∂2L1(S

0, 0) ∂
∂α

[
e−ξαϑ

m1(ξ,α)

]
(V1(ξ, α) + v(ξ, α)) + ∂2L2(S

0, 0) ∂
∂α

[
e−ξαϑ

m2(ξ,α)

]
(V1(ξ, α)− v(ξ, α)),

where

v(ξ, α) = ∂2L1(S
0, 0)

[
e−ξαϑ

m1(ξ, α)

]
− ∂2L2(S

0, 0)

[
e−ξαϑ

m2(ξ, α)

]
,

and

V1(ξ, α) =

{(
∂2L1(S

0, 0)

[
e−ξαϑ

m1(ξ, α)

]
− ∂2L2(S

0, 0)

[
e−ξαϑ

m2(ξ, α)

])2

,

As both mi(ξ, α) > 0 and J (ξ) > 0, ∀ξ ∈ (0, ξ(α)), we obtain V1(ξ, α)+v(ξ, α) > 0, V1(ξ, α)−v(ξ, α) > 0
and

∂

∂α

[
e−ξαϑ

mi(ξ, α)

]
= −ξe

−ξαϑ(ϑmi(ξ, α) + 1)

(mi(ξ, α))2
< 0 i = 1, 2.

Hence,
∂L(ξ, α)

∂α
< 0.

Thus, (iii) is checked.
Clearly, L(0, α) = R0, ∀α ≥ 0. Now, we differentiate L(ξ, 0) in ξ ∈ (0, ξ(0)) to get

∂L(ξ,α)
∂ξ =

{
∂2L1(S

0, 0) ∂
∂ξ

[
1

m1(ξ,0)

]
(V1(ξ, 0) + v(ξ, 0)) + ∂2L2(S

0, 0) ∂
∂ξ

[
1

m2(ξ,α)

]
(V1(ξ, 0)− v(ξ, 0)),

As mi(ξ, α) > 0, J (ξ) > 0, V1(ξ, 0) + v(ξ, 0) > 0, V1(ξ, 0)− v(ξ, 0) > 0 and

∂

∂ξ

[
1

m1(ξ, 0)

]
=

d2J ′(ξ)

m1(ξ, α)2
> 0,

∂

∂ξ

[
1

m2(ξ, 0)

]
=

d3J ′(ξ)

m2(ξ, α)2
> 0 i = 1, 2.

Thus
∂L(ξ, 0)

∂ξ
> 0.
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Since that

lim
ξ→ξα−0

max

{
1

m1(ξ, α)
,

1

m2(ξ, α)

}
= +∞,

for all α ≥ 0, we deduce that limξ→ξα−0 L(ξ, α) = +∞. This concludes (ii). 2

In the light of Proposition 2.1, we let

ξ̃(α) = min
ξ∈[0,ξα)

L(ξ, α) for α ≥ 0.

Thus ξ̃(0) = L(ξ, 0) = R0, limα→+∞ ξ̃(α) = 0 and ξ̃(α) is continuous and decreasing in c ∈ [0,∞). When
R0 > 1, there is a constant c∗ > 0 verifying ξ̃(α∗) = 1, ξ̃(α) > 1, ∀α ∈ [0, α∗) and ξ̃(α) < 1, ∀α ∈ (α∗,∞).
Let

ξ∗ = inf

{
ξ ∈ [0, ξα∗) : L(ξ, α) = 1

}
.

Hence, L(ξ∗, α∗) = 1, and L(ξ∗, α) < 1, ∀c > c∗. Denote

ξ1(α) = sup{ξ ∈ (0, ξ∗) : L(ξ, α) = 1, L(ξ′, α) ≥ 1 ∀ξ′ ∈ (0, ξ)}.

As L(ξ∗, α) < 1, ∀α > α∗, we have the following results

Proposition 2.2 If R0 > 1, then there is α∗ > 0, ξ∗ ∈ (0, ξα∗) satisfying

(i) L(ξ, α) > 1, ∀0 ≤ α < α∗, ∀ξ ∈ (0, ξα), where ξα ∈ [0,+∞);

(ii) L(ξ∗, α∗) = 1, L(ξ, α∗) > 1 when ξ ∈ (0, ξ∗), and L(ξ, α∗) ≥ 0 when ξ ∈ (0, ξα∗);

(iii) ∀α > α∗, there is ξ1(α) ∈ (0, ξ∗) satisfies L(ξ1(α), α) = 1, L(ξ, α) ≥ 1 for ξ ∈ (0, ϑ1(α)), and
L(ξ1(α) + εn(α), α) < 1 for some decreasing sequences {εn(α)} verifying limn→∞ εn = 0 and
εn + ξ1(α) < ξ∗, ∀n ∈ N. Particularly, ξ1(α) decreases in α ∈ (α∗,∞).

As N(ξ, α) an irreducible nonnegative matrix for ξ ∈ [0, ξα), we obtain by using the Perron-Frobenius
theorem.

Proposition 2.3 Suppose that R0 > 1. When α > α∗, there exists positive unit vectors κ(α) =
(κ1(α), κ2(α))

T and ξn(α) = (ξn1 (α), ξ
n
2 (α))

T (n ∈ N) verifying

N(ξ1(α), α)κ(α) = κ(α),

N(ξ1(α) + εn(α), α)ξ
n(α) = L(ξ1(α) + εn(α), α)ξ

n(α), n ∈ N.

Now, let fix α > α∗. Suppose that ξ1(α), κ(α) = (κ1(α), κ2(α))
T , εn(α), and ξ

n(α) = (ξn1 (α), ξ
n
2 (α))

T (n ∈
N) are as provided in Propositions 2.2 and 2.3. Without loss of generality, we substitute ξ1(α), ξ(α) =
(ξ1(α), ξ2(α))

T , εn(α), and ξn(α) = (ξn1 (α), ξ
n
2 (α))

T (n ∈ N) for ξ1, κ = (κ1, κ2)
T , εn and ξn(α) =

(ξn1 (α), ξ
n
2 (α))

T (n ∈ N). Given that L(ξ1 + εn, α) < 1, Proposition 2.3 implies that
−m1(ξ1, α)κ1 +

(
∂2L1(S

0, 0)κ1

)
e−cξ1ϑ = 0,

−m1(ξ1, α)κ2 +

(
∂2L1(S

0, 0)κ2

)
e−cξ1ϑ = 0,

and {
−m1(ξ1 + εn, c)ξ

n
1 + ∂2L1(S

0, 0)κ1e
−α(ξ1+εn)ϑ < 0,

−m2(ξ1 + εn, α)ξ
n
2 + ∂2L2(S

0, 0)κ2e
−α(ξ1+εn)ϑ < 0,

∀n ∈ N.
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Lemma 2.1 Let K(χ) = (k1(χ), k2(χ))
T with ki(χ) = κie

ξ1χ, satisfies
αp′1(χ) = d2

∫ +∞

−∞
J(y)e−ξydy + ∂2L1(S

0, 0)p1(χ− αϑ)− (µ+ δ + d2)p1(χ),

αp′2(χ) = d3

∫ +∞

−∞
J(y)e−ξydy + ∂2L2(S

0, 0)p1(χ− αϑ)− (µ+ ρ+ d3)p2(χ).

for any χ ∈ R.

2.1. Sub-Super solution

We let α > α∗, to construct the sub and sup solution of (2.4) using an iteration procedure, we consider
the following definition

Definition 2.1 (S+, I+1 , I
+
2 ) and (S−, I−1 , I

−
2 ) are the super and sub solutions of (2.4), respectively, that

verify

−α(S+)′(χ) + d2(J ∗ S+(χ)− S+(χ)) + ∆− µS+(χ)− L1(S
+(χ), I−1 (χ))− L2(S

+(χ), I−2 (χ)) ≤ 0,
(2.9)

−α(S−)′(χ) + d2(J ∗ S−(χ)− S−(χ)) + ∆− µS−(χ)− L1(S
−(χ), I+1 (χ))− L2(S

−(χ), I+2 (χ)) ≥ 0,
(2.10)

−α(I+1 )′(χ) + d2(J ∗ I+1 (χ)− I+1 (χ)) + L1(S
−(χ− αϑ), I+1 (χ− αϑ))− (µ+ δ)I+1 (χ) ≤ 0,

(2.11)

−α(I+2 )′(χ) + d3(J ∗ I+2 (χ)− I+2 (χ)) + L2(S
−(χ− αϑ), I+2 (χ− αϑ))− (µ+ ρ)I+2 (χ) ≤ 0,

(2.12)

−α(I−1 )′(χ) + d2(J ∗ I−1 (χ)− I−1 (χ)) + L1(S
−(χ− αϑ), I−1 (χ− αϑ))− (µ+ δ)I−1 (χ) ≥ 0,

(2.13)

−α(I−2 )′(χ) + d3(J ∗ I−2 (χ)− I−2 (χ)) + L2(S
−(χ− αϑ), I−2 (χ− αϑ))− (µ+ ρ)I−2 (χ) ≥ 0, ,

(2.14)

except for finite points of χ ∈ R.

In what follows, we always suppose that R0 > 1.

Proposition 2.4 The following algebraic system{
L1(S

0,B1)− (µ+ δ)B1 = 0,
L2(S

0,B2)− (µ+ ρ)B2 = 0,
(2.15)

Proof: By the first equation of (2.15) we have the following observation. The equation H(q) :=

L1(s
0, q1) = (µ+ δ)q1 has a unique positive root B1 because: we have H(0) = 0, and ∂L1(S0,0)

∂I1
− (µ+ δ) =

(µ+ δ)(
∂L1(S0,0)

∂I1

µ+δ − 1) > 0 when R0 = ρ(M) > 1 then, by the concavity of H guarantees uniqueness (see

[9, Fig. 2]), bu the same way we can proof the second equation of (2.15). 2

The following result illustrates the validation of the sub and super solution by using the prior definition.

Lemma 2.2 Let R0 > 1, α > α∗. Define

S+(χ) = S0, I+i = min{κieξ1χ,Bi},

S− = max

{
S0 −Meγχ, 0

}
, I−i (χ) = max{κieξ1χ(1− Jie

ηχ), 0}.

For positive constants γ, Ji and M (i = 1, 2) to be found later, (2.9)-(2.14) are met.

Proof: The following elements are utilised to establish evidence.
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(i): Clearly S+(χ) = S0 satisfies

−α(S+)′(χ) + d2(J ∗ S+(χ)− S+(χ)) + ∆− µS+(χ)− L1(S
+(χ), I−1 (χ))− L2(S

+(χ), I−2 (χ)) ≤ 0,

(2.16)
then, the proof of (2.9) is clear.

(ii) If χ < χ0, where χ0 = lnB1

ξ1
, we have I+1 (χ) = B1, and then I+1 (χ− αϑ) ≤ B1. So, we have

d2(J ∗ I1(χ)− I1(χ)) + L1(S
+(χ− αϑ), I+1 (χ− αϑ))− (µ+ δ)I+1 (χ)− α(I+1 )′(χ)

≤ L1(S
0,B1)− (µ+ η)B1 = 0.

For χ > χ0, we obtain I
+
1 (χ) = κ1e

ξ1χ, which we demonstrate fulfils (2.13). It is easy to check that.

d2(J ∗ I+1 (χ)− I+1 (χ)) + L1((s
+)(χ− αϑ), I+1 (χ− αϑ))− (µ+ η)(I+1 )(χ)− α(I+1 )′(χ), (2.17)

≤ d2(J ∗ I+1 (χ)− I+1 (χ)) + ∂L1(S
0,0)

∂I1
(I+1 )(χ− αϑ)− (µ+ η)(I+1 )(χ)− α(I+1 )′(χ),

≤ −α(I+1 )′(χ) + d2

∫ +∞

−∞
J(y)e−ξ1ydy +

∂L1(S
0, 0)

∂I1
I+1 (χ− αϑ)− (µ+ η + d2)I

+
1 (χ),

= d2

∫ +∞

−∞
J(y)e−ξ1ydy +

∂L1(S
0, 0)

∂I1
κ1e

ξ1(χ−αϑ) − (µ+ η + d2)κ1e
ξ1χ − αξ1e

ξ1χ,

= eξ1χp(ξ1, α),
= 0,

with ξ1 is defined in Proposition 2.2. By similar method we prove (2.12)

(iii) Take 0 < γ < min

{
ξ1,

α
d1

}
. Let χ ̸= 1

γ ln
1
M := χ∗, and claiming that S− verifies

−α(S−)′(χ) + d1(J ∗ S−(χ)− S−(χ)) + L− µ(S−)(χ)− L1(S
−, I+1 )− L2(S

−, I+2 ) ≥ 0.

To demonstrate the validity of this claim, we begin with the situation χ > χ∗, resulting in S−(χ) = 0
in (χ∗,∞), indicating that it is satisfied. If χ < χ∗, we have S−(χ) = S0 − Meγχ. Clearly,
L1(S(χ), I1(χ)) ≤ L1(S

0, 0)I1(χ), L2(S(χ), I1(χ)) ≤ L2(S
0, 0)I2(χ). Then, we have

−α(S−)′(χ) + d1(J ∗ S−(χ)− S−(χ)) + L− µ(S−)(χ)− L1(S
−, I+1 )− L2(S

−, I+2 ),

≥ αMγeγχ − d1Meγχ
∫ +∞

−∞
J(x)e−γxdy +∆− µ(S0 −Meγχ)

−∂2L1(S
0, 0)(κ1e

ξχ)− ∂2L2(S
0, 0)(κ2e

ξχ),

≥ eγχ
[
αMγ − d1M

∫ +∞

−∞
J(x)e−γxdy + d1M − ∂2L1(S

0, 0)(κ1e
(ξ−γ)χ)− ∂2L2(S

0, 0)(κ2e
(ξ−γ)χ)

]
≥ eγχ

[
αMγ − d1M

∫ +∞

−∞
J(x)e−γxdy + d1M − κ1

(
S0

M

) ξ−γ
γ

− κ2

(
S0

M

) ξ−γ
γ

]
.

Here we use

eξχ <

(
S0

M

) ξ−γ
γ

for χ < χ∗.

Maintaining γM = 1 and allowing M → ∞ for any M>S
0 big enough and γ small enough, we

obtain

−α(S−)′(χ) + d1(J ∗ S−(χ)− S−(χ)) + L− µ(S−)(χ)− L1(S
−, I+1 )− L2(S

−, I+2 ) ≥ 0.

(iv) Selecting 0 < η < min{ξ2 − ξ1, ξ1} and L > 0 suitably big. Next, we assert that i−(χ) satisfies

−α(I−1 )′(χ) + d2(J ∗ I1(χ)− I1(χ)) +1 (S
−(χcϑ), I−1 (χ− αϑ))− (µ+ η)I−1 (χ) ≥ 0, (2.18)
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with χ ̸= χ2 := −lnL1

η .

We show this claim in two separate cases: χ > χ2 and χ < χ2. If χ > χ2, then I
−
1 (χ) = 0, which

means that (2.18) is fulfilled. If χ < χ2, then i
−(χ) = eξ1χ(1− L1e

ηχ). In this case, we show that
(2.18) holds for sufficiently large L1, which will be defined later. The inequality in (2.18) may be
expressed as follows.

∂L1(S
0,0)

∂I1
I−1 (χ− αϑ)− L1(S

−(χ− αϑ), I−1 (χ− αϑ)) ≤ −α(I−1 )′(χ) + d2(J ∗ I−1 (χ)− I−1 (χ))

+∂L1(S
0,0)

∂I1
I−1 (χ− αϑ)− (µ+ η)I−1 (χ),

≤ −Lp(ξ1 + η, α)κ1e
(ξ1+η)χ.

(2.19)

For each ξ ∈ (0, ∂L1(S,I1)
∂I1

|(S,I1)=(S0,0)), L1(S, I1)/I1 is a decreasing function on (0,∞). Given that

I−1 is a bounded function for χ < χ2, there exists δ0 > 0 such that 0 < I−1 < δ0 for each χ < χ2.

The boundedness of I−1 for χ < χ2, as well as the fact that ∂L1(S,I1)
∂I1

|(S,I1)=(∆
µ ,0) > 0, indicates the

existence of ξ > 0 small enough to satisfy the following inequality. For each 0 < I−1 < δ0,

L1(S
−, I−1 )/I−1 >

∂L1(S
0, 0)

∂I1
− ξ > 0

. Using the fact that 0 < I−1 < δ0, we obtain

∂2L1(S
0, 0)I−1 (χ− αϑ)− L1(S

−(χ− αϑ), I−1 (χ− αϑ))

=

(
∂L1(

∆
µ ,0)

∂I1
− L1(S

−(χ−αϑ),I−
1 (χ−αϑ))

I−
1 (χ−αϑ)

)
i−(χ− αϑ),

≤
( ∂L1(∆

µ
,0)

∂I1
−L1(S−(χ−αϑ),I

−
1 (χ−αϑ))

I
−
1 (χ−αϑ)

+I−
1 (χ−αϑ)

2

)2

≤
[
∂L1(S

0,0)
∂I1

−
(∂L1(S

0,0)
∂I1

− ξ
)
+ I−1 (χ− αϑ)

]2
.

(2.20)

Then, we have

∂L1(S
0, 0)

∂I1
I−1 (χ− αϑ)− L1(s

−(χ− αϑ), I−1 (χ− αϑ)) ≤ I−2
1 (χ− αϑ).

Therefore, to prove the inequality (2.19), it is sufficient to show that

(I−2
1 )(χ− αϑ) ≤ −Lp(λ1 + η, c)κ1e

(ξ1+η)χ (2.21)

Noting that I−1 ≤ I+1 , then we have (I−1 (χ− αϑ))2 ≤ e2ξ1χ. To ensure (2.21), we show that

e2ξ1χ ≤ −Lp(ξ1 + η, α)κ1e
(ξ1+η)χ. (2.22)

The inequality (2.22) is true for sufficiently large M as both sides are restricted for all χ < χ2 and
trend to 0 as χ→ −∞. The proof is complete. Similarly, we prove I−2 (χ).

2

2.2. Truncated problem

We put Θ > max{|χ∗|, |χ0|, r}, we take the following bounded set

ΓΘ(χ) =

{
(ϕ(χ)φ(χ)) ∈ C

(
[−Θ,Θ],R2

) ∣∣∣∣ϕ(−Θ) = S(−Θ),

φi(−Θ) = Ii(−Θ), S−(χ) ≤ ϕ(χ) ≤ S0, I−i (χ) ≤ φi(χ) ≤ I+i (χ),

χ ∈ [−Θ,Θ]

}
.
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For any (ϕ(χ), φi(χ)) ∈ ΓΘ(χ), we define

ϕ̂(χ) =

 ϕ(Θ), χ > Θ,
ϕ(χ), |χ| ≤ Θ,
S−(−Θ), χ < −Θ,

φ̂(χ) =


φi(Θ), χ > Θ,
φi(χ), |χ| ≤ Θ,
I−i (−Θ), χ < −Θ,

Clearly, ΓΘ(χ) is a closed and convex set. The expression
(
ϕ̂(χ), φ̂i(χ)

)
is

S−(χ) ≤ ϕ̂(χ) ≤ S0, I−i (χ) ≤ φ̂i(χ) ≤ I+i (χ), χ ∈ R.

Letting the truncated problem
αS′(χ) = d1((J ∗ ϕ̂)(χ)− s(χ)) + ∆− µS(χ)− L1(S(χ), φ1(χ))− L2(S(χ), φ2(χ)),

αI ′1(χ) = d2((J ∗ φ̂1) (χ)− I1(χ)) + L1(ϕ̂(χ− αϑ), φ̂1(χ− αϑ))− (µ+ η)I1(χ),

αI ′2(χ) = d3((J ∗ φ̂2) (χ)− I2(χ)) + L2(ϕ̂(χ− αϑ), φ̂2(χ− αϑ))− (µ+ ρ)I2(χ),

(2.23)

with
S(−Θ) = S−(−Θ), Ii(−Θ) = I−i (−Θ), i = 1, 2. (2.24)

The general results of differential equations ensure that the starting value problems (2.23 and (2.24)
permit a single nonnegative solution (SΘ(χ), Ii,Θ(χ)) defined for χ ∈ [−Θ,Θ]. Therefore, we let the
solution map X = (X1,Xi2) on ΓΘ(χ) by

X1(ϕ, φi) = SΘ, Xi2(ϕ, φi) = Ii,Θ.

Lemma 2.3 For all Θ > max{|χ∗|, |χ0|, r}, map X = (X1,Xi2) : ΓΘ(χ) → ΓΘ(χ).

Lemma 2.3 may be inferred from Lemma 2.2 and the comparison principle. For instance, we can refer to
[12, Proposition 2.1]

Lemma 2.4 The map X = (X1,Xi2) : ΓΘ(χ) → ΓΘ(χ) is completely continuous.

Proof: For any (ϕ, φi) ∈ ΓΘ(χ), we readily establish from (2.23) that (SΘ(χ), Ii,Θ(χ)) ∈ C1([−Θ,Θ],R2).
The Arzelà-Ascoli theorem implies that map X is compact.

Next, we look at the continuity of X . Define SΘ,k(χ) = X1(ϕk, φi,k)(χ). , Ii,Θ,k(χ) = X2(ϕk, φi,k)(χ)
where
(ϕk(χ), φi,k(χ)) ∈ ΓΘ(χ) (i, k = 1, 2) for χ ∈ [−Θ,Θ]. We first examine the continuity of X1. The first
equation of (2.23) produces

α(S′
Θ,1(χ)− S′

Θ,2(χ)) + (d1 + µ)(sΘ,1(χ)− SΘ,2(χ))

= d1

∫
R
J(y)(ϕ̂1(χ− y)− ϕ̂2(χ− y))dy + L1(SΘ,2(χ), φ1,2(χ))− L1(SΘ,1(χ), φ1,1(χ))

+L2(SΘ,2(χ), φ2,2(χ))− L2(SΘ,1(χ), φ2,1(χ)).

(2.25)

Since

∫
R
J(y)ϕ̂(χ− y)dy =

∫ −Θ

−∞
J(χ− y)s(y)dy +

∫ Θ

−Θ

J(χ− y)ϕ(y)dy +

∫ +∞

Θ

J(χ− y)ϕ(Θ)dy,

we have ∣∣∣∣∫
R
J(y)(ϕ̂1(χ− y)− ϕ̂2(χ− y))dy

∣∣∣∣ ≤ 2 max
y∈[−Θ,Θ]

|ϕ1(y)− ϕ2(y)|. (2.26)

For (ϕ1, φ1), (ϕ2, φ2) ∈ ΓΘ(χ), since I
+
i (χ) ≤ Bi for χ ∈ [−Θ,Θ], then
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∣∣∣∣L1(ϕ1(χ), φ1,1(χ))− L1(ϕ2(χ), φ1,2(χ)) + L2(ϕ1(χ), φ2,1(χ))− L2(ϕ2(χ), φ2,2(χ))

∣∣∣∣
≤M4

[∣∣ϕ1(χ)− ϕ2(χ)
∣∣+ ∣∣φ1,1(χ)− φ1,2(χ) + φ2,1(χ)− φ2,2(χ)

∣∣], (2.27)

where M4 = sup

{
∂L1(S

0,0)
∂I1

, L1(σ,B1), frac∂L2(S
0, 0)∂I2, L2(σ,B2) : 0 ≤ σ ≤ S0

}
.

Let u(χ) = α|SΘ,1(χ)− SΘ,2(χ)|. Then, from (2.25)–(2.27), we obtain

u′(χ) = α sign(SΘ,1(χ)− SΘ,2(χ))(S
′
Θ,1(χ)− S′

Θ,2(χ)),

≤ 2d1 maxy∈[−Θ,Θ] |ϕ1(y)− ϕ2(y)| − (d1 + µ−M4)|SΘ,1(χ)− SΘ,2(χ)|
+M4|φ1,2(χ)− φ1,1(χ) + φ2,2(χ)− φ2,1(χ)|,

=

(
d1+µ+

α + M4

α

)
u(χ) + 2d1 maxy∈[−Θ,Θ] |ϕ1(y)− ϕ2(y)|

+M4|φ1,2(χ)− φ1,1(χ) + φ2,2(χ)− φ2,1(χ)|.

Thus, ∀χ ∈ [−Θ,Θ], we obtain

u(χ) ≤ u(−Θ)e−(
d1+µ

α +
M4
α )(χ+Θ) +

∫ χ

−Θ

[(
2d1 max

y∈[−Θ,Θ]
|ϕ1(y)− ϕ2(y)|

)
+M4 maxy∈[−Θ,Θ] |φ1,1(y)− φ1,2(y) + φ2,1(y)− φ2,2(y)|

]
e−(

d1+µ
α +

M4
α )(χ−τ)dτ.

From (2.28), we obtain ∥u(χ)∥ΓΘ(χ) → 0 as ∥(ϕ2, φ1,2, φ2,2) − (ϕ1, φ1,1, φ2,1)∥ΓΘ(χ) → 0. Therefore,
X1 is continuous on ΓΘ(χ). Similar logic suggests that Xi,2 is continuous. 2

Where ΓΘ(χ) is closed and convex, and by Lemmas 2.3 and 2.4, Schauder’s fixed point theorem, the
following result is valid.

Theorem 2.2 X admits at least one fixed point (S∗
Θ(χ), (Ii)

∗
Θ(χ)) ∈ ΓΘ(χ).

We present some previous estimates for the fixed point (S∗
Θ(χ), (Ii)

∗
Θ(χ)). for X in C1,1([−Θ,Θ],R2),

where.

C1,1([−Θ,Θ]) = {u ∈ C1([−Θ,Θ],R2) : u and u′ are Lipschitz continuous},

endowed with the norm

∥u∥C1,1([−Θ,Θ]) = max
x∈[−Θ,Θ]

|u(x)|+ max
x∈[−Θ,Θ]

|u′(x)|+ sup
x,y∈[−Θ,Θ],x̸=y

|u′(x)− u′(y)|
|x− y|

. (2.28)

Next, we have the outcomes shown below.

Lemma 2.5 Put (S∗
Θ(χ), (Ii)

∗
Θ(χ)) be the fixed point of map F , therefore there is a constant C > 0 inde-

pendent of Θ satisfying ∥S∗
Θ(χ)∥C1,1([−Θ,Θ]) ≤ C and ∥I∗i,Θ(χ)∥C1,1([−Θ,Θ]) ≤ C, ∀Θ > max{|χ∗|, |χ0|, r}.

Proof: Obviously, we have
αS∗′

Θ (χ) = d1J ∗ S∗
Θ(χ)− d1S

∗
Θ(χ) + ∆− µS∗

Θ(χ)− L1(S
∗
Θ(χ), (I1)

∗
Θ(χ))− L2(S

∗
Θ(χ), (I2)

∗
Θ(χ)),

α(I1)
∗′

Θ (χ) = d2J ∗ (I1)∗Θ(χ)− (d2 + µ+ η)(I1)
∗
Θ(χ) + L1(S

∗
Θ(χ− αϑ), (I1)

∗
Θ(χ− αϑ)),

α(I2)
∗′

Θ (χ) = d2J ∗ (I2)∗Θ(χ)− (d3 + µ+ ρ)(I2)
∗
Θ(χ) + L2(S

∗
Θ(χ− αϑ), (I2)

∗
Θ(χ− αϑ)),

(2.29)
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for χ ∈ [−Θ,Θ], where

ŜΘ(χ) =


S∗
Θ(Θ), χ > Θ,

S∗
Θ(χ), |χ| ≤ Θ,

S−(Θ), χ < −Θ,
(Îi)Θ(χ) =


(Ii)

∗
Θ(Θ), χ > Θ,

(Ii)
∗
Θ(χ), |χ| ≤ Θ,

(Ii)
−(Θ), χ < −Θ.

Since S∗
Θ(χ) ≤ s0 and (Ii)

∗
Θ(χ) ≤ Bi for χ ∈ [−Θ,Θ], and (2.29), we can obtain

|S∗′

Θ (χ)| ≤ 1

α
(2d1S

0 +∆+ µS0 + (
∂L1(S

0, 0)

∂I1
)B1 + (

∂L2(S
0, 0)

∂I2
)B2) := L1, (2.30)

|(I1)∗
′

X(χ)| ≤ 1
α (2d2B1 + (µ+ η)B1 + (∂L1(S

0,0)
∂I1

)B1) := L2,

|(I2)∗
′

X(χ)| ≤ 1
α (2d3B2 + (µ+ ρ)B2 + (∂L2(S

0,0)
∂I2

)B2) := L3,
(2.31)

Thus,

|S∗
Θ(χ)− S∗

Θ(η)| ≤ L1|χ− η|, |(I1)∗Θ(χ)− (I1)
∗
Θ(η)| ≤ L2|χ− η|, |(I2)∗Θ(χ)− (I2)

∗
Θ(η)| ≤ L3|χ− η|.

(2.32)
By (2.29), (2.30) and (2.31), we further have

α|S∗′

Θ (χ)− S∗′

Θ (η)| ≤ d1

∫ +∞

−∞
J(y)(ŜΘ(χ− y)− ŜΘ(η − y)) dy + (d1 + µ)|S∗

Θ(χ)− S∗
Θ(η)|

+

∣∣∣∣L1(S
∗
Θ(χ), (I1)

∗
Θ(χ))− L1(S

∗
Θ(η), (I1)

∗
Θ(η))

+L2(S
∗
Θ(χ), (I2)

∗
Θ(χ))− L2(S

∗
Θ(η), (I2)

∗
Θ(η))

∣∣∣∣,
(2.33)

and

α|(I1)∗
′

Θ (χ)− (I1)
∗′

Θ (η)| ≤ d2

∫ +∞

−∞
J(y)((Î1)Θ(χ− y)− (Î1)Θ(η − y)) dy + (d2 + µ+ η)|(I1)∗Θ(χ)

−(I1)
∗
Θ(η)|+

∣∣∣∣L1(S
∗
Θ(χ− αϑ), (I1)

∗
Θ(χ− αϑ))

−L1(S
∗
Θ(η − αϑ), (I1)

∗
Θ(η − αϑ))

∣∣∣∣.
(2.34)

α|(I2)∗
′

Θ (χ)− (I2)
∗′

Θ (η)| ≤ d3

∫ +∞

−∞
J(y)((Î2)Θ(χ− y)− (Î2)Θ(η − y)) dy + (d3 + µ+ ρ)|(I2)∗Θ(χ)

−(I2)
∗
Θ(η)|+

∣∣∣∣L2(S
∗
Θ(χ− αϑ), (I2)

∗
Θ(χ− αϑ))

−L2(S
∗
Θ(η − αϑ), (I2)

∗
Θ(η − αϑ))

∣∣∣∣.
(2.35)

Let [−r, r] denote the compact support of J(x). Since J(x) is a C1− function, there is a constant LJ , r > 0
that confirms J(x) ≤ LJ . So |Jn(x1)− Jn(x2)| ≤ LJ |x1 − x2|,l ∀x1, x2 ∈ [−r, r]. Thus, we infer that∫ +∞

−∞
J(y)ŜΘ(χ− y) dy −

∫ +∞

−∞
J(y)ŜΘ(η − y) dy =

∫ χ−r

η−r

J(y)SΘ(y) dy +

∫ η+r

χ+r

J(y)sΘ(y) dy

+

∫ χ+r

η−r

(J(y − η)− J(y − χ))sΘ(y) dy

≤ 4LJrS
0|χ− η|.

Likewise, we obtain∫ +∞

−∞
J(y)(Îi)Θ(χ− y) dy −

∫ +∞

−∞
J(y)(Îi)Θ(η − y) dy ≤ 4LJrBi|χ− η|.
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Then, it follows from (2.27) and (2.32) that∣∣∣∣L1(S
∗
Θ(χ− αϑ), (I1)

∗
Θ(χ− αϑ))− L1(S

∗
Θ(η − αϑ), (I1)

∗
Θ(η − αϑ))

+L2(S
∗
Θ(χ− αϑ), (I2)

∗
Θ(χ− αϑ))− L2(S

∗
Θ(η − αϑ), (I2)

∗
Θ(η − αϑ))

∣∣∣∣
≤ M4(L1 + L2 + L3)|χ− η|.

(2.36)

Combining (2.33)-(2.36), we know

|S∗′

Θ (χ)− S∗′

Θ (η)| ≤ CS |χ− η| and |(Ii)∗
′

Θ (χ)− (Ii)
∗′

Θ (η)| ≤ (CI)i|χ− η|,

where

CS =
1

α
(4d1LJrS

0 + (d1 + (µ)L1 +M4(L1 + L2 + L3)),

(CI)1 =
1

α
(4d2LJrB1 + (d2 + µ+ η)L2 +M4(L1 + L2)).

(CI)2 =
1

α
(4d3LJrB2 + (d2 + µ+ ρ)L2 +M4(L1 + L3)).

Consequently, we have that
∥S∗

Θ(χ)∥C1,χ([−Θ,Θ]) ≤ C

and
∥(Ii)∗Θ(χ)∥C1,χ([−Θ,Θ]) ≤ CIi ,

where C = max{S0 + L1 + CS ,B1 + L2 + CI1 ,B2 + L3 + CI2}. 2

2.3. Existence of a noncritical traveling wave solution

Theorem 2.3 Let R0 > 1 and α > α∗, then (2.4) has a solution (S∗(χ), I∗i (χ)) defined for χ ∈ R
satisfying S−(χ) ≤ S∗(χ) ≤ S0, I−i (χ) ≤ I∗i (χ) ≤ I+i (χ) for χ ∈ R.

Proof: {Xn}∞n=1, with Xn > max{|χ∗|, |χ0|, r} and limn→∞Xn = +∞. Schauder’s fixed point theorem
states that a fixed point (S∗

Xn
(χ), I∗i,Xn

(χ)) ∈ ΓXn(χ) of the map X exists for every Xn. Lemma 2.5
implies that ∥S∗

Xn
(χ)∥C[1−α,Xn,Xn] ≤ CS and ∥I∗i,Xn

(χ)∥C[1−α,Xn,Xn] ≤ CIi , n = 1, 2, . . .. For any integer
k, {(S∗

Xn
(χ), I∗i,Xn

(χ))} and

{(S∗′

Xn
(χ), I∗

′

i,Xn
(χ))}, with n ≥ k, are uniformly bounded and equicontinuous on [−Xk, Xk]. The Arzelà-

Ascoli theorem and the diagonal extraction strategy guarantee that a subsequence {(S∗
Xm

(χ), I∗i,Xm
(χ))}

converges uniformly in each [−Xk, Xk], (k = 1, 2, . . .), as m→ ∞.
Assuming limm→∞(S∗

Xm
(χ), I∗i,Xm

(χ)) = (S∗(χ), I∗i (χ)), we have

limm→∞(S∗′

Xm
(χ), I∗

′

i,Xm
(χ)) = (S∗′

(χ), I∗
′

i (χ)). Let r be the supported radius of J(χ).

Since (S∗
Xm

(χ), I∗i,Xm
(χ)) ≤ (S+∗(χ), I+∗

i (χ)) for χ ∈ R and i,m = 1, 2, . . ., using the Lebesgue dominated
convergence theorem, it follows that

lim
m→∞

∫
R
J(χ)S∗

Xm
(χ− y)dχ = lim

m→∞

∫ r

−r

J(χ)S∗
Xm

(χ− y)dχ = J ∗ S∗(χ).

By the same way, we can obtain limm→∞ I∗i,Xm
(χ) = J ∗ I∗i (χ). Then, (S∗(χ), I∗i (χ)) satisfies (2.4) and

S−(χ) ≤ S∗(χ) ≤ S0 and I−i (χ) ≤ I∗i (χ) ≤ I+i (χ) for χ ∈ R.
Now, we prove S0 > S∗(χ) > 0 and I∗i (χ) > 0. Since S(−∞) = S0 > 0, assume that there is χ00 ∈ R

verifying S(χ00) = 0 and S(χ) > 0, ∀χ ∈ (−∞, χ00), then S
′(χ00) ≤ 0. The first equation of (2.4) gives

d1

∫ +∞

−∞
J(y)S(χ00–y)dy +∆ ≤ 0.
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This is a contradiction. Thus, S∗(χ) > 0, ∀χ ∈ R. Likewise, we obtain I∗i (χ) > 0, ∀χ ∈ R. Now, we

prove S∗(χ) < S0. Assuming that there is χ00 ∈ R satisfying S∗(χ00) = S0, then, s∗
′
(χ00) ≥ 0. Together

with the first equation of (2.4) yields

d1

∫ +∞

−∞
J(y)(s(χ00 − y)− s0)dy +∆− µS0 − L1(S

∗(χ00), I
∗
1 (χ00))− L2(S

∗(χ00), I
∗
2 (χ00)) ≥ 0,

that is,

d1

∫ +∞

−∞
J(y)(S(χ00 − y)− S0)dy − L1(S

∗(χ00), I
∗
1 (χ00))− L2(S

∗(χ00), I
∗
2 (χ00)) ≥ 0,

this is a contradiction with s∗(χ00–y)–S
0 ≤ 0 and −L1(S

∗(χ00), I
∗
1 (χ00)), L2(S

∗(χ00), I
∗
2 (χ00)) > 0.

Thus, S∗(χ) < S0, ∀χ ∈ R. 2

Theorem 2.4 Let R0 > 1 and α > α∗, then (2.4) has a solution (S∗(χ), I∗i (χ)) defined for χ ∈ R
satisfying limχ→∞(S∗(χ), I∗i (χ)) = (S0, 0), 0 < S∗(χ) ≤ S0, and I∗i (χ) > 0 for χ ∈ R.

Proof: By Theorem 2.3, there is a solution sequence Φn(χ) = (S∗
n(χ), I

∗
i,n(χ)), n ∈ N∗ and χ ∈ R,

verifying
αS∗′

n (χ) = d1J ∗ S∗
n(χ)− d1S

∗
n(χ) + ∆− µS∗

n(χ)− L1(S
∗
n(χ), I

∗
1,n(χ))− L2(S

∗
n(χ), I

∗
2,n(χ)),

αI∗
′

1,n(χ) = d2J ∗ I∗1,n(χ)− (d2 + µ+ η)I∗1,n(χ) + L1(S
∗
n(χ− αϑ), I∗1,n(χαϑ)),

αI∗
′

2,n(χ) = d3J ∗ I∗2,n(χ)− (d3 + µ+ ρ)I∗2,n(χ) + L2(S
∗
n(χ− αϑ), I∗2,n(χαϑ)),

(2.37)
and

S(χ) < S∗
n(χ) ≤ S0, Ii(χ) ≤ I∗i,n(χ) ≤ Ii(χ), S∗

n(χ) > 0, I∗i,n(χ) > 0, χ ∈ R.

In [−k − 1, k − 1], we select subsequences {Φk−1,m(χ)} of {Φk−2,m(χ)} satisfying {Φk−1,m(χ)} and
{Φ′

k−1,m(χ)} converge uniformly on [−k − 1, k − 1] when m→ ∞.

We also have Bi,k−1,m ≤ κie
1+χ for all χ ∈ [−k − 1, k − 1]. As Bi,k−1,m is uniformly restricted on

[−k, k], we may argue that I∗i,k,m(χ) ≤ κie
1+χ for all χ ∈ [−k, k]. Thus, for m > mk, {Φk,m(χ)} is

uniformly restricted on [−k, k].
The proof of Lemma 2.4 shows that both {Φk−1,m(χ)} and {Φ′

k−1,m(χ)} are equicontinuous and
uniformly bounded on [−k, k]. {Φk,m(χ)} is a subsequence of {Φk−1,m(χ)} that converges uniformly on
[−k, k] for both {Φk,m(χ)}. as m→ ∞. Moreover, I∗i,k,m(χ) ≤ eξ1χ, ∀χ ∈ [−k, k].

The diagonal extraction approach implies that there are subsequences {Φm,m(χ)} and {Φ′
m,m(χ)} that

converge uniformly on each [−k, k] (k = 1, 2, 3,...). Consider {Φm,m(χ)} → (S∗(χ), I∗i (χ)) as m→ +∞.

Thus, {Φ′
m,m(χ)} → (S∗′

(χ), I∗
′

i (χ)) and m→ +∞. Because for each m ∈ N∗, we have
αS∗′

m,m(χ) = d1J ∗ S∗
m,m(χ)− d1S

∗
m,m(χ) + ∆− µS∗

m,m(χ)− L1(S
∗
m,m(χ), I∗1,m,m(χ))

−L2(S
∗
m,m(χ), I∗2,m,m(χ),

αI∗
′

1,m,m(χ) = d2J ∗ I∗1,m,m(χ)− (d2 + µ+ η)I∗1,m,m(χ) +−L1(S
∗
m,m(χ− αϑ), I∗1,m,m(χ− αϑ)

αI∗
′

2,m,m(χ) = d3J ∗ I∗2,m,m(χ)− (d3 + µ+ ρ)I∗2,m,m(χ) +−L2(S
∗
m,m(χ− αϑ), I∗2,m,m(χ− αϑ).

(2.38)
When m→ +∞, utilising the continuity of Li(S(χ), Ii(χ)), i = 1, 2, functions and the dominated conver-
gence theorem yields

αS∗′
(χ) = d1J ∗ S∗(χ)− d1S

∗(χ) + ∆− µS∗(χ)− L1(S
∗(χ), I∗1 (χ))− L2(S

∗(χ), I∗2 (χ)),

αI∗
′

1 (χ) = d2J ∗ I∗1 (χ)− (d2 + µ+ η)I∗1 (χ) + L1(S
∗(χ− αϑ), I∗1 (χ− αϑ)),

αI∗
′

2 (χ) = d3J ∗ I∗2 (χ)− (d3 + µ+ ρ)I∗2 (χ) + L2(S
∗(χ− αϑ), I∗2 (χ− αϑ)).

(2.39)

For every χ ∈ R. That is, (S∗(χ), I∗i (χ)) is the solution of (2.4) for χ ∈ R. (2.37) gives S(χ) < S∗(χ) ≤ s0

and Ii(χ) ≤ I∗i (χ) for χ ∈ R. For any integers k > 0 and m ≥ k, I∗i,m,m(χ) ≤ κie
ξ1χ, ∀χ ∈ [−k, k],
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we further get I∗i (χ) ≤ κie
ξ1χ, χ ∈ R. The upper-lower solutions show that (S∗(χ), I∗i (χ)) satisfies

limχ→−∞(S∗(χ), I∗i (χ)) = (S0, 0). Similar to Theorem 2.3, we obtain 0 < S∗(χ) < S0 for every χ ∈ R.
Assume χ′ ∈ R, I∗i (χ′) = 0, I∗i (χ) > 0, and ∀χ ∈ (−∞, χ′). Clearly, for χ′ > χ0, I

∗′

i (χ′) ≤ 0. Using the
second equation of (2.39), we obtain

αI∗
′

1 (χ′) = d2J ∗ I∗1 (χ′)− (d2 + µ+ η)I∗1 (χ
′) + L1(S

∗(χ′ − αϑ), I∗1 (χ
′ − αϑ)) > 0.

This is a contradiction. Then, I∗1 (χ) > 0, ∀χ ∈ R. the same with I∗2 (χ), so we get I∗2 (χ) > 0 2

Let’s define (S∗(χ), I∗i (χ)) as in Theorem 2.4. To calculate the asymptotic boundary condition
(S∗(χ), I∗i (χ)) → (s∗, i∗) as χ→ +∞. To establish the existence of non-critical TWS, we need to demon-
strate that (S∗(χ), I∗i (χ)) → (S∗, I∗i ) as χ → ∞ using the Lyapunov-LaSalle Theorem. The findings are
emphasised as follows:

Lemma 2.6 (S∗(χ), I∗i (χ)) → (S∗, I∗i ) uniformly as χ→ +∞.

Proof: Motivated by [33], we let the following assumption for all S ̸= S∗

(
S

S∗ − 1

)[
Li(S, I

∗
i )

Li(S∗, I∗i )
− 1

]
> 0, (2.40)

and for all S, Ii > 0, 1 ≤ i ≤ 2,

(Li(S
∗, I∗i )Li(S, Ii)− Li(S

∗, I∗i )Li(S, I
∗
i ))

(
Li(S

∗, I∗i )Li(S, Ii)

Ii
− Li(S

∗, I∗i )Li(S, I
∗
i )

I∗i

)
≤ 0, (2.41)

Define

Vi(χ) = V 1
i (χ) + V 2

i (χ),

where

V 1
i (χ) =

∫ S(χ)

S∗

(
1− Li(S, Ii)

Li(ξ, Ii)

)
dξ + I∗i h

(
Ii(χ)

I∗i

)
+ d1S

∗F1(χ) + d2F2(χ) + d2F3(χ),

V 2
i (χ) =

2∑
i=1

Li(S
∗, I∗i )

∫ ϑ

0

h

(
Li(S(χ− ασ), Ii(χ− ασ))

Li(S∗, I∗i )

)
dσ.

with

F1(χ) =

∫ +∞

0

b+(y)

[
h

(
S(χ− y)

S∗

)
− h

(
Li(S

∗, I∗i )S(χ− y)

Li(S(χ), I∗i )S
∗

)]
dy −

∫ 0

−∞
b−(y)

[
h

(
S(χ− y)

S∗

)
−h

(
Li(S

∗,I∗
i )S(χ−y)

Li(S(χ),I∗
i )S

∗

)]
dy

and

F2(χ) =

∫ +∞

0

b+h

(
I1(χ− y)

I∗1

)
dy −

∫ 0

−∞
b−h

(
I1(χ− y)

I∗1

)
dy

F3(χ) =

∫ +∞

0

b+h

(
I2(χ− y)

I∗2

)
dy −

∫ 0

−∞
b−h

(
I2(χ− y)

I∗2

)
dy

Thanks to [21, Theorem 1], S(χ) > 0, I(χ) > 0 and by the proof of Theorem ??, we can have that
F1(χ), F2(χ), F3(χ) are bounded from below. Thus Vi(S, I1, I2)(χ) is well defined and bounded from
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below. Noting that b± satisfies b±(0) = 1
2 ,

db+(y)
dy = J(y) and db−(y)

dy = −J(y), we have

dF1(χ)
dχ

= d
dχ

∫ +∞

0

b+(y)

[
h

(
S(χ− y)

S∗

)
− h

(
Li(S

∗, I∗i )S(χ− y)

Li(S(χ), I∗i )S
∗

)]
dy

− d
dχ

∫ 0

−∞
b−(y)

[
h

(
S(χ− y)

S∗

)
− h

(
Li(S

∗
i , I

∗
i )S(χ− y)

Li(S(χ), I∗i )S
∗

)]
dy,

=

∫ +∞

0

b+(y)
d

dχ

[
h

(
S(χ− y)

S∗

)
− h

(
Li(S

∗, I∗i )S(χ− y)

Li(S(χ), I∗i )S
∗

)]
dy

−
∫ 0

−∞
b−(y)

d

χ

[
h

(
S(χ− y)

S∗

)
− h

(
Li(S

∗, I∗i )S(χ− y)

Li(S(χ), I∗i )S
∗

)]
dy,

= −
∫ +∞

0

b+(y)
d

dy

[
h

(
S(χ− y)

S∗

)
− h

(
Li(S

∗, I∗i )S(χ− y)

Li(S(χ), I∗i )S
∗

)]
dy

+

∫ 0

−∞
b−(y)

d

dy

[
h

(
S(χ− y)

S∗

)
− h

(
Li(S

∗, I∗i )S(χ− y)

Li(S(χ), I∗i )S
∗

)]
dy,

= h

(
S(χ)
S∗

)
− h

(
Li(S

∗,I∗i )S(χ−y)

Li(S(χ),I∗i )S∗

)
−

∫ +∞

0

J(y)

[
h

(
S0(χ− y)

S∗

)
− h

(
Li(S

∗, I∗i )S(χ− y)

Li(S(χ), I∗i )S
∗

)]
dy.

Similarly,
dF2

dχ
= h

(
I1
I1∗

)
−
∫ +∞

−∞
J(y)h

(
I1(χ− y)

I∗1

)
dy.

dF3

dχ
= h

(
I2
I2∗

)
−
∫ +∞

−∞
J(y)h

(
I2(χ− y)

I∗2

)
dy.

By some calculations, it can be shown that

dV 2
i (z)
dz = −

2∑
i=1

Li(S
∗, I∗i )

[(
Li(S(χ− αϑ), Ii(χ− αϑ))

Li(S∗, I∗i )

)
− 1− ln

(
Li(S(χ− αϑ), Ii(χ− αϑ))

Li(S∗, I∗i )

)
−
(

Li(S(χ),Ii(χ))
Li(S∗,I∗

i )

)
+ 1 + ln

(
Li(S(χ),Ii(χ))

Li(S∗,I∗
i )

)]
.

Therefore, by a simple calculation and with the same way with proof of second part of Theorem 2.2 [28],
we get

dVi(t)
dt = µS∗

(
1− Li(S

∗,I∗
i )

Li(S(χ),I∗
i )

)(
1− S

S∗

)
+

∑2
i=1 Li(S

∗, I∗i )

[
− h

(
Li(S(χ−αϑ),Ii(χ−αϑ))I∗

i

Li(S∗,I∗
i )Ii

)]
+
∑2

i=1 Li(S
∗, I∗i )

[
2− Li(S

∗,I∗
i )

Pi(S(χ),I∗
i )

− Li(S(χ),Ii(χ))I
∗
i

Li(S∗,I∗
i )Ii(χ)

− Ii(χ)
I∗
i

+
Li(S

∗,I∗
i )Li(S(χ),Ii(χ))

Li(S(χ),I∗
i )Li(S∗,I∗

i )

+h

(
Li(S(χ),Ii(χ))I

∗
i

Li(S∗,I∗
i )Ii(χ)

)]
−
∫ +∞

−∞
J(y)h

(
Ii(χ− y)

Ii(χ)

)
dy.

Therefore, we can show that Vi, Fi(S
∗, I∗i ) verify the assumptions of [46, Theorem 3.1, Corollary 3.3].

Consequently, V =
∑2

i=1 ciVi as defined in the Theorem 3.1 of [46] is a Lyapunov function for the
system(2.4), namely, V ′

i (χ) ≤ 0 for all (S, I1, I2) . Hence, V ′(χ) ≤ 0, and V (χ) = 0 if and only if S = S∗,
I1 = I∗1 and I2 = I∗2 .

Finally, we deduce that (S(χ), I1(χ), I2(χ)) → (S∗, I∗1 , I
∗
2 ), We let the set D corresponding to (2.4) as

follows:

D =

{
(S(χ), I1(χ), I2(χ))|0 < S < S0, 0 < Ii < I+i

}
.

Then, D is an invariant set (2.4), ∀χ ≥ 0. Since that L has a non-positive orbital derivative along Ψ(χ),
and bounded from below. By the Lyapunov-LaSalle Theorem we obtain Ψ(χ) → (S∗, I∗1 , I

∗
2 ) as z → ∞,

and as a result,
(S(χ), I1(χ), I2(χ)) → (S∗, I∗1 , I

∗
2 )

when χ→ +∞. This concludes the proof. 2
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It worth noting that the solution of (2.4) satisfies S− ≤ S ≤ S+, and I−i ≤ Ii ≤ I+i , and
(S(χ), I1(χ), I2(χ)) → (S0, 0, 0) as z → −∞. By Lemma 2.6, we have (S(χ), I1(χ), I2(χ)) → (S∗, I∗1 , I

∗
2 )

as z → +∞. Consequently, (2.4) has positive solution which verifies (2.5), that is a TWS of (1.1).

Remark 2.1 The assumptions (2.40)-(2.41) are based on the results [33] (condition (7) and (8)). The
proof of global stability is prompted by the findings of [27] for the delay terms, [33] for the multigroup
system, and [34] for the nonlinear incidence function.

3. Non-existence of TWS

3.1. Case I: R0 < 1

In this subsection, we assume that R0 < 1, then we by the contradiction we prove the non-existence
of TWS for (1.1).

Theorem 3.1 If R0 < 1, then there exists no nonnegative bounded solution (S(χ)), I1(χ), I2(χ)), of (2.4)
satisfying (2.5).

Proof: Assume that there is (S(χ), I1(χ), I2(χ)) that solves (2.4)-(2.5). Let (I1)sup = supχ∈R I1(χ) and
(I2)sup = supχ∈R I2(χ). The comparison principle implies that(

I1(χ)
I2(χ)

)
≤ G

(
(I1)sup(χ)
(I2)sup(χ)

)
∀χ ∈ R,

by the definition of G and R0 in the section 2. Clearly, G is nonnegative and irreducible. The Perron-
Frobenius theorem ensures the existence of a vector P = (p1, p2)

T ∈ R2, p1 > 0, p2 > 0, satisfies
GP = R0P . Noting that there is a constant ϵ > 0 large enough, that satisfies(

(I1)sup
(I2)sup

)
≤ R0P,(

(I1)sup
(I2)sup

)
≤ Gn

(
(I1)sup
(I2)sup

)
≤ ϵGnP = ϵRn

0P → 0,

for n→ ∞, that contradicts I1(χ) > 0 and I2(χ) > 0, ∀χ ∈ R. 2

3.2. Case II: R0 > 1 and 0 < α < α∗

In the next theorem, we showcase when (2.4) does not admit any TWS.

Theorem 3.2 If R0 > 1 and 0 < α < α∗, hence, (2.4) has no TWS of the form (S(χ), I1(χ)I2(χ)) that
satisfies (2.5).

Proof: Suppose that there is a TWS (S∗(χ), I∗1 (χ), I
∗
2 (χ)) of (2.4) satisfying (2.5) for some 0 < α < α∗.

From (2.5) and R0 > 1, for ϵ > 0, there is some Mϵ > 0 large large as necessary to satisfy S0 − ϵ ≤
S∗(χ) < S0 for all χ ≤ −Mϵ. Combining the second equation of (2.4), then

αI∗1 (χ) = d2(J ∗ I∗1 (χ)− I∗1 (χ)) + L1(S(χ− αϑ), I1(χ− αϑ))− (µ+ η)I1(χ)
≥ d2(J ∗ I∗1 (χ)− I∗1 (χ)) + ∆1(S

0 − ϵ, I1(χ− αϑ))− (µ+ η)I1(χ),
(3.1)

for χ < −Mϵ. Notice that by the continuity and (2.5), there is some constants δ0 > 0 and M0
i > 0 to

satisfy S∗(χ) ≥ δ0 and I∗i (χ) ≤ M0
i for all χ ∈ R. We have Li(S

∗(χ), I∗i (χ)) quadratic continuously
differentiable, non-decreasing, we obtain that

Li((S
0 − ϵ, I∗i (χ− αϑ))

Li(S∗(χ− αϑ), I∗i (χ− αϑ))
≤ Li(S

0 − ϵ, I∗i (χ− αϑ))

(δ0, I∗i (χ− αϑ))
=
Li(S

0 − ϵ, I∗i (χ− αϑ))I∗i (χ− αϑ)

Li(δ0, I∗i (χ− αϑ))I∗i (χ− αϑ)

≤ M0
i

Li(δ0,M0
i )
∂2Li(S

0, 0) <∞, χ > −Mϵ.
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Noting that I∗i (χ) > 0, χ ∈ R and I∗i (+∞) = I∗i > 0, there is a positive constant I−i (χ) > 0 satisfying
I∗i (χ) ≥ I−i , ∀χ ≥ −Mϵ. Therefore, we select some constants h > 1 to satisfy

Li(S
0 − ϵ, I∗i (χ− αϑ))

(1 + I∗i (χ− αϑ))h
≤ Li(S

∗(χ− αϑ), I∗i (χ− αϑ)) for χ > −Mϵ.

Then, for χ > −Mϵ, the following the inequality holds:

αI∗1 (χ) ≥ d2(J ∗ I∗1 (χ)− I∗(χ)) +
L1(S

0 − ϵ, I∗1 (χ− αϑ))

(1 + I∗1 (χ− αϑ))h
− (µ+ η)I∗1 (χ). (3.2)

By (3.1) and (3.2), we get

αI∗1 (χ) ≥ d2(J ∗ I∗1 (χ)− I∗1 (χ)) +
L1(S

0 − ϵ, I∗j (χ− αϑ))

(1 + I∗1 (χ− αϑ))h
− (µ+ η)I∗1 (χ), z ∈ R (3.3)

By the same way with I2(χ). Let bi(ui) = infui≤vi≤M0
Li(S

0−ϵ,vi)
(1+vi)h

, and ui(x, t) = I∗i (x+αϑ). (3.3) yields
∂u1(x,t)

∂t ≥ d2(J ∗ u∗1(x, t)− u1(x, t)) + b1(u1(x, t− ϑ))− (µ+ η)u1(x, t),
∂u2(x,t)

∂t ≥ d3(J ∗ u∗2(x, t)− u2(x, t)) + b2(u2(x, t− ϑ))− (µ+ ρ)u2(x, t),

ui(x, t) = I∗i (x+ αϑ), x ∈ R, ϑ > 0.

The comparison principle [40] gives

ui(x, t) ≥ vi(x, t), x ∈ R, t ≥ 0, (3.4)

with vi(x, t) solves
∂v1(x,t)

∂t = d2(J ∗ v∗1(x, t)− v1(x, t)) + L1(v1(x, t− ϑ))− (µ+ η)v1(x, t),
∂v2(x,t)

∂t = d2(J ∗ v∗2(x, t)− v2(x, t)) + b2(v2(x, t− ϑ))− (µ+ ρ)v2(x, t),
vi(x, t) = I∗i (x+ αϑ), x ∈ R, ϑ > 0.

(3.5)

Next, we claim that for any α̂ ∈ (0, α∗), we have

lim
t→∞

inf
|x|≤α̂t

vi(x, t) > 0. (3.6)

By [44], we have that J ∗ · generates a C0-semigroup [38,43]. Clearly, (3.5) has two equilibriums
(v1, v2) = (0, 0) and a ES (v1, v2)(= v∗1 , v

∗
2) verifying the system b1(v

∗
1)−(µ+η)v∗1 = 0 b2(v

∗
2)−(µ+ρ)v∗2 =

0,. Let C := C(R × [−ϑ, 0]) and Cv∗
i
:= {vi ∈ C : 0 ≤ vi ≤ v∗i }. By the semigroup theory [38,41], we

have that (3.5) generates a monotone semi-flow Qt
i : Cv∗

i
→ Cv∗

i
induced by

Qt
i(ψi)(x) = vi(x, t+ s), x ∈ R, t ≥ 0, s ∈ [−ϑ, 0], ψi ∈ Cv∗

i
,

with vi(x, t) is the unique solution of (3.5) satisfying vi(x, s) = ψi.

Define C̃ = C([−ϑ, 0]) and C̃v∗
i
= {vi ∈ C̃ : 0 ≤ vi ≤ v∗i }. Let Q̃t

i : C̃v∗
i
→ C̃v∗

i
be the solution

semi-flow associated to {
dv1(t)

dt = b1(v1(t− ϑ))− (µ+ η)v1(t),
dv2(t)

dt = b2(v2(t− ϑ))− (µ+ ρ)v2(t), t > 0.

with v0i = ψ0
i ∈ C̃v∗

i
, and vti = vi(t+ s), s ∈ [−ϑ, 0]. [39, Corollary 5.3.5] yields that Q̃t is eventually

strongly monotone on C̃v∗
i
. Moreover, the Dancer-Hess connecting orbit lemma [45] implies that Q̃t also

is a strongly monotone full orbit connecting 0 to v∗i . Therefore, the assumption (A5) in [40] is valid.
Indeed, for each t > 0, we have that Q̃t satisfies (A1)-(A5) in [40]. Also, Q̃t satisfies equation (3.5). thus,
Q̃t also is the restriction of Qt to C̃v∗

i
. This ensures that [40, Theorem 2.17] is applicable. Consequently,

we get that (3.6) is valid.
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Selecting α0 ∈ (α, α∗) and let x = −α0t. (3.4)-(3.6) yields

lim inf
t→∞

ui(x, t) ≥ lim inf
t→∞,|x|≤α0t

vi(x, t) > 0. (3.7)

As χ = x+ αt = (α− α0)t→ −∞ as t→ ∞, we get

lim
t→∞

ui(x, t) = lim
t→∞

I∗i (x+ αt) = lim
t→∞

I∗i ((α− α0)t) = lim
χ→−∞

I∗i (χ) = 0.

That is a contradiction with (3.7). 2

4. Numerical Simulation

First, we present some numerical representations to verify the TWS of (2.4) that connect the two
equilibria. To do this, we consider the following initial conditions

(S)0(x) =

{
0.65 if x ∈ [−50, 0],
0.15 if x ∈ [0, 50[,

(I1)0(x) =

{
0 if x ∈ [−50, 0],
2.9 if x ∈ [0, 50[.

(I2)0(x) =

{
0 if x ∈ [−50, 0],
2.2 if x ∈ [0, 50[.

We also adopt the kernel function as

J(x) =

{
Ce

1
4x2−1 , −0.5 < x < 0.5

0, otherwise,

with C is chosen to satisfy
∫ 0.5

−0.5
J(x)dx = 1.
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Figure 1: Cross section curves of solutions of the model (2.4) for different time values and Li(S, Ii) =
βiSIi
1+αIi

, which ensures the existence of a TWS with ∆ = 0.08,β1 = 3,β2 = 2, µ = 0.1.

Figure 1 shows the cross-sectional solution profiles of the model (2.4) at different time values for the
incidence function L1(S, I1) =

β1SI1
1+α1I1

. The plots reveal the formation and progression of traveling wave
solutions (TWS) connecting two steady states. The susceptible population S decreases from left to right,
while the infected populations I1 and I2 increase, forming smooth wavefronts. As time progresses, the
curves stabilize, confirming the theoretical existence of TWS. The chosen parameters ∆ = 0.08, β1 =
3, β2 = 2, µ = 0.1 allow for coherent wave propagation, aligning with analytical expectations. This
validates the model’s ability to reproduce realistic epidemic wave behavior under nonlinear incidence.

Now we put

(S)0(x) =

{
0.65 if x ∈ [−50, 0],
0.3 if x ∈ [0, 50[,

(I1)0(x) =

{
0 if x ∈ [−50, 0],
0.35 if x ∈ [0, 50[.

(I2)0(x) =

{
0 if x ∈ [−50, 0],
0.33 if x ∈ [0, 50[.
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Figure 2: Cross section curves of solutions of the model (2.4) for different time values and L1(S, I1) =
β1SI1
1+αI1

and L2(S, I2) =
β2SI2

1+αI2+ξS , which ensures the existence of a TWS with ∆ = 0.08,β1 = 3,β2 = 2,
µ = 0.1.

Figure 2 presents the numerical evolution of the model (2.4) with modified initial conditions and a
more complex incidence structure, where L1(S, I1) =

β1SI1
1+α1I1

and L2(S, I2) =
β2SI2

1+α2I2+κS . Nevertheless,
the presence of traveling wave patterns remains evident, reinforcing the robustness of TWS existence
even under stronger nonlinear interactions. The parameters ∆ = 0.08, β1 = 3, β2 = 2, µ = 0.1 continue to
support this dynamic. These simulations underline the influence of nonlinear incidence on wave behavior
and further support the analytical framework developed.
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Figure 3: The effect of the delay ϑ in the infected population of the model (2.4) I1 and I2.

When the time delay (ϑ) in the disease transmission process increases, the infected population (both I1
and I2) typically decreases in magnitude. This occurs because delays slow down the interaction between
susceptible (S) and infected individuals, reducing the instantaneous force of infection (see the Fig 3. In
biological terms, a longer delay represents a slower progression from exposure to infectiousness, which
can arise from factors such as prolonged incubation periods, delayed symptom onset, or slower pathogen
replication.

The precise impact depends on the balance between delay-induced suppression and other factors like
diffusion rates and recovery times.
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