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The Minimum Pendant Dominating Randic Graph Energy

Nataraj K.*, Puttaswamy and Purushothama S.

ABSTRACT: In this research paper, we introduce the concept of minimum pendant dominating randic graph
energy, denoted by RE? ("), and compute its value for several well-known graph families, including the
complete graph, complete bipartite graph, bi-star graph, cocktail party, and barbell graph. Additionally, we
investigate theoretical upper and lower bounds for RE}Q (T"), offering insights into the behavior and range of
this energy measure across various classes of graphs.
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1. Introduction

In recent decades, spectral graph theory has progressed rapidly, giving rise to several new sub fields
within graph theory. The adjacency matrix provides a means to examine the degrees of a graph’s vertices.
This work introduced new perspectives on applying matrices to graph analysis. Several established graph-
theoretical concepts, such as matching and minimum covering of a graph [1], have been explored in
relation to spectral parameters, including the spectral radius, the second-largest eigenvalue, the smallest
eigenvalue, and the absolute sum of these eigenvalues [8]. Due to their practical significance, energy and
spectral radius have also attracted the attention of chemists and computer scientists [19]. Numerous
graph polynomials have been defined in the literature based on various graph matrices, including the
adjacency matrix, laplacian matrix, degree sum matrix, distance matrix, skew-adjacency matrix, Randié¢
matrix, minimum covering matrix, and labeled matrix [1,2,3,6,10,12,19].

This study aims to introduce and analyze the minimum pendant dominating randic matrix of
a graph, focusing on the relationship between vertex degrees and adjacency. It seeks to identify key
properties of minimum pendant dominating randic spectra and randic energy, and to derive analytical
expressions for the minimum pendant dominating randic energy of several important graph families.
Building on prior research, this approach enhances the understanding of how randic-related metrics
impact graph energy and spectral characteristics. We have extended the concept of minimum randic
energy of a graph to minimum pendant dominating randic energy [21].

Let T be a finite, non-empty, simple and undirected graph of order n, with the vertex set V(T') =
{v1,v2,...,v,} and the edge set E(T"). A subset S C V(T") is called a dominating set, if every vertex not
in S is adjacent to at least one vertex in S. The domination number of a graph T, denoted by ~(T'), is the
minimum cardinality of a dominating set in I'. A dominating set S in T is called a pendant dominating
set, if the subgraph induced by S contains at least one pendant vertex. The pendant domination number
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of T', denoted by 7y (I'), is the minimum cardinality of such a pendant dominating set. For more details
on pendant domination refer [14,15,16]

The adjacency matrix A(I') = [a;;] of a graph I' is a square matrix of order n x n, where each
entry a;; is defined as

a — 1, if there is an edge between vertices v; and v;
4 0, otherwise

As A(T) is a symmetric matrix so, all its eigenvalues 71,72, ..., 7, are all real numbers with their sum
is zero. The concept of graph energy was introduced by I. Gutman [9]. According to him graph energy
E(T') is represented by

() =Y Ind

A brief account of graph energy can be found in R. Balakrishnan [3] and D. Cvetkovic [7]. Let
I' be a graph on vertex set V(I') = {v1,v2,vs3,...,v,} and the edge set E(I'). Let d; be the of a vertex
v;. Any dominating set with minimum possible cardinality is called minimum dominating set. Let D be
a minimum dominating set of a graph I'. The minimum dominating randic matrix RP(T) = (R£>an is
given by Bozurt et al. [4,5,6,12]

M;T’ if Vi ~ Vj
Rg(r): 1, if i=jandwv;, € D
0, otherwise

The characteristic polynomial of RP(T) is denoted by f,(I',n) = det(nl — RP(T')). Since the minimum
dominating randic matrix is real and symmetric. Let these eigenvalues be denoted in non-increasing order
as m >Mng > -+ > 1,. The minimum dominating randic energy [21] is determined by

REP(L) =Y |ni
i=1

The spectra of a graph I' is the list of distinct eigenvalues n; > 19 > --- > n, with their multiplicities
a1, Q9,. .., 0, and is as follows [8]:

specD(I‘):<m 2 77")

a1 Qg ... (07%%

we can see the upper and lower bounds on randic energy in [4,5,12].

2. The Minimum Pendant Dominating Randic Graph Energy

Let I be a simple graph of order n with vertex set V(T') = {v1,v2,v3,...,v,} and the edge set E(T).
A subset S of V(I') is called a pendant dominating set if every vertex in V — S is adjacent to atleast
one pendant vertex of S. A minimum pendant dominating set is a pendant dominating set of smallest
cardinality, also referred to as a pendant dominating set of minimum power. The minimum pendant
dominating randic matrix RE(T") = (R%j)m is given by

ifv~w; for i#j

did;’
1 if v,=v; for 1=
RD ) = ) 7 7
P,y (D) 1, if v;eS fori=j
0, otherwise

The characteristic polynomial of RE(T) is denoted by f,(I',n) = det(nl — RE(T')). Since the minimum
pendant dominating randic matrix is real and symmetric, its eigenvalues are real numbers and we label
them in non-increasing order 77 > 12 > --- > 1n,,. The minimum pendant dominating randic energy is
given by

RER(D) = ;) |nil
i=1
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3. Fundamental Properties on Eigenvalues of REE (T)

Let us consider QQ = Z

1<j

1
7d where d;d; is the product of degrees of two vertices which are adjacent.
1

Theorem 3.1 The first three coefficients of fn(L',n) are given as follows:
(i)go =1
(i1)q1 = —Ype(T)

(iid)qs = ( () ) -Q

Proof: (i) From the definition f,(T,n) = det(nI — RE(T)), we get qo = 1.

(ii) The sum of all determinants of all 1 x 1 principal submatrices of RE(T') is equal to the trace of RE(T).
= q; = (—1)! trace of RE(I") = —y,(T")

(iii) The term (—1)%¢g2 corresponds to the sum of determinants of all 2 x 2 principal submatrices of
(Rg(l“)f, we have

(—1)2qs = Z ‘qn’ qij

1<i<j<n B0 D3

= E (Qiinj_Qiiji)
1<i<j<n

= Z 4iid55 — Z 4ijqij
1<i<j<n 1<i<j<n

. < vpez(F) > )

Theorem 3.2 If 11,72, ...,m, are the minimum pendant dominating randic eigenvalues of RE(T), then
n

(i) S 1 = (1)

(ii) > 17 = Ype(T) +2Q
=1

Proof: (i) As is well known, the sum of the eigenvalues of RE(T") equals the trace of RE(T"). Therefore,
we have

Domi= i =15 = ()
=1 1=1

(ii) As is well known, the sum of the squares of the eigenvalues of RE(T) equals the trace of (RB(T))2.
Therefore, we have
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n n n n n n n
ZU;‘Q = ZmZm = Zan‘ﬁj = Zz%’j(]ji
i=1

i=1 j=1 i=1j=1 i=1j=1

= ZZ (Qiiji + q;iq; + Qiinj) = ZZ (qfi + 2Qiiji)
i=1j=1 i=1j=1
=3 (a2 +24%) = un +23 g3 =|D| +2Q

i=1j=1 i<j

Z 771 ’Ype + 2Q

Theorem 3.3 Given a graph T, if n = min{|m|, |n2l, ..., |n|}, then p < |det(REE(T))|=

Proof: W. K. T.

mllna -l = |det(RER ()]
pige. .. p < |det(REE (T))|
= 1 < |det(RER(I))| =

4. Bounds on REER(T)
Theorem 4.1 Let T be a connected graph, then \/2Q + 7pe(T) < REE(T) < /n(2Q + vpe(I))
h
where () = Z 0.

1<j

Proof: Let 11,72, ...,m, be the eigenvalues of REE(T). Now by Cauchy’s-Schwartz inequality, we have
n 2 n n
() = () (559)
Put a; =1 and b; = |n;| in the above inequality
n 2 n n
(ZImI) < (Z 1) (Z \77i|2)
(REP ) < nz |771 = nz n;

< n<2Q n wpe(r))

— REP(T) < /n(2Q + 3. (1)
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Now, consider

(RE}B(F))2 = i ;>
(RE}B(F))2 >2Q + Ype(I)

= RE}Q(F) > \/ 2Q + ’YPE<F)

5 V/2Q +1e(T) < RER(T) < ”(2Q + ”Ype(r))

Theorem 4.2 Let T' be a connected graph, then v/2n — @Q — 1 < REE(T) < ny/n — ¥

Proof: W. K. T. 4,.(I') < D(T') + 1 and thus we have D(I") < |V(T")| — A(T"). Therefore,
2pe(T) = 1< D(T) < 1 — A(T)

For any connected graph I', we have 2Q < (n? —n) (upper bound). From above theorem

RER(T) < \/n(2Q + ype(r)) = \/n[(nQ —n)4+n—A

o
— RER () §n1/n—%

For any connected graph I'" we have, n < 2Q (lower bound).

RER(T) > 1/2Q + 7e(T) = /n + 7 (T) — 1
>v/n+n—-Q—1

— RER()>2n-Q -1
V= Q=1< RER(D) < nyfn — 29

Theorem 4.3 Let I' be a simple connected graph, then

REB(T) < (2420 +J<n—1>

2Q + Ype () — (2Q4+756(F) ) 2]

Proof: The Cauchy’s-Schwarz inequality

()= (502) (550
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Put a; =1 and b; = |n;| in the above inequality

(ilml)2 < (il) (Zm )

=2 =2
(REP( ) — 7]1)2 < (n—1)(2Q + pe(T) — 17)
(REB(T) = m) < 1/(n—1)(2Q + 7 (1) — 7?)

— RER(T) < m +1/(n— 1)(2Q +75e(T) — 1)

Let f(z) =z + \/(n —1)(2Q + Ype(T') — 22). For decreasing function f’(z) < 0, we have

s ! (n— 1)(~22) < 0
21/(n = 1) (2Q + () — 22)
xvn—1 2Q + Ype(I)
1< > —
V/ (2Q + 7 (1) — 22) V=1

Since 2Q + Ype(I') > n we have,

2Q +7pe(D) _ 20+ 7 (1)
n - n

— fim) < f<w>

<m

n

L RER(T) < 22500 4 J (n—1)|(2Q + 75 (L) - (M)Q]
O

Theorem 4.4 Let I' be a connected graph. If A = det(REB(T)),  then
REB(T) > \/2Q + 7e(T) + n(n — DA

Proof: Consider

(REP ) (Zlm )z(ilml) (ilml)
fZImIMZImHm

i#]
— (rER(D))’ zw > Inillng|
i#j

Using the Arithmetic mean and Geometric mean inequality, we have

=Ty
Zlmllml > (HImIm)

Z#J i#]

1
n(n—1)
> " Imilln;| = n(n—1) <| | Imllm>

i#£] i#]
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Thus

1
n(n—1)
(rER()) }:mQ>nn—1<lllmllm>

i#£]

1
n(n—1)
(REP ) E mi|? +n(n — 1) (I | |m|m|>
i#]

=> [nil* +n(n—1) (Hm>2

(RER(I)" > 20+ 7ye(D) + nin — 1)A%

C RER(T) = \/2Q + 7o (1) + n(n — 1)A%
O

Theorem 4.5 Let T be a graph with the minimum pendant dominating randic set S(T'). If the minimum
pendant dominating randic energy REE (') is a rational number, then REE (T') = |S|(mod2)

Proof: Let 11,72, ...,n, be the minimum pendant dominating randic eigenvalues of I', where 71,12, ..., 1
are positive and the remaining are negative. Then

n

Z|77i|= (771+772+"'+77p) —<77p+1+"'+77n)

i=1

:2<m+ng+~-~+np)f(n1+7}2+~~+77n)
REP(T) =2(771 +772+---+77p> —15]

The eigenvalues 11,72, ...,1, are algebraic integers implies that their sum is also an algebraic integer.
Therefore, 2(ny +n2 + -+ - + 1) must be an integer if RER(T) is rational number. O

5. RER(T) for Various Standard Graphs

Theorem 5.1 For a complete graph K,,, we have REE(K,,) = 4;_ where n > 3

Proof: Let K, be a complete graph with vertex set V(I') = {v1, vs,vs, ..., v,}. The minimum pendant
dominating randic set is S = {v1,v2} and the minimum pendant dominating randic matrix is

1 4+ ... 1 _1_
n—1 n—1 n—1 n—1
1 I B B
n—1 n—1 n—1 n—1
T 0 ... 1 1
D n—1 n—1 n—1 n—1
RB(K,) = .
1 1 19 L
n—1 n—1 n—1 n—1
1 1 1 1 0
n—1 n—1 n—1 n—1 nxn
The spectral polynomial of RB(K,,) is
1 1 1 1
n T 1 n—1 nTl nTl nII
n—1 n— 1 n—1 n—1 n—1
_1 _1 n 1 1
n—1 n—1 n—1 n—1
1 1 1 1
n—1 n—1 n—1 n—1
n—1 n—1 n—1 n—1 n nxn
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fu(Enym) = (n - (2%2{)) (n + ﬁ)n_g(ﬁ — (Z=m+ (Zi‘f)) =0
and the spectrum of K, is

(2n=3)+v8n-7 n-2 (2n=3)-v8Bn-7 1
SpecB(K,,) = 2(n1—1) nI1 2(1'7,1—1) ( n—?1))
n—

Hence, the minimum pendant dominating randic energy of a complete graph K, is

RE?(KH) _ 4n-8

n—1

Theorem 5.2 For a complete bipartite graph K, ,, we have REE (K, ,) =2+ QV;{l where n > 2

Proof: Let K, , be a complete bipartite graph with vertex set V(I') = {u1, ua,...,Un,v1,02,...,0n}.
The minimum pendant dominating randic set is S = {u1,v;} and the minimum pendant dominating
randic matrix is

1 0 o + 1 1
0 T T
0 0 0 L 1 1
RE(Kn ) = % % % 1 8 8
4 4 L0 0 0
Lo ; ;
o n 00 0/ 2nxan
The spectral polynomial of RB(K,, ) is
=10 0 L L
0 U %
0 0 n 1 1 1
fn(Kn,nan) = 1 1 1 " S IS
N S
» o ow » 0 0
1 1 1 i
W n 00 N/ anxan
n—1

fn(Kn,na 77) = 772n74

~
3
o
\
—

=) (2 — 20+ (251)) =0
and the spectrum of K, ,, is

n—1 n—1
ol 0 Y&

1 1 (2n - 4) 1

Hence, the minimum pendant dominating randic energy of a complete bipartite graph K, , is

S
S

SpecB(K,,) = ( 1+1

RE}?’)(Kn,n) =242 \7{1

Theorem 5.3 For a double star graph S, ,,, we have REE (S, ) = \/5n2+8ntbf{ Snitdn here p > 2
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Proof: Let S, ,, be a double star graph with the vertex set V/(I') = {vo, v1,v2, ..., Un_1, U0, U1, .., Un—1},
where vg and ug are the two central vertices. The minimum pendant dominating randic set is S = {vg, ug}
and the minimum pendant dominating randic matrix is

1 1 1
} n+1 n+1 rJrl O 0
n+1 0 0 0
- 0 0 0 0 0
R}Q(Sn,n) = n1+1 1 1
n+1 0 0 } n+1 n+1
0 0 R s L 0
\ S i S
0 0 0 — 0 0 xm

The spectral polynomial of RE(S,, ,,) is

1 1 1
77:1 cen LR —  h 0 0

s n 0 0
1u(S ) nlﬂ 0 n 0 0 0
n{POnn,1) = 1 1 1

n+l 0 0 77:1 1 1
0 0 0 Tt n 0
: : :

0 0 0 -~ 0 n

2nx2n

Fa(Samsm) = 272 (4 1 = (n+2) =) (0 + 1 = nn =) =0

and the spectrum of S, ,, is

(n+2)+v5n2+8n+4 0 nEv5n2+4n
SpecB(Sn.n) = 2(n1+1> (2n—2) 2(n1+1>
n—

Therefore, the minimum pendant dominating randic energy of S, ,, is

D _ V/5n248n+4+/5n2+4n
REP (Sn,n) - n—+1

d

Theorem 5.4 For a cocktail party graph Koy, is REE (Kay,) = 2\/4"2_16"”?&‘{?3_2"““3"_7) where
n> 2

Proof: Let Koy, be a cocktail party graph having the vertex set V(I') = Ul ;. The minimum pendant
dominating randic set is S = {u1,us} and the minimum pendant dominating randic matrix is

1 1 1 1
1 2n—2 77 2p—2 0 2n—2 77 2p—2
1 1 1 1 O 1
2n—2 2n—2 2n—2 2n—2
1 1 0 1 1 0
RD (K ) — 2n—2  2n—2 2n—2  2n-—2
P 2xn) — 0 . 1 0 e 1
1 2n—2 2nf2 1 2n—2 2n—2
2n—2 0 T 2p—2  2n—2 0 0
1 1 1 1
2n—2 2n—2 0 2n—2 2n—2 0

2nx2n
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The spectral polynomial of RE(Kayxy,) is

1 1 1 1
1o s ms 0 ms o
2 N1 n—2 2n—2 0 T 3p—2
1 1 o _1 1 0
FulK ¢) = n—2 2n_2 Ul -2 2n_2
n 2Xn» - 0 1 e 1 1 L
: n—2 22 717 n—2 n—2
n—2 0 m—2 -2 n 0
1 1 1 1
2n—2 2n—2 0 2n—2 n—2 n 2nx2n

FolEoasnon) = 0" 2((n = D +1)" (27 = 1)((2n - 2)n° — (20— 4y — 1) ((n — 1)n* — (20— 5}y — 1) =0

and the spectrum of Koy, is

(2n—5)++v4n%—16n+21 (n—=2)xvn2-2n+4+2 1 0 1
Specg(Kgxn) — 2(n—1) 2(n—1) 2 n—1
1 1 1 (n—2) (n—3)

Hence, the minimum pendant dominating randic energy of Koy, is

D _ 23/4An2—-16n+214+2v/n2—2n+2+4(3n—7)
REB (Kaxy,) = e

Theorem 5.5 For a barbell graph B,,,, where n > 3, we have REB (B, ,,) = 17n° —25n+6

3n2—-3n

Proof: Let B,,, be a barbell graph having the vertex set V(I') = {u1,u2,...,un,v1,v2,...,v,}. The
minimum pendant dominating randic set is S = {uy, v} and the minimum pendant dominating randic
matrix is

1 L L 1 0
6(n—2) 6(n—2) n
1 _1 e
) 0 — 0 0 0
! L 0 0 0
/ n—1
Rg(Bn,n) = 6(5_2) O O 1 1 . 1
n 1/ 6(n—2) 6(n—2)
0 0 0 1 0 - L
6(n—2) n
0 0 0 1 L 0
6(n—2) " 2nx2n
The spectral polynomial of RE(B,, ) is
-1 1 1 1 0 0
" Jo(n—2) Vs
\/6(n—2) n n—1 0 0 0
; i :
fn(Bn,nﬂ?) = 6(5_2) 0 0 -1 1 . 1
n K V6(n—2) 6(n—2)
0 0 0 : no- ot
6(n—2) n
0 0 0 1 L 7

Vv 6(n—2) o 2nx2n
Fu(Bumom) = (nn + 12" ((6n — 6)n2 — (16n — 25)1 + (Tn — 14)) (61 — 6)12 — (6n — 1)p+n) =0
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and the spectrum of B,, ,, is

(16n—25)+/88n2—296n+289  (6n—1)+VIZn?+12n+1 1
SpecB(B,.,) = 12(7;1) 12(7171) (2n B 2)

Hence, the minimum pendant dominating randic energy of B, ;, is

D _ 17n%—25n+46
REp (B”v”) ~  3n?=-3n

6. Conclusion

The domination theory and graph theory are both central topics in modern graph theory, with

a wide range of applications in various fields such as network theory, computer science, chemistry and
even physics. In recent years many scholars are working in this area and also they are introducing new
domination parameters. In this research paper, we have initiated the domination parameter for randic
energy and also we have made significant progress in our research by calculating the exact values of the
minimum pendant dominating randic energy for standard families of graphs and establishing bounds for
this parameter in terms of other graph properties.
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