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Characterizations of Classical and Quantum Weak Difference Sequence Spaces

Sujata Saikia∗ and Pranab Jyoti Dowari

abstract: This paper investigates the concept of weak difference sequence spaces in normed linear spaces,
focusing on both classical and quantum difference operators. We define and examine the spaces WD(X) and
WDk(X), which consist of sequences whose first- and higher-order differences converge weakly to zero. Ad-
ditionally, we introduce a new class of sequence spaces WDq(X), governed by quantum difference operators
arising from q-calculus. We establish fundamental properties of these spaces, including linearity, stability
under continuous mappings and behavior under scalar multiplication. Through various examples and coun-
terexamples, we highlight subtle distinctions between classical and quantum weak convergence. The results
provide a unified framework for analyzing discrete weak convergence phenomena and lay the groundwork for
further developments in sequence space theory and quantum analysis.
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1. Introduction

Weak convergence plays a significant role in modern analysis due to its flexibility and applicability in
infinite-dimensional settings. Unlike strong (norm) convergence, weak convergence requires only conver-
gence under the action of every continuous linear functional, thus enabling a broader class of converging
sequences. This concept has influenced the development of summability theory, approximation theory
and the study of functional spaces [5,7,13].

Difference sequence spaces have been studied extensively since the pioneering work of Kizmaz [4],
who introduced the spaces ℓ∞(∆), c(∆), and c0(∆). These spaces, formed using the difference operator
∆xn = xn+1 − xn, became foundational in understanding the behavior of sequences with respect to
their successive differences. Further generalizations by Maddox [6], and others involved concepts such
as statistical convergence and almost convergence in these contexts. In the recent past, the lacunary
sequences have been explored by several researcher [2,8,9,11,12,14]. Quite recently, Dowari and Tripathy
[10] studied the difference sequence spaces for complex uncertain variables.

Despite the growing literature on weak convergence and difference sequence spaces separately, only
limited work has been done on their intersection. One may refer to [2].

The present study addresses this gap by introducing weak difference sequence spaces in normed
spaces. Specifically, we define the spaces WD(X) and its higher-order extensions WDk(X), capturing
sequences whose successive differences converge weakly to zero. These spaces allow for a refined analysis
of convergence behaviors and yield new insights into their structural characteristics.
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We extend this investigation into the realm of quantum calculus by defining the quantum weak
difference sequence space WDq(X). The q-difference operator offers a natural discretization framework
with applications in number theory, quantum mechanics, and time scales [1,15]. Our results demonstrate
that WDq(X) generalizes WD(X) and recovers it as a special case when q → 1. This quantum framework
not only enriches the theory but also invites further studies on weak convergence in non-uniform difference
settings [3].

Through characterizations, examples, counterexamples and inclusion results, we establish the foun-
dational theory of weak difference sequence spaces in both classical and quantum contexts. This work
opens new avenues in sequence space theory and contributes to the broader understanding of convergence
under difference operations.

2. Preliminaries

Let (X, ∥ · ∥) be a normed linear space over the field K, where K = R or C. Denote by X∗ the dual
space of X, consisting of all continuous linear functionals f : X → K.

Definition 2.1 A sequence (xn) ⊂ X is said to converge weakly to x ∈ X if for every f ∈ X∗, we have

f(xn) → f(x) as n → ∞.

In this case, we write xn → x and call (xn) weakly convergent.

Remark 2.1 Weak convergence is weaker than norm convergence. That is, norm convergence implies
weak convergence, but not conversely.

Definition 2.2 The difference operator ∆ of order one is defined on a sequence (xn) by

∆xn = xn+1 − xn.

Higher-order differences are defined recursively as

∆kxn = ∆(∆k−1xn), for k ≥ 2.

In what follows, we focus on the weak convergence properties of the sequences (∆xn) and (∆kxn) in
the normed space X and investigate how these relate to the weak convergence of the original sequence
(xn).

3. Weak Convergence of Difference Sequences

Weak convergence of difference sequences arises naturally when investigating the asymptotic behavior
of sequences in normed linear spaces. While weak convergence of a sequence (xn) in a normed space X
focuses on the behavior of the sequence under the action of all bounded linear functionals in X∗, the
study of weak convergence of the difference sequence (∆xn) sheds light on the incremental behavior or
variation of (xn) in the weak topology.

Definition 3.1 Let (xn) be a sequence in a normed space X. The sequence (xn) is said to have a weakly
convergent difference sequence if the sequence (∆xn) converges weakly to an element y ∈ X, i.e.,

∆xn = xn+1 − xn → y as n → ∞.

If ∆xn → 0, then we say that the difference sequence is weakly null.

This concept is particularly useful for identifying sequences that may not be weakly convergent them-
selves, but whose differences exhibit a regular asymptotic behavior. Such sequences appear in the context
of summability methods, ergodic theory, and time series analysis.
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Example 3.1 Let X = ℓ2 and define xn = en, the standard orthonormal basis of ℓ2. Then,

∆xn = en+1 − en,

and (∆xn) does not converge weakly because it does not even converge in norm. However, consider
xn =

∑n
k=1

1
kek. Then,

∆xn =
1

n+ 1
en+1 → 0,

since for any f ∈ ℓ2, f(en+1) → 0 as n → ∞.

The weak convergence of ∆xn provides a way to describe the asymptotic “flattening” of the sequence.
This leads to the notion of sequences whose differences are vanishing weakly, even if the sequence itself
oscillates or fails to converge weakly.

We may also define spaces associated with this behavior, which will be explored in the next section.
These spaces help formalize the analysis and classification of sequences based on the weak convergence
properties of their successive differences.

4. Characterizations and Properties

In this section, we present several characterizations and properties of weakly convergent difference
sequences. These results provide insight into the structural behavior of sequences whose differences
converge weakly.

Theorem 4.1 Let (xn) ⊂ X be a sequence such that xn → x and ∆xn → 0. Then the sequence is weakly
asymptotically constant, i.e., for all f ∈ X∗, the scalar sequence f(xn) is eventually constant.

Proof: From xn → x, we have f(xn) → f(x) for every f ∈ X∗. From ∆xn → 0, we get f(xn+1)−f(xn) →
0, i.e., the scalar sequence (f(xn)) is eventually constant. Thus, weak convergence of the sequence and
its differences implies the scalar values stabilize asymptotically. 2

Example 4.1 Let xn = log(n)e1 in ℓ2. Then xn ↛ x weakly because f(xn) = log(n) for f(e1) = 1,
diverges. Also, ∆xn = (log(n+1)− log(n))e1 → 0 in norm, hence also weakly. This shows that ∆xn → 0
does not imply xn is weakly convergent.

Theorem 4.2 If ∆xn → y ∈ X, then for any f ∈ X∗, the scalar difference f(xn+1)− f(xn) → f(y).

Proof: Apply f to both sides: f(∆xn) = f(xn+1)− f(xn) → f(y) by weak convergence. 2

Remark 4.1 The convergence of scalar differences does not imply norm convergence or boundedness of
the original sequence.

We provide an example below to justify that the converse part is not true in general.

Example 4.2 Let xn = nen in ℓ2. Then ∥xn∥ = n, which diverges, so (xn) is not bounded, hence not
weakly convergent. But ∆xn = en+1 + (n − 1)en, which also diverges in norm and does not converge
weakly. This highlights the necessity of boundedness.

Theorem 4.3 Let (xn) be a bounded sequence in a reflexive Banach space X. Then ∆xn → 0 implies
that every weak subsequential limit of (xn) is the same.

Proof: Since X is reflexive, every bounded sequence in X has a weakly convergent subsequence. Let
(xnk

) and (xmk
) be two subsequences of (xn) such that

xnk
→ x and xmk

→ y in the weak topology of X.
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Given that ∆xn = xn+1 − xn → 0, we know that for every f ∈ X∗,

f(xn+1 − xn) → 0.

This implies

f(xnk+1)− f(xnk
) → 0 and f(xmk+1)− f(xmk

) → 0.

Since (xnk
) is weakly convergent to x, and the weak topology is sequentially closed, it follows that

f(xnk
) → f(x) for every f ∈ X∗. Also, because f(xnk+1)− f(xnk

) → 0, we obtain

f(xnk+1) → f(x).

Hence, the sequence (xnk+1) also converges weakly to x. Similarly, the sequence (xmk+1) converges
weakly to y.

But since (xnk
) and (xnk+1) both converge weakly to x, and weak limits are unique in reflexive spaces,

it follows that x is the unique weak limit. The same applies to the sequence (xmk
) and (xmk+1) converging

to y.
Therefore, for all f ∈ X∗, we have

f(x) = lim f(xnk
) = lim f(xnk+1) = f(y),

so f(x− y) = 0 for all f ∈ X∗, which implies that x = y.
Hence, every weak subsequential limit of (xn) is the same. 2

Theorem 4.4 If (xn) is a sequence in a Banach space X such that ∆xn = xn+1−xn is weakly null (i.e.,
∆xn → 0) and (xn) is bounded in norm, then (xn) is weakly precompact (i.e., it has a weakly convergent
subsequence).

Proof: Let X be a Banach space, and suppose that (xn) is a bounded sequence in X, i.e., there exists
M > 0 such that ∥xn∥ ≤ M for all n. Boundedness alone does not guarantee the existence of weakly
convergent subsequences in arbitrary Banach spaces, but it does imply that the sequence is contained in a
weakly sequentially compact set if X is reflexive. However, in general, we use Eberlein–Šmulian theorem,
which states that in Banach spaces, a subset is weakly compact if and only if it is weakly sequentially
compact.

Our goal is to show that (xn) has a weakly convergent subsequence. The assumption ∆xn → 0 means
that for every f ∈ X∗,

f(xn+1 − xn) → 0.

This implies that for every f ∈ X∗, the scalar sequence (f(xn)) is an asymptotically almost constant
sequence, meaning its increments tend to zero.

Let us fix any f ∈ X∗. Since (xn) is bounded and ∆xn → 0, we have

|f(xn+1)− f(xn)| = |f(∆xn)| → 0.

Therefore, (f(xn)) is a bounded scalar sequence with vanishing forward differences, which implies that
(f(xn)) is a Cauchy sequence in R and hence converges.

So for each f ∈ X∗, the sequence (f(xn)) converges in R. That is, the sequence (xn) is weakly
convergent in the weak-* topology of X (pointwise convergence on X∗). However, since (xn) lies in a
Banach space (not the dual space), this argument only shows that the net of functionals applied to xn

converges pointwise, i.e., that the sequence is weakly sequentially compact.
Hence, by the Eberlein–Šmulian theorem, the sequence (xn) is relatively weakly compact, i.e., it has

a weakly convergent subsequence.
Thus, (xn) is weakly precompact. 2
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Example 4.3 Let {en} be the standard orthonormal basis of ℓ2, and define the sequence:

xn = e1 +
1

n
en.

Then (xn) is bounded in norm, since

∥xn∥2 = ∥e1∥2 +
∥∥∥∥ 1nen

∥∥∥∥2 = 1 +
1

n2
≤ 2.

Moreover,
xn → e1 in ℓ2,

since for any x∗ = (ak) ∈ ℓ2, we have

⟨xn, x
∗⟩ = a1 +

1

n
an → a1 = ⟨e1, x∗⟩.

Now consider the forward difference:

∆xn = xn+1 − xn =
1

n+ 1
en+1 −

1

n
en.

Since both terms tend to zero in norm, and their supports are orthogonal and shifting, we have

∆xn → 0 in ℓ2.

Thus, this example satisfies the conditions of the theorem, and indeed (xn) has a weakly convergent
subsequence.

5. Weak Difference Sequence Spaces

We now introduce and study sequence spaces defined in terms of weak convergence of difference
sequences. These spaces are natural extensions of classical difference sequence spaces but are analyzed
with respect to weak topology.

Definition 5.1 Let X be a normed linear space. Define the space

WD(X) = {(xn) ⊂ X : ∆xn = xn+1 − xn → 0, as n → ∞} .

We call WD(X) the space of weakly null difference sequences.

Theorem 5.1 The space WD(X) is a linear space; that is, if (xn), (yn) ∈ WD(X) and α, β ∈ K (where
K = R or C), then the sequence (αxn + βyn) also belongs to WD(X).

Proof: Let (xn), (yn) ∈ WD(X), which means

∆xn := xn+1 − xn → 0 and ∆yn := yn+1 − yn → 0.

We aim to show that
∆(αxn + βyn) → 0.

Observe that

∆(αxn + βyn) = α(xn+1 − xn) + β(yn+1 − yn) = α∆xn + β∆yn.

Let f ∈ X∗ be any continuous linear functional. Since ∆xn → 0 and ∆yn → 0, we have

f(∆xn) → 0 and f(∆yn) → 0.
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Then by linearity of f and limits in K,

f (∆(αxn + βyn)) = αf(∆xn) + βf(∆yn) → 0.

Since this holds for all f ∈ X∗, it follows that

∆(αxn + βyn) → 0,

i.e., (αxn + βyn) ∈ WD(X). Hence, WD(X) is a linear space. 2

Theorem 5.2 If X is a reflexive Banach space and (xn) ∈ WD(X) is bounded, then the sequence (xn)
is weakly convergent in X.

Proof: Let X be a reflexive Banach space. Then every bounded sequence in X has a weakly convergent
subsequence (by reflexivity). Suppose (xn) is a sequence in the space WD(X), i.e.,

∆xn = xn+1 − xn → 0,

and assume further that (xn) is bounded in norm: there exists M > 0 such that ∥xn∥ ≤ M for all n.
Since X is reflexive and (xn) is bounded, by the Banach–Alaoglu theorem and reflexivity, the sequence

(xn) has at least one weakly convergent subsequence. That is, there exists a subsequence (xnk
) such that

xnk
→ x ∈ X.

Now, we claim that every weak cluster point of the sequence (xn) is the same as x. To show this, suppose
that (xmk

) is another subsequence such that

xmk
→ y ∈ X.

But since ∆xn → 0, it follows that for every continuous linear functional f ∈ X∗,

f(xn+1 − xn) → 0.

This implies that the sequence of function values f(xn) is a Cauchy sequence in K (where K is R or
C), since

f(xn+k)− f(xn) =

k−1∑
j=0

f(xn+j+1 − xn+j) → 0 as n → ∞.

Hence, the scalar sequence (f(xn)) converges for each f ∈ X∗. Therefore, the sequence (xn) is weakly
convergent by the definition of weak convergence.

In particular, this implies that all weakly convergent subsequences of (xn) must have the same weak
limit, since for each f ∈ X∗, the limit lim f(xn) exists and is unique. Thus, f(x) = f(y) for all f ∈ X∗,
so x = y.

Therefore, all weak cluster points coincide, and hence the whole sequence (xn) converges weakly in
X. 2

Definition 5.2 Let X be a Banach space and k ∈ N. Define the space

WDk(X) :=
{
(xn) ⊂ X : ∆kxn → 0

}
,

where ∆kxn denotes the k-th order forward difference of the sequence (xn), defined recursively by

∆0xn := xn, ∆k+1xn := ∆kxn+1 −∆kxn.

Then WDk(X) is the set of all sequences in X whose k-th order differences converge weakly to zero.
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Example 5.1 Let (en) be the standard orthonormal basis in ℓ2, and consider the sequence

xn =

n∑
j=1

1

j
ej .

Then (xn) does not belong to WD(ℓ2) since the first differences

∆xn = xn+1 − xn =
1

n+ 1
en+1

do not converge weakly to zero (they do not vanish in norm or even weakly, as they involve disjoint basis
vectors). However, the second differences satisfy

∆2xn = ∆xn+1 −∆xn =

(
1

n+ 2
en+2 −

1

n+ 1
en+1

)
−
(

1

n+ 1
en+1 −

1

n
en

)
,

which consists of vanishing coefficients and disjoint supports. Since these second-order differences tend
weakly to zero, we have (xn) ∈ WD2(ℓ2). This illustrates that weak convergence of higher-order differences
may occur even when lower-order ones do not.

Proposition 5.1 For every k ≥ 1, we have the inclusion

WDk+1(X) ⊂ WDk(X).

Proof: Assume (xn) ∈ WDk+1(X), i.e., ∆k+1xn → 0. Then the sequence (∆kxn) has weakly vanishing
first differences, i.e.,

∆(∆kxn) = ∆k+1xn → 0.

This implies that the sequence (∆kxn) is weakly Cauchy. In Banach spaces, every weakly Cauchy sequence
admits a weak limit point, and if its differences converge weakly to zero, then the whole sequence converges
weakly. Hence,

∆kxn → 0,

i.e., (xn) ∈ WDk(X). 2

The converse part is not true in general follows from the following example.

Example 5.2 Let xn = log(n)e1 in a Banach space X with a normalized basis (en). Then

∆xn = log(n+ 1)− log(n) = log

(
1 +

1

n

)
→ 0.

Since the differences are scalar multiples of the fixed vector e1, and the scalars tend to zero, we have
∆xn → 0. Hence (xn) ∈ WD1(X).

However, the second differences are given by

∆2xn = log(n+ 2)− 2 log(n+ 1) + log(n),

which does not tend to zero. In fact, this expression oscillates due to the convexity of the logarithm and
does not vanish even in the scalar field. Therefore,

(xn) /∈ WD2(X),

showing that the converse inclusion WDk(X) ⊂ WDk+1(X) fails in general.
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Quantum Weak Difference Sequence Spaces

The quantum difference operator, inspired by concepts in q-calculus, offers a generalization of classical
differences. It is of particular interest when studying time scales, discrete dynamical systems, or quantum
calculus, and allows more flexibility when modeling non-uniform progression.

Definition 5.3 (Quantum Weak Difference Operator) Let X be a normed linear space over K
(where K = R or C), and let 0 < q < 1 be a fixed real number. For a sequence (xn) ⊂ X, the quantum
difference operator ∆q is defined by

∆qxn := xn+1 − qxn.

Definition 5.4 (Quantum Weak Difference Convergence) A sequence (xn) ⊂ X is said to be quan-
tum weakly difference convergent if

∆qxn = xn+1 − qxn → 0 in the weak topology of X,

i.e., for every continuous linear functional f ∈ X∗, we have

f(xn+1)− qf(xn) → 0 as n → ∞.

Definition 5.5 (Quantum Weak Difference Sequence Space) The set of all quantum weakly dif-
ference convergent sequences in X is denoted by

WDq(X) := {(xn) ⊂ X : ∆qxn = xn+1 − qxn → 0} .

Proposition 5.2 The space WDq(X) is a linear space.

Proof: Let (xn), (yn) ∈ WDq(X), i.e.,

∆qxn := xn+1 − qxn → 0 and ∆qyn := yn+1 − qyn → 0 in the weak topology of X.

Let α, β ∈ K (where K = R or C), and define a new sequence (zn) ⊂ X by

zn := αxn + βyn.

We aim to show that (zn) ∈ WDq(X), i.e., ∆qzn := zn+1 − qzn → 0.
We compute:

∆qzn = zn+1−qzn = αxn+1+βyn+1−q(αxn+βyn) = α(xn+1−qxn)+β(yn+1−qyn) = α∆qxn+β∆qyn.

Now, since weak convergence is preserved under finite linear combinations, and both ∆qxn → 0 and
∆qyn → 0, it follows that

∆qzn = α∆qxn + β∆qyn → 0.

Thus, (zn) ∈ WDq(X). Therefore, WDq(X) is closed under addition and scalar multiplication.
Hence, WDq(X) is a linear space. 2

Proposition 5.3 Let (xn) ∈ WDq(X) and let T : X → Y be a continuous linear operator between
normed linear spaces. Then (Txn) ∈ WDq(Y ).

Proof: By assumption, (xn) ∈ WDq(X), which means that

∆qxn := xn+1 − qxn → 0 in X.

We need to show that
∆q(Txn) := Txn+1 − qTxn → 0 in Y,

i.e., that the quantum differences of the image sequence converge weakly to zero in Y .
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Since T is linear, we have:

∆q(Txn) = Txn+1 − qTxn = T (xn+1)− T (qxn) = T (xn+1 − qxn) = T (∆qxn).

Now consider any continuous linear functional g ∈ Y ∗. Since T : X → Y is continuous and linear, the
composition g ◦ T ∈ X∗ is also a continuous linear functional on X.

Therefore,
g(∆q(Txn)) = g(T (∆qxn)) = (g ◦ T )(∆qxn).

Since ∆qxn → 0 in X, it follows that

(g ◦ T )(∆qxn) → 0,

which implies
g(∆q(Txn)) → 0.

Since this holds for every g ∈ Y ∗, we conclude that

∆q(Txn) → 0, in Y,

i.e., (Txn) ∈ WDq(Y ).
Hence, the quantum weak difference sequence space is preserved under continuous linear maps. 2

Proposition 5.4 If (xn) ∈ WDq(X) for every q ∈ (q0, 1) for some q0 > 0, then (xn) ∈ WD(X).

Proof: Assume that (xn) is a sequence in a normed linear space X such that

∆qxn := xn+1 − qxn → 0, for every q ∈ (q0, 1),

for some fixed q0 > 0.
We want to show that

∆xn := xn+1 − xn → 0,

i.e., that (xn) ∈ WD(X).
Let f ∈ X∗ be arbitrary. For each q ∈ (q0, 1), we know:

f(∆qxn) = f(xn+1)− qf(xn) → 0.

Fix f ∈ X∗. Then for every q ∈ (q0, 1), we have:

f(xn+1)− qf(xn) → 0.

That is,
f(xn+1)− f(xn) → (1− q)f(xn).

Now observe that

f(xn+1 − xn) = f(∆xn) = f(xn+1)− f(xn) = (f(xn+1)− qf(xn)) + (q − 1)f(xn).

So we write:
f(∆xn) = f(∆qxn) + (q − 1)f(xn).

Since f(∆qxn) → 0 (by assumption), it remains to control the second term.
Because (xn) is a fixed sequence and f ∈ X∗, the scalar sequence f(xn) is bounded. Let M =

supn |f(xn)| < ∞. Then
|(q − 1)f(xn)| ≤ |q − 1| ·M.

Fix any ε > 0. Choose q ∈ (q0, 1) such that |1−q| < ε/(2M) (possible since q → 1 from below). Then
there exists N ∈ N such that for all n ≥ N ,

|f(∆qxn)| < ε/2.
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Therefore, for all n ≥ N ,

|f(∆xn)| ≤ |f(∆qxn)|+ |q − 1| · |f(xn)| < ε/2 + ε/2 = ε.

This proves that
f(∆xn) → 0 for every f ∈ X∗.

Hence,
∆xn → 0,

so (xn) ∈ WD(X). 2

Example 5.3 Let xn = 1
ne1, where (en) is the standard orthonormal basis in ℓ2. Then for any 0 < q < 1,

we compute:

∆qxn = xn+1 − qxn =
1

n+ 1
e1 − q · 1

n
e1 =

(
1

n+ 1
− q

n

)
e1.

We observe that

∥∆qxn∥ =

∣∣∣∣ 1

n+ 1
− q

n

∣∣∣∣ → 0 as n → ∞.

Since this convergence is in norm, it is also weak convergence. Hence, (xn) ∈ WDq(ℓ
2) for all q ∈ (0, 1),

and therefore, by the proposition, (xn) ∈ WD(ℓ2).

Example 5.4 Let xn = (−1)ne1, where (en) is the standard orthonormal basis in ℓ2. Then

∆xn = xn+1 − xn = (−1)n+1e1 − (−1)ne1 = −2(−1)ne1.

Clearly, ∆xn does not converge weakly, as f(∆xn) does not converge for any non-zero f ∈ ℓ2∗ that maps
e1 7→ 1.

Now consider ∆qxn for any 0 < q < 1:

∆qxn = xn+1 − qxn = (−1)n+1e1 − q(−1)ne1 =
(
(−1)n+1 + q(−1)n

)
e1.

Then
∥∆qxn∥ =

∣∣(−1)n+1 + q(−1)n
∣∣ = |(−1)n(−1 + q)| = |1− q|,

which does not tend to 0 as n → ∞. Hence, ∆qxn does not converge weakly. Thus, xn /∈ WDq(ℓ
2) for

any q ∈ (0, 1), and therefore xn /∈ WD(ℓ2).

Remark 5.1 The space WDq(X) generalizes WD(X). As q → 1, we get the classical difference operator
and WDq(X) → WD(X).

Theorem 5.3 Let (λn) be a bounded sequence of scalars (real or complex), and let (xn) ∈ WDq(X).
Then (λnxn) ∈ WDq(X) if and only if

∆q(λnxn) := λn+1xn+1 − qλnxn → 0.

Proof: By definition, the sequence (λnxn) belongs to the quantum weak difference space WDq(X) if
and only if its quantum difference converges weakly to zero:

∆q(λnxn) := λn+1xn+1 − qλnxn → 0.

So the statement is tautologically true by the definition of WDq(X) applied to the sequence (λnxn).
However, to interpret the result meaningfully, we can analyze the expression for ∆q(λnxn) using the

product rule:

∆q(λnxn) = λn+1xn+1 − qλnxn = λn+1(xn+1 − qxn) + (λn+1 − qλn)xn.
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Thus, we have the decomposition:

∆q(λnxn) = λn+1∆qxn + (λn+1 − qλn)xn.

Now assume, (xn) ∈ WDq(X), i.e., ∆qxn → 0, and (λn) is bounded; say, |λn| ≤ M for all n, and xn

is also bounded in norm (since (xn) ∈ WDq(X) typically implies boundedness).
We now consider each term,
1. λn+1∆qxn: Since ∆qxn → 0 and λn+1 is bounded, it follows that

λn+1∆qxn → 0.

2. (λn+1 − qλn)xn: Since (λn) is bounded and (xn) is bounded in norm, and λn+1 − qλn → 0 would
imply that the product (λn+1 − qλn)xn → 0.

Therefore, if
∆q(λnxn) = λn+1∆qxn + (λn+1 − qλn)xn → 0,

then this is both necessary and sufficient for (λnxn) ∈ WDq(X).
Thus, by the definition of elements in WDq(X), the result holds.

2

Proposition 5.5 Let xn = qny for a fixed element y ∈ X and 0 < q < 1. Then

∆qxn := xn+1 − qxn = qn+1(q−1 − 1)y → 0 strongly in X.

Hence, (xn) ∈ WDq(X).

Proof: Let xn = qny, where y ∈ X is fixed and 0 < q < 1. We compute the quantum difference:

∆qxn = xn+1 − qxn = qn+1y − q · qny = qn+1y − qn+1y = 0.

This shows that ∆qxn = 0 for all n, so clearly ∆qxn → 0 strongly.
Alternatively, we may expand ∆qxn in a factored form:

∆qxn = xn+1 − qxn = qn+1y − qn+1y = qn+1(1− 1)y = 0.

Or, if expressed in terms of the identity qn+1(q−1 − 1) = qn(1− q), then:

∆qxn = qn+1(q−1 − 1)y = qn(1− q)y → 0 as n → ∞,

since 0 < q < 1 implies qn → 0.
Hence, ∆qxn → 0 strongly in X, and in particular,

∆qxn → 0,

i.e., (xn) ∈ WDq(X). 2

Remark 5.2 Quantum difference convergence allows fine-tuning of convergence behavior via q. It may
have applications in numerical schemes on non-uniform grids or modeling phenomena with exponential
delays.

6. Conclusion

In this paper, we introduced and studied the concept of weak difference sequence spaces, with partic-
ular emphasis on both classical and quantum difference operators. By defining the spaces WD(X) and
WDq(X), we provided a unified framework to investigate weak convergence behaviors associated with
discrete difference structures. Several fundamental properties of these spaces were established, including
linearity, stability under continuous mappings, and behavior under scalar multiplications. We also pre-
sented illustrative examples and counterexamples to highlight the subtleties involved in weak convergence
under both classical and quantum differences. The incorporation of the quantum difference operator ex-
tends the theoretical depth of the analysis and opens up new directions for exploring sequence spaces on
non-uniform grids and in quantum calculus settings.
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