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Effect of Delay on Coral Reef Ecosystem with Disease Presence in Coral Species

Santosh Biswas ! ®, Buddhadev Ranjit ! ®, Saddam Mollah 2 ©, Joydev Chattopadhyay 3 ®, Subhas Khajanchi ¢ © and
Bashir Ahmad ® ® *

ABSTRACT: Taking into account the effect of incubation time delay, a coral reef system with disease present
in coral species is studied in this paper. We present the qualitative analysis of the model including existence
and positivity of its solutions. Local asymptotic stability of the biologically feasible equilibria in case of both
delayed and non-delayed system is discussed. The Hopf-bifurcation analysis for the system around the interior
equilibrium is also performed by treating time delay as a bifurcation parameter. We derive the direction of
Hopf-bifurcation, the stability and period of bifurcating periodic solutions by applying the normal form theory
and central manifold theorem. We perform numerical investigation and explore their biological implication to
support our theoretical results. Our findings indicate that incubation delay is responsible for destabilizing the
system and can generate a cycle. In addition, conversion rate of infected colonies to healthy coral can prevent
the oscillation within the system, and controls disease transmission among coral species.

Key Words: Coral reef, disease, incubation delay, stability analysis, Hopf bifurcation, numerical
investigations.
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1. Introduction

Coral is an undersea organism, and each individual coral is known as a polyp. Thousands of identical
polyps live together and form a coral colony, which is known as reef building coral. As coral cannot
produce food, it develops a mutualistic relationship with algae which resides inside the tissues of corals.
A safe habitat for the algae and the material needed for photosynthesis are provided by the coral. Algae
help the coral by producing oxygen and removing waste while the coral helps algae in maintaining theirs
environment. Coral reefs play an important role in the marine ecosystem by providing habitat and source
of food for several marine species [1].

Among other productive and biologically diverse ecosystems, reefs are the most diverse in nature on the
earth [2]. and provide at least 500 million people in 109 different nations with life-saving medicines and
services, coastal protection, as well as tourism and cultural benefits [3,4]. Researchers have speculated
that approximately (0.1-0.5)% of the sea floor is covered by coral reefs [3,5]. These reefs provide food and
habitat for roughly one third of the world’s marine fish species [6]. In addition, coral reefs are globally
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present along the shores of more than 100 countries and territories. A large number of people in these
countries relies on coral reefs for food or protein [7].

Unfortunately, coral reefs are under severe threat due to biotic (pathogen, parasite, etc.) and abiotic
(change in salinity, temperature, light, etc.) factors which are causing worldwide coral decline [8,9].
Among the other factors, coral disease is one of the most significant causes of coral degeneration [10,11].
Coral disease is an abnormal condition of coral reefs. Although the mechanism of coral disease is not
clear, scientists have identified important drivers of coral disease such as global warming [12] and other
anthropogenic pressures like over harvesting of reef organisms, destructive fishing methods, uncontrolled
tourism [13]. Experimental biologists are till now working on it and try to identify the pathogens asso-
ciated with coral disease.

Coral is infected through direct contact (from infected to susceptible corals) and indirect contact (by
pathogen) [14]. It releases toxins through their mesenteric filaments that infect the tissues of neighbour-
ing colonies [14]. For example, parts of the black band disease (BBD) like microbial mat have been
transferred from infected colonies to unaffected colonies within the same reef [14,15]. On the other hand,
white band disease (WBD) is caused due to bacterial infections. Furthermore, corals are infected via
pathogens, which happen in two ways namely, water-mediated and vector-mediated. Water-mediated
transport is a key transmission route for spreading a number of coral diseases, including WBD, WPD,
WPX, WS, PUWS, SEB and BBD, that can facilitate the movement of free-living pathogens. These
pathogens or infectious agents originating from infected cells in coral reefs can potentially be transported
over a large range of the oceans. It has been observed that some pathogens (e.g, ciliate Halofolliculina
Spp., a variety of Vibrio spp., etc.) have been chosen to colonise plastic marine debris [16,17] . These de-
bris are then connected to a prevalence risk of coral disease [18]. It is imperative to note that water-borne
transmission for WBD and SEB was only successful when corals were damaged prior to trial exposure
[19,20]. There also exists another disease transmission mode of coral population through diverse or-
ganisms, which are also called coral predators or corallivores. Experimental studies demonstrate that
disease also spreads from infected to susceptible corals via vectors such as corallivores reef fish [21] and
crown-of-thorns starfish [22]. If a corallivore feeds on a disease tissue, mucus including the skeletons of
living soft and hard corals [1,23] then feeds on a healthy coral, which may allow the infection to enter by
another transmission pathway (water-borne transmission) due to ingest the pathogen [24]. So predators
can act as disease vectors or as reservoirs for pathogens [25]. On the contrary, some others corallivores
may decline disease occurrence. Thus both of them are positively [26] and negatively [27] associated
with disease progression. Moreover, numerous studies indicate that disease transmission and progression
rates are considerably correlated with vector and host densities [24,28,29], intensity of coral bleaching
[28,30], poor water quality [31], sufficiently high seawater temperatures as well as UV radiation [32,33].

In the real world, the behavior of a biological system cannot be understood immediately. Instead,
it depends on the past history of the system. It is well known that the time lag is a very common
phenomenon in population biology. However, it is complicated biological process and needs to be ad-
dressed for practical purposes. In biological systems, time delay may arise due to numerous reasons
namely, maturation [35,34], incubation delay due to infectious agent developing in the host [36,37,38],
continuously distributed and discrete time delay for cancer-immune interaction [39,40], restoration of
reef structure [41], etc. It is obvious that time lag plays an important role in the kinetics of cancer
immune interaction system. Sardar et al [39] studied the impact of continuously distributed delay to
address the interaction among tumor cells, tumor-specific CD8+4T cells, helper T cells and IL-2 via a
system of coupled nonlinear differential equations. Their study has revealed that the activation rate of
CD8+T cells can prevent the oscillation of tumor-presence equilibria. In another work, Sardar et al [40]
addressed a three dimensional model of cancer cells, immune effector cells and IL-2. They have also
incorporated a discrete time lag between the recruitment of IL-2 due to cytotoxic-T-lymphocytes and the
immune cell activation in presence of 1L-2. Their theoretical and numerical analysis has shown that the
effector cells can cause the tumor cell population to regress in presence of IL-2. Until now, there are a few
works dealing with coral-algal interactions in coral reefs ecosystem in presence of time delay; for instance,
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see [41,38]. Blackwood et al [41] incorporated a time delay into a model of coral-algal interactions in
Caribbean coral reefs and their study revealed alternative stable states, namely a favorable coral-rich
state and a degraded coral-depleted state. They also remarked the importance of comprehending not
only the asymptotic behavior but also the basins of attraction for stable equilibria within the system.
Bhattacharyya et al. [38] investigated the role of a discrete time lag on the recovery of algal turf following
macroalgae grazing by herbivores. They also explored the effect of an incubation time lag for infectious
agents to develop inside susceptible corals after contacting with infected corals. According to their find-
ings, when the parameters representing time delays surpass a critical value, the stability of the interior
equilibrium is lost, leading to a Hopf-bifurcation. As far as we know, the present work is the first attempt
in the theoretical study of coral reef system with disease present in coral and incubation time delay. In
this article, we modify the model studied by Briggs et al. [42] that captures the temporal nature of coral
reef ecosystem by incorporating disease in reef ecosystem. Next, we incorporate the incubation time
lag into the incident rate which follows law of mass action. The lag represents the time period in which
the infectious agents develop in the healthy coral and the coral only makes itself infectious after that time.

The rest of the article is arranged as follows. In Section 2, we formulate the mathematical model by
assuming certain hypotheses. we discuss the existence and positivity of solutions for the given model
in Section 3. Section 4 deals with a qualitative analysis of the model without time lag, that is, we find
the equilibria together with their feasibility, and local stability of the system. In presence of time lag,
stability and existence of Hopf-bifurcation around an interior equilibrium point is investigated in Section
5. We determine the criteria for switching stability of the system with time lag, and the duration of time
delay preserving the local stability. Applying the technique due to Hassard et al. [43], we obtain the
direction, stability and period of Hopf-bifurcating periodic solution of the system. Section 6 is devoted
to the numerical investigation for validation of our theoretical results. The paper concludes with some
interesting observations.

2. Formulation of the Mathematical Model

We consider a model studied by Briggs et al. [42] that captures the temporal nature of coral reef
ecosystem, where the space on a reef is inhabited by vital benthic organisms namely coral, macroalgae,
and turf algae. This model has revealed that the dynamics of fraction of the space inhabited by these
key groups changes over time. In the natural environment, these groups can exhibit a significant species
diversity. However, for modelling of coral reef ecosystem, Briggs et al. [42] considered macroalgae as
a single, unstructured, state variable (commonly used hypothesis), in which all life stages were equally
vulnerable to herbivory. They also assumed that any vacant space on the reef was promptly filled by
turf, refering to low-growing filamentous algae with a height of less than 10 mm. They classified crustose
coralline algae as a part of the turf category for the reason that both turf and crustose coralline algae
substrates could be overgrown by either coral or macroalgae. Herbivorous fish have the potential to
control macroalgae, which are competitors of corals for space [44]. In their model, they did not explicitly
account for the population dynamics of fish but incorporated the loss of algae caused by herbivory
into the macroalgae mortality rate. The model [42] delineates the temporal dynamics of the fractions of
benthic space on the reef ecosystem and is governed by a system of coupled nonlinear ordinary differential
equations:

= rT+4¢gTC —~yg1MC —dC

dc
M _ T TM 4y MO — oM, 21)

where the space on the reef is inhabited by coral (C'), macroalgae (M), and turf (T'). At any time ¢, the
entire reef space falls into one of these three states (C(t), M (t), T(t)) with C(t) + M (t) + T(t) = 1.

Following [42], we consider that both coral and macroalgae may be recruited either locally or from
external sources/open recruitment. Open recruitment of propagules exclusively arises due to the free
space available for corals as well as macroalgae. The lateral growth of coral is restricted to free space
only, while macroalgae have the capability to grow over both free space and existing coral. The term
r(u) indicates the recruitment rate of coral (macroalgae) and g represents the rate at which free space is
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occupied due to the combined effects of local recruitment of coral to free space and the lateral growth of
coral over that free space. The term ¢g,TM describes the combined rate of local recruitment and lateral
growth of macroalgae over free space. It is assume that the growth rate of macroalgae is typically slower
over coral compared to free space. Consequently, the macroalgae growth rate over coral is vg; with a
scaling parameter v (< 1). The parameters d and v represent the death rates of coral and vulnerable
macroalgae, respectively. In this model, all macroalgae are considered to be vulnerable and the model
does not incorporate herbivorous fish as dynamic variables. So the grazing pressure on macroalgae by fish
is incorporated into the macroalgae mortality rate (v). If the population of herbivorous fish is reduced
due to fishing, the value of the parameter v will decrease accordingly.

It is well established from experimental studies [1,21,22,23,24,25] that disease spreads from infected
to susceptible corals via vectors and may influence reef structure and dynamics. Black band disease
(BBD) is spread from infected to susceptible corals via direct contact [38]. Williams et al. [45] and
Vollmer et al. [46] point out that white band disease (WBD) spreads through coral-coral contact. Thus,
the coral disease is one of the vital causes of coral degeneration. With this background, we modify the
model proposed by Briggs et al. [42] by incorporating disease in coral reef. With the presence of disease
in coral [47,10], our coral population model is derived from the classic disease models (SI models) which
predict the dynamics of susceptible/healthy and infected individuals [48,49]. To simplify our model, we
assume that the disease transmission occurs via a contagious pathway, where infected coral colonies (I)
spread the disease to susceptible healthy coral colonies (S) through the release of pathogens into the water
column. The disease transmission process obeys the mass-action principle as AST, where the parameter A
represents the disease transmission rate and it roughly indicates the fraction of encounters leading to in-
stantaneous infection. Infected coral colonies experience an additional mortality rate of e. Coral colonies
have an ability to recover from lesions through tissue regeneration or by shedding diseased tissue, giving
rise to no longer visible signs of infection [50]. Further, we assume that the recovered colonies remain
susceptible to disease and the infected colonies come back to the susceptible class at instantaneous rate
w. Based on the aforementioned assumptions, the model (2.1) takes the form:

‘;—f = T+ gT(S+1I)—ygM(S+1)—dS— ST +wl
g—{ = ASI—(d+e)l —wI (2.2)
M — T 4 i TM 4 ygi M(S + I) — vM.

It is well established that the time delay is a common and complicated phenomenon in population
biology. The time delay between the two events, namely the first effective contact between healthy
and infected individuals and the newly infected individual accounts for productive infectious. The lag
(1) represents the time period in which the infectious agents develop into the healthy coral to make it
infectious. Thus, the time lag is introduced in the model (2.2) to have the following form

a8 = T4 gT(S+1) =g M(S+ 1) —dS — X [*__ S(R)I(R)IL(t — R)dR + wI
a4 = N[' L SR)I(R)L(t — R)dR — (d+ e)] —wl] (2.3)
M — T 4 i TM + v M (S + 1) — M.

The infected coral at time ¢ is rising from the healthy coral at time ¢ — & and the memory (or probability
distribution) function of & is II. This memory function is defined as follows:

J+1zg
n="2 J_'K exp(—oR),

where o is a positive constant and j € Z is known as the order of time lag. According to [51], the average
time lag is determined as
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Now we consider the memory function in terms of the delta function as
I=46(k—1),
where 7 is a non-negative constant. Thus, the model (2.3) becomes
rT+gT(S+1I)—~vgM(S+1)—dS—AS({t—7)I(t—7)+wl

AS(t—7T)I[(t—71)— (d+e)] —wl (2.4)
ul + g TM 4+~ M(S+1)—vM.

dt
dar

dt

In this model, it is assumed that a particular region of the seabed is covered entirely by healthy coral
(S), infected coral (I), macroalgae (M), and algal turfs (T"), so that S+ I+ M +T = 1. Thus, the model
takes the form:

@ = [r+gS+D|[1-(S+1+M)]-rgM(S+1)-ds
“AS(t -7t —7)+wl=F(S,I,M), 95
A AS(t—T)I(t—7) - (d 4+ )] — w = Fy(S, I, M), (2:5)
D~ g M| [1= (S 4T+ M)| +99:M(S + 1) = oM = Fy(S, 1, M).
The initial conditions equipped with the system (2.5) are given by
5(9) = ¥1(0),1(¢) = ¥2(9), M(¢) = 13(¢), =7 < ¢ <0, (2.6)

where 1 = (11, ¥2,13)" € C4 such that ¥;(¢) > 0,i =1,2,3,V ¢ € [-7,0] and C; = C4([-7,0],R3,) is
the Banach space endowed with the norm ||¢|| = sup {|v1(P)], [22(@)], |¢3(4)|} for ¢ in Cy.
—17<¢<0

Further, for the biological feasibility, it is assumed that ¥;(0) > 0, for i = 1,2,3.

3. A Preliminary Result

Lemma 3.1 (Ezistence and positive invariance) The system (2.5) with initial conditions (2.6) has a
unique solution (S(t),I(t), M(t)) in the interval [0,00) and remains positive ¥V t > 0.

Proof: Let us express the model (2.5) as Z = F(Z), where Z = (5,1, M)T and F : C; — R3 with
F = (F‘l,l*ﬂg,F'g)T7 Fz S COO(R+0),i = 1,2,3. Then, we have
F = [r+g(s+z)} [1 - (5+1+M)] g M(S + 1) — dS — AS(t — 7)I(t — 1) + wI,
F=ASt—7)I({t—7)—(d+e)] —wl,
By = [+ g M| [1= (S + 1+ M) +7g:M(S + 1) = vM.
Let Z(¢) = (¥1(¢), ¥2(d), ¥3(9)) € C4 and ¢;(¢) > 0 for i = 1,2,3 with ¢ € [-7,0], 7 > 0. Since F is a
locally Lipschitzian and completely continuous function of variables S, I, M in Q = {(S(¢t), I(t), M (t)); S >

0,1 > 0,M > 0}, therefore, by the lemma [52], the system (2.5) with initial conditions (2.6) has a unique
solution in the interval [0, ag], V ¢ > 0, where ag is a finite positive real number. O

4. Qualitative Analysis of the System without Time Lag

The system (2.5) has two non-negative equilibria in absence of time lag (7 = 0). Observe that

pt(g1—v—p) My —gM? . ..
T 0=~) 910 and M, is the positive zero

L1(S1,0, M) is the disease free equilibrium, where S; =
of the polynomial equation

Cl()]\ffl + ale’ + (l2M12 + a3M1 + a4 = O, (41)
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¢+ gt (1 =) —ggi(1—7),

_dggi(1—1) | wgi(l—7)?
r+pu+1 r+p+1

2197 (1 — ) — ¢°q1(1 — ) — pggr + g7 (1 — ) (g1 — v — )

)

glgr —v—p)* =2¢°(g1 —v — p) = 2ug” + g1p” — g*p+ g1 (1 =) (g1 — v — )

gdu dgi(1 =79)(g1 —v—p) | 2vpgi(l—7)
+ +
r+u+1 r+p41 r+p+1

ngi(gr —v—p) + pgi(l —~) —

(r+p)gi(1—7)?
r+p+1

)

d{(g1 —v—p)p+ pg1 (1 =)} v

r+p+1 r+p+1

1g(gr — v — p) + pggr (L — ) + gip® +

(7 + p)2pg1 (1 — )
r+p+1

)

dp®>  (r+p)p’
r+u+1l r4+p+1

291° + 2ug(g1 — v — p) +

The coexisting positive interior equilibrium point is L (S, I, M.), where S, = d"'c% and

1. — (g M )(A=5 =M. )+(vg1 5« —v) M,
=

with

bo
by
by

b3

ba

(=) or M with M, being the positive root of the following equation

boM?® + by M* + by M> + bsM? + by M + bs = 0, (4.2)

gt

=2g1(—p + g1 — g15x + 7915, — v)r,

r(=p+ g1 = 918« +7918% — v)* = 2ug1(1 = S.) — g1{2rSs + (L +7)g} + (9 — 7 — AS.
w)gi(1 =),

2rp(l = S )(—p+ g1 — 918 + 7918 —v) +{2rSs + (L +7)gH—p + g1 — 915« + 7918« — v)
{rS2+ (1 +7)gS301(1=7) = (g =7 = ASu + w){g1(1 =N (=p+ g1 = 915 + 7915+ — v
g} —{r+(g—r—d)S.}gi (1 —7)*,

rp?(1 = 8.)% + {2rS. + (1 +7)g}p(l = So) + {rS? + (1 +7)gS. 3 — (g — 7 = XS, + w)
{n(=p+91 = 1S + 7915 —v) + g1 (1 = V)u(l = So)} = {r + (g — v — d) S }2n9: (1 — ),
—[(g =7 = ASu +w)p(1 = S.) + {r + (g — 7 — d) S, }p®].

So the disease free equilibrium point L;(S1, 0, M) is admissible for g; > ¢9 with ¢¥ = gM; +v+pu(1— ﬁl)
and the sufficient condition for existence of positive interior equilibrium point L. (S, L., M,) is Sy, > =%

Y91 "
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4.1. Stability analysis

Here, we discuss the local stability of the system (2.5) around the disease free and interior equilibrium
points. The Jacobian matrix at the disease free equilibrium point L;(S1,0, M7) is

OF, ‘ OF; | OF, ‘
95 1(S1,0,M71) o1 1(S1,0,M1) oM 1(51,0,M7)

J1

OF:
0 G s.00m) 0

6F3 ‘ (9F3 | 3F3 ‘
95 1(S1,0,M1) o1 1(S1,0,M1) oM 1(51,0,M7)

The characteristic values of the Jacobian matrix J; are A\; = %|(5170=M1) = A5 —(d+e+w) and
other two values are the zeros of the equation

OF OF3 Ok, F:
A2 -\ < 85’1‘ S1,0,M7) T 8M|(Sl’o Ml)) 8((;, MB)) |(S1,0,M1) = 0.

The zeros of the equation are negative or having negative real parts if %|(51,07Ml) + %|(5170,M1) <0
and %ksl o,M;) > 0. Now the characteristic value A\; = 8132 l(s1,0,m,) < 0 when Ry < 1, where the

threshold parameter Ry is defined by

e S [ Infection rate of a new infective coral
o= d+et+w/ ’

Removal rate of infected coral

that is, the ratio between the infection rate of a new infective coral appearing in fully susceptible/healthy
coral species and the removal rate of infected coral species around L;(S1,0, M7). After some algebraic
manipulation, we have %|(31,O,M1) + %‘(sl’OaMl) < 0 when r > 7o), where

_ (g+g){1—-(S14+Mi)}+g1 (¥S1—M1)—(gSi+d+v+p)
Tlo] = 1+g1 M1 .
For the stability analysis of steady state interior equilibrium point is L.(S, L., M), we linearize the

system (2.5) around L. and obtain the corresponding Jacobian matrix

aix aiz2 ais
J* = asy 0 0 s
azy1 azz ass

where

o

a1 = pelsanany = —Ar g8+ L)+ {1 = (Si + L+ Mi)}g — 71 M —d = AL,
o

2 = o7 — sy = —Ar+g9(S+ L)} +{1 = (Si + L + M) }g — 71 M — ASs +w,
OF;

a3 = 5 l(s..romy = —Ar+9(Ss + 1)} — 791 (5 + L),
OM
OF:

as = 5'S2| S 1My = Al
OF:

az = 3I(S*,I*,M) = —(u+gM.)+vg1 M.,
OF:

azz = a;l (Su, L, M) = _(/j‘ +glM*) +791M*u
O0F3

as3 = Sl = {1= (St Lo+ Motor = (p+ 91Mo) + 791 (Ss + L) =

The characteristic equation for J, is

p? = Trace(J)p? + Ap — 2§20 g 1y =0, (4.3)
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where
Trace(J*) = a11+ ass,
A = ajjazz — a6 — 413031,
78(F1’F2’F3)| = 120210 13320
S..I.,M.) = (12021033 — (13032021.
a(s,1,M) )

According to the Routh-Hurwitz criteria, the interior equilibrium point L, is stable if Trace(J,) < 0,

O(F1,Fy,F: O(F1,Fy,F,
WRSMI*,M*) < 0 and Trace(J,)A < WRS*,L,M*)'

We summarize the dynamics of system (2.5) in form of the following theorem.

Theorem 4.1 In the absence of time lag (T = 0), the stability of the system (2.5) around two equilibrium
points can be described as follows:

(i) The disease-free equilibrium point L1(S1,0, M) of the system (2.5) is locally asymptotically stable for
Ry <1, 7> 1)) and %({;17)’]\[;3'))\(51’0,]\41) > 0, otherwise it is unstable;

(i1) The interior equilibrium point L. (S, L., M) of the system (2.5) is locally asymptotically stable for

Trace(Jy) < 0, 78((9?5’572]’\23) l(s..1.,m,) < 0 and Trace(J.)A < 7859?5’572]’\23) l(S..1.,M.)-
5. Analysis of the Model with Time Lag

5.1. Local stability analysis
The characteristic equation of the delayed system (2.5) around any equilibrium point L= (§ , :f, M )
is given by

—{r+gS+DY+{1—(S+T+ Mg —{r+g(S+D}+{1—(S+1+M)g —{r+9(S+ D)}
—yg1M —d — X — Xe P" —p —vg1 M 4+ w — ASe™FT —791(S +1)
det Ae ™ PT —(d+e+w)+ ASe=PT — p 0 = 0.
—(p+ g1 M) + 41 M —(p+ g1 M) + g1 M {1*/(\§+7+1\A£)}91
—(n+g1M)+v91(S+1)—v
(5.1)
The characteristic equation at L. (S, I, M,) reduces to the following transcendental equation
p* + A1p* + Asp + Az + (B1p® + Bap + B3)e ™ =0, (5.2)
where
Ay = —(lii+le+133), Az = lii(laa +133) + laalss + li3ls1, Az = lislzileg — linlaalss,
By = lii—la, By = lithia —lii(hio +122) +l33lia — I33l11, Bz = laalzslin — linlsslio
+ 112133l£1 - 1131321£1 + 513131l{27
with
i = —{r+g(Sc+ L)} +{1 - (S + L+ M)}g —vg1 My — d,
o = —{r+g(S+L)}+{1—(Se+ L. +M)}g— v M, + w,
hy = —{r+g(Sc+ L)} =701 (9 + L),
lz = —(dt+etw), a1 = —(p+ad)+v91 M, I3z = —(p+ g M) +v91 M.,
lss = {1—(S+ L+ M)lgr — (n+ g1 M) + 791 (S« + L) — v,
liy, = M., iy = AS,.

It is well known that the delay-induced system (2.5) will be asymptotically stable at the equilibrium
point L if all characteristic roots of equation (5.1) have negative real parts. The equation (5.1) has
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infinitely many eigenvalues due to a transcendental form. Thus, the classical Routh-Hurwitz criterion
cannot be utilized for determining the stability of the system. For examining the stability nature, we
need to verify the sign of the real parts of the zeros of (5.1). We assume that the equilibrium point L of
system (2.5) is asymptotically stable in the absence of time lag (7 = 0). Next, we identify the condition(s)
for which L becomes unstable. Due to Rouche’s theorem [53] and continuous nature with respect to T,
the necessary and sufficient condition(s) for the transcendental equation (5.1) to have roots with positive
real parts is that it has purely complex zeros. Thus, we explore complex solutions for the equation (5.1)
to find conditions for the switching of stbility.

Let (1) = u(r) + tw(7) be the eigenvalue of (5.1), where u(7) and w(7) are real numbers. If the
equilibrium point L of the non-delayed system is stable, we must have ©(0) < 0. Due to continuity nature,
for a sufficiently small positive value of 7 with the property u(7) < 0, L remains stable in nature. The
stability switching occurs at some particular positive magnitude of 7 say 7 for which u(7) = 0, w(7) # 0,
that is, 4 = 4w(7T) is a purely imaginary zero of (5.1). Thus, L is unstable for u(7T) > 0. On the other
hand, the equilibrium point L is always stable when w(T) does not exist. In this case, the equation (5.1)
does not have purely imaginary zeros for all 7.

In the absence of time lag (7 = 0), the interior equilibrium point L, (S, I, M,) of the system (2.5)

is locally asymptotically stable when Trace(J.) < 0, WRSMI*,M*) < 0 and Trace(J)A <
O(F1,F3, ..
Oz (5. 1..an.) (Theorem 4.1(ii)).

Next, we assume that p = £ 40 is the eigenvalue of the characteristic equation (5.2). Inserting this value
in (5.2) and then separating real and imaginary parts, we respectively get

63 - 3652 + A1(£2 — 52) + Agf + A3 + [{31(62 — 52) + BQ€ + Bg}COS oT

+(2B1£6 + 6Bg) sin d7]e ¢ = 0, (5.3)

and

3525 — (53 + 2A1£5 + A2(5 + [(23155 + BQ(S) Ccos 0T — {(52 — 52)31

+&By + B3} sindr]e ¢ = 0. (5.4)

A necessary criteria for a stability switching of L, is that the characteristic equation (5.2) must have

purely complex roots. We put £ =0 in (5.3) and (5.4) to obtain
Ag — A1(52 = (3162 — Bg) cos 0T — 532 sin 57’, (55)

A8 — 0% = —Byd cos 67 — (B162 — B3) sin 6. (5.6)
Eliminating 7 by squaring and adding (5.5) and (5.6), we get the equation in terms of § as
88 + (A2 —2Ay — B?)6* + (A2 — 2A1A3 — B2 + 2B B3)6% + (A2 — B%) = 0. (5.7)
Substituting 62 = ¥ in Eq. (5.7) leads to a cubic equation of the form
k(9) = 92 + k192 + ko + k3 = 0, (5.8)

where K1 = (A% — 2A2 — B%)7 Ro = (A% - 2A1A3 - B% + 23133)7 R3 = (A% - Bg)
From (5.8), we have

%(1;9) = 3192 + 2:‘{1’19 + KRo. (59)
Solving

) — 392 1 210 + ko =0, (5.10)
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we obtain
V1,2 = 3[—r1 £ /KT — 3na). (5.11)

The zeros 97,2 of (5.11) are negative or have negative real part when k1 > 0 and k2 > 0. Thus, the Eq.
(5.10) has no positive zeros. If k3 > 0, then k(0) = k3 > 0 and 19lim k(9¥) — oo, which implies that (5.8)
—> 00

has only negative root(s). Moreover, if k1 > 0, ko > 0 and k3 > 0, then there does not exist any § for
which 40 is a characteristic value of (5.2). Hence, the real parts of all characteristic values of (5.2) are
negative V 7 > 0. In addition, if (a) k1 > 0 and kg < 0, or (b) kK1 < 0 and k2 > 0, or (¢) k3 < 0, or (d)
k3 > 0 and k2 < 0 holds, then (5.8) has at least one positive root ¥g. Consequently, Eq. (5.7) has at
least one positive root, denoted by do.

Thus, the characteristic Eq. (5.2) has a pair of purely complex zeros +id,. From (5.5) and (5.6), it
follows that 7, is a function of ¢, for p =0,1,2, ..., given by

(—A1B1+B2)d3+(—AzBa+A1 B3+A3B1)6f —A3Bs
(B28y)2+(—Bs+B163)?

*

™ = é arccos [ + 2“’. (5.12)

p

Now, the system becomes locally asymptotically stable around the interior equilibrium point L, for
7 = 0, if the condition (ii) of Theorem 4.1 is satisfied. According to Butler’s lemma [54], L. remain

stable for 7 < 7* with 7% = min 7,
p=0
Next, we verify the transversality condition

2 [Relo()],_. #0.

Differentiating (5.3) and (5.4) with respect to 7 and putting £ = 0 in the resulting expressions, we obtain

dg‘ )

— + B = A
—B(6 = M(6
where
S(8) = =352+ Ay + BycosdT + 2B10sinéT + 7 {(6231 — B3)cosdT — 6By sin (57’} ,
B(0) = —20A;—2B1dcosdT + Bosindr + 7 {(5231 — Bs3)sind7 + d By cos 57} , (5.14)
A(§) = —0%BycosdT — (6°B; — B3)dsindr, ’
M(§) = 6°Bysindt — (6B — B3)d cos 6.

Solving the above system of equations, we obtain

d S(8)A(0) — B(6)M(9)

—_ R =

dr [ 6{'“(7)}} r=1*,6=80 [ S2(8) + B2%(0) L:T*,azgo’
d

which indicates that e [Re{u(T)}} s # 0 when S(d9)A(dg) — B(dg)M (o) # 0. Therefore, the
T T=T%,0=

transversality condition is satisfied and hen((:Je7 the Hopf-bifurcation occurs when 7 crosses through the

critical value 7 = 7*.

Based on the foregoing discussion, we summarize the dynamics of the delay system (2.5) in form of the
following theorem.

Theorem 5.1 (i) In the absence of time lag (1 = 0), the interior equilibrium point L.(M,, I, M,) of
the system (2.5) is locally asymptotically stable. Further, if k1 > 0, ke > 0, k3 > 0, then the interior
equilibrium point L, of the delay system (2.5) is asymptotically stable for all T € [0 00).

(i1) In the absence of time lag (T = 0), the interior equilibrium point L.(M,, L., M) of the system (2.5)
1s locally asymptotically stable.

(iii) If k1 > 0 and k2 < 0, or k1 < 0 and k2 > 0, or k3 < 0, or k3 > 0 and ka < 0 and Jg = 53 is a positive
root of (5.8), then there exists T = 7* for which the interior equilibrium point L, of the delay system (2.5)
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is asymptotically stable in (0, 7] and unstable in (7%, +00), provided that S(§p)A(dg) — B(do) M (d9) # 0.
In addition, the system undergoes a Hopf-bifurcation at L, when 7T cross the threshold value T*, where

1 (—A1By + By)d§ + (—AaBy + A1 Bs + A3B1)63 — A3Bs
o (B28y)? + (B3 — B162)?

5.2. The direction and stability of Hopf bifurcating periodic solutions

In the last section, we obtained the sufficient conditions for the system (2.5) to experience Hopf-
bifurcation at the interior equilibrium L, when 7 passes through the critical value 7*. Here, we investigate
the direction, stability and period of Hopf bifurcating periodic solutions at 7 = 7* of the system (2.5) by
applying the method of ‘normal form theory’ and ‘center manifold theorem’ due to Hassard et. al. [43].

We consider the following coordinate transformations:

z1(t) = S(7t) — Sy, 22(t) = I(1t) — L, z3(t) = M (7t) — M.,

where 7 = 7§ + p and g is a real number. Then, the system (2.5) becomes a functional differential
equation in C' = C([—1,0],R3) given by

2(t) = Lyu(2e) + F(p, 2t), (5.15)

where z(t) = (21(t), 22(t), z3(t))7 € R3. For any ¢ = (¢1,¢2,13)T in C([—1,0],R3); the functions
L,:C—=Rand FF: R x C — R are given by

Ly () = (15 4+ m) A(¥1(0) 92(0) 3(0)" + (75 + 1) B(1h1(—1) ha(—1) 1hs(—1))" (5.16)
and
F(p,v) = (15 + p)C, (5.17)
lin o s —ly —liy 0
where A= | 0 loy 0 |,B=| 1, 1, 0 |,
I31 sz 33 0 0 0
m1197(0) + m1293(0) + maze1 (0)h2(0) 4+ m14t01(0)h3(0) 4 misp2(0)13(0)
+magthr(—1)1h2(—1)
¢= mo191(—=1)a(—1) '
mz193(0) + ms2tp1 (0)13(0) + mazth2(0)1)5(0)
mi = miz = —¢g, miz = —2g, M = misz = —(g+791), Mg = —A, Mo = A
mg1 = —g1, Mgz = M3z = (—g+791)

Here, the system (2.5) experiences Hopf-bifurcation near L, for ; = 0. Applying the normal form theory
and central manifold theorem as proposed by Hassard et al. [43], we have the following theorem.

Theorem 5.2 Suppose that the condition (ii) of Theorem 5.1 is satisfied for the system (2.5). If pa < 0
(12 > 0), then the Hopf bifurcating periodic solution is subcritical (supercritical) for T < 75 (T > 17 ).
If Bo > 0 (B2 < 0), then the bifurcating periodic solution is orbitally unstable (stable). Moreover, 5
represents the period of the bifurcating periodic solution and the period decreases (increases) for 7o < 0
(7'2 > 0)

Proof: See the Appendix A. O
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Table 1: The set of values of parameters for numerical simulation

Parameter | Ecological meaning Values | Sources
r recruitment rate of coral 0.07 Briggs et al. (2018) [42]
g combined rate of local recruitment including

the lateral growth of coral over free space 0.1 Briggs et al. (2018) [42]
g1 combined rate of local recruitment and

lateral growth of macroalgae over free space 04 Briggs et al. (2018) [42]
d death rate of coral 0.05 Briggs et al. (2018) [42]
I recruitment rate of macroalgae 0.1 -
v death rate of macroalgae 0.5 Briggs et al. (2018) [42]
A disease transmission rate 0.1 —
w rate of infected coral colonies revert to the susceptible

class due to regeneration of tissue 0.01 —
e additional mortality rate of infected coral due to infection | 0.01
v dimensionless parameter (0 < v < 1] 0.6 Briggs et al. (2018) [42]

0.5
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e Infected Coral
©  Macroalgae
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ek
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. .\ n
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Figure 1: Numerical simulation in the absence of delay for system (2.5). The parameter values are
r=0.07;, g =0.1; g1 = 0.4; d = 0.05; p = 0.1; v = 0.5; A = 0.1; w = 0.01; e = 0.01; ¥y = 0.6; 7 = 0; [.10
.250 .15] (see Table 1).

6. Numerical Investigations

In this section, we perform some numerical experiments on the system (2.5) to check the feasibility of
our analytical findings concerning the stability criteria. We focus on the role of vital parameters: disease
transmission rate A\, conversion rate w of infected colonies to healthy class and time lag 7 due to incubation
in the coral-reef system. In our numerical computation, we utilize MATLAB and MATHEMATICA and
choose the biologically feasible parameter values from the previous published works as indicated in the
Table 1, that is, r = 0.07; ¢ = 0.1; g1 = 0.4; d = 0.05; p = 0.1; v = 0.5; A = 0.1; w = 0.01; e = 0.01;
~ = 0.6; and the initial species sizes are [S(0), I(0), M (0)] = [0.10, 0.25, 0.15]. In the absence of time lag,
we have verified that the criteria for the existence and stability of disease free equilibrium L; of system
(2.5) is satisfied. For A = 0.1 and the values of rest of the parameters from Table 1, we have disease
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Figure 2: Numerical simulation for A = 0.7 in the absence of delay for system (2.5). The rest parameter
values are taken as in the Figure 5.2
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Figure 3: Bifurcation diagram of system (2.5) for \. The parameter values are taken as in the Figure 5.2.

free equilibrium point L;(0.495832,0,0.148789) and ¢? = gM; + v + p(1 — MLJ = —0.0572138. Thus,
the admissible criterion: g¢;(0.4) > ¢?(—0.0572138) for disease free equilibrium point L; is satisfied.
Using the same set of the values of parameters, we have computed the disease threshold parameter
Ry = 0708331 < 1 (Ro = 722), 1 > rpg = —0.436435 and aggf;;n(sl,o%) = 0.038086 > 0.
Moreover, eigenvalues associated with L;(0.495832,0,0.148789) are —0.490466, —0.077653, —0.0204168.
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Figure 4: Numerical simulation in the presence of delay 7 = 9.0 for system (2.5). The parameter values
are taken as in the Figure 2.
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Figure 5: Numerical simulation for 7 = 12.548 in the presence of delay for system (2.5). The other
parameter values as in Figure 2.

Due to Theorem 4.1, in the absence of time lag (7), the system is locally asymptotically stable around
L. In this case, disease does not spread among the coral reef system as the healthy coral and macroalgae
species coexist in the locally asymptotically stable position around the disease free equilibrium point
(see Figure 5.2). Further, the disease persists among the coral-reef populations when the rate of disease
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Figure 6: Bifurcation diagram of system (2.5) for time delay 7. The parameter values are taken as in the
Figure 2.

transmission A transcends to a critical magnitude. From Figure 2, one can observe that all the species
coexist in a stable position around the interior equilibrium point L, for A = 0.7. In this case, the disease
threshold parameter Ry = 4.95832 > 1, so the disease spreads among the coral reef populations. In the
absence of time lag, our numerical simulation shows that a minimum force of infection (A, & 0.1412) is
required to disseminate the disease in the coral reef species of the system (2.5). For a more clear dynamics
of the system, we draw the diagram (Figure 3) for different values of A. It is also imperative to mention
that a transcritical bifurcation happens for gradually enhancing the magnitude of A through A, that
is, the disease-free equilibrium loses stability, and the interior equilibrium point becomes stable in nature
at Apmin. Similar observations have been reported by the authors in [35,36,37,34].

Next, we study the impact of time lag on the disease dynamics. To attain our goal, we fix A = 0.7
with the other values of parameters given in the Table 1. The interior equilibrium point takes the form
L,(S,, I, M,) with species densities S, = 0.1,I, = 0.358343, M, = 0.160479. It is observed that the
interior equilibrium point L, is stable in nature in the absence of time lag (7 = 0). If we introduce
the time lag in the system, we notice that for 7 = 9.0, all the species coexist in the locally asymptoti-
cally stable position around the interior equilibrium point (see Fig.4), since Trac(J,) = —0.81879 < 0,
O T (s..1,a0) = —0.0106389 < 0 and Trace(J,)A[~0.150141] < 25200 o 1 ) [~0.0106389)].
With the same set of parameters values, we get k1 = 0.104442, ko = 0.00657864, k3 = —0.0000559973,
which reveals the existence of a positive zero, ¥9 =~ 0.00754336 of the Eq. (5.8). As a result, (5.7)
has at least one positive zero, namely, §o ~ 0.0868525. Due to Theorem 5.1, we notice that the
stability switching may arise as 7 increases. The value of 7 for which stability switching occurs is
7* 2 10.919 and it can easily be calculated from (5.5) and (5.6). In addition, we have checked numer-
ically that S(d9)A(do) — B(dp)M(dp) = 0.000156696 # 0, which ensures the transversality condition:

d
d—[Re{p(T)}] __. =0.00562687 # 0. According to Butler’s lemma, L, remains stable for 7 < 7 as
T T=T

Figure 4 depicts which corresponds to a solution of the system (5.5) for 7 = 9.0. If the magnitude of 7
enhances through 7* (= 10.919), a periodic solution arises which is the case of Hopf-bifurcation (Figure 5).
It is also revealed that the amplitude of oscillations of the system increases with increase in 7 when the
magnitude of 7 is greater than 7*. This observation is in agreement with the result of Bhattacharyya et
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Figure 7: Numerical simulation of system (2.5) for w = 0.01 in of delay of the system (2.5). (b) Numerical
simulation of system (2.5) for w = 0.019. The other parameters values are same as in Figure 5.

. al. [38]. For a clear dynamics of the coral reef system, we draw a bifurcation diagram (Figure 6) by
varying the values of time delay 7.

Further, utilizing the algorithms described in Section 5.3, we obtain C;(0) = —0.006698 — 0.08857:
for 7 = 7%, which yields uo = 1.190359, By = —0.013396 and 75 = 0.086. So, the Hopf-bifurcation of
the system (2.5) around the interior equilibrium point L,(0.1,0.358343,0.160479) is supercritical. The
bifurcating periodic solution appears for 7 > 7%, and it is orbitally stable, and the period of periodic
solution accelerate with an increase in 7. The importance of Hopf-bifurcation in this context is that a
limit cycle is formed around the fixed point L, at the bifurcation point. In this case, two distinct solutions
originating from two different initial values converge to the limit cycle, which results into a stable periodic
solution.
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Figure 9: Bifurcation diagram of system (2.5) for time delay w. The parameter values are taken as in the
Figure 5.

We also describe the effect of conversion rate w of infected colonies to healthy class on the disease
dynamics of the system (2.5). To demonstrate the impact of w in the system, we slowly increasing the
the magnitude of w and settle the value of 7 at 12.648 and remaining parameter values are same as in
the Figure 2. For w = 0.019, the interior equilibrium point is stable focus. For sufficiently higher value
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Figure 10: Domains of stability and instability of the model (2.5) in two dimensional A — w parameter
space where other parameter values are fixed as in Table 1. The horizontal axis represents the rate of
disease transmission A and the vertical axis represent recovery rate w. The D; (green) domain depicts
that the disease-free equilibrium point L (S7,0, M) is stable; the Dy (red) domain indicates the stability
region of the interior equilibrium point L, (S, I, M,) and the D3 (blue) domain depicts oscillatory nature
around interior equilibrium L,.(Color figure online)

Figure 11: Domains of stability and instability of the model (2.5) in two dimensional A — 7 parameter
space where other parameter values are fixed as in Table 1. The horizontal axis represents the rate of
disease transmission A and the vertical axis represent recovery rate w. The D; (green) domain depicts
that the disease-free equilibrium point L;(S7,0, M7) is stable; the Dy (red) domain indicates the stability
region of the interior equilibrium point L, (S, I, M,) and the D3 (blue) domain depicts oscillatory nature
around interior equilibrium L,.(Color figure online)
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Figure 12: Domains of stability and instability of the model (2.5) in two dimensional w — 7 parameter
space where other parameter values are fixed as in Table 1. The horizontal axis represents the rate of
disease transmission A and the vertical axis represent recovery rate w. The D; (green) domain depicts
that the disease-free equilibrium point L (S7,0, M) is stable; the Dy (red) domain indicates the stability
region of the interior equilibrium point L, (S, I, M,) and the D3 (blue) domain depicts oscillatory nature
around interior equilibrium L,.(Color figure online)

of w > wo[~ 0.0181], can control the oscillation among the species due to presence of time lag. If we
further steadily enhance the magnitude of w, it is observe that w control the spread of disease among the
coral reef ecosystem for sufficiently more higher value of w > w,[~ 0.288]. Thus a transcritical bifurcation
occur between interior and disease-free equilibrium point at w.. So, effect of conversion rate w of infected
colonies to healthy class can control the oscillation among the system, and control disease transmission
among coral species.

For a clear understanding of the stability dynamics of the model (2.5), we produce two parameter
bifurcation diagrams (Fig. [10-12]) in terms of the stability and instability domain around the equilibrium
points Ly and L. In Fig. [10-12], the green domain (D7) delineates the stability region of disease-free
equilibrium point L, the red domain (Ds) represents the stability region of the interior equilibrium
point L,, while the blue domain (Ds3) indicates one periodic oscillation nature of the system around
the equilibrium point L,. Initially, we trace two parameter bifurcation in A — w space (see the Fig 10).
We observe that for arbitrary value of w, the system exhibits stable behavior around the disease-free
equilibrium point L; when the rate of disease transmission () is less than a critical value (& 0.2). For
sufficiently moderate to higher value of w and for the disease transmission rate (\) crossing a critical value
(= 0.2), the system shows stable nature around L.. Consequently, the disease persists among the species
of coral reef system. On the other hand, all species of the system indicate oscillation nature around L,
for a sufficiently higher value of A\ and a sufficiently smaller value of w. Subsequently, we produce the
stability and oscillation domain of the model (2.5) in A — 7 parameter space (see the Fig. 11). From Fig.
11, we observe that for any moderate value A up to (= 0.3) and arbitrary value of time lag 7, the model
(2.5) exhibits stable nature around the equilibrium L, and the coral species become disease-free. It is
also observe that the disease persists among the coral species with stable nature for sufficiently moderate
to higher value of A and arbitrary value of time lag 7. On the other hand, the species show the periodic
nature around the interior equilibrium point L, when disease transmission rate A is quite high and the
magnitude of time lag 7 between sufficiently moderate to high values. Further, we draw domain of the
species dynamics for the system (2.5) in w — 7 parameter space. From Fig. 12, one can observe the model
indicates the oscillation nature among the all species when the recovery rate w and the magnitude of time
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lag 7 are sufficiently low and high respectively. For any value of time lag 7 and for sufficiently moderate
value of w, the periodic oscillation around the interior equilibrium L, disappears and the system becomes
unstable from its stable nature around L,. Next, if the magnitude of w is high enough, then the system
switches form oscillation around interior equilibrium point L, to stable nature around the disease free
equilibrium point L for an arbitrary magnitude of time lag 7. The above observations indicate that the
time lag 7 can produce the oscillation among the species whereas the conversion efficiency or recovery
rate w can control the oscillation among the system as well as disease transmission among coral species.

7. Conclusion

It is well known that time lag is an important factor in the investigation of biological processes as the
behavior of the corresponding system does not exhibit it instantly. Thus, it is of significant interest to
analyze the impact of time lag on the stability of the coral reef system. Coral disease is also one of the
vital causes of coral degeneration, so it is necessary to incorporate it in the study of coral reef system.
In the present article, we have proposed and analyzed a coral reef epidemiological system in terms of 3D
coupled ordinary differential equations of susceptible-infective coral and macroalgae. In the presence of
disease in coral, the coral population is subdivided into two distinct sets, namely healthy and infected.
The healthy coral turns into infected through a contagious pathway (e.g, black band and white band dis-
eases). The healthy coral does not become infected instantaneously but it is induced by time delay due to
the incubation. Disease transmission process follows the principle of mass-action. Hence, it is imperative
to consider the effects of disease transmission rate (), incubation time lag (7), and conversion/recovery
rate (w) in the coral reef dynamical system.

We have analyzed the biologically feasible distinct equilibrium points of the system. The preliminary
result, presented in Section 3, is concerned with the existence and positivity of solutions of (2.5). We
computed the disease basic reproduction number Ry and threshold parameter ry for recruitment rate
of coral. Analytical results show that the disease-free equilibrium is locally asymptotically stable when
Ry < 1 and r > rjg) provided that 88((127’]\1;3))
disease will spread among the corals when the rate of disease transmission (\) is above some critical value
because Ry is a monotone increasing function of A. On the contrary, a sufficiently higher recovery rate
(w) of coral reef is necessary to wipe out the disease from system as Ry is monotone decreasing function
with increasing value of recovery rate w. Thus, the disease transmission rate spreads the disease in the
system whereas the recovery rate plays a key role in controlling the spread of disease propagation in the
coral reef ecosystem. In the presence of time delay (7), it is observed that the system shows stable (un-
stable) nature when the delay is less (greater) than a threshold value (7*). Thus, the system experiences
a Hopf-bifurcation around L.. We have presented the criteria for existence of Hopf-bifurcation around
L,. Moreover, it is observed that the oscillation among the corals can be controlled when the conversion
efficiency rate (w) crosses a threshold value. Also, one can notice that the magnitude of w increases when
the system becomes disease free. Applying the notation of Hassard et al., we have explored the direction
of Hopf-bifurcation, stability and period of the bifurcating periodic solution.

|( 5,,0,My) 18 positive definite. This result illustrates that the

The results obtained in this study suggest that the conversion efficiency or recovery rate and incuba-
tion delay time play a crucial role in controlling the disease transmission and oscillations among the
species of coral-reef ecosystem. The introduction of incubation delay in a coral reef ecosystem demon-
strates that the all species coexist in oscillatory nature. In fact, the conversion or recovery rate of infected
colonies to healthy coral can prevent the oscillation among the species of the system and control the dis-
ease transmission among coral species.
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APPENDIX A.

According to the Riesz representation theorem, there exists a function n(6, 1) of bounded variation
for § € [-1,0] such that

0
L= [ dn6.pu®).  for veC. (11)
-1
In particular, we set
(0, 1) = (15 + p)Ad(0) — (15 + p) B0 + 1), (7.2)
with L oo
sy =14
) {0, 6740.
Now, for ¢ in C*([-1,0],R3), we define
i b€ (-1,0),
Ay =9
JZ1dn(p, )¥(s) 0 =0,
and
0 6 €[-1,0)
R — ) 9 )
00 =1 P =
Then, the system (5.15) takes the form
i = A(p)z + R(p)zt, (7.3)

where z;:(0) = z:(t + 0) for § € [-1,0].

For any ¢ in C'([0,1], (R3)*), we define

—490s) s € (0,1],
Ao =4
f,1 dnT(ta O)d)(_t)v s=0,

and a bilinear inner product of the form

0 0
(6(s),%(0)) = (0)(0) — /_1 i d(a = 0)dn(0)y(e)dar, (7.4)

where n(6) = n(0,0), A(0) and A* denote the adjoint operators. From the section (5.1), we know that
+idp7; are characteristic values of A(0), which are also characteristic values of A*. Now, we find the
characteristic function of A(0) and A* associated with idg7j and —ido7] respectively.

We assume that q(6) = (1,u,w)7e 7% and ¢*(s) are the characteristic functions of A(0) and A*
associated with g7 and —ido7y, respectively. Thus we have A(0)q(0) = ido75q(#). From the definition
of A(0), (7.1) and (7.2), it follows that

Iy — lie 075 — g, Lo — l1ge~ #0075 l13 0
T* , . * , . * 9 = 0
0 l11€7160T0 los + 1126715070 — idg 0 q( ) 0

l31 l32 l33 —ido
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So, we obtain

00) = (L)
— ( - lje~ %75 (o2 + li2e~0076 — i8g) — lzalyre"%070 )Teiéora‘e
B T (Isg — 60) (la2 + l12e =076 — idy)

In a similar manner, one can obtain

q*(s) _ D(l,u*,w*)Tei‘SOTgs
_ (1 (I35 +1d0) (l1 — l11€7%070 4 idy) — lyslsy s >T6i50755
’ (133 —+ iéo)lflei‘;(’ﬂ?‘ ’ (l33 + Z(SO) ’

We choose D with the property of (¢*(s),q(6)) =1, (¢*(s),q(6)) = 0. Then, we have
(@*(s),a(0)) = D(,u",w)(1,u,w)"

0 6
—/ b(l,W,W)e_mmg(a_e)dn(ﬂ)(l,u,w)TemOTJadoz
—1Ja=0

[
o

0
{1 + uru + wrw —/ (1,u*,W)Geongedn(O)(l,u,w)T]

-1
- D [1 U+ W — 1 {1 (0 — 1) + L0 — 1)u}67i5ﬁg] '
Thus, we get D as given by

1
1+ w*T 4 ww — 7 {1 (0 — 1) + g (w® — 1)a}eios

D=

To describe the center manifold Cy near p = 0, we determine the components by using the same
notation and procedure as developed by [43].
Letting z; to be the solution of (5.15) for u = 0, we define

#(t) = (q",20), Wt 0) = 2(0) — 2Re{z(t)q(0)}- (7.5)

On the center manifold Cgp, we have
W (t,0) = W (1), 7(1),0),

where
2 =2 ’

W(Z,Z, 0) = WZO(Q)Z + W11(9)ZZ—|— WOQ(Q)Z —+ W30(9)€ + e

w

2 2

z and 7z are local coordinates for center manifold Cy in the direction of ¢* and g*, respectively. Here, W
is real for real values of z;. For the value z; in Cy of (5.15) with g = 0, we obtain

At =i §OT§z+<q*(0),F<O,W(z,Z,9)+2Re{zq(0)}>

©idoryz + 7 (0) Fo(2,2),

= idoriz+ q*(o)F(o, W(z,7,0) + 2Re{zq(o)})
which can be rewritten as
7 =1007572 + 9(2,7),
with
. - _ 72 _ 72 727
9(2,2) = q"(0)Fo(z,2) = 9207 + 911722 + go2 + g2175" +e (7.6)
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Then, from (7.5), we have

al0) = (ul0), 220(0), 20(0))" = W (,6) + 2Re{a(t)a(0)}
2 =2
- Wzo(G)% + Wh1(0)zz + WOQ(Q)% + (1,0, w) 770, 4 (1,7, m)T 907 07
+0(] (2.7) [*). (7.7

In consequence, from Eq. (7.6), we can get

mi125,(0) + mi223,(0) + mi321£(0)22:(0) + m1az1£(0)23¢(0) + my522¢(0) 234 (0)
+miezie(—1)z2¢(—1)
g(Z:E) = a* (O)FO(sz) = 5(171/‘7*7 F)TS

ma1z1¢(—1)z2:(—1)

ma123,(0) + mazz1¢(0)23¢(0) + mazz2:(0)z3¢ (0)

By direct calculation and comparing the coefficients with (7.6), we obtain

. | 2 —2i8070
g20 = 2D75|mi1 +mppu® + mizu + myw + misuw + migue” "0
+Wm21ue_2i‘5070 + F{m;ﬂ + mzow + m33uwH s
g11 = 2D7i|mi1 + mlg\u|2 + misRe{u} + mygRe{w} + mi5 Re{uw}

+migRe{u} + u*moy Re{u} + W{m:n + mgaRe{w} + mggRe{u@}H ,

go2 = 2D7§ a1 + maT? + Mg + Mg + mas T + T 07
+u* Moy ue?%00 + w* {m31 +mzaw + m33WH ’
g = Drg [y (2W3(0) + AW} (0) ) + maa (20WE (0) + 46l (0))

+mas <W220(0) +2WF; (0) + aWy(0) + 2UW111(0))

s (Wi (0) + 21 (0) + @1W40(0) + 2wV (0))

s (TW5h(0) + 2uW, (0) + WWE (0) + 20 W (0))

+mie <2W220(—1)€i6075 +2WE (—1)e 070 4+ aWay(—1)e 070 + 2UW111(_1)€_MOTS)
+T ey <2W220(*1)6i6075 + QWfl(*l)eiiéng + ﬂVVQlo(*l)eiéoTak + QUWfl(*l)eiiéng)
" {man (2W30(0) + 4V}, (0) ) + maz (WW5(0) + 20, 0) + 2w (0) + 2175 (0)

+mm3@ﬂﬁ%®)+2quﬂ0)+ﬂﬂK%m)+2wﬂfﬂ0»)}]

To compute the value of ga1, we need to calculate the magnitude for the terms Wi, (0) and Wi, (0) (i =
1,2,3). From (7.3) and (7.5), we have

.. [ AW —2Re{g*(0)Foq(6)}, 0 €[-1,0)
W=2-1 Zq‘{AW2Re{q*<o>Foq<e>}+Fo, 6=0, (7.8)
CCAW + H(z,7,0),

where

H(2,7,0) = Ha(0)% + H11(0)77 + Hoo ()% + - - - . (7.9)
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Expanding the above series explicitly and comparing the corresponding coefficients, we get
(A - ’LQ(SQTSI)WQ()(H) = —Hgo(@), AWll(Q) = —H11(0) (710)

From (7.8), we have

H(2,2,0) = —7*(0)Foq(0) — ¢*(0)Foq(0) = —gq(0) — g q(0) fort € [-1,0). (7.11)
Comparing the associated coefficients with (7.9) yields

Hao(0) = —g20q(0) — Go24(9), (7.12)

H11(0) = —g114(0) — 9119(0). (7.13)

From (7.10), (7.12), (7.13) and utilizing the definition of A we obtain

Wao(0) = 128074 Wao(0) + 9204(0) + Go2a(0), (7.14)

Wi1(0) = g119(0) + 71,9(6). (7.15)

Since ¢(0) = (1,u, w)T e therefore we have

Wao(0) = 522:q(0)e 707 + 5228q(0)e= 075" + B¢, (7.16)
and
Wll(a) = _;é]i,}%q(o)ei[snga + %q(o)efiﬁnga + EZ) (717)

where Fy = (E?), Egz)’ Ef’)), E, = (Eél), Egz)’ EgS)) € R? are constant vectors.
From the definition of A and utilizing (7.10) with n(0) = 7(0,0), we get

J°, dn(6)Wao(8) = 28075 Wao (0) — Hao(0), (7.18)
and
2, dn(0)Wr1(8) = —Hy1(0). (7.19)

From (7.10), we have

(7.20)

mi1 4+ mizu® + misu + misgw + misuw + mygue 299070
H20(0) = —9029(0) — 9p24(0) + 274 maiue 299070
m31 + Mma2w + M3zuw

and

ma1 + miz|ul® + misRe{u} + migRe{w} + mis Re{uw} + mis Re{u}
H11(0) = —g114(0) — 31,4(0) + 275 mo1 Re{u} . (721)

mag1 + maaRe{w} + masRe{uw}

Notice that

0 0

(idoT{;I —/ ei‘s”gedn(ﬁ))q(()) =0, (—i5QT§I —/ eii‘s"Tgadn(H))ﬁ(O) =0.
—1 —1

Substituting (7.16) and (7.20) into (7.18), we get

. 0 125070 my1 + mygu® +m13u+m14w+m15uw+m1eu6_2”075
(2250751— [P, ei20s dn(9)>E1 =278 oy e—21507 :

m31 + ma2w + mazuw
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which implies that

2
mi1 + mi2u” + mizu + migw+

P * . « - e 219075
1280 — l11 + l11e72%70 1o + l10e~2%70 —lis misuw + migue 0
_ll’le—i2507—6‘ 1280 — lag — l£267i250T6k 0 E1 =2 —2i807g )

—la1 —l32 1260 — l33 marue

mga1 + ma2w + mazuw
It then follows that
_ (1) (2) 3y _ (lAn] |Ai2| |Aus]
El*(El vEl aEl )*(‘A”v ALl ° |A1|)7 (7'22)
where
280 — l11 + l11e712%070 —l12 + l12e72%070 —lis
Al - 7[1’16_1"2607-0 1200 — loo — 11,26_7"2507-0 0
—l31 —l32 1280 — l33

and Aq; is obtained from A; by replacing jth column in to 2(mq1 + miau? + misu + misw + mysuw +
mague 2970 morue= %070 may + maow + mazuw)’ .
Similarly, substituting (7.17) and (7.21) into (7.19), we have

mi1 + miz|ul® + mizRe{u} + migsRe{w} + misRe{uw} + mis Re{u}
(fi)l dn(ﬁ))Ez _ 27’8‘ ( 11 12 13 inﬁ%e{u} 15 16 ) 7
m31 + mazRe{w} + mgzRe{uw}
which implies that

l11 —/l1/1 li2 — l1:2 l1s mi1 4+ mas|ul® + mizRe{u} + misRe{w} + mis Re{uw} + mis Re{u}
=l log —l12 O Ey=2 ma1 Re{u ,and
la1 ls2 lss mg1 + mazRe{w} + masRe{uw}
hence
_ () p(@2) )y _ ([A2] [Asa| |Ass]
Ey=(E; By By )_(\A2|7 Ao |A2|)7 (7.23)
where ) )
l11 —/111 l1a — 11/2 l13
Ay = =l loa — l12 0
l31 l32 l33

and Ay; is obtained from Ay by replacing jth column in to 2(mq1 +mia|ul? + misRe{u} + misRe{w} +
mys Re{uw} + mygRe{u}, ma Re{u}, mz; + mzaRe{w} + mazzRe{uw})”.
Based on the foregoing arguments, we find that

) 1 1
C’1(0) = —— <920911 - 2|911‘2 - 3|9022> + =901,

2(507‘0* 2
RGO e oo IGO0} 4 paImlite)
i Rty RGO suri |

It is well known that po and 2 determine the direction of Hopf-bifurcation and stability of bifurcating
periodic solutions of the system (2.5) at 7 = 7§ on center manifold. From the above analysis, the proof
of Theorem 5.2 is complete.
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